Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2001, pp. 19–23.

Submitted: October 25, 2001. Published: December 31 2001.

CONVERGENCE THEOREMS FOR NEWTON-LIKE METHODS USING DATA FROM A SET OR A SINGLE POINT AND OUTER INVERSES

Ioannis K. Argyros

Abstract. Semilocal convergence theorems for Newton-like methods are provided using information from a set or a single point and outer inverses.

A.M.S. (MOS) Subject Classification Codes. 65H10, 47H17, 49M15.

Key Words and Phrases. Newton-like methods, Banach space, semilocal convergence theorem, outer inverse.

1. Introduction

In this study we are concerned with the problem of approximating a locally unique solution x^∗ of the equation

(1) LF (x) = 0,

where F is a Fréchet-differentiable operator defined on an open convex subset D of a Banach space X with values in a Banach space Y , L ∈ L(X, Y ) the space of bounded linear operators from X into Y .

We consider Newton-like methods of the form

(2) x_{n+1} = x_n − A(x_n)^#F (x_n) (n ≥ 0)

for generating a sequence converging to x^∗. Here A(x_n) ∈ L(X, Y ) (n ≥ 0) is an approximation of the Fréchet-derivative F^′(x_n) (n ≥ 0) and A(x_n)^# denotes an outer inverse of A(x_n), i.e., A(x_n)^#A(x_n)A(x_n)^# = A(x_n)^#. This setting includes generalized Newton methods for undetermined systems [1], [3].

Semilocal convergence theorems for Newton-like methods of the form (2) are provided using information from a set or a single point.

Department of Mathematics, Cameron University, Lawton, OK 73505, U.S.A. E-mail Address: ioannisa@cameron.edu © 2001 Cameron University

Typeset by AMS-TEX 19

2. Convergence Analysis

Define parameters r_i, i = 0, 1, . . . , 5, h_0 and γ by

r_0 = 1 γ ( 1 −^3 √ 2γ M + L ) , M + L ≠ 0, r_1 = 1 − ℓ L , L ≠ 0, r_2 = 1 γ , γ ≠ 0, r_3 = min{r_0, r_1, r_2},

r_3 = r_0 if L = γ = 0, r_3 = min{r_0, r_2} if L = 0, r_3 = min{r_0, r_1} if γ = 0, r_4 = min{r_3, r^{∗∗}}, r_5 = min{r_1, r_2}, r_5 = r_1 if γ = 0, r_5 = r_2 if L = 0, r_5 = ∞ if L = γ = 0,

h_0 = (M + L)η − 1 2 (1 − b)^2, for L ≥ 0, M ≥ 0

γ = sup_{k>1} ‖ ‖ ‖ ‖ 1 k! A^#F^{(k)}(x_0) ‖ ‖ ‖ ‖ , x^0 ∈ X (if it exists)

where A^# is a bounded outer inverse of A (= A(x_0)) and functions f, g, f_1, f_2 by f(r) = σ 2 r^2 − (1 − b)r + η, σ = max{K, M + L}, g(r) = Lr + ℓ − 1, f_1(r) = M + L 2 r^2 − (1 − b)r + η,

f_2(r) = γr^2 (1 − γr)^3 − (1 − b)r + η, where r^∗, r^{∗∗} are the zeros of function f_1.

Assume:

(C) r_0 ≥ 0, h_0 ≤ 0 and r^∗ ≤ r_3 Note that under condition (C), 0 ≤ r^∗ ≤ r^{∗∗}, f_1(r) ≥ 0, g(r) < 0 and^{2γ}_{(1−γr)3} ≡ K_0 ≤ M + L on [0, r^∗]. or (C_1) r_0 ≤ 0 (or M + L = 0) and there exists r_6 ∈ (0, r_5) or r_6 ∈ [r_0, r_5)) such that f_2(r_6) ≤ 0.

Denote by r_7 the zero of function f_2 in (0, r_6). (Such a zero exists by the intermediate value theorem.) Note that under condition (C_1), f_2(r) ≥ 0, g(r) < 0 and M + L ≤ K_0 on [0, r_6].

We can state and prove the following semilocal convergence theorem for Newtonlike methods using information from a set and outer inverses.

Theorem 1. Let F : D ⊆ X → Y be twice-Fréchet-differentiable and let A(x) ∈ L(X, Y ) (x ∈ D) be an approximation of F^′(x). Assume:

(a) there exists an open convex subset D_0 of D, x_0 ∈ D_0, a bounded outer inverse A^# of A (= A(x_0)) and constants η, K > 0, M, L, μ, ℓ ≥ 0 such that for al x ∈ D_0 20

the following conditions hold: ‖A^#F (x_0)‖ ≤ η, (3) ‖A^#F^{′′}(x)‖ ≤ K, (4) ‖A^#(F^′(x) − A(x))‖ ≤ M‖x − x_0‖ + μ (5) ‖A^#(A(x) − A)‖ ≤ L‖x − x_0‖ + ℓ, (6) b = μ + ℓ < 1, (7) h = ση ≤ 1 2 (1 − b)^2 (8) and (9) U(x_0, t^∗) ⊆ D_0,

where, t^∗ is the small zero of function f.

Then, (1) Newton-like method {x_n} (n ≥ 0) generated by (2) is well defined, remains in U(x_0, t^∗) for all n ≥ 0 and converges to a solution x^∗ ∈ U(x_0, t^∗) of equation A^#F (x) = 0, with

A(x_n)^# = (I + A^#(A(x_n) − A))^{−1}A^#;

(2) equation A^#F (x) = 0 has a unique solution x^∗ in ~U ∩ {R(A^#) + x_0}, where ~U = { U(x_0, t^∗) ∩ D_0, if h =^1_2 (1 − b)^2 U(x_0, t^{∗∗}) ∩ D_0, if h <^1_2 (1 − b)^2, where t^{∗∗} is the large zero of function f and

R(A^#) + x_0 = {x + x_0; x ∈ R(A^#)};

(3) the following error bounds hold for all n ≥ 0 ‖x_{n+1} − x_n‖ ≤ t_{n+1} − t_n and ‖x_n − x^∗‖ ≤ t^∗ − t_n, where, t_0 = 0, t_{n+1} = t_n − f(t_n) g(t_n) .

Proof. Lipschitz condition (3.2) in [3] follows from (4). The rest of the theorem follows exactly as Theorem 3.1 in [3].

That completes the proof of the theorem.

We can show the following semilocal result for Newton-like methods using information from a set of a single point and outer inverses. 21

Theorem 2. Let F : X → Y be analytic on some open convex subset D of X and consider A(x) ∈ L(X, Y ) (x ∈ D) to be an approximation of F^′(x). Assume:

(a) there exists an open convex subset D_0 of D, x_0 ∈ D_0, a bounded outer inverse A# of A (= A(x_0)) and constants η > 0, M, L, μ, ℓ ≥ 0 such that for all x ∈ D_0 conditions (3), (5), (6), and (7) hold;

(b) conditions (C) (or (C_1)) hold; (c) U(x_0, r^∗) ⊆ D_0 (or U(x_0, r_1) ⊆ D_0). Then, (1) Newton’s method {x_n} (n ≥ 0) generated by (2) is well defined, remains in U(x_0, r^∗) (or U(x_0, r_7)) for all n ≥ 0 and converges to a solution x^∗ ∈ U(x_0, r^∗) (or U(x_0, r_7)) of equation A^#F (x) = 0 with A(x_n)^# = (I + A^#(A(x_n) − A))^{−1}A^#;

(2) the equation A^#F (x) = 0 has a unique solution in ~U_1 ∩ {R(A^#) + x_0} (or ~U_2 ∩ {R(A# + x_0}), where

~U_1 = { U(x_0, r^∗) ∩ D_0 if h_0 = 0 U(x_0, r_4) ∩ D_0 if h_0 < 0,

~U_2 = { U(x_0, r_5) ∩ D_0 r_6 < r_5 U(x_0, r_6) ∩ D_0 r_5 = r_6;

(3) the following error bound hold for all n ≥ 0:

‖x_{n+1} − x_n‖ ≤ r_{n+1} − r_n (or r^1_{n+1} − r^1_n),

(10) ‖x_n − x^∗‖ ≤ r^∗ − r_n (or r_6 − r^1_n),

(11)

where,

r_0 = 0, r_{n+1} = r_n − f_1(r_n) g(r_n) and r^1_0 = 0, r^1_{n+1} = r^1_n − f_2(r^1_n) g(r^1_n) .

Proof. Since γr^∗ < 1 under (C) (or γr_6 < 1 under (C_1)), we find for all x ∈ U(x_0, r^∗) (or r_6) that

‖A^#F^{′′}(x)‖ = ‖ ‖ ‖ ‖ ∞∑ n=0 1 k! A^#F^{(k+2)}(x_0)(x − x_0)^k ‖ ‖ ‖ ‖ ≤ γ ∞∑ k=0 (k + 2)(k + 2)(‖x − x_0‖)^k ≤ K_0.

Estimates (10) and (11) are shown exactly as in Theorem 1 since under condition (C) r^∗ ≤ r^{∗∗},^{2γ}_{(1−γr)3} = K_0 ≤ M + L, f_1(r) ≥ 0, g(r) < 0 on [0, r^∗] (or under (C_1): f_2(r) ≥ 0, g(r) < 0 and M + L < K_0 on [0, r_6]).

The rest follows exactly as in Theorem 1. That completes the proof of the theorem. 22

REFERENCES

[1] Argyros, I.K., Convergence domains for some iterative processes in Banach space using outer and generalized inverses, Journ. Computational Anal. and Applic. 1, 1 (1999), 87–104.

[2] Argyros, I.K. and Szidarovszky, F., The Theory and Application of Iteration Methods, CRC Press, Inc., Boca Raton, Florida, U.S.A., 1993.

[3] Chen, X. and Nashed, M.Z., Convergence of Newton-like methods for singular operator equations using outer inverses, Numer. Math. 66 (1993), 235–257.

[4] Kantorovich, L.V. and Akilov, G.P., Functional Analysis, Pergamon Press, Oxford, 1982.

23