Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 1–6.

Submitted: January 25, 2002. Published: December 31 2002.

WEAKLY STARLIKE LOGHARMONIC MAPPINGS

Zayid Abdulhadi

Abstract. We consider the class of all weakly starlike p-valent logharmonic mappings. A complete characterization of these mappings is given.

1991 A.M.S. (MOS) Subject Classification Codes. Primary 30C55, Secondary 30C62, 49Q05

Key Words and Phrases. logharmonic mappings

1. Introduction

Let H(U) be the linear space of all analytic functions defined in the unit disc U = {z = x + iy; |z| < 1} and let B be the set of all functions a ∈ H(U) such that |a(z)| < 1 for all z ∈ U. We say a function f is logharmonic if f is a solution of the non-linear elliptic partial differential equation (1.1) f_z = (af/f)f_z; a ∈ B. Observe that nonconstant logharmonic mappings are open and orienation preserving on U. If f has exactly p zeros {z_k}^p_{k=1} in U (inclusive multiplicity), then f admits a global representation given by

(1.2) f(z) = [ p∏ k=1 (z − z_k)|z − z_k|^{2βk} ]h(z)g(z),

where

i) β_k = a(z_k)^{(1+a(zk ))}

(1−|a(z_k )|^2) ,

ii) h and g are analytic in U, such that g(z_k) = 1 and h(z_k) ≠ 0. If f is a univalent logharmonic mapping on U, then either 0 /∈ f(U) and log f is univalent and harmonic on U, or, f(z_0) = 0, for a fixed z_0 ∈ U. In the latter

Department of Computer Science, Mathematics and Statistics, American University, Sharjah, U.A.E.

E-mail Address: zahadi@aus.ac.ae © 2002 Cameron University

Typeset by AMS-TEX 1 case, the function F (ζ) = log f(e^ζ ) is univalent and harmonic on the half-plane {ζ; ℜ ζ < 0} and the representation (1.2) becomes f(z) = (z − z_0)|z − z_0|^{2β} h(z)g(z). If f(U) is a starlike domain, then F is closely related with the theory of minimal surfaces over domains of the form −∞ < u < u_0(v), u_0(v + 2π) = u_0(v). For details see e.g. [A1],A2], [AB], [AH1], [AH2], [AH3] , [AH4] and [AH5]. Definition. let f be a nonconstant complex-valued function defined in U. We say that f is weakly starlike if

(1.3) lim_{r→1} inf[min_{|z|=r} ∂ arg f(re^{it}, z_k) ∂t ] ≥ 0.

Generalizations from univalent starlike analytic functions to weakly starlike analytic functions have been introduced by Hummel( see [H]). He has shown: Theorem A. ϕ is a weakly starlike analytic function with exactly p zeros in U if and only if there exists a normalized starlike univalent analytic ϕ such that

ϕ(z) = (ϕ_0(z))^p p∏ k=1 ψ_0(z, z_k)

where z_1, z_2, ....., z_p are the zeros of ϕ, and

ψ_0(z, z_k) =

(z − z_k)(1 − z_kz) z . Note that ψ_0(z, z_k) is a univaelnt meromorphic fuction which satisfies (1.3) and maps U onto the exterior of the line segment whose end points are (1 ± |z_k|^2)^2.

In this paper, we shall consider the class of weakly starlike p-valent logharmonic mappings. In Section 2 we shall include a characterization theorem for class of weakly starlike p-valent logharmonic mappings and also, a representation theorem for these mappings is given which is the analouge of Theorem A.

2. Representation theorems .

We shall need the following lemma:

Lemma 2.1. Let f be a weakly starlike and logharmonic mapping with respect to a given a ∈ B. Then f is p-valent if and only if f has exactly p zeros (inclusive multiplicity).

Proof. First, we suppose that f has p zeros (inclusive multiplicity). In order to show that f is p-valent, we shall adapt the method of Hummel ( see [H]). Let △_r = {θ|^{∂ arg f (reiθ )}_{∂θ} < 0}, where 0 < r < 1. Given any ϵ > 0, there exists a ρ ∈ (0, 1) such that for all r with ρ < r < 1 we have

(2.1) ∫ △_r ∂ arg f(re^{iθ}) ∂θ dθ > −2πϵ.

Now we suppose that f is not p-valent then there is some w_0(≠ 0) such that the value w_0 is taken on p + 1 or more times by f(z). Then there exists N points z_1, .....z_N , N ≥ p + 1, such that g(z_i) = w_0 for each i. Some of the points may be multiple. Since f is an open mapping there exists a disk W with center w_0, not containing the origin, and a real number r_0, 0 < r_0 < 1, such that every point w ∈ W is taken on N or more times by f(z) in {z| |z| < r_0}. Let α be the angle subtended by W at the origin, then 0 < α < π. Let L_ϕ = {w| arg w = ϕ} be any ray from the origin which intersects W. If r is such that r_0 ≤ r ≤ 1, then f(z) assumes every value in W at least N times for |z| < r.

Let C_r be the circle {|z| = r} and let Γ_r be the image curve given by f(re^{iθ}), 0 ≤ θ ≤ 2π. Now f(z) has exactly p zeros in |z| < r ( we may assume that r_0 is large enough to insure this). Using the argument principle, we deduce that the winding number of the curve Γ_r (w.r.to the origin) is n(Γ_r, 0) = p.

On the other hand, if w_1 ∈ W ⋂ L_ϕ such that w_1 /∈ Γ_r, the winding number of Γ_r (w.r.to the w_1) must be greater than N. It follows that Γ_r crosses the line segment joining 0 and w_1 in the direction of decreasing argument at least once. But since Γ_r is an analytic curve, there are only finitely many intervals [θ_i, θ^′_i] ⊂ [0, 2π] such that arg f(re^{it}) is monotone decreasing in [θ_i, θ^′_i]. The union of these intervals makes up the closure of the set △_r above. Since the angle subtended by W is α, we have ∫ △_r ∂ arg f(re^{iθ} ) ∂θ dθ < −α which contradicts (2.1).

Conversely, if f is p-valent, then f has at most p zeros. If f has m zeros, m < p, then f is m-valent.This completes the proof.

Let f be a logharmonic mapping with respect to a given a ∈ B and let z_k ∈ U, 1 ≤ k ≤ p, be the zeros of f. Using Lemma 2.2 in [AB], it follows that f admits the represenation

(2.2) f(z) = [ p∏ k=1 ( z − z_k 1 − z_k )| z − z_k 1 − z_k |^{2βk} ]h(z).g(z)

where β_k = a(z_k)^{1+a(zk )}

1−|a(z_k)|^2 . The functions h and g are nonvanishing and analytic

in U and g(0) = 1.

Now we associate to f the mapping ϕ(z) = [ ∏_p k=1(^{z−zk}_{1−zk} )]^{h(z)}_{g(z)} .

The following theorem gives a relation between f and ϕ:

Theorem 2.2. a) Let f be a weakly starlike, p-valent and logharmonic mapping with respect to a given a ∈ B. Then ϕ is weakly starlike, p-valent and analytic in U. b) Let ϕ be a weakly starlike, p-valent and analytic function. For any given a ∈ B there are h and g in H(U) uniquely determined such that

i) 0 /∈ h.g(U); g(0) = 1 ii) ϕ(z) = [ ∏_p k=1(^{z−zk}_{1−zk} )]h/g iii) f defined in (2.2) is a solution of (1.1) with respect to the given a and is weakly starlike p-valent mapping.

Proof. a) Let f defined in (2.2) be weakly starlike and logharmonic with respect to a given a ∈ B. Then ϕ has exactly p zeros and is weakly starlike analytic since

(2.3) arg f(re^{it}) = arg ϕ(re^{it}) + 2 p∑ k=1 ℑ(β_k) log | z − z_k 1 − z_k |.

By proposition 6 in [H], it follows that ϕ is p-valent.

b) Let a ∈ B and let ϕ be a weakly starlike p-valent analytic function. Put g(z) = exp ∫_z 0 [ a(s) (1 − a(s) ϕ^′(s) ϕ(s) + p∑ k=1 ν(s, z_k)]ds,

h(z) = ϕ(z)g(z)/ p∏ k=1 [ z − z_k 1 − z_k ] and f(z) = f(z) = [ p∏ k=1 ( z − z_k 1 − z_k )| z − z_k 1 − z_k |^{2βk} ]h(z).g(z)

= ϕ(z)[ p∏ k=1 | z − z_k 1 − z_k |^{2βk} ]|g(z)|^2,

where ν(z, z_k) =^{(a(zβk −βk )(1−|zk|2)} (1−a(z))(z−z_k )(1−z_k z) and βk = a(zk) 1+a(z_k ) 1−|a(z_k)|^2 . Then h and g are

nonvanishing analytic functions defined on U, normalized by g(0) = 1, and f is a weakly starlike logharmonic mapping. Moreover, f has exactly p zeros and by Lemma 2.1, f is p-valent.

Next we introduce a class of fuctions which appear naturally in the represenation theorem.

Definition. Let z_k be a point in U, and let a ∈ B be given. We define

(2.4) ψ(z, z_k) = ψ_0(z, z_k)|^{z−zk}_{1−zk} |^{2βk} |z|^{2β0} exp 2ℜ σ(z, z_k),

where

a) β_k = a(z_k)^{(1+a(zk ))}

(1−|a(z_k )|^2) ,

b) β_0 = a(0)^{(1+a(0))}

(1−|a(0)|^2) , c) ψ_0(z, z_k) =^{(z−zk )(1−zkz}_z , d) σ(z, z_k) = ∫_z 0 [^{(a(s)ψ′0}

(1−a(s)ψ_0(s)) − a(s)β_0−β_0 s(1−a(s)) + ν(s, zk)], where ν(s, z_k) =^{(a(z)βk −βk )(1−|zk|2 )} (1−a(z)(z−z_k )(1−z_k z) . As a direct consequence of the represenation (2.4), we have the following lemma:

Lemma 2.3. For any given z_k ∈ U and a ∈ B, the function ψ(z, z_k) is continuous, real and positive on |z| = 1. Furthermore, ψ(z, z_k) is a univalent meromorphic function which satisfies (1.1).

Proof. Using (2.4), we have

arg ψ(z, z_k) = arg ψ_0(z, z_k) + 2ℑ(β_k) log | z − z_k 1 − z_kz | − 2ℑ(β_0) log |z|

and since ψ_0 maps U conformally onto the exterior of a line segment joining the points (1 ± |z_k|^2), we deduce that ψ maps U also onto the exterior of a line segment I joining two points lying on the positive real axis. Moreover, we have lim_{r→1} inf[min_{|z|=r} ∂ arg ψ(re^{it}, z_k) ∂t ] = lim_{r→1} inf[min_{|z|=r}

∂ arg ψ_0(re^{it}, z_k) ∂t ] = 0.

Thus, ψ satisfies (2.1) and direct calculations shows that ψ satisfies (1.1) with respect to the same a. It is left to show that ψ is univalent. Let C_r be the circle |z| = r and let Γ_r be the image curve given by ψ(re^{it}, z_k), 0 ≤ θ ≤ 2π. First let w^∘ ∈ C^| \R^{| +}. If we choose r sufficiently close to one, then the winding number of the curve Γ_r with respect to w^∘ is n(Γ_r, w^∘) = 0. But n(Γ_r, w^∘) = N_r(ψ − w^∘) − P_r (ψ), where N_r(ψ−w^∘) is the number of zeros of ψ−w^∘ in |z| ≤ r and P_r(ψ) is the number of poles of ψ in |z| ≤ r. Since P_r(ψ) = 1, we conclude that N_r(ψ − w^∘) = 1. Next, if w^∘ ∈ R^{| +} \ I, then there exists a sequence w_n in C^| \ R^{| +} such that w_n converges to w^∘. Now, there is an r ∈ (0, 1) sufficiently close to 1 such that n(Γ_r, w_n) = 0 for all n ∈ N. Since ψ − w_n converges uniformly to ψ − w^∘ on C_r, we get that n(γ_r, w^∘) = 0.

We are now ready to state and prove the main result of this paper:

Theorem 2.4 (Representation Theorem). Let f be a logharmonic function with respect to a given a ∈ B. Then a function f defined as in (2.2) is weakly starlike if and only if

f(z) = (f_0(z))^p p∏ k=1 ψ(z, z_k) where z_1, z_2, ...., z_p are in U and f_0 is a starlike univalent logharmonic mapping with respect to the same a.

Proof. Let a ∈ B be given and let f be logharmonic with respect to a such that f(z) = (f_0(z))^p ∏_p k=1 ψ(z, z_k), where z_1, z_2, ..., z_p ∈ U and let f_0 be a starlike univalent logharmonic mapping. Then f has exactly p zeros and we have

lim_{r→1} inf[min_{|z|=r} ∂ arg f(re^{it}, z_k) ∂t ] =

p lim_{r→1} inf[min_{|z|=r}

∂ arg f_0(re^{it}, z_k) ∂t ] + lim_{r→1} inf[min_{|z|=r} ∂ arg ψ(re^{it}, z_k) ∂t ] ≥ 0. Using Theorem 2.2, it follows that f is weakly starlike and p-valent and has the representation (2.2).

Conversely, let f be a logharmonic mapping with respect to a given a ∈ B. We suppose that f has the represenation (2.2) and is weakly starlike p-valent. By Theorem 2.2, we conclude that

ϕ(z) = [ p∏ k=1 z − z_k 1 − z_kz ] h(z) g(z) is a weakly starlike p-valent analytic function in U. Theorem A implies that there exists a a starlike univalent analytic function ϕ_0 such that ϕ(z) = (ϕ_0(z))^p ∏_p k=1 ψ_0(z, z_k) and therefore, ϕ_0(z) = z(^{h(z)} g(z) ∏_p k=1(1−z_k z)^2 ) 1 p . From Theorem 2.1 in [AH2] ( with α = 0), it follows that f_0(z) = ϕ_0(z)|z|^{2β0} |g_1(z)|^2 is a starlike univalent logharmonic, where g_1(z) = exp ∫_z 0 [^{a(s)ϕ′0(s)}

(1−a(s))ϕ_0 (s) + a(s)β_0−β_0 s(1−a(s)) ]ds and β0 = a(0)(1+a(0)) (1−|a(0)|^2 . Put f_1(z) = (f_0(z))^p p∏ k=1 ψ(z, z_k). It follows that f_1 is a solution of (1.1) with respect to a and, furthermore, f_1 is a weakly starlike p-valent mapping. Straightforward calculations show that ϕ corresponds in Theorem 2.2 to the mapping f_1 and therefore, we have f = f_1.

References

[A1] Z. Abdulhadi, Typically real logharmonic mappings , Preprint [A2] Z. Abdulhadi, Close-to-starlike logharmonic mappings , Internat. J. Math.

& Math. Sci., 19 no. 3 (1996), 563-574.

[AB] Z. Abdulhadi and D. Bshouty, Univalent functions in HH(D), Trans. Amer. Math. Soc., 305 no. 2 (1988), 841-849.

[AH1] Z. Abdulhadi and W.Hengartner, Polynomials in HH, Complex Variables Theory Appl., 46 no. (2001), 89-107.

[AH2] Z. Abdulhadi and W. Hengartner, Spirallike logharmonic mappings, Complex Variables Theory Appl., 9 no. 2-3(1987), 121-130.

[AH3] Z. Abdulhadi and W. Hengartner, Univalent Harmonic mappings on the left-half plane with periodic dilatations, ”Univalent functions, Fractional Calculus, and their applications (Koriyama, 1988)”, 13-28, Ellis Horwood Ser. Math. Appl., Horwood, Chichester, 1989.

[AH4] Z. Abdulhadi and W. Hengartner, Univalent log-harmonic extensions onto the unit disk or onto an annulus, Current Topics in Analytic Function Theory, World Scientific publishing, (1992), pp. 1-12.

[AH5] Z. Abdulhadi and W. Hengartner, One pointed univalent logharmonic mappings, J. Math. Anal. Appl., 203 (1996), 333-351.

[H] J. Hummel, Multivalent starlike functions), J. Analyse Math. 18 (1967), 133-160

Department of Computer Science, Mathematics and Statistics American University of Sharjah,P.O. Box 26666, Sharjah U.A.E.

E-Mail: zahadi@aus.ac.ae