Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 13–21.

Submitted: August 28, 2002. Published: December 31, 2002.

GENERALIZED NONLINEAR PSEUDOCOCOERCIVE VARIATIONAL INEQUALITIES AND GENERAL PROXIMAL POINT METHODS

Ram U. Verma

Abstract. Let T : K → H be a hemicontinuous, η-pseudococoercive, η − L-relaxed monotone and d-Hölder continuous mapping from a nonempty closed invex subset K of an infinite-dimensional Hilbert space H into H. Let f: K → R be proper, invex and lower semicontinuous on K and h: K → R be continuously Fréchet-differentiable on K with h^′ (gradient of h) η − α-strongly monotone and η − β-Lipschitz continuous on K. Suppose that there exist an x^∗ ∈ K and numbers a > 0, r ≥ 0, ρ^k (a < ρ^k < α/L) such that for all t ∈ [0, 1], and for all x ∈ K^#, the set S^# defined by S^# = {(h, η): h^′(x^∗ + t(x − x^∗))(x − x^∗) ≥ ⟨h^′(x^∗ + tη(x, x^∗)), η(x, x^∗)⟩} is nonempty, where K^# = {x ∈ K: ‖x − x^∗‖ ≤ r}, and η: K × K → H is λ-Lipschitz continuous with the following assumptions: (i) η(x, y) + η(y, x) = 0, η(x, y) = η(x, z) + η(z, y), and ‖η(x, x^∗)‖ ≤ r. (ii) For each fixed y ∈ K, map x → η(y, x) is sequentially continuous from the weak topology to the weak topology.

If in addition, h^′ is continuous from H equipped with weak topology to H equipped with weak topology, then the sequence {x^k} generated by the general proximal point algorithm converges weakly to a solution x^∗ of the variational inequality problem (VIP), that is, ⟨T (x^∗), η(x, x^∗)⟩ + f(x) − f(x^∗) ≥ 0 for all x ∈ K.

1991 A.M.S. Subject Classification Codes. 49J40, 65B05, 47H17

Key words. General proximal point method, strongly pseudomonotone mapping, pseiducocoercive mapping, pseudococoercive variational inequality, convergence of general proximal point algorithm

Department of Mathematics, The University of Toledo, Toledo, Ohio 43606 E-mail: rverma@pop3.utoledo.edu © 2002 Cameron University

Typeset by AMS-TEX 13

1. Introduction

Martinet [11] primarily initiated the proximal point method and then applied it to study convex optimization in Hilbert spaces. It has been followed by extensive generalizations to the method in terms of applications to convex programming, which in turn, led it to a whole range of new multiplier methods. Rockafellar [13] considered mainly three principal applications of proximal point algorithms to convex programming: the primal proximal minimization algorithm, the dual method of multipliers, and the primal-dual proximal method of multipliers. Recently, El Farouq [7] studied, based on general proximal point methods, approximation-solvability of a class of pseudomonotone variational inequalities in a finite-dimensional Hilbert space setting, while convergence of proximal methods for infinite-dimensional case requires a class of strongly pseudomonotone or a class of pseudococoercive mappings with some additional side impositions of hemicontinuity and Hölder continuity instead.

In this paper, we plan, based on the generalized proximal point method, to present the approximation-solvability of variational inequality problems (VIP) involving η-pseudococoercive mappings along with some results on Fréchet-differenti-able functions which play a crucial role in the construction of the general framework for the proximal point methods. Results thus obtained complement works of El Farouq [7], Verma [16], and others.

Let H be an infinite-dimensional Hilbert space with the inner produce ⟨, ⟩ and the norm ‖ · ‖ on H. We consider the variational inequality problem (VIP) as follows: determine an element x^∗ ∈ K such that

(1.1) ⟨T (x^∗), η(x, x^∗)⟩ + f(x) − f(x^∗) ≥ 0 for all x ∈ K,

where K is a nonempty closed invex subset of H, and η: K ×K → H is any mapping with some side conditions. For η(x, x^∗) = x − x^∗, the VIP (1.1) reduces to the VIP: find an element x^∗ ∈ K such that

(1.2) ⟨T (x^∗), x − x^∗⟩ + f(x) − f(x^∗) ≥ 0 for all x ∈ K,

where K is a nonempty closed convex subset of H.

For f ≡ 0 in (1.2), it reduces to: find an element x^∗ ∈ K such that

(1.3) ⟨T (x^∗), x − x^∗⟩ ≥ 0 for all x ∈ K.

We need now to define and in some cases to upgrade the existing notions in the literature. Let η: K × K → H be any mapping.

A mapping T : K → H is said to be η-monotone if ⟨T (x) − T (y), η(x, y)⟩ ≥ 0 for all x, y ∈ K. The mapping T is η − α-strongly monotone if there exists a constant α > 0 such that ⟨T (x) − T (y), η(x, y)⟩ ≥ α‖x − y‖^2 for all x, y ∈ K. The mapping T is η − γ-cocoercive if there exists a constant γ > 0 such that ⟨T (x) − T (y), η(x, y)⟩ ≥ γ‖T (x) − T (y)‖^2 for all x, y ∈ K.

A mapping T : K → H is said to be η-pseudomonotone if ⟨T (y), η(x, y)⟩ ≥ 0 ⇒ ⟨T (x), η(x, y)⟩ ≥ 0 for all x, y ∈ K. T : K → H is strongly η − b-pseudomonotone if ⟨T (y), η(x, y)⟩ ≥ 0 ⇒ ⟨T (x), η(x, y)⟩ ≥ b‖x − y‖^2 for all x, y ∈ K. T is η − c-pseudococoercive if there exists a constant c > 0 such that ⟨T (y), η(x, y)⟩ > 0 ⇒ ⟨T (x), η(x, y)⟩ ≥ c‖T (x) − T (y)‖^2 for all x, y ∈ K. T is η-quasimonotone if ⟨T (y), η(x, y)⟩ > 0 ⇒ ⟨T (x), η(x, y)⟩ ≥ 0 for all x, y ∈ K. T is η − L-relaxed monotone (also referred to as weakly monotone) if there exists a constant L > 0 such that ⟨T (x) − T (y), η(x, y)⟩ ≥ (−L)‖x − y‖^2 for all x, y ∈ K. T is η-hemicontinuous if for all x, y, w ∈ K if the function t ∈ [0, 1] → ⟨T [y + tη(x, y)], w⟩ is continuous.

T is hemicontinuous if for all x, y, w ∈ K if the function t ∈ [0, 1] → ⟨T [y + t(x − y)], w⟩ is continuous.

A subset K of H is said to be invex if there exists a function η: K × K → H such that whenever x, y ∈ K and t ∈ [0, 1], it follows that x + tη(y, x) ∈ K.

A function f: K → R is called invex if whenever x, y ∈ K and t ∈ [0, 1], it follows that f[x + tη(y, x)] ≤ (1 − t)f(x) + tf(y). When η(x, y) = x − y, all the above notions reduce to the well-known ones. 2. Auxiliary Results In this section, we recall some auxiliary results crucial to the approximationsolvability of the VIP (1.1). Let h: H → R be a continuously Fréchet-differentiable mapping on a Hilbert space H. It follows that h^′(x) ∈ L(H, R)—the space of all bounded linear operators from H into R. From now on, we shall denote the real number h^′(x)(y) by ⟨h^′(x), y⟩ for x, y ∈ H. The following result is a modified version of [1, Lemma 4.1]:

Lemma 2.1. Let H be a Hilbert space and K be a nonempty invex subset of H. Suppose that h^′, the gradient of h: K → R, is η − α-strongly monotone on K and the following assumptions hold:

(i) There exist an x^∗ ∈ K and number r ≥ 0 such that for all x ∈ K^#, t ∈ [0, 1], the mapping η: K × K → H satisfies: ‖η(x, x^∗)‖ ≤ r. (ii) The set S^# defined by S^# = {(h, η): h^′(x^∗ + t(x − x^∗))(x − x^∗) ≥ ⟨h^′(x^∗ + tη(x, x^∗)), η(x, x^∗)⟩} is nonempty, where h: K → R is a continuously Fréchet-differentiable mapping and h^′ is the gradient of h.

(iii) The set K^# = {x ∈ K: ‖x − x^∗‖ ≤ r}. Then, for all x ∈ K^# and (h, η) ∈ S^#, we have h(x) − h(x^∗) − ⟨h^′(x^∗), η(x, x^∗)⟩ ≥ (α/2)‖x − x^∗‖^2. For η(x, y) = x − y, in Lemma 2.1, we arrive at Lemma 2.2. Let H be a Hilbert space and K be a nonempty convex subset of H. Suppose that h^′, the gradient of h: K → R, is α-strongly monotone on K, where h: K → R is a continuously Fréchet-differentiable mapping.

Then, for all x, x^∗ ∈ K, we have h(x) − h(x^∗) − ⟨h^′(x^∗), x − x^∗⟩ ≥ (α/2)‖x − x^∗‖^2. Lemma 2.3. Let H be a Hilbert space and K be a nonempty invex subset of H. Suppose that the following assumptions hold:

(i) h^′ is η − ∂-Lipschitz continuous, where h^′ is the gradient of h: K → R. (ii) There exist an x^∗ ∈ K and number q ≥ 0 such that for all x ∈ K, t ∈ [0, 1], the mapping η: K × K → H satisfies: ‖η(x, x^∗)‖ ≤ q, where the set K = {x ∈ K: ‖x − x^∗‖ ≤ q}. (iii) The set S_1 defined by S_1 = {(h, η): h^′(x^∗ + t(x − x^∗))(x − x∗) ≤ ⟨h^′(x^∗ + tη(x, x^∗)), η(x, x^∗)⟩} is nonempty.

Then, for all x ∈ K_1 and (h, η) ∈ S_1, the following inequality holds h(x) − h(x^∗) − ⟨h^′(x^∗), η(x, x^∗)⟩ ≤ (∂/2)‖x − x^∗‖^2. For η(x, x^∗) = x − x^∗ in Lemma 2.3, we have Lemma 2.4. Let H be a Hilbert space and K be a nonempty convex subset of H. Suppose that h^′ (gradient of h) is ∂-Lipschitz continuous, where h: K → R is continuously differentiable. Then for all x, x^∗ ∈ K, the following inequality holds h(x) − h(x^∗) − ⟨h^′(x^∗), x − x^∗⟩ ≤ (∂/2)‖x − x^∗‖^2. The proof is similar to that of Lemma 2.1.

3. General Proximal Algorithm This section deals with a discussion of the approximation-solvability of the VIP (1.1) based on the general proximal algorithm [7]. For some x ∈ H, the problem of finding y(x) such that (3.1) ⟨ρ^kT (y(x))+h^′(y(x)−h^′(x), η(y, y(x))⟩+ρ^k [f(y)−f(y(x))] ≥ 0 for all y ∈ K, is called the Proximal Algorithm.

Algorithm 3.1. For a given iterate x^k, determine an x^{k+1} such that (for k ≥ 0)

⟨ρ^kT (x^{k+1}) + h^′(x^{k+1}) − h^′(x^k), η(x, x^{k+1} )⟩

(3.2) + ρ^k[f(x) − f(x^{k+1})] ≥ 0 for all x ∈ K,

where h: K → R is continuously Fréchet-differentiable, {ρ^k} is the sequence of positive numbers, and η: K × K → H is a mapping with some side restrictions.

For η(x, y) = x − y in (3.2), we find Algorithm 3.2. For a given iterate x^k, determine an x^{k+1} such that (for k ≥ 0)

⟨ρ^kT (x^{k+1}) + h^′(x^{k+1}) − h^′(x^k), x − x^{k+1}⟩

(3.3) + ρ^k[f(x) − f(x^{k+1})] ≥ 0 for all x ∈ K, where K is a nonempty closed convex subset of H.

For f ≡ 0 in Algorithm 3.2, we obtain Algorithm 3.3. For a given iterate x^k, determine an x^{k+1} such that (for k ≥ 0)

(3.4) ⟨ρ^kT (x^{k+1}) + h^′(x^{k+1}) − h^′(x^k), x − x^{k+1}⟩ ≥ 0 for all x ∈ K, where K is a nonempty closed convex subset of H.

We are just about ready to present, based on Algorithm 3.1, the approximationsolvability of the VIP (1.1).

Theorem 3.1. Let T : K → H be an η-hemicontinuous, η − γ-pseudococoercive, d-Hölder continuous and η − L-relaxed monotone mapping from a nonempty closed invex subset K of an infinite-dimensional Hilbert space H into H. Let f: K → R be proper, invex and lower semicontinuous on K, h: K → R be continuously Fréchet-differentiable on K with h^′ (gradient of h) η-hemicontinuous, η−α-strongly monotone, η − β-Lipschitz continuous, c-Hölder continuous and continuous from H equipped with weak topology to H equipped with weak topology.

Suppose that there exist an x^′ ∈ K and numbers a > 0, r ≥ 0, ρ^k (a < ρ^k < α/L) such that for all t ∈ [0, 1], and for all x ∈ K^#, we have

(i) the set S^# defined by S^# = {(h, η): h^′(x^∗ + t(x − x^∗))(x − x^∗) ≥ ⟨h^′(x^∗ + tη(x, x^∗)), η(x, x^∗)⟩} is nonempty, where K^# is defined by K^# = {x ∈ K: ‖x − x^′‖ ≤ r}, and η: K × K → H is λ-Lipschitz continuous with following assumptions: (ii) η(x, y) + η(y, x) = 0 and η(x, y) = η(x, z) + η(z, y). (iii) For each fixed y ∈ K, map x → η(y, x) is sequentially continuous from the weak topology to the weak topology. (iv) ‖η(x, x^∗)‖ ≤ r. (v) η is expanding.

If in addition, x^∗ ∈ K is a solution of the VIP (1.1), then the sequence {x^k} generated by Algorithm 3.1 converges weakly to x^∗.

Proof. Since T is η − L-relaxed monotone and h^′ is η − α-strongly monotone, it follows that x^{k+1} is a unique solution of the proximal variational problem (3.2) for ρ^k < α/L. Assumptions of η-hemicontinuity on T and h^′ ensure the existence of the solution x^{k+1}. To show that the sequence {x^k} converges weakly to x^∗, a solution of the VIP (1.1), we need to compute the estimates. Let us define a function Λ^∗ by Λ^∗(x) := h(x^∗) − h(x) − ⟨h^′(x), η(x^∗, x)⟩. Then, on applying Lemma 2.1, we have (3.5) Λ^∗(x) := h(x^∗) − h(x) − ⟨h^′(x), η(x^∗, x)⟩ ≥ (α/2)‖x^∗ − x‖^2 for x ∈ K, where x^∗ is a solution of the VIP (1.1). It follows that (3.6) Λ^∗(x^{k+1}) = h(x^∗) − h(x^{k+1}) − ⟨h^′(x^{k+1}), η(x^∗, x^{k+1})⟩. Now we can write

Λ^∗(x^k) − Λ^∗(x^{k+1})

(3.7)

= h(x^{k+1}) − h(x^k) − ⟨h^′(x^k ), η(x^{k+1}, x^k)⟩ + ⟨h^′(x^{k+1}) − h^′(x^k ), η(x^∗, x^{k+1})⟩ ≥ (α/2)‖x^{k+1} − x^k‖^2 + ⟨h^′(x^{k+1}) − h^′(x^k ), η(x^∗, x^{k+1})⟩ ≥ (α/2)‖x^{k+1} − x^k‖^2 + ρ^k⟨T (x^{k+1}), η(x^{k+1}, x^∗)⟩ + ρ^k(f(x^{k+1}) − f(x^∗)) for x = x^∗ in (3.2).

If we replace x by x^{k+1} in (1.1), we obtain (3.8) ⟨(T (x^∗), η(x^{k+1}, x^∗)⟩ + f(x^{k+1}) − f(x^∗)) ≥ 0. Since T is η − γ-pseudococoercive, it implies in light of (3.8) that (3.9) Λ^∗(x^k) − Λ^∗(x^{k+1}) ≥ [α/2]‖x^{k+1} − x^k ‖^2 + aγ‖T (x^{k+1}) − T (x^∗)‖^2. It follows from (3.9) that the sequence {Λ^∗(x^k )} is strictly decreasing except for x^{k+1} − x^k, and in that situation x^k is a solution to (1.1). Since the difference two consecutive terms tends to zero as k → ∞, it implies that

‖x^{k+1} − x^k ‖ → 0 and ‖T (x^{k+1}) − T (x^∗)‖ → 0 as k → ∞. On the top of that, in light of (3.5), we have ‖x^∗ − x^k ‖^2 ≤ (2/α)Λ^∗(x^k ), and so the sequence {x^k} is bounded. Let x^′ be a cluster point of the sequence {x^k}, that is, there exists a subsequence {x^{kj} } of the sequence {x^k} such that {x^{kj} } converges weakly to x^′. Since h^′ is η − β-Lipschitz continuous and a < ρ^k, it follows using (3.2) that for some x ∈ H, we have

⟨ρ^kT (x^{k+1}), η(x, x^{k+1})⟩ + ρ^k[f(x) − f(x^{k+1})] ≥ −⟨h^′(x^{k+1}) − h^′(x^k ), η(x, x^{k+1})⟩ ≥ (−β)‖x^{k+1} − x^k ‖ ‖η(x, x^{k+1})‖, or (3.10) ⟨T (x^{k+1}), η(x, x^{k+1})⟩+[f(x)−f(x^{k+1})] ≥ (−β/a)‖x^{k+1} −x^k‖ ‖η(x, x^{k+1})‖. Since T (x^{k+1}) converges strongly to T (x^∗) and ‖x^{kj+1} − x^{kj} ‖ → 0, it follows from (3.10) that (3.11) ⟨T (x^∗), η(x, x^′)⟩ + [f(x) − f(x^′)] ≥ 0 for all x ∈ K, while ⟨T (x^′), η(x^{kj} , x^′)⟩ + f(x^{kj} ) − f(x^′) tends to zero. At this stage, if T (x^′) = 0, then x^′ is a solution to (1.1), and if T (x^′) ≠ 0 then we can express it in the form η(y^{kj} , x^{kj} ) = −[⟨T (x^′), η(x^{kj} , x^′)⟩/‖T (x^′)‖^2]T (x^′). It follows that (3.12) ⟨T (x^′), η(y^{kj} , x^′)⟩ = 0, and ‖η(y^{kj} , x^{kj} )‖ → 0 as k → ∞. Therefore, y^{kj} converges weakly to x^′, while the d-Hölder continuity of T implies that T (y^{kj} ) converges strongly to T (x^∗). Since T is η − γ-pseudococoercive, it follows in light of (3.12) that (3.13) ⟨T (y^{kj} , η(y^{kj} , x^′)⟩ ≥ γ‖T (y^{kj} − T (x^′)‖^2. It clearly follows from (3.13) that {T (y^{kj} )} converges strongly to T (x^′), and so T (x^′) = T (x^∗). Hence in light of (3.11) x^′ is a solution of (1.1).

When η(x, y) = x − y in Theorem 3.1, we arrive at Theorem 3.2. Let T : K → H be an η-hemicontinuous, γ-pseudococoercive, d- Hölder continuous and L-relaxed monotone mapping from a nonempty closed invex subset K of an infinite-dimensional Hilbert space H into H. Let f: K → R be proper, invex and lower semicontinuous on K, h: K → R be continuously Fréchetdifferentiable on K with h^′ (gradient of h) hemi-continuous, α-strongly monotone, β-Lipschitz continuous, c-Hölder continuous and continuous from H equipped with weak topology to H equipped with weak topology on K. If in addition, x^∗ ∈ K is a solution of the VIP (1.2), then the sequence {x^k} generated by Algorithm 3.2 converges weakly to x^∗.

For f ≡ 0 in Theorem 3.2, it reduces to El Farouq [7, Theorem 5.1]. Theorem 3.3. Let T : K → H be an η-hemicontinuous, γ-pseoducocoercive, d- Hölder continuous and L-relaxed monotone mapping from a nonepty closed invex subset K of an infinite-dimensional Hilbert space H into H. Let h: K → R be continuously Fréchet-differentiable on K with h^′ (gradient of h) hemi-continuous, α-strongly monotone, β-Lipschitz continuous, c-Hölder continuous and continuous from H equipped with weak topology to H equipped with weak topology on K. If in addition, x^∗ ∈ K is a solution of the VIP (1.3), then the sequence {x^k} generated by Algorithm 3.3 converges weakly to x^∗.

References

[1] I.K. Argyros and R.U. Verma, Generalized partial relaxed monotonicity and solvability of nonlinear variational inequalities, Pan American Mathematical Journal 12(3) (2002), 85–104.

[2] I.K. Argyros and R.U. Verma, On general auxiliary problem principle and nonlinear mixed variational inequalities, Nonlinear Functional Analysis & Applications 6(2) (2001), 247–256.

[3] G. Cohen, Auxiliary problem principle extended to variational inequalities, Journal of Optimization Theory and Applications 59(2) (1988), 325–333.

[4] G. Cohen, Auxiliary problem principle and decomposition of optimization problems, Journal of Optimization Theory and Applications 32 (1980), 277– 305.

[5] J. Eckstein and D.P. Bertsekas, On the Douglas–Rachford splitting method and the proximal point algorithm for maximal monotone operators, Mathematical Programming 55 (1992), 293–318.

[6] J. Eckstein, Nonlinear proximal point algorithms using Bregman functions, with applications to convex programming, Mathematics of Operations Research 18(1) (1993), 202–226.

[7] N. El Farouq, Pseudomonotone variational inequalities: Convergence of proximal methods, Journal of Optimization Theory and Applications 109(2) (2001), 311–326.

[8] N. El Farouq, Pseudomonotone variational inequalities: Convergence of the auxiliary problem method, Journal of Optimization Theory and Applications 111(2) (2001), 305–326.

[9] S. Karamardian, Complementarity problems over cones with monotone and pseudomonotone maps, Journal of Optimization Theory and Applications 18 (1976), 445–455.

[10] S. Karamardian and S. Schaible, Seven kinds of monotone maps, Journal of Optimization Theory and Applications 66 (1990), 37–47.

[11] B. Martinet, Regularisation d’Inequtions variationnelles par approximations successives, Revue d’Automatique, d’informatique et de Recherche Operationnelle, Serie Rouge 3 (1970), 154–159.

[12] Z. Naniewicz and P.D. Panagiotopoulos, Mathematical Theory of Hemivariational Inequalities and Applications, Marcel Dekker, New York, 1995.

[13] T. Rockafellar, Augmented Lagrangians and applications of the proximal point algorithm, in convex programming, Mathematics of Operations Research 1 (1976), 97–116.

[14] T. Rockafellar, Monotone operators and the proximal point algorithm, SIAM Journal of Control and Optimization 14(5) (1976), 877–898.

[15] R.U. Verma, A new class of iterative algorithms for approximation-solvability of nonlinear variational inequalities, Computers & Mathematics with Applications (to appear).

[16] R.U. Verma, On nonlinear implicit variational inequalities involving partially relaxed pseudomonotone mappings, Computers & Mathematics with Applications (to appear).

[17] R.U. Verma, Approximation-solvability of nonlinear variational inequalities involving partially relaxed monotone (prm) mappings, Advances in Nonlinear Variational Inequalities 2(2) (1999), 137–148.

[18] R.U. Verma, Nonlinear variational and constrained hemivariational inequalities involving relaxed operators, ZAMM 77(5) (1997), 387–391.

[19] R.U. Verma, A class of projection-contraction methods applied to monotone variational inequalities, Applied Mathematics Letters 13 (2000), 55–62.

[20] R.U. Verma, Generalized multivalued implicit variational inequalities involving the Verma class of mappings, Mathematical Sciences Research Hot- Line 5(2) (2001), 57–64 [21] D.L. Zhu and P. Marcotte, Co-coercivity and its role in the convergence of iterative schemes for solving variational inequalities, SIAM Journal of Optimization 6(3) (1996), 714–726.

[22] E. Zeidler, Nonlinear Functional Analysis and its Applications II/B, Springer- Verlag, New York, 1990.