Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2001, pp. 7–18.

Submitted: July 18, 2001. Published: December 31 2001.

STABILITY FOR NONLINEAR 2-D MULTIRESOLUTION: THE APPROACH OF A.HARTEN

S. AMAT AND S. BUSQUIER

Abstract. In this paper a class of multiresolution representation based on nonlinear prediction in 2-D is presented. In contrast with the wavelet framework these representations cannot be consider as a change of basis, and the stability theory requires different considerations. Some error-control algorithms in order to obtain stability are proposed.

1991 A.M.S. (MOS) Subject Classification Codes. 41A05, 41A15

Key Words and Phrases. Multiscale decomposition, nonlinearity, stability

1. Introduction

Multiresolution representations are a powerful tool for several applications like data compression, numerical simulation of PDE’s and statistical estimation. Their best property is to obtain high accuracy approximations of functions by a very small set of coefficients. In wavelet basis decompositions the accuracy is limited by the presence of singularities. Nonlinear multiscale representations are a possible track for such improvements. We will consider the multiresolution framework introduced by Harten (see e.g. [9] [10]). Formally speaking, the multiresolution of Harten has a similar form than the original wavelet representations: a sequence f̄^L of data sampled at the finest resolution level is encoded into (f̄^0, e^1, . . . , e^L), where the f̄^0 corresponds to a sampling at the coarsest resolution and each sequence e^k represents the details which are necessary to recover f̄^k from f̄^{k−1}. Nevertheless, in the case of Harten’s multiresolution the process which connects two scales can be nonlinear. The nonlinear process allows a better adapted treatment of singularities, in the sense that they do not generate so many large detail coefficients as in standard wavelet transform.

On the other hand, nonlinear process are more difficult to analyze. In particular the stability of the multiresolution is not clear. In practical applications, as we

Departamento de Matemática Aplicada y Estadística, Cartagena, Murcia, Spain E-mail Address: sergio.amat@upct.es Australian National University, Canberra ACT 2601, Australia E-mail Address: sonia.busquier@uv.es © 2001 Cameron University

© 1997 American Mathematical Society

said before, a discrete sequence f̄^L is encoded to produce a multiscale representation of its information contents, (f̄^0, e^1, e^2, . . . , e^L); this representation is then processed and the end result of this step is a modified multiscale representation (f̂^0, ê^1, ê^2, . . . , ê^L) which is close to the original one, i.e. such that (in some norm) ||f̂^0 − f̄^0|| ≤ ϵ_0 ||ê^k − e^k|| ≤ ϵ_k 1 ≤ k ≤ L, where the truncation parameters ϵ_0, ϵ_1, . . . , ϵ_L are chosen according to some criteria specified by the user. After decoding the processed representation, we obtain a discrete set f̂^L which is expected to be close to the original discrete set f̄^L. In order for this to be true, some form of stability is needed, i.e. we must require that ||f̂^L − f̄^L|| ≤ σ(ϵ_0, ϵ_1, . . . , ϵ_L) where σ(·, . . . , ·) satisfies lim ϵ_l→0, 0≤l≤L σ(ϵ_0, ϵ_1, . . . , ϵ_L) = 0.

The stability analysis for linear prediction processes can be carried out using tools coming from wavelet theory, subdivision schemes and functional analysis (see [10], [4]), however none of these techniques is applicable in general when the prediction process is nonlinear.

In the nonlinear case, stability can be ensured by modifying the encoding algorithm. The idea of a modified-encoding to deal with nonlinear multiresolution schemes is due to Harten; one dimensional algorithms in several settings can be found in [9], [5], [3]. The goal of a modified-encoding procedure is to keep track of the accumulation error in processing the values in the multiscale representation. The aim of this paper is to present two-dimensional multiresolution algorithms that ensure stability in the case of nonlinear prediction processes. We will consider two frameworks: point-values and cell-average. In the case of linear reconstructions the first corresponds with the interpolatory wavelets and the second with some biorthogonal wavelets.

The paper is organized as follows: we recall in section 2 the discrete framework for multiresolution introduced by Harten. We present the point-values and the cellaverage (2-D) multiresolutions in sections 3 and 4 respectively. The error-control algorithms are discussed in section 5. Finally we give stability results in section 6.

2. Harten’s framework for multiresolution

Harten’s framework is based on two fundamental tools: discretization and reconstruction. The discretization operator D_k obtains discrete information from a (non-discrete) signal (f ∈ F functional space) at a particular resolution level k (f̄^k ∈ V^K ). The reconstruction operator R_k, on the other hand, produces an approximation to a signal from its discrete values. This reconstruction can be nonlinear. Then we can connect the different resolution levels by D^{k−1}_k := D_{k−1}R_k (decimation operator) and P^K_{k−1} := R_{k−1}D_k (prediction operator). The basic consistency property that these two operators have to satisfy is

D^{k−1}_k P^k_{k−1} = I_V k−1

where I_V k−1 is the identity operator in V^{k−1}. In this case, D^{k−1}_k e^k = 0 where e^k denotes the prediction error, e^k = f̄^k − P^k_{k−1}f̄^{k−1}.

3. Interpolatory multiresolution analysis in 2-D

Let X^k = {x^k_i , y^k_j }^{Jk}_{i,j=0}, J_k = 2^kJ_0, J_0 some integer, x^k_{2i} = x^{k−1}_i , y^k_{2j} = y^{k−1}_j and x^k_{2i−1} = (x^{k−1}_i + x^{k−1}_{i−1} )/2, y^k_{2j−1} = (y^{k−1}_j + y^{k−1}_{j−1} )/2.

We consider

D_k : C([0, 1] × [0, 1]) → V^k f̄^k_{i,j} = (D_kf)_{i,j} = f(x^k_i , y^k_j , ), 0 ≤ i, j ≤ J_k.

In this case, dimV^k = (J_k + 1) × (J_k + 1) and the decimation operators D^{k−1}_k are f̄^{k−1}_{i,j} = (D^{k−1}_k f̄^k)_{i,j} = f̄^k_{2i,2j} , i, j = 0, 1, . . . , J_{k−1}. Since f̄^{k−1}_{i,j} = f̄^k_{2i,2j} , we obtain N(D^{k−1}_k ) = {v^k ∈ V^k|v^k_{2i,2j} = 0}. Thus, if we denote by e^k the prediction errors, we will need to keep e^k_{2i−1,2j−1}, e^k_{2i−1,2j} , e^k_{2i,2j−1} only.

A reconstruction procedure for this discretization is given by any operator R_k such that R_k : V^k → C([0, 1] × [0, 1]); D_kR_kf̄^k = f̄^k,

which means (R_kf̄^k)(x^k_i , y^k_j ) = f̄^k_{i,j} = f(x^k_i , y^k_j ).

Therefore, R_k should be a continuous function that interpolates the data f̄^k on at the grid points of X^k. Finally the prediction operators are

P^k_{k−1} := D_kR_{k−1}

Many different approaches have been used to derive the prediction operators, see [2], [6], [7], [8], [11].

The encoding and decoding algorithms take the following form:

μ(f̄^L) = Mf̄^L (Encoding) for k = L, . . . , 1 for i, j = 0, . . . , J_{k−1} f̄^{k−1}_{i,j} = f̄ k_{2i,2j} end for i = 1, . . . , J_{k−1} for j = 0, . . . , J_{k−1} f^P_{2i−1,2j} = (P^k_{k−1}f̄^{k−1})_{2i−1,2j} e^k_{2i−1,2j} = f̄^k_{2i−1,2j} − f^P_{2i−1,2j} end end for i = 0, . . . , J_{k−1} for j = 1, . . . , J_{k−1} f^P_{2i,2j−1} = (P^k_{k−1}f̄^{k−1})_{2i,2j−1} e^k_{2i,2j−1} = f̄^k_{2i,2j−1} − f^P_{2i,2j−1} end end for i, j = 1, . . . , J_{k−1} f^P_{2i−1,2j−1} = (P^k_{k−1}f̄^{k−1})_{2i−1,2j−1} e^k_{2i−1,2j−1} = f̄^k_{2i−1,2j−1} − f^P_{2i−1,2j−1} end end M^M f̄^L = {f̄^0, e^1, . . . , e^L} f̄ L = M −1μ(f̄ L) (Decoding) for k = 1, . . . , L for i, j = J_{k−1}, . . . , 0 f̄ k_{2i,2j} = f̄^{k−1}_{i,j} end for i = J_{k−1}, . . . , 1 for j = J_{k−1}, . . . , 0 f^P_{2i−1,2j} = (P^k_{k−1}f̄^{k−1})_{2i−1,2j} f̄ k_{2i−1,2j} = ek_{2i−1,2j} + f P_{2i−1,2j} end end for i = J_{k−1}, . . . , 0 for j = J_{k−1}, . . . , 1 f^P_{2i,2j−1} = (P^k_{k−1}f̄^{k−1})_{2i,2j−1} f̄ k_{2i,2j−1} = ek_{2i,2j−1} + f P_{2i,2j−1} end end for i, j = J_{k−1}, . . . , 1 f^P_{2i−1,2j−1} = (P^k_{k−1}f̄^{k−1})_{2i−1,2j−1} f̄ k_{2i−1,2j−1} = ek_{2i−1,2j−1} + f P_{2i−1,2j−1} end end 4. Cell-Averages multiresolution analysis in 2-D

In this case we have

D_k : L^1([0, 1] × [0, 1]) → V^k,

f̄^k_{i,j} = (D_kf)_{i,j} = 1 h^2_k ∫_xk_i x^k_{i−1} ∫_yk_j y^k_{j−1} f(x, y)dydx, 1 ≤ i, j ≤ J_k; where L^1([0, 1]×[0, 1]) is the space of absolutely integrable functions in [0, 1]×[0, 1] and the set of nested grids X^k is as in above section. This analysis turns out to be appropriate for data compression of discontinuous, piecewise smooth signals.

It is sufficient to consider weighted averages f̄^k_{i,j} for 1 ≤ i, j ≤ J_k since these contain information on f over [0, 1] × [0, 1]. Thus, V^k is the space of sequences with J_k × J_k components.

Moreover

f̄^{k−1}_{i,j} = (D^{k−1}_k f̄^k)_{i,j} = 1 4 (f̄^k_{2i−1,2j−1} + f̄^k_{2i−1,2j} + f̄^k_{2i,2j−1} + f̄^k_{2i,2j} ) i, j = 1, 2, . . . , J_{k−1}. On the other hand, since

0 = (D^{k−1}_k e^k)_{i,j} = (e^k_{2i−1,2j−1} + e^k_{2i−1,2j} + e^k_{2i,2j−1} + e^k_{2i,2j} )/4

we will keep e^k_{2i−1,2j−1}, e^k_{2i−1,2j} , e^k_{2i,2j−1} only.

A reconstruction operator for this discretization is any operator R_k satisfying R_k : V_k → L^1([0, 1] × [0, 1]),

(D_kR_kf̄^k)_{i,j} = 1 h^2_k ∫_xk_i x^k_{i−1} ∫_yk_j y^k_{j−1} (R_kf̄^k)(x, y)dxdy = f̄^k_{i,j} . That is, R_kf̄^k(x, y) has to be a function in L^1([0, 1] × [0, 1]) whose mean value on the (i, j)-th cell coincides with f̄^k_{i,j} , ∀i, j, and P^k_{k−1} := D_kR_{k−1}.

The multiresolution transform and its inverse are now

μ(f̄^L) = Mf̄^L (Encoding) for k = L, . . . , 1 for i, j = 1, . . . , J_{k−1} f̄^{k−1}_{i,j} =^1_4 (f̄ k_{2i−1,2j−1} + f̄ k_{2i−1,2j} + f̄ k_{2i,2j−1} + f̄ k_{2i,2j} ) end fori, j = 1, . . . , J_{k−1} f^P_{2i−1,2j−1} = (P^k_{k−1}f̄^{k−1})_{2i−1,2j−1} e^k_{2i−1,2j−1} = f̄^k_{2i−1,2j−1} − f^P_{2i−1,2j−1} f^P_{2i−1,2j} = (P^k_{k−1}f̄^{k−1})_{2i−1,2j} e^k_{2i−1,2j} = f̄^k_{2i−1,2j} − f^P_{2i−1,2j} f^P_{2i,2j−1} = (P^k_{k−1}f̄^{k−1})_{2i,2j−1} e^k_{2i,2j−1} = f̄^k_{2i,2j−1} − f^P_{2i,2j−1} end end M^M f̄^L = {f̄^0, e^1, . . . , e^L}

f̄ L = M −1μ(f̄ L) (Decoding) for k = 1, . . . , L for i, j = J_{k−1}, . . . , 1 f^P_{2i−1,2j−1} = (P^k_{k−1}f̄^{k−1})_{2i−1,2j−1} f̄ k_{2i−1,2j−1} = f P_{2i−1,2j−1} + ek_{2i−1,2j−1} f^P_{2i−1,2j} = (P^k_{k−1}f̄^{k−1})_{2i−1,2j} f̄ k_{2i−1,2j} = f P_{2i−1,2j} + ek_{2i−1,2j} f^P_{2i,2j−1} = (P^k_{k−1}f̄^{k−1})_{2i,2j−1} f̄ k_{2i,2j−1} = f P_{2i,2j−1} + ek_{2i,2j−1} f̄ k_{2i,2j} = 4f̄^{k−1}_{i,j} − f̄ k_{2i−1,2j−1} − f̄ k_{2i−1,2j} − f̄ k_{2i,2j−1} end end 5. Multiresolution-based compression schemes with error control

Multiresolution representations lead naturally to data-compression algorithms. The simplest data compression procedure is obtained by setting to zero all scale coefficients which fall below a prescribed tolerance. Let us denote (ê^k)_{i,j} = tr(e^k_{i,j} ; ϵ_k) and refer to this operation as truncation. This type of data compression is used primarily to reduce the “dimensionality” of the data. A different strategy, which is used to reduce the digital representation of the data is ”quantization”, which can be modeled by (ê^k)_{i,j} = qu(e^k_{i,j} ; ϵ_k) = 2ϵ_kround [ e^k_{i,j} 2ϵ_k ] , where round[·] denotes the integer obtained by rounding. For example, if |e^k_{i,j} | ≤ 256 and ϵ_k = 4 then we can represent e^k_{i,j} by an integer which is not larger than 32 and commit a maximal error of 4. Observe that if |e^k_{i,j} | < ϵ_k ⇒ qu(e^k_{i,j} ; ϵ_k) = 0 and that in both cases |e^k_{i,j} − ê^k_{i,j} | ≤ ϵ_k. By applying the inverse multiresolution transform to the compressed representation, we obtain f̂^L = M^{−1}{f̄^0, ê^1, . . . , ê^L}, an approximation to the original signal f̄ L. We expect the information contents of f̂ L to be very close to those of the original signal f̄^L, and in order for this to be true, the stability of the multiresolution scheme with respect to perturbations is essential. Studying the effect of using ê^k_{i,j} instead of e^k_{i,j} in the input of M^{−1} is equivalent to studying the effect of a perturbation in the scale coefficients in the outcome of the inverse multiresolution transform.

Given a discrete sequence f̄^L and a tolerance level ϵ for accuracy, our task is to come up with a compressed representation

{f̄^0, ê^1, . . . , ê^L} (10)

such that if f̂^L = M^{−1}{f̄^0, ê^1, . . . , ê^L}, we have ||f̄^L − f̂^L|| ≤ Cϵ (11) for an appropriate norm.

As observed by Harten [9], one possible way to accomplish this goal is to modify the encoding procedure in such a way that the modification allows us to keep track of the cumulative error and truncate accordingly.

In what follows we present a two-dimensional extension of the one dimensional algorithms in [9], [3] and the two dimensional tensor product in [1]. Given a tolerance level ϵ, the outcome of the modified encoding procedure is a compressed representation (10) satisfying (11). This enables us to specify the desired level of accuracy in the decompressed signal. A modified encoding procedure is designed keeping in mind the particular decoding procedure to be used.

We will consider truncation, but the algorithms are identical for another compression process.

Both point-values and cell-averages have been analyzed.

In next section, we will obtain explicit error bound corresponding to these algorithms, and in particular we will obtain their stability.

5.1. Error-control algorithms

(Encoding for point-values)

for k = L, . . . , 1 for i, j = 0, . . . , J_{k−1} f̄^{k−1}_{i,j} = f̄ k_{2i,2j} end end Set f̂^0 = f̄^0 for k = 1, . . . , L for i = 1, . . . , J_{k−1} for j = 0, . . . , J_{k−1} ê^k_{2i−1,2j} = tr(f̄^k_{2i−1,2j} − (P^k_{k−1}f̂^{k−1})_{2i−1,2j} , ϵ_k) f̂ k_{2i−1,2j} = (P k_{k−1}f̂ k−1)_{2i−1,2j} , +êk_{2i−1,2j} end end for i = 0, . . . , J_{k−1} for j = 1, . . . , J_{k−1} ê^k_{2i,2j−1} = tr(f̄^k_{2i,2j−1} − (P^k_{k−1}f̂^{k−1})_{2i,2j−1}, ϵ_k) f̂ k_{2i,2j−1} = (P k_{k−1}f̂ k−1)_{2i,2j−1} + êk_{2i,2j−1} end end for i = 1, . . . , J_{k−1} for j = 1, . . . , J_{k−1} ê^k_{2i−1,2j−1} = tr(f̄^k_{2i−1,2j−1} − (P^k_{k−1}f̂^{k−1})_{2i−1,2j−1}, ϵ_k) f̂ k_{2i−1,2j−1} = (P k_{k−1}f̂ k−1)_{2i−1,2j−1} + êk_{2i−1,2j−1} end end for i = 0, . . . , J_{k−1} for j = 0, . . . , J_{k−1} f̂ k_{2i,2j} = f̂^{k−1}_{i,j} end end end

(Encoding for cell-average) for k = L, . . . , 1 for i, j = 1, . . . , J_{k−1} f̄^{k−1}_{i,j} =^1_4 (f̄ k_{2i−1,2j−1} + f̄ k_{2i−1,2j} + f̄ k_{2i,2j−1} + f̄ k_{2i,2j} ) end end Set f̂^0 = f̄^0 for k = 1, . . . , L for i = 1, . . . , J_{k−1} for j = 1, . . . , J_{k−1} f^P_{2i−1,2j−1} = (P^k_{k−1}f̂^{k−1})_{2i−1,2j−1} ê^k_{2i−1,2j−1} = tr([f̄^k_{2i−1,2j−1} − f^P_{2i−1,2j−1}] − [f̄^{k−1}_{i,j} − f̂^{k−1}_{i,j} ], ϵ_k) f̂ k_{2i−1,2j−1} = f P_{2i−1,2j−1} + êk_{2i−1,2j−1} f^P_{2i−1,2j} = (P^k_{k−1}hatf^{k−1})_{2i−1,2j} ê^k_{2i−1,2j} = tr([f̄^k_{2i−1,2j} − f^P_{2i−1,2j} ] − [f̄^{k−1}_{i,j} − f̂^{k−1}_{i,j} ], ϵ_k) f̂ k_{2i−1,2j} = f P_{2i−1,2j} + êk_{2i−1,2j} f^P_{2i,2j−1} = (P^k_{k−1}f̂^{k−1})_{2i,2j−1} ê^k_{2i,2j−1} = tr([f̄^k_{2i,2j−1} − f^P_{2i,2j−1}] − [f̄^{k−1}_{i,j} − f̂^{k−1}_{i,j} ], ϵ_k) f̂ k_{2i,2j−1} = f P_{2i,2j−1} + êk_{2i,2j−1} f̂ k_{2i,2j} = 4f̂^{k−1}_{i,j} − f̂ k_{2i−1,2j−1} − f̂ k_{2i−1,2j} − f̂ k_{2i,2j−1} end end end 6. Stability Analysis We use the following matrix norms: ||A||_1 = max_{||x||1} ||Ax||_1 ||A||_∞ = max_{||x||∞} ||Ax||_∞ ||A||_2 = max_{||x||2} ||Ax||_2 The proofs are similar with norm 1 and ∞. Moreover, to derive the l^2 bound, we simply note that for a vector, x, one has ||x||_2 ≤ ||x||_1. Thus we are proving the propositions with p = ∞.

Proposition 6.1. Given a discrete sequence f̄^L and a tolerance level ϵ, if the truncation parameters ϵ_k in the modified encoding algorithm (point values) are chosen so that ϵ_k = ϵ then the sequence f̂^L = M^{−1}{f̄^0, ê^1, . . . , ê^L} satisfies ||f̄^L − f̂^L||_p ≤ ϵ (12) for p = ∞, 1 and 2.

Proof Let us define the cumulative compression error at the k-th level by E^k_{i,j} , E^k_{i,j} = f̄^k_{i,j} − f̂^k_{i,j} Notice that |E^k_{2i,2j} | = |f̄^k_{2i,2j} − f̂^k_{2i,2j} | = |E^{k−1}_{i,j} | ≤ ||E^{k−1}||_∞

|E^k_{2i,2j−1}| = |f̄^k_{2i,2j−1} − f̂^k_{2i,2j−1}| = |f̄^k_{2i,2j−1} − f^P_{2i,2j−1} − tr(f̄^k_{2i,2j−1} − f^P_{2i,2j−1}, ϵ_k)| ≤ ϵ_k |E^k_{2i−1,2j} | = |f̄^k_{2i−1,2j} − f̂^k_{2i−1,2j} | = |f̄^k_{2i−1,2j} − f^P_{2i−1,2j} − tr(f̄^k_{2i−1,2j} − f^P_{2i−1,2j} , ϵ_k)| ≤ ϵ_k

|E^k_{2i−1,2j−1}| = |f̄^k_{2i−1,2j−1} − f̂^k_{2i−1,2j−1}| = |f̄^k_{2i−1,2j−1} − f^P_{2i−1,2j−1} − tr(f̄^k_{2i−1,2j−1} − f^P_{2i−1,2j−1}, ϵ_k)| ≤ ϵ_k then

||E^k||_∞ ≤ max 1 J_k + 1 J_k∑

i=0 |ϵ_k|, 1 J_k + 1 (||E^{k−1}||_∞ + J_{k−1}∑

i=1 |ϵ_k|) k = 1, . . . , l

||E^0||_∞ = 0 which implies ||E^L||_∞ ≤ max(ϵ_L, 1 J_L + 1 ||E^{L−1}||_∞ + J_{L−1} J_L + 1 ϵ_L)

taking ϵ_k = ϵ we obtain ||E^L||_∞ ≤ ϵ, and hence (12). □ Proposition 6.2. Given a discrete sequence f̄^L and a tolerance level ϵ, if the truncation parameters ϵ_k in the modified encoding algorithm (cell-average) are chosen so that ϵ_k = ϵ 2 · q^{L−k} 0 < q < 1 then the sequence f̂^L = M^{−1}{f̄^0, d̂^1, . . . , d̂^L} satisfies

||f̄^L − f̂^L||_p ≤ (1 − q)^{−1}ϵ (13) for p = ∞, 1 and 2.

Proof Let us define the cumulative compression error at the k-th level by E^k_{i,j} , E^k_{i,j} = f̄^k_{i,j} − f̂^k_{i,j} and the modified prediction error at the k-th level by ẽ^k_{i,j} , ẽ^k_{i,j} = f̄^k_{i,j} − (P^k_{k−1}f̂^{k−1})_{i,j} With this notation we get E^k_{2i−1,2j−1} = f̄^k_{2i−1,2j−1} − f̂^k_{2i−1,2j−1} = f̄^k_{2i−1,2j−1} − f^P_{2i−1,2j−1} − ê^k_{2i−1,2j−1} = ẽ^k_{2i−1,2j−1} − tr(ẽ^k_{2i−1,2j−1} − E^{k−1}_{i,j} , ϵ_k), (14)

E^k_{2i−1,2j} = f̄^k_{2i−1,2j} − f̂^k_{2i−1,2j} = f̄^k_{2i−1,2j} − f^P_{2i−1,2j} − ê^k_{2i−1,2j} = ẽ^k_{2i−1,2j} − tr(ẽ^k_{2i−1,2j} − E^{k−1}_{i,j} , ϵ_k), (15)

E^k_{2i,2j−1} = f̄^k_{2i,2j−1} − f̂^k_{2i,2j−1} = f̄^k_{2i,2j−1} − f^P_{2i,2j−1} − ê^k_{2i,2j−1} = ẽ^k_{2i,2j−1} − tr(ẽ^k_{2i,2j−1} − E^{k−1}_{i,j} , ϵ_k), (16)

1 4 (E^k_{2i−1,2j−1} + E^k_{2i−1,2j} + E^k_{2i,2j−1} + E^k_{2i,2j} ) = E^{k−1}_{i,j} Let us now examine the two possibilities in (14), (15) and (16), |ẽ^k_{2i−1,2j−1} − E^{k−1}_{i,j} | > ϵ_k ⇒ E^k_{2i−1,2j−1} = E^{k−1}_{i,j} , |ẽ^k_{2i−1,2j−1} − E^{k−1}_{i,j} | ≤ ϵ_k ⇒ E^k_{2i−1,2j−1} = ẽ^k_{2i−1,2j−1} |ẽ^k_{2i−1,2j} − E^{k−1}_{i,j} | > ϵ_k ⇒ E^k_{2i−1,2j} = E^{k−1}_{i,j} , |ẽ^k_{2i−1,2j} − E^{k−1}_{i,j} | ≤ ϵ_k ⇒ E^k_{2i−1,2j} = ẽ^k_{2i−1,2j} |ẽ^k_{2i,2j−1} − E^{k−1}_{i,j} | > ϵ_k ⇒ E^k_{2i,2j−1} = E^{k−1}_{i,j} , |ẽ^k_{2i,2j−1} − E^{k−1}_{i,j} | ≤ ϵ_k ⇒ E^k_{2i,2j−1} = ẽ^k_{2i,2j−1} We have:

||E^k||_∞ = max_i (max( 1 J_k ( Jk 2∑ j=1 (|E^k_{2i−1,2j−1}| + |E^k_{2i−1,2j} |),

1 J_k Jk 2∑ j=1 (|E^k_{2i,2j−1}| + |E^k_{2i,2j} |)))

Moreover: |E^k_{2i−1,2j−1}| + |E^k_{2i−1,2j} | = max(|E^k_{2i−1,2j−1} + E^k_{2i−1,2j} |, |E^k_{2i−1,2j−1} − E^k_{2i−1,2j} |) |E^k_{2i,2j−1}| + |E^k_{2i,2j} | = max(|E^k_{2i,2j−1} + E^k_{2i,2j} |, |E^k_{2i,2j−1} − E^k_{2i,2j} |)

And after straightforward algebraic manipulations we obtain:

||E^k||_∞ ≤ max( 1 J_k ( Jk 2∑ j=1 (2|E^{k−1}_{i,j} | + 4ϵ_k))) ≤ ||E^{k−1}||_∞ + 2ϵ_k then ||E^L||_∞ ≤ ||E^{L−1}||_∞ + 2ϵ_L ≤ . . . ≤ 2 L∑ l=1 ϵ_l taking ϵ_k =^ϵ_2 q^{L−k} where 0 < q < 1 we obtain ∑_L l=1 ϵ_l ≤ ϵ^1_{1−q} and hence (13) for p = ∞. □ References

1. Amat S., Aràndiga F., Cohen A. and Donat R.:, Tensor product multiresolution analysis with error control for compact image representation., To appear in Signal processing. (2001).

2. Amat S., Aràndiga F., Cohen A., Donat R., García G. and von Oehsen M.:, Data compresion with ENO schemes: A Case Study., To appear in ACHA. (2001).

3. Aràndiga F. and Donat R.:, Nonlinear Multi-scale Decompositions: The Approach of A.Harten., Numerical Algorithms. 23 (2000), 175-216.

4. Aràndiga F., Donat R. and Harten A.:, Multiresolution Based on Weighted Averages of the Hat Function I: Linear Reconstruction Operators., SIAM J. Numer. Anal. 36 (1) (1999), 160-203.

5. Aràndiga F., Donat R. and Harten A.:, Multiresolution Based on Weighted Averages of the Hat Function II: Nonlinear Reconstruction Operators., SIAM J. Sci. Comput. 20 (3) (1999), 1053-1093.

6. Bamberger R.H.:, A Method for Image Interpolation Based on a Novel Multirate Filter Bank Structure and Properties of the Human Visual System., Proc. of SPIE 1657 (Image Processing Algorithms and Techniques) (1992), 351-362.

7. Chan A.K., Chui C.K., Zha J. and Liu Q.:, Local cardinal spline interpolation and its application to image proccessing., Proc. of SPIE 1610 (Curves and Surfaces in Computer Vision and Graphics) (1991), 272-283.

8. Chen G. and de Figueiredo Rui J.P.:, A Unified Approach to Optimal Image Interpolation Problems Based on Linear Partial Differential Equations., IEEE Trans. on Image Processing 2 (1) (1993), 41-49.

9. Harten A.:, Discrete Multiresolution Analysis and Generalized Wavelets., J. Appl. Numer.

Math. 12 (1993), 153-192.

10. Harten A.:, Multiresolution Representation of Data II: General Framework., SIAM J. Numer.

Anal. 33 (3) (1996), 1205-1256.

11. Ho Y.S. and Gersho A.:, Variable-rate contour-based interpolative vector quantization for image coding., Proc. IEEE Intl. Conf. on ASSP (1998), 750-754.