Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 52–63.

Submitted: March 5, 2002. Published: December 31 2002.

GENERALIZED JENSEN’S EQUATIONS IN BANACH MODULES OVER A UNITAL C^∗-ALGEBRA

Chun-Gil Park

Abstract. We prove the Hyers-Ulam-Rassias stability of generalized Jensen’s equations in Banach modules over a unital C^∗-algebra. It is applied to show the stability of generalized Jensen’s equations in a Hilbert module over a unital C^∗-algebra. Moreover, we prove the stability of linear operators in a Hilbert module over a unital C^∗-algebra.

1991 A.M.S. (MOS) Subject Classification Codes. Primary 39B72, 46L05, 47J25

Key Words and Phrases. Banach module over C^∗-algebra, generalized Jensen’s equation, stability, Hilbert module over C^∗-algebra, real rank 0

1. Generalized Jensen’s equations

Given a locally compact abelian group G and a multiplier ω on G, one can associate to them the twisted group C^∗-algebra C^∗(G, ω). C^∗(Z^m, ω) is said to be a noncommutative torus of rank m and denoted by A_ω . The multiplier ω determines a subgroup S_ω of G, called its symmetry group, and the multiplier is called totally skew if the symmetry group S_ω is trivial. And A_ω is called completely irrational if ω is totally skew (see [2]). It was shown in [2] that if G is a locally compact abelian group and ω is a totally skew multiplier on G, then C^∗(G, ω) is a simple C^∗-algebra. It was shown in [3, Theorem 1.5] that if A_ω is a simple noncommutative torus then A_ω has real rank 0, where “real rank 0” means that the set of invertible self-adjoint elements is dense in the set of self-adjoint elements (see [3, 5]).

Let E_1 and E_2 be Banach spaces. Consider f : E_1 → E_2 to be a mapping such that f(tx) is continuous in t ∈ R for each fixed x ∈ E_1. Assume that there exist constants ϵ ≥ 0 and p ∈ [0, 1) such that ‖f(x + y) − f(x) − f(y)‖ ≤ ϵ(||x||^p + ||y||^p) Department of Mathematics, Chungnam National University, DaeJeon 305-764, South Korea Email Address: cgpark@math.chungnam.ac.kr © 2002 Cameron University

Typeset by AMS-TEX 52 for all x, y ∈ E_1. Th.M. Rassias [13] showed that there exists a unique R-linear mapping T : E_1 → E_2 such that ‖f(x) − T (x)‖ ≤ 2ϵ 2 − 2^p ||x||^p for all x ∈ E_1.

Lemma A. Let V and W be vector spaces, and let r, s, t be positive integers. A mapping f : V → W with f(0) = 0 is a solution of the equation

(A) rf( sx + ty r ) = sf(x) + tf(y) for all x, y ∈ V if and only if the mapping f : V → W satisfies the additive Cauchy equation f(x + y) = f(x) + f(y) for all x, y ∈ V . Proof. Assume that f : V → W satisfies the equation (A). Then rf( s r x) = rf( sx + t · 0 r ) = sf(x) + tf(0) = sf(x), rf( t r x) = rf( s · 0 + tx r ) = sf(0) + tf(x) = tf(x)

for all x ∈ V . So f( s r x) = s r f(x) & f( t r x) = t r f(x) for all x ∈ V . And f(x) = f( s r · r s x) = s r f( r s x), f(x) = f( t r · r t x) = t r f( r t x) for all x ∈ V . So f( r s x) = r s f(x) & f( r t x) = r t f(x) for all x ∈ V . Thus

f(x + y) = 1 r · rf( s r · r s x + t r · r t y) = 1 r (sf( r s x) + tf( r t y)) = 1 r (s · r s f(x) + t · r t f(y)) = f(x) + f(y)

for all x, y ∈ V .

Conversely, assume that f : V → W satisfies the additive Cauchy equation. Since f(sx) = rf(^s_r x) for all x ∈ V , f( s r x) = 1 r f(sx) = s r f(x) for all x ∈ V . Similarly, one can show that f( t r y) = 1 r f(ty) = t r f(y) for all y ∈ V . So f(^{sx+ty}_r ) = f(^s_r x) + f(^t_r y) =^s_r f(x) +^t_r f(y) for all x, y ∈ V . Thus rf( sx + ty r ) = sf(x) + tf(y) for all x, y ∈ V . □

Throughout this paper, let A be a unital C^∗-algebra with norm | · |, A_{in} the set of invertible elements in A, A_{sa} the set of self-adjoint elements in A, A_1 = {a ∈ A | |a| = 1}, and A^+_1 the set of positive elements in A_1. And let_AB and_AC be left Banach A-modules with norms || · || and ‖ · ‖, respectively. Let s, t be different positive integers, r a positive integer, and φ :_AB ×_AB → [0, ∞) a mapping such that (i) ~φ(x, y) := ∞∑ k=0 ( t s )^{2k}φ(( s t )^{2k}x, ( s t )^{2k}y) < ∞

for all x, y ∈_AB.

In this paper, we prove the Hyers-Ulam-Rassias stability of the functional equation (A) in Banach modules over a unital C^∗-algebra.

2. Stability of generalized Jensen’s equations in Banach modules over a C^∗-algebra Theorem 2.1. Let f :_AB →_AC be a mapping with f(0) = 0 such that (ii) ‖rf( sx + ty r ) − sf(x) − tf(y)‖ ≤ φ(x, y) for all x, y ∈_AB. Then there exists a unique additive mapping T :_AB →_AC such that (iii) ‖f(x) − T (x)‖ ≤ 1 s ~φ(x, − s t x) + t s^2 ~φ(− s t x, ( s t )^2x)

for all x ∈_AB. Furthermore, if f(λx) is continuous in λ ∈ R for each fixed x ∈_AB, then the additive mapping T :_AB →_AC is R-linear.

Proof. Let x ∈_AB. For y = −^s_t x, the inequality (ii) implies (1) ‖sf(x) + tf(− s t x)‖ ≤ φ(x, − s t x). Replacing x by −^s_t x and y by (^s_t )^2x, the inequality (ii) implies (2) ‖sf(− s t x) + tf(( s t )^2x)‖ ≤ φ(− s t x, ( s t )^2x).

From (1) and (2), we get ‖f(x) − ( t s )^2f(( s t )^2x)‖ ≤ 1 s φ(x, − s t x) + t s^2 φ(− s t x, ( s t )^2x).

Applying the induction argument on n, we obtain ‖f(x) − ( t s )^{2n}f(( s t )^{2n}x)‖ ≤ n−1∑ k=0 ( 1 s ( t s )^{2k}φ(( s t )^{2k}x, −( s t )^{2k+1}x) + 1 s ( t s )^{2k+1}φ(−( s t )^{2k+1}x, ( s t )^{2k+2}x)). (3) We claim that the sequence {(^t_s )^{2n}f((^s_t )^{2n}x)} is a Cauchy sequence. Indeed, for n > m, we have ‖( t s )^{2n}f(( s t )^{2n}x) − ( t s )^{2m}f(( s t )^{2m}x)‖ ≤ n−1∑ k=m ‖( t s )^{2k+2}f(( s t )^{2k+2}x) − ( t s )^{2k}f(( s t )^{2k} x)‖

≤ n−1∑ k=m ( 1 s ( t s )^{2k}φ(( s t )^{2k}x, −( s t )^{2k+1}x) + 1 s ( t s )^{2k+1}φ(−( s t )^{2k+1}x, ( s t )^{2k+2}x)).

From (i), it follows that

lim m→∞ n−1∑ k=m ( 1 s ( t s )^{2k}φ(( s t )^{2k}x, −( s t )^{2k+1}x) + 1 s ( t s )^{2k+1}φ(−( s t )^{2k+1}x, ( s t )^{2k+2}x)) = 0.

Since_AD is a Banach space, the sequence {(^t_s )^{2n}f((^s_t )^{2n}x)} converges. Define

T (x) = lim_{n→∞}( t s )^{2n}f(( s t )^{2n}x)

for all x ∈_AB. Taking the limit in (3) as n → ∞, we obtain ‖f(x) − T (x)‖ ≤ 1 s ~φ(x, − s t x) + t s^2 ~φ(− s t x, ( s t )^2x)

for all x ∈_AB. This completes the proof of the inequality (iii). From the definition of T, we get

(4) ( s t )^{2n}T (x) = T (( s t )^{2n}x) and T (0) = 0.

From (i), (ii), and the definition of T , ‖rT ( sx + ty r ) − sT (x) − tT (y)‖ = lim_{n→∞}( t s )^{2n}‖rf(( s t )^{2n} sx + ty r ) − sf(( s t )^{2n}x) − tf(( s t )^{2n}y)‖

≤ lim_{n→∞}( t s )^{2n}φ(( s t )^{2n}x, ( s t )^{2n}y) = 0

for all x, y ∈_AB. So rT ( sx + ty r ) = sT (x) + tT (y) for all x, y ∈_AB. By Lemma A, T is additive.

If F :_AB →_AC is another additive mapping satisfying (iii), then it follows from (iii), (4) and the proof of Lemma A that ‖T (x) − F (x)‖ = ‖( t s )^{2n}T (( s t )^{2n}x) − ( t s )^{2n}F (( s t )^{2n}x)‖ ≤ ‖( t s )^{2n}T (( s t )^{2n}x) − ( t s )^{2n}f(( s t )^{2n}x)‖ + ‖( t s )^{2n}f(( s t )^{2n}x) − ( t s )^{2n}F (( s t )^{2n}x)‖

≤ 2( t s )^{2n}( 1 s ~φ(( s t )^{2n}x, ( s t )^{2n}(− s t )x) + t s^2 ~φ(( s t )^{2n}(− s t )x), ( s t )^{2n}( s t )^2x)),

which tends to zero as n → ∞ by (i). Thus we conclude that

T (x) = F (x)

for all x ∈_AB. This completes the uniqueness of T.

Assume that f(λx) is continuous in λ ∈ R for each fixed x ∈_AB. By the assumption,^s_t is a rational number which is not an integer. The additive mapping T given above is similar to the additive mapping T given in the proof of [13, Theorem]. By the same reasoning as the proof of [13, Theorem], the additive mapping T :_AB →_AC is R-linear. □ Corollary 2.2. Let 0 < p < 1 and t < s. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖rf( sx + ty r ) − sf(x) − tf(y)‖ ≤ ‖x‖^p + ‖y‖^p for all x, y ∈_AB. Then there exists a unique additive mapping T :_AB →_AC such that ‖f(x) − T (x)‖ ≤ s^{2(1−p)} s^{2(1−p)} − t^{2(1−p)} ( 1 s + 1 t^ps^{1−p} + t^{1−p} s^{2−p} + t^{1−2p} s^{2−2p} )||x||^p for all x ∈_AB.

Proof. Define φ :_AB ×_AB → [0, ∞) by φ(x, y) = ||x||^p + ||y||^p, and apply Theorem 2.1. □ Corollary 2.3. Let p > 1 and t > s. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖rf( sx + ty r ) − sf(x) − tf(y)‖ ≤ ‖x‖^p + ‖y‖^p for all x, y ∈_AB. Then there exists a unique additive mapping T :_AB →_AC such that ‖f(x) − T (x)‖ ≤ t^{2(p−1)} t^{2(p−1)} − s^{2(p−1)} ( 1 s + s^{p−1} t^p + s^{p−1} t^{p−1} + s^{2−2p} t^{2p−1} )||x||^p for all x ∈_AB.

Proof. Define φ :_AB ×_AB → [0, ∞) by φ(x, y) = ||x||^p + ||y||^p, and apply Theorem 2.1. □

Theorem 2.4. Let f :_AB →_AC be a continuous mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ A^+_1 ∪ {i} and all x, y ∈_AB. If the sequence (^t_s )^{2n}f((^s_t )^{2n}x) converges uniformly on_AB, then there exists a unique continuous A-linear mapping T :_AB → AC satisfying (iii).

Proof. Let a = 1 ∈ A^+_1 . By Theorem 2.1, there exists a unique R-linear mapping T :_AB →_AC satisfying (iii). By the continuity and the uniform convergence, the R-linear mapping T :_AB →_AC is continuous.

By the assumption, for each a ∈ A^+_1 ∪ {i}, ‖raf( (s + t) r ( s t )^{2n}x) − (s + t)f(( s t )^{2n}ax)‖ ≤ φ(( s t )^{2n}x, ( s t )^{2n}x), ‖rf( (s + t) r ( s t )^{2n}ax) − (s + t)f(( s t )^{2n}ax)‖ ≤ φ(( s t )^{2n}ax, ( s t )^{2n}ax)

for all x ∈_AB. So ‖rf( (s + t) r ( s t )^{2n}ax)−raf( (s + t) r ( s t )^{2n}x)‖ ≤ ‖rf( (s + t) r ( s t )^{2n}ax) − (s + t)f(( s t )^{2n}ax)‖ + ‖raf( (s + t) r ( s t )^{2n}x) − (s + t)f(( s t )^{2n}ax)‖ ≤ φ(( s t )^{2n}ax, ( s t )^{2n}ax) + φ(( s t )^{2n}x, ( s t )^{2n}x)

for all a ∈ A^+_1 ∪ {i} and all x ∈_AB. Thus ( t s )^{2n}‖rf( (s + t) r ( s t )^{2n}ax) − raf( (s + t) r ( s t )^{2n}x)‖ → 0

as n → ∞ for all a ∈ A^+_1 ∪ {i} and all x ∈_AB. Hence rT ( s + t r ax) = lim_{n→∞}( t s )^{2n}rf( (s + t)a r ( s t )^{2n}x) = lim_{n→∞} raf( s + t r ( s t )^{2n}x) = raT ( s + t r x) for each a ∈ A^+_1 ∪ {i}. So T (ax) = r s + t T ( s + t r ax) = r s + t aT ( s + t r x) = aT (x) for each a ∈ A^+_1 ∪ {i}.

For any element a ∈ A, a =^{a+a∗}_2 +i^{a−a∗}_{2i} , and^{a+a∗}_2 and^{a−a∗}_{2i} are self-adjoint elements, furthermore, a = (^{a+a∗}_2 )^+ −(^{a+a∗}_2 )^− +i(^{a−a∗}_{2i} )^+ −i(^{a−a∗}_{2i} )^−, where (^{a+a∗}_2 )^+,

(^{a+a∗}_2 )^−, (^{a−a∗}_{2i} )^+, and (^{a−a∗}_{2i} )^− are positive elements (see [4, Lemma 38.8]). So T (ax) =T (( a + a^∗ 2 )^+x − ( a + a^∗ 2 )^−x + i( a − a^∗ 2i )^+x − i( a − a^∗ 2i )^−x) =( a + a^∗ 2 )^+T (x) + ( a + a^∗ 2 )^−T (−x) + ( a − a^∗ 2i )^+T (ix) + ( a − a^∗ 2i )^−T (−ix) =( a + a^∗ 2 )^+T (x) − ( a + a^∗ 2 )^−T (x) + i( a − a^∗ 2i )^+T (x) − i( a − a^∗ 2i )^−T (x) =(( a + a^∗ 2 )^+ − ( a + a^∗ 2 )^− + i( a − a^∗ 2i )^+ − i( a − a^∗ 2i )^−)T (x) =aT (x) for all a ∈ A and all x ∈_AB. Hence T (ax + by) = T (ax) + T (by) = aT (x) + bT (y) for all a, b ∈ A and all x, y ∈_AB, as desired. □ Theorem 2.5. Let A be a unital C^∗-algebra of real rank 0. Let f :_AB →_AC be a continuous mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x, y ∈_AB. If the sequence (^t_s )^{2n}f((^s_t )^{2n}x) converges uniformly on_AB, then there exists a unique continuous A-linear mapping T :_AB →_AC satisfying (iii).

Proof. By the same reasoning as the proof of Theorem 2.4, there exists a unique continuous R-linear mapping T :_AB →_AC satisfying (iii), and

(1) T (ax) = aT (x)

for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x ∈_AB.

Let b ∈ A^+_1 \ A_{in}. Since A_{in} ∩ A_{sa} is dense in A_{sa}, there exists a sequence {b_m} in A_{in} ∩ A_{sa} such that b_m → b as m → ∞. Put c_m =^1_{|bm|} b_m. Then c_m →^1_{|b|} b = b as m → ∞. Put a_m = √ c^∗_mc_m. Then a_m → b as m → ∞ and a_m ∈ A^+_1 ∩ A_{in}.

Thus there exists a sequence {a_m} in A^+_1 ∩ A_{in} such that a_m → b as m → ∞, and by the continuity of T

(2) lim_{m→∞} T (a_mx) = T ( lim_{m→∞} a_mx) = T (bx)

for all x ∈_AB. By (1), (3) ‖T (a_mx) − bT (x)‖ = ‖a_mT (x) − bT (x)‖ → ‖bT (x) − bT (x)‖ = 0 as m → ∞. By (2) and (3), ‖T (bx) − bT (x)‖ ≤‖T (bx) − T (a_mx)‖ + ‖T (a_mx) − bT (x)‖ (4) →0 as m → ∞ for all x ∈_AB. By (1) and (4), T (ax) = aT (x) for all a ∈ A^+_1 ∪ {i} and all x ∈_AB.

The rest of the proof is similar to the proof of Theorem 2.4. □

Theorem 2.6. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ A^+_1 ∪ {i} and all x, y ∈_AB. If f(λx) is continuous in λ ∈ R for each fixed x ∈_AB, then there exists a unique A-linear mapping T :_AB →_AC satisfying (iii).

Proof. Let a = 1 ∈ A^+_1 . By Theorem 2.1, there exists a unique R-linear mapping T :_AB →_AC satisfying (iii).

The rest of the proof is similar to the proof of Theorem 2.4. □ Theorem 2.7. Let A be a unital C^∗-algebra of real rank 0. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x, y ∈_AB. Assume that f(ax) is continuous in a ∈ A_1 ∪ R for each fixed x ∈_AB, and that the sequence (^t_s )^{2n}f((^s_t )^{2n}ax) converges uniformly on A_1 for each fixed x ∈_AB. Then there exists a unique A-linear mapping T :_AB →_AC satisfying (iii).

Proof. By the same reasoning as the proof of Theorem 2.4, there exists a unique R-linear mapping T :_AB →_AC satisfying (iii), and T (ax) = aT (x) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x ∈_AB. By the continuity and the uniform convergence, one can show that T (ax) is continuous in a ∈ A_1 for each x ∈_AB.

The rest of the proof is similar to the proof of Theorem 2.5. □ Theorem 2.8. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ A^+_1 ∪ {i} ∪ R and all x, y ∈_AB. Then there exists a unique A-linear mapping T :_AB →_AC satisfying (iii).

Proof. By the same reasoning as the proof of Theorem 2.1, there exist unique additive mappings T :_AH →_AH satisfying (iii).

By the same reasoning as the proof of Theorem 2.4, T (ax) = aT (x) for all a ∈ A^+_1 ∪ {i} ∪ R and all x ∈_AB. So the mapping T :_AB →_AC is R-linear, and satisfies T (ax) = aT (x) for all a ∈ A^+_1 ∪ {i} and all x ∈_AB.

The rest of the proof is the same as the proof of Theorem 2.4. □

3. Stability of generalized Jensen’s equations in a Hilbert module over a C^∗-algebra In this section, let h, g :_AH →_AH be mappings with h(0) = 0 and g(0) = 0 such that h((^s_t )^{2n}x) = (^s_t )^{2n}h(x) and g((^s_t )^{2n}x) = (^s_t )^{2n}g(x) for all positive integers n and all x ∈_AH.

We are going to prove the Hyers-Ulam-Rassias stability of generalized Jensen’s equations in a Hilbert module over a unital C^∗-algebra. Theorem 3.1. Let h, g :_AH →_AH be continuous mappings such that ‖rah( sx + ty r ) − sh(ax) − th(ay)‖ ≤ φ(x, y) ‖rag( sx + ty r ) − sg(ax) − tg(ay)‖ ≤ φ(x, y) for all a ∈ A^+_1 ∪ {i} and all x, y ∈_AH. Then the mappings h, g :_AH →_AH are bounded A-linear operators. Furthermore,

(1) if the mappings h, g :_AH →_AH satisfy the inequalities ‖h ∘ g(x) − x‖ ≤ φ(x, x), ‖g ∘ h(x) − x‖ ≤ φ(x, x) for all x ∈_AH, then the mapping g is the inverse of the mapping h, (2) if the mapping h :_AH →_AH satisfies the inequality ‖h(x) − h^∗(x)‖ ≤ φ(x, x) for all x ∈_AH, then the mapping h :_AH →_AH is a self-adjoint operator, (3) if the mapping h :_AH →_AH satisfies the inequality ‖h ∘ h^∗(x) − h^∗ ∘ h(x)‖ ≤ φ(x, x) for all x ∈_AH, then the mapping h :_AH →_AH is a normal operator, (4) if the mapping h :_AH →_AH satisfies the inequalities ‖h ∘ h^∗(x) − x‖ ≤ φ(x, x), ‖h^∗ ∘ h(x) − x‖ ≤ φ(x, x) for all x ∈_AH, then the mapping h :_AH →_AH is a unitary operator, and (5) if the mapping h :_AH →_AH satisfies the inequalities ‖h ∘ h(x) − h(x)‖ ≤ φ(x, x), ‖h^∗(x) − h(x)‖ ≤ φ(x, x) for all x ∈_AH, then the mapping h :_AH →_AH is a projection.

Proof. Let a = 1 ∈ A^+_1 . By the same reasoning as the proof of Theorem 2.1, there exists a unique R-linear mapping L :_AH →_AH such that (iv) ‖g(x) − L(x)‖ ≤ 1 s ~φ(x, − s t x) + t s^2 ~φ(− s t x, ( s t )^2x) for all x ∈_AH. And the mapping L :_AH →_AH can be defined by

L(x) = lim_{n→∞}( t s )^{2n}g(( s t )^{2n}x).

But the sequence (^t_s )^{2n}g((^s_t )^{2n}x) converges uniformly on_AH. By the same reasoning as the proof of Theorem 2.4, the mapping L :_AH →_AH is continuous.

The sequence (^t_s )^{2n}h((^s_t )^{2n}x) converges uniformly on_AH. By Theorem 2.4, there exists a unique continuous A-linear operator T :_AH →_AH satisfying (iii). By the assumption,

T (x) = lim_{n→∞}( t s )^{2n}h(( s t )^{2n}x) = lim_{n→∞}( t s )^{2n}( s t )^{2n}h(x) = h(x)

L(x) = lim_{n→∞}( t s )^{2n}g(( s t )^{2n}x) = lim_{n→∞}( t s )^{2n}( s t )^{2n}g(x) = g(x)

for all x ∈_AH, where the mapping T :_AH →_AH is given in the proof of Theorem 2.1. Hence the A-linear operators T and L are the mappings h and g, respectively. So the mappings h, g :_AH →_AH are continuous A-linear operators. Thus the A-linear operators h, g :_AH →_AH are bounded (see [6, Proposition II.1.1]).

(1) By the assumption, ‖h ∘ g(( s t )^{2n}x) − ( s t )^{2n}x‖ ≤ φ(( s t )^{2n}x, ( s t )^{2n}x), ‖g ∘ h(( s t )^{2n}x) − ( s t )^{2n}x‖ ≤ φ(( s t )^{2n}x, ( s t )^{2n}x)

for all positive integers n and all x ∈_AH. Thus ( t s )^{2n}‖h ∘ g(( s t )^{2n}x) − ( s t )^{2n}x‖ → 0, ( t s )^{2n}‖g ∘ h(( s t )^{2n}x) − ( s t )^{2n}x‖ → 0

as n → ∞ for all x ∈_AH. Hence

h ∘ g(x) = lim_{n→∞}( t s )^{2n}h ∘ g(( s t )^{2n}x) = x,

g ∘ h(x) = lim_{n→∞}( t s )^{2n}g ∘ h(( s t )^{2n}x) = x

for all x ∈_AH. So the mapping g is the inverse of the mapping h.

The proofs of the others are similar to the proof of (1). □ Theorem 3.2. Let A be a unital C^∗-algebra of real rank 0. Let h, g :_AH →_AH be continuous mappings such that ‖rah( sx + ty r ) − sh(ax) − th(ay)‖ ≤ φ(x, y) ‖rag( sx + ty r ) − sg(ax) − tg(ay)‖ ≤ φ(x, y) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x, y ∈_AH. Then the mappings h, g :_AH →_AH are bounded A-linear operators. Furthermore, the properties, given in the statement of Theorem 3.1, hold.

Proof. The sequence (^t_s )^{2n}h((^s_t )^{2n}x) converges uniformly on_AH. By the same reasoning as the proof of Theorem 2.5, there exists a unique continuous R-linear operator T :_AH →_AH satisfying (iii), and T (ax) = aT (x) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x ∈_AH. By the same method as the proof of Theorem 2.5, one can show that T (ax) = aT (x) for all a ∈ A^+_1 ∪{i} and all x ∈_AH. By the same reasoning as the proof of Theorem 2.4, the mapping T :_AH →_AH is A-linear.

Similarly, one can show that there exists a unique R-linear operator L :_AH → AH satisfying (iv) and that the mapping L :_AH →_AH is A-linear.

The rest of the proof is the same as the proof of Theorem 3.1. So the mappings h, g :_AH →_AH are bounded A-linear operators, and the properties, given in the statement of Theorem 3.1, hold. □

So the mappings h, g :_AH →_AH are elements of the C^∗-algebra L(_AH) of all bounded A-linear operators on_AH.

References

1. M. Albert and J.A. Baker, Bounded solutions of a functional inequality, Canad. Math. Bull.

25 (1982), 491–495.

2. L. Baggett and A. Kleppner, Multiplier representations of abelian groups, J. Funct. Anal. 14 (1973), 299–324.

3. B. Blackadar, A. Kumjian and M. Rørdam, Approximately central matrix units and the structure of noncommutative tori, K-Theory 6 (1992), 267–284.

4. F. Bonsall and J. Duncan, Complete Normed Algebras, Springer-Verlag, New York, Heidelberg and Berlin, 1973.

5. L. Brown and G. Pedersen, C^∗-algebras of real rank zero, J. Funct. Anal. 99 (1991), 131–149. 6. J.B. Conway, A Course in Functional Analysis, Springer-Verlag, New York, Berlin, Heidelberg and Tokyo, 1985.

7. C.R. Diminnie, R.W. Freese and E.Z. Andalafte, An extension of Pythagorean and isosceles orthogonality and a characterization of inner-product spaces, J. Approx. Theory 39 (1983), 295–298.

8. D.H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations in Several Variables, Birkhäuser, Berlin, Basel and Boston, 1998.

9. , On the asymptoticity aspect of Hyers-Ulam stability of mappings, Proc. Amer. Math.

Soc. 126 (1998), 425–430.

10. G. Isac and Th.M. Rassias, On the Hyers-Ulam stability of ψ-additive mappings, J. Approx.

Theory 72 (1993), 131–137.

11. , Stability of ψ-additive mappings: applications to nonlinear analysis, Internat. J.

Math. Math. Sci. 19(2) (1996), 219–228.

12. P.S. Muhly and B. Solel, Hilbert modules over operator algebras, Memoirs Amer. Math. Soc.

117 No. 559 (1995), 1–53.

13. Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.

Soc. 72 (1978), 297–300.

14. , On a modified Hyers-Ulam sequence, J. Math. Anal. Appl. 158 (1991), 106–113. 15. , On the stability of functional equations in Banach spaces, J. Math. Anal. Appl. 251 (2000), 264–284.

16. , On the stability of functional equations and a problem of Ulam, Acta Appl. Math.

62 (2000), 123–130.

17. Th.M. Rassias and P. S̆emrl, On the behavior of mappings which does not satisfy Hyers-Ulam stability, Proc. Amer. Math. Soc. 114 (1992), 989–993.

18. , On the Hyers-Ulam stability of linear mappings, J. Math. Anal. Appl. 173 (1993), 325–338.

19. H. Schröder, K-Theory for Real C^∗-Algebras and Applications, Pitman Research Notes in Mathematics, vol. 290, Longman, Essex, 1993.