Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 2 December 2000, pp. 60 – 87 Submitted: August 11, 2000. Published: December 15, 2000

Vector spaces over function fields Vector spaces over analytic function fields being associated to ordinary differential equations

J. E. Palomar Tarancón Abstract It is a well-known fact, that the general solution of a linear ordinary differential equation belongs to a function vector space over the real (complex) number field generated by a finite exponential function set. This circumstance allows us to handle the large-time behavior and stability problems easily. However there is a wide class of non-linear differential equations whose solutions belong to some function space being also generated by an arbitrary exponential function set; so that the stability problems can be handled as in the linear case. To discern whether a given autonomous system belongs to such an equation class, sufficient conditions have been stated in a previous article. Now, we generalize those conditions to a wider class of non-linear autonomous systems.

A.M.S. Subject Classification Codes: 46A19, 46N20, 34A25. Keywords and Phrases: Autonomous system, analytic function field, topological vector space, integral transform, Θ-linear equation.

These generalized conditions imply the existence of an analytic function field K(X) for each smooth vector X, and a vector space V over the function field K(X) for the corresponding equation dx(t))/dt=X(x(t)), such that each solution of this equation belongs to the vector space V. Thus, a vector space V over an analytic function field K(X) is associated to every member of a wide class of autonomous systems of ordinary differential equations. The algebraic and topological structures for V and K(X) are also investigated.

Finally, by means of a useful integral transform we build the general solution for those autonomous systems satisfying our generalized conditions.

Department of Mathematics, Inst. Jaume I, C/. Europa, Castellón), Spain E-mail: jepalomar@argen.net Copyright © 2000 by Cameron University 60

1. Introduction

The large time behavior and stability problems in ordinary differential equations are not difficult to handle in linear autonomous systems, because the solution of a linear equation belongs to a vector space over the real (complex) number field generated by an exponential function set, say the function set { e^{λj} | j ∈ A } , where A stands for any finite index set. However, there is a wide class of non-linear equations each solution of which belongs to a function vector space being also generated by an exponential function set, hence they can be handled as if they were linear. In this case, we will say the non-linear system to be equivalent to some linear equation. Sufficient conditions for equivalence have been stated in [6], but the involved vector spaces are built over the real number field. As we shall show, in C^k-differentiable manifolds whose dimension is larger than one, the results obtained in [6] can be generalized to a wide family of non-linear autonomous systems. To this end, the structure of vector space over function fields is necessary. It is not difficult to see, that for every smooth manifold (M_n, A_k) and each chart (U, φ) ∈ A_k one can associate some function field Θ[X, U] to each smooth vector X as follows.

Let C^k(U, C ) stand for the set of all C^k-maps from U into C . It is easy to see, that the collection of all members of C^1(U, C ) being solutions of the equation

(1.1) Xϕ = 0

is a commutative ring, because if ϕ_1 and ϕ_2 are solutions of (1.1), then so are both ϕ_1 + ϕ_2 and ϕ_1ϕ_2. Likewise, if for every p lying in some open subset A of dom (ϕ) it is true that ϕ(p) ≠ 0, besides, ϕ satisfies (1.1), then 1 ϕ|_A is again a solution of (1.1); therefore the solutions of (1.1) form a field.

However, the condition ϕ(p) ≠ 0 reduces the domain of the inverse of ϕ to the set A = {p ∈ dom (ϕ) | ϕ(p) ≠ 0}, but the ordinary sum and product of two functions require to have the same domain. To avoid this inconvenient we state the following conditions.

a): The topology T for M_n is separated.

b): For every p ∈ U the vector X satisfies the relation X(p) ≠ 0, besides, if (X^1, X^2, · · · X^n) are the coordinates of X with respect to the chart (U, φ), then for every j ≤ n the function X^j : φ[U] → R is analytic.

c): The domain of every member of Θ[X, U] belongs to the subset D(U) of ℘(U) defined by

(1.2) D(U) = { V ⊆ U | V̊ = U }

accordingly if ϕ ∈ Θ[X, U], then the interior of dom (ϕ) is dense in U.

Notation 1.1. From now on, denote by C^k(D(U), C ) the set consisting of every C^k-map ϕ : V → C whose domain V belongs to D(U).

Lemma 1.2. The family D(U) satisfies the following properties.

a): D(U) contains with every finite collection of sets their intersection, and with every arbitrary collection their union.

b): U belongs to D(U).

c): W ⊆ V ⊆ U and W ⊆ D(U) imply V ⊆ D(U).

In section §2.1 we define two composition laws ∔ and ⋆ in C^k(D(U), C ), closely related with the ordinary sum and product, such that in order to apply each of these laws between two maps ϕ_1 and ϕ_2 the domains of ϕ_1 and ϕ_2 need not be the same. To this end, denote by ()˘ : C^k(D(U), C ) → C^k(D(U), C ) the map carrying each function f into its extension by continuity. Now, define the composition f ∔g by (f|_{dom(f)∩dom(g)} +g|_{dom(f)∩dom(g)})˘, and likewise define f ⋆ g by (f|_{dom(f)∩dom(g)} · g|_{dom(f)∩dom(g)})˘. Obviously, to apply both composition laws ∔ and ⋆ between f and g the sets dom (f) and dom (g) need not be the same, besides, by virtue of the preceding lemma the intersection dom (f) ∩ dom (g) is non-void and it is dense in

U. Analogously, define the inverse f^♭ of f by f^♭ = ( 1 f|A ) ˘ being A = {p ∈ dom (f) | f(p) ≠ 0}. By means of ∔, ⋆ and^♭ one can build the algebraic field structure for some subset Θ[X, U] of C^k(D(U), C ) the members of which are analytic solutions of the equation (1.1). In Theorem 2.12, we prove that if the coefficients of an algebraic equation belong to Θ[X, U], besides, they are rational functions of a fixed g ∈ Θ[X, U], then its solutions are also members of Θ[X, U].

In section §2.2, we define compatible topological structures for function fields. To this end, the ordinary functional families cannot be handled in the usual way. This is why we build these compatible topologies by means of partial seminorms. Likewise, in section §3 we briefly describe both algebraic and topological structures for those vector spaces over analytic function fields used in the proofs for the results in the next section.

Section §4 begins with a generalization of the equivalence criterion stated in [6], and consisting of two conditions, namely, Condition 1 and Condition 2, by means of which one can discern whether a given non-linear autonomous system is equivalent to some linear one, that is to say, by means of these conditions one can discern whether the general solution of a given autonomous system belongs to a vector space over a function field being generated by an arbitrary exponential function set B. Both conditions can be summarized as follows:

If (X^1, X^2 · · · X^n) are the coordinates of the vector X with respect to the chart (U, φ), then for each k ≤ n there are an integration path C and two functions F^k and Φ^k satisfying the relations n∑ m=1 ∂ ∂x^m Φ^k = h^k ∈ Θ[X, U]

(1.3) ∀p ∈ U : X^k(p) = F^k ( p, Φ^k(p) ) (1.4)

besides, there are two functions F^k, g^k ∈ Θ[X, U] such that for some positive number K and every positive integer r it is true that F^k(p, s) = ∫ C F^k(p, z) ⋆ e^{gk (p,z)s}dz (1.5) | | | ∫ C ( g^k(p, z) ⋆ h^k(p) )_{(r−1)} ⋆ F^k(p, z) ⋆ e^{gk (p,z)s}dz | | |˘ ≤ Kr! (1.6)

In Theorem 4.3 we show that the general solution for each autonomous system

(1.7) dx(t) dt = X (x(t))

whose associated vector X satisfies the above conditions can be obtained by means of the integral transform

(1.8) x^k_{p0} (γ(t)) = x^k_0 ⋆ 1_U ∔ ∫ C F^k(p_0, z) ⋆ ( g^k(p_0, z) ⋆ h^k(p_0) )_♭ ⋆ e^{gk(p0,z)⋆Φk(p0)} ⋆ ( e^{gk (p0,z)⋆hk(p0)(t−t0 )} ˙−1_U ) dz where (x^1_{p0} , x^2_{p0} · · · x^k_{p0} ) = x_{p0} stands for the solution of (1.7) satisfying the initial condition x_{p0} (t_0) = φ(p_0) and 1_U denotes the map with domain U being constantly equal to 1.

Obviously, the former transform implies that the solution coordinate x^k_{p0} (γ(t)) belongs to a vector space over the analytic function field Θ[X, U] being generated by the non-countable exponential function set

(1.9) B = { e^{gk(p0,z)⋆Φk(p0)∔gk (p0,z)⋆hk(p0)(t−t0 )} | z ∈ C } Thus, one can associate a vector space V over the analytic function field Θ[X, U] to the ordinary differential equation (1.7). This fact justifies the title of this article.

To handle stability problems, the integral transform (1.8) is very useful, because if every value of z satisfying ℜ ( g^k(p_0, z) ⋆ h^k(p_0) ) > 0 can be neglected, then each non-periodic part of the solution vanishes when t → ∞; for instance, if F^k(p_0, z) ⋆ ( g^k(p_0, z) ⋆ h^k(p_0) )_♭ = 0 whenever ℜ ( g^k(p_0, z) ⋆ h^k(p_0) ) > 0.

In Corollary 4.6 we state a certain relation between those autonomous systems satisfying the above conditions and an associated partial differential equation. In the same section, we introduce the concept of Θ-linear equation, that is to say, systems being linear over the associated function field, which need not be linear over the real (complex) number field. In Theorem 4.12 we show that Θ-linear equations satisfy our generalized equivalence criterion, accordingly they can be solved by means of the integral transform (4.9).

2. Analytic function fields

2.1. The algebraic structure. In the set C^0(D(U), C ) consisting of every continuous map f : V → C , whose domain V belongs to D(U), define an ordering ⪯ as follows.

Definition 2.1. For every pair ϕ_1, ϕ_2 ∈ C^0(D(U), C ), ϕ_1 ⪯ ϕ_2 if and only if the following conditions hold:

c1): dom (ϕ_1) ⊆ dom (ϕ_2) and ∀p ∈ dom (ϕ_1): ϕ_1(p) = ϕ_2(p). c2): The map ϕ_2 is the extension by continuity of ϕ_1; i.e., for each p_0 in dom (ϕ_2) there is a sequence {p_n | n ∈ N} in dom (ϕ_1), converging to p_0, such that lim_{pn→p0} ϕ_1(p_n) = ϕ_2(p_0).

It is worth pointing out, that since both sets dom (ϕ_1) and dom (ϕ_2) belong to D(U), then for every p_0 ∈ U there is a sequence in dom (ϕ_1) converging to p_0, for the standard topology for R^n satisfies the first axiom of countability, and U is homeomorphic to some open subset of R^n , besides, dom (ϕ_1) is dense in U.

By means of the ordering ⪯, and taking into account the well-known Zorn lemma, one can define a mapping

(2.1) ( )˘ : C^0(D(U), C ) → C^0(D(U), C )

carrying each ϕ ∈ C^0(D(U), C ) into the maximal element ϕ˘, such that ϕ ⪯ ϕ˘. In other words, ˘ carries each map ϕ into its extension by continuity. Notation 2.2. From now on, denote by 0_U the map with domain U being constantly equal to 0; and for every map ϕ ∈ C^0(D(U), C ) denote by zero (ϕ) the subset of U defined by zero (ϕ) = {p ∈ dom (ϕ) | ϕ(p) = 0}. Definition 2.3. Henceforth, we are concerned with those analytic manifolds whose underlying topology T is separated. Given such a manifold (M_n, A) and a chart (U, φ), let C^ω(D(U), C ) ⊂ C^0(D(U), C ) stand for the subset consisting of each map ϕ ∈ C^0(D(U), C ) such that the function ϕ ∘ φ^{−1} is analytic; i.e., letting A = φ[dom (ϕ)] ⊆ R^n , then both real functions ℜ(ϕ∘φ^{−1}) : A → R and ℑ(ϕ∘φ^{−1}) : A → R are analytic. Given a C^ω-vector X satisfying the relation X(p) ≠ 0 for every p ∈ U, let Θ[X, U] stand for the subset of C^ω(D(U), C ) consisting of every function being maximal with respect to ⪯, and satisfying the following condition: ϕ is an analytic solution of the equation

(2.2) Xϕ = 0

explicitly

(2.3) n∑ m=1 X^m ∂ ∂x^m ^ϕ(x^1, x^2 · · · x^n) = 0 where ^ϕ : φ [dom (ϕ)] → C is the mapping defined by ^ϕ = ϕ ∘ φ^{−1}, and (x^1, x^2 · · · x^n) are the coordinates of the homeomorphism φ of the considered chart (U, φ). It is worth pointing out, that because it is assumed X to be a C^ω-vector, then the existence of analytic solutions of (2.3) is guaranteed [1].

Obviously, letting Xϕ̆ = (Xϕ)˘ the equation (2.2) can be written as follows,

(2.4) Xϕ̆ = 0_U

In the function set C^0(D(U), C ) define the composition laws ∔ and ⋆ by means of the following statements: ∀ϕ_1, ϕ_2 ∈ C^0(D(U), C ),

1): ϕ_1 ∔ ϕ_2 = (ϕ_1 | |_W + ϕ_2 | |_W )˘.

2): ϕ_1 ⋆ ϕ_2 = (ϕ_1 | W · ϕ_2 | W )˘.

where W = dom (ϕ_1)∩dom (ϕ_2). Since for every C^ω-vector X the set Θ[X, U] belongs to C^0(D(U), C ), then both laws ∔ and ⋆ are also defined for Θ[X, U].

Now, let ()^♭ : (Θ[X, U] − {0_U }) → (Θ[X, U] − {0_U }) stand for the map

carrying each ϕ ∈ (Θ[X, U] − {0_U }) into ϕ^♭ = ( 1 ϕ|_V ) ˘, where

V = {p ∈ dom (ϕ) | ϕ(p) ≠ 0} = dom (ϕ) − zero (ϕ)

It is worth pointing out, that according to the definition of the mapping ♭, for every ϕ ∈ Θ[X, U] the image under^♭ belongs to Θ[X, U], but Definition 2.3 requires that dom ( ϕ^♭ ) ∈ D(U), and this relation cannot be satisfied whenever the interior of zero (ϕ) does not vanish. As the Lemma 2.7 shows, the required analyticity for the members of Θ[X, U] implies (zero (ϕ))˚= ∅. Remark 2.4. For one-dimensional differentiable manifolds the system 2.3 consists of the only equation X^{1 ∂}_{∂x1} ^ϕ(x^1) = 0, hence ^ϕ is a constant map and Θ[X, U] can be identified with the complex number field. Lemma 2.5. For every couple ϕ_1, ϕ_2 ∈ Θ[X, U] the following is true, a): dom (ϕ_1) ∩ dom (ϕ_2) ⊆ dom (ϕ ∔ ϕ_2). b): dom (ϕ_1) ∩ dom (ϕ_2) ⊆ dom (ϕ ⋆ ϕ_2).

besides, for each ϕ ∈ Θ[X, U] the following relation holds:

dom (ϕ) − zero (ϕ) ⊆ dom ( ϕ^♭ )

Proof. It follows immediately from the definitions of the laws ∔, ⋆ and^♭. □

Lemma 2.6. For every vector X each constant map ϕ : U → C belongs to Θ[X, U], besides, if a map ϕ : V ⊆ U → lying in Θ[X, U] is constantly equal to c ∈ C , then V = U.

Proof. On the one hand, every constant map satisfies equation (2.4), besides, if the domain is U, then it satisfies Definition 2.3. On the other hand, let ϕ : V ∈ D(U) → C be a map being constantly equal to c ∈ C . Since V is dense in U, then for each p_0 ∈ U there is a sequence (p_n)_{n∈N} in V which converges to p_0; so that

(2.5) lim_{n→∞} ϕ(p_n) = c

and because ϕ is maximal with respect to ⪯, then ϕ(p_0) = c, therefore p_0 ∈ dom (ϕ) and dom (ϕ) = U. □

Lemma 2.7. For every member ϕ of Θ[X, U] the following statements hold. a): If there is an open subset V of U such that ∀p ∈ V , ϕ(p) = 0, then ϕ = 0_U ;

consequently, if ϕ ≠ 0_U , then (zero (ϕ))˚= ∅. b): If ϕ ≠ 0_U , then U − zero (ϕ) ∈ D(U).

c): If ϕ ≠ 0_U , then A = dom (ϕ) ∩ (U − zero (ϕ)) ∈ D(U).

Proof. a) It follows immediately from the required analyticity of each member of Θ[X, U].

b) On the one hand, because the topology T of the considered analytic manifold (M_n, A) is assumed to be separable, then zero (ϕ) is closed and U − zero (ϕ) is open in the relative topology T | |_U . On the other hand, if E = U − zero (ϕ) is not dense in U, then there is p ∈ zero (ϕ) and an open neighborhood B_p of p such that B_p ∩ E = ∅, therefore B_p ⊆ zero (ϕ), and taking into account the preceding statement it follows that ϕ = 0_U , which contradicts the assumption ϕ ≠ 0_U , hence E must be dense in U and because it is open, then E ∈ D(U).

c) By Definition 2.3 dom (ϕ) belongs to D(U), and by the preceding statement we know that U − zero (ϕ) is also a member of D(U), therefore taking into account Lemma 1.2, A ∈ D(U). □

Remark 2.8. From now on, for every c ∈ C denote by c_U the map with domain U being constantly equal to c. Likewise, denote by C_U the subset {c_U | c ∈ C } of Θ[X, U]. Corollary 2.9. If a map ϕ ∈ Θ[X, U] is constantly equal to c ∈ C over an open subset V of U, then ϕ is equal to c at every point of U, therefore dom (ϕ) = U.

Proof. Let −c_U stand for the map with domain U being constantly equal to −c. Thus, ψ = ϕ∔(−c_U ) = 0 at every point of V . Now, since V is open and V ⊆ zero (ψ), then U −zero (ψ) is not dense in U, therefore from Lemma 2.7 it follows, that ψ = 0_U and ϕ = c_U . □

Lemma 2.10. The set Θ[X, U] together with the laws ∔, ⋆ and^♭ form a field.

Proof. Let ϕ_1 and ϕ_2 be two members of Θ[X, U]. On the one hand, by Lemma 1.2 one can obtain easily, that W = dom (ϕ_1) ∩ dom (ϕ_2) belongs to D(U), hence taking into account Lemma 2.5, we have that dom (ϕ_1 ∔ ϕ_2) ⊇

W and dom (ϕ_1 ⋆ ϕ_2) ⊇ W are also members of D(U). On the other hand, by Definition 2.3

(X (ϕ_1 ∔ ϕ_2))˘ = Xϕ̆_1 ∔ Xϕ̆_2 = 0_U

(2.6) (X (ϕ_1 ⋆ ϕ_2))˘= (Xϕ̆_1) ⋆ ϕ_2 ∔ ϕ_1 ⋆ Xϕ̆_2 = 0_U

(2.7)

therefore both maps ϕ_1 ∔ ϕ_2 and ϕ_1 ⋆ ϕ_2 satisfy Definition 2.3. Taking into account Lemma 2.6, for each ϕ ∈ Θ[X, U] it is true that ϕ ∔ (−ϕ) = 0_U . The remaining properties defining the ring structure are immediate.

Now, for every ϕ ∈ Θ[X, U], dom ( ϕ^♭ ) contains the set dom (ϕ) − zero (ϕ), hence by virtue of Lemma 2.7 we have that dom ( ϕ^♭ ) belongs to D(U), because dom ( ϕ^♭ ) ⊇ dom (ϕ)−zero (ϕ) = dom (ϕ)∩(U − zero (ϕ)). Denoting by 1_U the map with domain U being constantly equal to 1, by definition, for each p ∈ dom (ϕ) ∩ dom ( ϕ^♭ ) , ϕ(p)ϕ^♭(p) = 1, therefore taking into account Lemma 2.6, ϕ ⋆ ϕ^♭ = 1_U , and ϕ^♭ is the inverse of ϕ. Finally, for every p ∈ (dom (ϕ) − zero (ϕ))

(2.8) −1 ϕ^2(p)

X_pϕ(p) = X_pϕ^♭(p) = 0

hence

(2.9) Xϕ̆^♭ = 0_U

therefore ϕ^♭ satisfies Definition 2.3 and ϕ^♭ ∈ Θ[X, U]. □

Definition 2.11. Notice, that by virtue of Lemma 2.6, for each chart (U, φ) and every smooth vector X, the set C_U = {c_U : U → C | c ∈ C } consisting of every constant map belongs to Θ[X, U], besides, C_U equipped with the relative laws ∔, ⋆ and^♭, is a field being isomorphic to the complex number field. Thus, the analytic function field ( Θ[X, U], ∔, ⋆,^♭ ) can be regarded as a vector space over ( C_U , ∔, ⋆,^♭ ) , which we shall say to be the underlying vector space of ( Θ[X, U], ∔, ⋆,^♭ ) . Theorem 2.12. If each of the coefficients a_0, a_1 · · · a_m of the algebraic equation

(2.10) P ( z ) = a_0 ∔ a_1 ⋆ z · · · ∔ a_m ⋆ (z)˘^m = 0_U

belongs to the function field Θ[X, U], besides, there are a fixed g ∈ Θ[X, U] and for each j ≤ m a rational function h_j : C → C such that a_j = h_j ∘ g, then each solution of (2.10) belongs to Θ[X, U]; where

(z)˘^m = z_1 ⋆ z_2 · · · ⋆ z_m

Proof. First, assume that P (z) has no multiple root. In this case, taking into account equation (2.3), from (2.10) we obtain that

(2.11) X˘(a_0 ∔ a_1 ⋆ z · · · ∔ a_m ⋆ (z)˘^m) = ( a_1 ∔ 2a_2 ⋆ z · · · ∔ ma_m ⋆ (z)˘^{(m−1)} ) Xz̆ = 0_U and because we are assuming that P (z) has no multiple root, then it is true that ( a_1 ∔ 2a_2 ⋆ z · · · ∔ ma_m ⋆ (z)˘^{(m−1)} ) ≠ 0_U , hence from the equation above one can obtain that Xz̆ = 0_U , accordingly z satisfies equation (2.3).

Conversely, if P (z) has some multiple root, then denoting by Q(z) the

greatest common factor of P (z) and its derivative, the equation P (z) Q(z) = 0_U

has the same solutions as (2.10), however it has not multiple root and the proof goes as in the preceding case.

It remains to be shown that dom (z) belongs to D(U). The equation (2.10) is defined at every point p lying in the set (2.12) E = ⋂ 0≤k≤m dom (a_k(p)) ⋂ ⋂ 1≤k≤m ( U − zero ( a_k(p) )) ∈ D(U)

therefore, each solution z(p) of (2.10) is defined for every p ∈ E. Thus, by continuity, we have that (P (z˘))˘ = 0_U , so that each solution z of 2.10 is maximal, besides, dom (z) contains E, and taking into account Lemma 1.2, it follows that dom (z) belongs to D(U).

Finally, because each of the h_j is assumed to be rational, then it is a known fact that each solution f(g) of the equation

(2.13) h_0(g) ∔ h_1(g) ⋆ f(g) · · · ∔ h_m(g) ⋆ (f(g))˘^m = a_0 ∔ a_1 ⋆ z · · · ∔ a_m ⋆ (z)˘^m = 0_U

is an analytic function of g, and because g is assumed to be a member of Θ[X, U], then the composition z = f ∘ g is also an analytic function. □

2.2. Topological function fields. Since for each C^ω-vector X the field (C , ∔, ⋆,^♭ ) belongs to each analytic function field ( Θ[X, U], ∔, ⋆,^♭ ) , then every topology T being compatible with the algebraic field structure of ( Θ[X, U], ∔, ⋆,^♭ ) is also compatible with its underlying vector space structure described in Definition 2.11. However, because the domains of two members of Θ[X, U] need not be the same, then such a topology T cannot be built from the ordinary functionals or seminorms in the usual way. Notation 2.13. Given any member A of D(U) denote by R(X, A) the subset of Θ[X, U] consisting each map ϕ ∈ Θ[X, U] whose domain contains A. By Lemma 2.6 we know that every constant map in Θ[X, U] belongs to R(X, A), for the domain of each constant map is U ⊇ A. As a immediate consequence of Definition 2.3 we have that the set R(X, A) together with both relative laws ∔ and ⋆ form a function ring (R(X, A), ∔, ⋆). Since R(X, A) contains each constant map from U into C , it is not difficult to see that (R(X, A), ∔, ⋆) can be regarded as a vector space over the field (C , ∔, ⋆,^♭ ), that we shall say to be the underlying vector space of (R(X, A), ∔, ⋆); i.e. the subspace of the vector space described in Definition 2.11 whose underlying set is R(X, A).

Definition 2.14. For each p ∈ A the mapping q_p : R(X, A) → [0, ∞) defined by

(2.14) ∀ϕ ∈ R(X, A) : q_p(ϕ) = |ϕ(p)|

is an ordinary seminorm with respect to the underlying vector space structure of R(X, A). Thus, the family of seminorms S(A) = {q_p | p ∈ A} induces a topology T_A for R(X, A) such that (R(X, A), T_A) is a locally convex space. If the mapping m_{R(X,A)} : R(X, A) → Θ[X, U] is the canonical inclusion, then the pair (m_{R(XA)}, q_p), explicitly Θ[X, U]^{mR(X,A)} ←−−−−− R(X, A)^{qp}−−→ [0, ∞) can be denoted by partial seminorm in Θ[X, U]. Given a partial seminorm family M = { (m_{R(X,A)}, q_p) | A ∈ D(U), p ∈ A } , let T_M denote the topology for Θ[X, U] a subbase of which is the set collection S = {V_{p,ε}(ϕ_0) | p ∈ U, ε > 0, ϕ_0 ∈ Θ[X, U]} where each of the V_{p,ε}(ϕ_0) stands for the subset of Θ[X, U] defined by

(2.15) V_{p,ε}(ϕ_0) = { ϕ ∈ Θ[X, U] | | ∀A ∈ D(U), ∃p_0 ∈ dom (ϕ_0) ∩ dom (ϕ) ∩ A : ‖φ(p_0) − φ(p)‖ < ε and q_{p0} ( ϕ ˙−ϕ_0 ) < ε } where φ : U → R^n is the homeomorphism of the considered chart (U, φ), and ϕ ˙−ϕ_0 denotes the composition ϕ ∔ (−ϕ_0). Obviously, the seminorm q_{p0} occurring in (2.15) is defined in the ring R(X, B) being B the intersection dom (ϕ_0) ∩ dom (ϕ) ∩ A.

Remark 2.15. From the preceding definition it follows immediately, that a net S = {ϕ_δ | δ ∈ (D, ≤)} in Θ[X, U] T_M-converges to ϕ_0 if and only if the following condition holds: For each p ∈ U and every ε > 0 there exists δ_0 ∈ D such, that for every δ ≥ δ_0 and each A ∈ D(U) there is p_δ ∈ A ∩ dom (ϕ_d) ∩ dom (ϕ_0) satisfying the following relations

(2.16) { ‖φ(p_δ) − φ(p)‖ < ε q_{pδ} (ϕ_δ ˙−ϕ_0) = | |ϕ_δ(p_δ) ˙−ϕ_0(p_δ) | | < ε Theorem 2.16. The topology T_M is compatible with the algebraic structure of ( Θ[X, U], ∔, ⋆,^♭ ) . Proof. To see the continuity of the map

( ) ∔ ( ) : Θ[X, U] × Θ[X, U] → Θ[X, U]

it must be shown that for every pair ϕ_1, ϕ_2 ∈ Θ[X, U] and each neighborhood V_{p,ε}(ϕ_1 ∔ ϕ_2) of ϕ_1 ∔ ϕ_2 there are a neighborhood V_{p,ε1} (ϕ_1) of ϕ_1 and a neighborhood V_{p,ε1} (ϕ_2) of ϕ_2 such that

(2.17) V_{p,ε1} (ϕ_1) ∔ V_{p,ε1} (ϕ_2) ⊂ V_{p,ε}(ϕ_1 ∔ ϕ_2)

On the one hand, ψ_1 ∈ V_{p,ε1} (ϕ_1) implies that for each positive number ε_1 < ε/6 and every A_1 ∈ D(U) there is p_1 ∈ A_1 ∩ dom (ϕ_1) ∩ dom (ψ_1) such that

(2.18) { ‖φ(p_1) − φ(p)‖ < ε_1 < ε/6 | |ψ_1(p_1) ˙−ϕ_1(p_1) | | < ε_1 < ε/6 Analogously, the relation ψ_2 ∈ V_{p,ε1} (ϕ_2) implies that for every A_2 in D(U) there is p_2 ∈ A_2 ∩ dom (ϕ_2) ∩ dom (ψ_2) such that

(2.19) { ‖φ(p_2) − φ(p)‖ < ε_1 < ε/6 | |ψ_2(p_2) ˙−ϕ_2(p_2) | | < ε_1 < ε/6 On the other hand, setting A_1 = A ∩ dom (ϕ_2) ∩ dom (ψ_2) and A_2 = A ∩ dom (ϕ_1) ∩ dom (ψ_1) for any A ∈ D(U), then, by continuity and taking into account that φ is a homeomorphism, for every ε/6 > 0 there is ε_1 such that the relations

(2.20) ‖φ(p_1) − φ(p)‖ ε_1 < ε/6 ‖φ(p_2) − φ(p)‖ ε_1 < ε/6 ‖φ(p_1) − φ(p_2)‖ ≤ ‖φ(p_1) − φ(p)‖ + ‖φ(p_2) − φ(p)‖ < 2ε_1

imply the following

(2.21) {| |ϕ_2(p_1) ˙−ϕ_2(p_2)| < ε/6 | |ψ_2(p_1) ˙−ψ_2(p_2) | | < ε/6 hence

(2.22) | |ψ_2(p_1) ˙−ϕ_2(p_1) | | ≤ | |ψ_2(p_1) ˙−ψ_2(p_2) | | + | |ψ_2(p_2) ˙−ϕ_2(p_2) | | + | |ϕ_2(p_2) ˙−ϕ_2(p_1) | | < ε/2 therefore from (2.18) and (2.22) together with Lemma 2.5 it follows, that for each A ∈ D(U) there is p_1 lying in

A ∩ dom (ϕ_1) ∩ dom (ϕ_2) ∩ dom (ψ_1) ∩ dom (ψ_2) ⊆

A ∩ dom (ϕ_1 ∔ ϕ_2) ∩ dom (ψ_1 ∔ ψ_2)

satisfying the relations,

(2.23) { ‖φ(p_1) − φ(p)‖ < ε_1 < ε/6 < ε | (ψ_1(p_1) ∔ ψ_2(p_1)) ˙− (ϕ_1(p_1) ∔ ϕ_2(p_1)) | < ε accordingly (ψ_1 ∔ ψ_2) belongs to V_{p,ε}(ϕ_1 ∔ ϕ_2) and because both maps ψ_1 and ψ_2 are arbitrary, then the relation (2.17) follows.

Likewise, setting ε = ε_0 in (2.18) and (2.22) we obtain, that

(2.24)

‖φ(p_1) − φ(p)‖ < ε_1 < ε_0/6 | |ψ_1(p_1) ˙−ϕ_1(p_1) | | < ε_1 < ε_0/6 | ψ_2(p_1) ˙−ϕ_2(p_1) | < ε_0/2 therefore

(2.25) | |(ψ_1(p_1) ⋆ ψ_2(p_1)) ˙− (ϕ_1(p_1) ⋆ ϕ_2(p_1)) | | < (|ψ_2(p_1)| + |ϕ_1(p_1)|) ε_0

and from (2.24) one can obtain |ψ_2(p_1)| < ε_0/2+|ϕ_2(p_1)|. Using this relation in (2.25) it follows, that (2.26)|

|(ψ_1(p_1) ⋆ ψ_2(p_1)) ˙− (ϕ_1(p_1) ⋆ ϕ_2(p_1)) | | < (|ϕ_2(p_1)| + |ϕ_1(p_1)| + ε_0/2) ε_0/6

therefore, setting (|ϕ_2(p_1)| + |ϕ_1(p_1)| + ε_0/2) ε_0/6 = ε it follows that ψ_1 ⋆ ψ_2 belongs to V_{p,ε}(ϕ_1 ⋆ ϕ_2), hence one can deduce that for each neighborhood V_{p,ε}(ϕ_1 ⋆ϕ_2) of ϕ_1 ⋆ϕ_2 there are V_{p,ε1} (ϕ_1) and V_{p,ε1} (ϕ_2) satisfying the relations

(2.27) V_{p,ε1} (ϕ_1) ⋆ V_{p,ε1} (ϕ_2) ⊂ V_{p,ε}(ϕ_1 ⋆ ϕ_2)

and the mapping ( ) ⋆ ( ) : Θ[X, U] × Θ[X, U] → Θ[X, U] is continuous.

Finally, consider a net S = {ϕ_δ | (D, ≤)} converging to ϕ_0 and assume that ϕ_0 ≠ 0_U , accordingly for every p ∈ U and each ε > 0 there is δ_0 ∈ D such that ∀δ ≥ δ_0 and ∀A ∈ D(U) there is p_δ ∈ A ∩ dom (ϕ_δ) ∩ dom (ϕ_0) satisfying the following relations

(2.28) { ‖φ(p_δ) − φ(p)‖ < ε | |ϕ_δ(p_δ) ˙−ϕ_0(p_δ) | | < ε Letting A = U −zero (ϕ_0) by Lemma 2.7 we know that A ∈ D(U), besides p_δ ∈ A implies that

(2.29) |ϕ_0(p_δ)| > 0

and from (2.28) one can obtain, that

(2.30) | |ϕ_{♭δ}(p_δ) ˙−ϕ_{♭0}(p_δ) | | = | |((ϕ_δ (p_δ) ˙−ϕ_0(p_δ)) ⋆ ϕ_{♭δ}(p_δ) ⋆ ϕ_{♭0}(p_δ) | | ≤ | |ϕ_δ(p_δ) ˙−ϕ_0(p_δ) | | |ϕ_δ(p_δ)|^{−1} |ϕ_0(p_δ)|^{−1}

therefore setting ε < |ϕ_0(p_δ)|, from the relations (2.28) and (2.29) we obtain that |ϕ_δ(p_δ)| > |ϕ_0(p_δ)| − ε > 0. Using this relation in (2.30) it follows that

(2.31) ∀δ ≥ δ_0 : | |ϕ^♭_δ (pδ) ˙−ϕ^♭_0(pδ) | | < ε |ϕ_0(p_δ)| (|ϕ_0(p_δ)| − ε)

and now it is easy to see, that the net { ϕ^♭_δ | δ ∈ D ≤ } converges to ϕ^♭_0. □

Lemma 2.17. If S = {ϕ_δ | δ ∈ (D, ≤)} is a net in Θ[X, U] such that there are a function ring (R(X, A), ∔, ⋆) and a δ_0 ∈ D satisfying the relation

(2.32) ∀δ ≥ δ_0 : ϕ_δ ∈ R(X, A)

then the net S T_M-converges to some function ϕ_0 in Θ[X, U] if and only if S T_A-converges to ϕ_0.

Proof. First, suppose that S T_A-converges to ϕ_0. On the one hand, ∀p ∈ U, ∀ε > 0, ∀B ∈ D(U), ∀δ ∈ D, by virtue of Lemma 1.2 together with Definition 2.3 there is p_0 ∈ B ∩ dom (ϕ_δ) ∩ dom (ϕ_0) ∩ A ⊆ B ∩ dom (ϕ_δ) ∩ dom (ϕ_0) satisfying the relation

(2.33) ‖φ(p_0) − φ(p)‖ < ε

On the other hand, because it is assumed that the net S T_A-converges to ϕ_0, for every p_0 ∈ A there is δ_1 ≥ δ_0, such that

(2.34) ∀δ ≥ δ_1 : | |ϕ_δ(p_0) ˙−ϕ_0(p_0) | | < ε accordingly setting p_δ = p_0 we have that ∀B ∈ D(U), ∀δ ≥ δ_1 there is p_δ ∈ B ∩ dom (ϕ_δ) ∩ dom (ϕ_0) satisfying the relations

(2.35) { ‖φ(p_δ) − φ(p)‖ < ε | |ϕ_δ(p_δ) ˙−ϕ_0(p_δ) | | < ε so that S T_M-converges to ϕ_0.

Conversely, suppose that the net S T_M-converges to ϕ_0; accordingly, because A ∈ D(U), then ∀p ∈ A ⊆ U, ∀ε_1 > 0, there is δ_1 ≥ δ_0 such that for each δ ≥ δ_1, there is p_δ lying in A ∩ dom (ϕ_δ) ∩ dom (ϕ_0) satisfying the relations

(2.36) { ‖φ(p_δ ) − φ(p)‖ < ε_1 | ϕ_δ(p_δ) ˙−ϕ_0(p_δ) | < ε_1 By continuity for every ε_2 there is ε_1 < ε_2 such that the relation ‖φ(p_δ) − φ(p)‖ < ε_1 < ε_2 implies

(2.37) {| |ϕ_δ(p_δ) ˙−ϕ_δ(p)| < ε_2 | |ϕ_0(p_δ) ˙−ϕ_0(p) | | < ε_2 Finally, setting ε_2 = ε/3 > 0 from (2.36) and (2.37) one can deduce that

(2.38) ∀δ ≥ δ_1 : | ϕ_δ(p) ˙−ϕ_0(p) | ≤ | ϕ_δ(p) ˙−ϕ_δ(p_δ) | + | ϕ_δ(p_δ) ˙−ϕ_0(p_δ) | + | ϕ_0(p_δ) ˙−ϕ_0(p) | < ε accordingly, the net S T_A-converges to ϕ_0. □

Corollary 2.18. For every A ∈ D(U) the inclusion

m_{R(X,A)} : (R(X, A), T_A) → (Θ[X, U], T_M)

is a continuous map.

Proof. By Lemma 2.17, if a net S T_A-converges to ϕ ∈ R(X, A), then the net m_{R(A)} ∘ S T_M-converges to m_{R(A)}(ϕ) = ϕ. □

Theorem 2.19. (Θ[X, U], T_M) is Hausdorff space.

Proof. Let S = {ϕ_δ | δ ∈ (D, ≤)} be a net which converges to both maps ϕ_1

and ϕ_2, and suppose that there is p ∈ dom (ϕ_1) ∩ dom (ϕ_2) such that

(2.39) | |ϕ_1(p) ˙−ϕ_2(p) | | = a > 0 By convergence, for each ε_1 there is δ_0 ∈ D such that for every δ ≥ δ_0 there

exist p_1, p_2 ∈ dom (ϕ_δ) ∩ dom (ϕ_1) ∩ dom (ϕ_2) satisfying the relations

(2.40) ‖φ(p_1) − φ(p)‖ < ε_1/2 ‖φ(p_2) − φ(p)‖ < ε_1/2 | ϕ_δ(p_1) ˙−ϕ_1(p_1) | < ε_1/2 | |ϕ_δ(p_2) ˙−ϕ_2(p_2) | | < ε_1/2 hence

(2.41) ‖φ(p_1) − φ(p_2)‖ < ε_1

Now, by continuity, for each ε_0 > 0 there is ε_1 < ε_0 such that the relations

(2.40) and (2.41) imply the following

(2.42) | ϕ_1(p_1) ˙−ϕ_1(p) | < ε_0 | |ϕ_2(p_1) ˙−ϕ_2(p) | | < ε_0 | ϕ_2(p_1) ˙−ϕ_2(p_2) | < ε_0 | |ϕ_δ(p_1) ˙−ϕ_δ(p_2) | | < ε_0 and from (2.40) and (2.42) it follows that, ∀ε_0 > 0:

(2.43) | ϕ_δ(p_1) ˙−ϕ_2(p_1) | ≤ | ϕ_δ(p_1) ˙−ϕ_δ(p_2) | + | ϕ_δ(p_2) ˙−ϕ_2(p_2) | + | ϕ_2(p_2) ˙−ϕ_2(p_1) | < 3ε_0

hence ∀ε_0 > 0:

(2.44) | |ϕ_1(p_1) ˙−ϕ_2(p_2) | | ≤ | |ϕ_1(p_1) ˙−ϕ_δ(p_1) | | + | |ϕ_δ(p_1) ˙−ϕ_2(p_1) | | + | |ϕ_2(p_1) ˙−ϕ_2(p_2) | | < ε_1 + 4ε_0 < 5ε_0

and analogously, ∀ε_0 = ε/8 > 0:

(2.45) | ϕ_1(p) ˙−ϕ_2(p | ≤ | ϕ_1(p) ˙−ϕ_1(p_1) | + | ϕ_1(p_1) ˙−ϕ_2(p_2) | + | ϕ_2(p_2) ˙−ϕ_2(p_1) | + | ϕ_2(p_1) ˙−ϕ_2(p) | < 8ε_0 = ε

which contradicts (2.39), consequently for every p ∈ A = dom (ϕ_1)∩dom (ϕ_2)

the equation | |ϕ_1(p) ˙−ϕ_2(p) | | = 0 holds, accordingly

(2.46) ϕ_1 | |_A = ϕ_2 | |_A = 0

Finally, because A is dense in U it follows that ( ϕ_1 | |_A)˘ = ϕ_1 = (ϕ_2 | |_A)˘ = ϕ_2,

therefore (Θ[X, U], T_M) is a Hausdorff space. □

3. Topological vector spaces over Θ[X, U]

3.1. Function vector spaces. The subset V of ( C^0(D(U), C ), ⪯ ) consisting of every maximal function lying in C^0(D(U), C ) equipped with the law ∔ is a commutative group containing every constant map in C^0(D(U), C ), because by definition, for every couple f_1, f_2 ∈ V the composition f_1 ∔ f_2 is also a maximal member of C^0(D(U), C ). Analogously, from the definition of the law ⋆ it follows immediately, that for every analytic function field Θ[X, U] ⊆ C^0(D(U), C ) and each pair (ϕ, f) ∈ Θ[X, U] × V the composition ϕ ⋆ f is also maximal, therefore ϕ⋆f ∈ V. Now, it is not difficult to see, that if (M_n, A) is an analytic manifold, then for every C^ω-vector X and each chart (U, φ) ∈ A the subset V ⊆ C^0(D(U), C ) consisting of every maximal element is a vector space over the analytic function field Θ[X, U].

Enriching the vector space V with a topology T, being compatible with its algebraic vector space structure, we can calculate the sums of function series, for instance, the Taylor expansion of an analytic function. To prove some results described in the following section, we are only concerned with subspaces of V, besides, for our purposes we only consider the coarser topology T for V such that every member of its algebraic dual V^∗ is a continuous map.

Definition 3.1. Let T stand for the coarser topology for V under which every map h : (V, T) → (Θ[X, U], T_M) lying in the algebraic dual V^∗ of V is a continuous map. It is not difficult to see, that a subbase for T is the set collection F = {W_{p,ε,h}(f_0) | f_0 ∈ V, p ∈ U, ε > 0, h ∈ V^∗} defined as follows:

(3.1) W_{p,ε,h}(f_0) = { f ∈ V | h(f) ∈ V_{p,ε} (h(f_0)) }

where V_{p,ε} (h(f_0)) ∈ T_M is a member of the subbase for T_M defined in (2.15).

Taking into account (2.15) from the preceding relation it follows immediately, that

(3.2) W_{p,ε,h}(f_0) = { f ∈ V | | ∀A ∈ D(U), ∃p_0 ∈ dom (h(f_0)) ∩ dom (h(f)) ∩ A : ‖φ(p_0) − φ(p)‖ < ε and q_{p0} ( h(f) ˙−h(f_0) ) < ε }

In locally convex spaces the coarser topology for which the algebraic dual coincides with the topological one is compatible with the vector space structure. By virtue of relation (3.1), the compatibility of T with the algebraic structure of V does not depend on the nature of the considered field Θ[X, U], as one can see proving that for every pair f_1, f_2 ∈ V and every neighborhood W_{p,ε,h}(f_1 ∔ f_2) of f_1 ∔ f_2 there are a neighborhood W_{p,ε1,h}(f_1) of f_1 and a neighborhood W_{p,ε1,h}(f_2) of f_2 such that W_{p,ε1,h}(f_1) ∔ W_{p,ε1,h}(f_2) ⊂ W_{p,ε,h}(f_1 ∔ f_2)

Of course, from (3.1) we have that W_{p,ε,h}(f_1 ∔ f_2) = {f ∈ V | h(f) ∈ V_{p,ε}(h(f_1 ∔ f_2))} (3.3) W_{p,ε1,h}(f_1) = {f ∈ V | h(f) ∈ V_{p,ε1} (h(f_1))} (3.4) W_{p,ε1,h}(f_2) = {f ∈ V | h(f) ∈ V_{p,ε1} (h(f_2))} (3.5) therefore,

(3.6) W_{p,ε1,h}(f_1) ∔ W_{p,ε1,h}(f_2) = {f ∔ g | h(f) ∈ V_{p,ε1} (h(f_1)), h(g) ∈ V_{p,ε1} (h(f_2))} ⊆ {f ∈ V | h(f) ∈ V_{p,ε1} (h(f_1)) ∔ V_{p,ε1} (h(f_2))} Now, by Theorem 2.16 there is ε_1 > 0 such that V_{p,ε1} (h(f_1)) ∔ V_{p,ε1} (h(f_2)) ⊂ V_{p,ε}(h(f_1) ∔ h(f_2)) Using this relation in (3.6) we obtain that (3.7) W_{p,ε1,h}(f_1) ∔ W_{p,ε1,h}(f_2) ⊂ {f ∈ V | h(f) ∈ V_{p,ε}(h(f_1) ∔ h(f_2))} = {f ∈ V | h(f) ∈ V_{p,ε}(h(f_1 ∔ f_2))} = W_{p,ε,h}(f_1 ∔ f_2) therefore the mapping V × V → V carrying each pair (f_1, f_2) into f_1 ∔ f_2 is continuous. The proof for the continuity of the mapping Θ[X, U] × V → V carrying each pair (ϕ, f) ∈ Θ[X, U] × V into ϕ ⋆ f is similar; so that T is compatible with the algebraic vector space structure of V.

4. Application to differential equation theory 4.1. General equivalence conditions. The general solution of a linear system of ordinary differential equations belongs to some vector space over the real (complex) number field generated by an exponential function set of the form B = { e^{λα(t−t0 )} | (t, t_0) ∈ R^2 , λ_α ∈ C , α ∈ A } where A is any finite index set. A system of ordinary differential equations we shall say to be equivalent to some linear equation, provided that its general solution belongs to a vector space generated by a function set like B, but now A can be also a non-countable index set [6]. We generalize such an equivalence concept to vector spaces over function fields. Thus, an equation system we shall say to be equivalent to some linear system, provided that its solution belongs to a vector space over a function field Θ[X, U] being generated by a function set of the form

(4.1) B = { e^{ϕ1⋆Φ∔ϕ2(t−t0 )} | (t, t_0) ∈ R^2 , ϕ_1, ϕ_2 ∈ Θ[X, U], XΦ̆ ∈ Θ[X, U] } In the finite dimensional case, each solution satisfies an equation lying in an n-parameter linear system family. To state the equivalence between an autonomous system

(4.2) d dt x(t) = X(x(t)) and some linear equation system, i.e., to determine whether the general solution of (4.2) belongs to a vector space over the function field Θ[X, U] generated by the function set (4.1), the following conditions are sufficient.

Condition 1. Let (M_n, A) an analytic manifold and X a C^ω-vector such that if its coordinates in a given chart (U, φ) ∈ A are (X^1, X^2 · · · X^n), then they satisfy the following properties: For each index k ≤ n there exist a subset K ⊆ C , a continuous mapping F^k : U × K → C , a member h^k of Θ[X, U], and a maximal function Φ ∈ C^1(D(U), C ) such that

XΦ̆^k = h^k ∈ Θ[X, U]

(4.3) ∀p ∈ U : X^k(p) = F^k ( p, Φ^k(p) ) ≠ 0

(4.4)

Condition 2. For each positive integer k ≤ n there are a subset D ⊆ C , a member A of D(U) satisfying the relation A ⊆ dom ( h^k ) , and two maps F^k : A × D → C and g^k : A × D → C such that for some integration path (σ : I ⊆ R → D), this being continuous and differentiable except, at most, in a finite point set, the following is true,

1): For every fixed z ∈ D : F^k(p, z) ∈ Θ[X, U] and g^k(p, z) ∈ Θ[X, U].

2): F^k(p, s) = ∫ C F^k(p, z) ⋆ e^{gk(p,z)s}dz. 3): ∀r ∈ N, ∀p ∈ A there is a real number K(p, s, k) > 0 such that: | | ∫ C ( g^k(p, z) ⋆ h^k(p) ) ˘^{(r−1)} ⋆ F^k(p, z) ⋆ e^{gk(p,z)s}dz | |˘≤ K(p, s, k)r!. Notice, that by virtue of Lemma 2.5, for each r ∈ N the following relation holds: A × D ⊆ dom (( g^k ⋆ h^k ) ˘^r ⋆ F^k ) . Remark 4.1. It is worth pointing out, that in general, it is not difficult to obtain the function F^k(p, z) by knowing F^k(p, s); for instance, if the integration path C is a Bromwich one and g(p, z) = z, then F^k(p, z) is nothing but the Laplace transform for F^k(p, s). Conversely, if C = [0, ∞), then F^k(p, s) is the Laplace transform for F^k(p, z) etc.

Lemma 4.2. If a vector X satisfies both Condition 1 and Condition 2, then for each positive integer r the associated linear operator X˘ can be iterated r times over each of its coordinates.

Proof. By virtue of Condition 1 and Condition 2 we obtain that

(4.5) ∀p ∈ A : X^k(p) = F^k ( p, Φ^k(p) ) = ∫ C F^k(p, z) ⋆ e^{gk (p,z)⋆Φk(p)} dz therefore,

(4.6) XX̆^k(p) = ∫ C XF̆^k(p, z) ⋆ e^{gk(p,z)⋆Φk(p)} dz

Since by assumption, regarding z as a parameter, both map families F^k(p, z) and g^k(p, z) belong to the function field Θ[X, U] and Φ^k(p) satisfies equation 4.3, then from the equation above it follows immediately, that ∀p ∈ A,

(4.7) XX̆^k(p) = ∫ C F^k(p, z) ⋆ g^k(p, z) ⋆ h^k(x) ⋆ e^{gk (p,z)⋆Φk(p)} dz Now, by induction and taking into account Condition 2, it follows that ∀r ∈ N: (4.8) | |(X˘)r X_k(p) | |˘= | | | ∫ C F^k(p, z) ⋆ ( g^k(p, z) ⋆ h^k(p) ) ˘^r ⋆ e^{gk(p,z)⋆Φk(p)}dz | | |˘≤ K(p, Φ^k(p))(r + 1)! □ Theorem 4.3. If a vector field X satisfies both Condition 1 and Condition 2, then for each p_0 ∈ U there is a positive number H_{p0} and an open interval I = (t_0 − H_{p0} , t_0 + H_{p0} ) ⊆ R such that the map γ : I → M_n satisfying γ(t_0) = p_0 whose k-th coordinate in the considered chart (U, φ) is defined by the integral transform

(4.9) x^k_{p0} (γ(t)) = x^k_0 ⋆ 1_U ∔ ∫ C F^k(p_0, z) ⋆ ( g^k(p_0, z) ⋆ h^k(p_0) )_♭ ⋆ e^{gk(p0,z)⋆Φk(p0)} ⋆ ( e^{gk (p0,z)⋆hk(p0)(t−t0 )} ˙−1_U ) dz is a solution for the autonomous system (4.2) satisfying the initial condition ( x^1_{p0} (γ(t_0)), x^2_{p0} (γ(t_0)) · · · x^n_{p0} (γ(t_0)) ) = (x^1_0, x^2_0 · · · x^n_0 ) = φ(p_0)

Remark 4.4. From the equation (4.9) it is easy to see, that letting ϕ_1 = g^k and ϕ_2 = g^k ⋆ h^k, then x^k_{p0} (γ(t)) belongs to the subspace of the vector space V over the field Θ[X, U] generated by the function set B defined in (4.1). Thus, both Condition 1 and Condition 2 form a criterion for equivalence between a non-linear autonomous system and some linear equation.

Proof. Since X is assumed to be a differentiable vector, then it satisfies the standard conditions for the existence of a solution γ : I ⊆ R → M_n of the system (4.2), where I is some open subset of R; accordingly if the coordinates of φ (γ(t)) in the considered chart (U, φ) are ( x^1_{p0} (γ(t)), x^2_{p0} (γ(t)), · · · , x^n_{p0} (γ(t)) ) = x_{p0} (γ(t))

then for each k ≤ n,

(4.10) d dt x^k_{p0} (γ(t)) = X^k(x^1_{p0} (γ(t)), x^2_{p0} (γ(t)) · · · )

Now, by virtue of the preceding lemma we obtain that ∀m ≤ n,

(4.11) d^{m+1} dt^{m+1} x^k_{p0} (γ(t)) | | | t=t_0 = (X˘)^m X^k(p) | | | p=p_0 = ∫ C F^k(p_0, z) ⋆ ( g^k(p_0, z) ⋆ h^k(p_0) ) ˘^m ⋆ e^{gk (p0,z)⋆Φk(p0)} dz therefore, the Taylor’s expansion for x^k_{p0} (γ(t)) is

(4.12) x^k_{p0} (γ(t)) = x^k_0 ⋆ 1_U ∔ ˘∑^∞ m=1 ∫ C F^k(p_0, z)⋆ ( (t − t_0)^{m+1} (m + 1)! ( g^k(p_0, z)⋆ h^k(p_0) ) ˘^m ) ⋆e^{gk (p0,z)⋆Φk(p0)}dz

where ˘∑^∞ m=1 = ( lim_{r→∞} r∑ m=1 ) ˘ is assumed to be the limit with respect to the

topology T in Definition 3.1. If g^k(p_0, z) ⋆ h^k(p_0) = 0, then the right-hand of the former equation converges; otherwise, as a consequence of Lemma 2.7, the set A = dom ( g^k(p_0, z) ⋆ h^k(p_0) ) − zero ( g^k(p_0, z) ⋆ h^k(p_0) ) belongs to D(U). Obviously, for each p_0 ∈ A the former equation can be written as follows,

(4.13) x^k_{p0} (γ(t)) =

x^k_0 ⋆ 1_U ∔ ˘∑^∞ m=0 ∫ C ( F^k(p_0, z) ⋆ ( g^k(p_0, z) ⋆ h^k(p_0)(t − t_0) ) ˘^{(m+1)} (m + 1)! ⋆ ( g^k(p_0, z) ⋆ h^k(p_0) )_♭ ⋆ e^{gk(p0,z)⋆Φk(p0)} ) dz Finally, using (4.8) it follows, that

(4.14) | | | | ˘∑^∞ m=0 ∫ C F^k(p_0, z) ⋆ ( g^k(p_0, z) ⋆ ((t − t_0)h^k(p_0)) ) ˘^{(m+1)} (m + 1)! ⋆ ( g^k(p_0, z) ⋆ h^k(p_0) )_♭ ⋆ e^{gk(p0,z)⋆Φk(p0)} dz | | |˘

≤ ∞∑ m=0 | | ( K ( p_0, ϕ^k(p_0) ) (t − t_0) )_{m+1}| | Now, taking into account Lemma 2.5, for each r ∈ N it is true that the set dom ( g^k(p_0, z) ⋆ h^k(p_0) ) belongs to dom (( g^k(p_0, z) ⋆ h^k(p_0) ) ˘^r ) , accordingly the map ( g^k(p_0, z) ⋆ h^k(p_0) ) ˘^r belongs to the ring R(X, A) for each r ∈ N, therefore taking into account Lemma (2.17), we have that the convergence with respect to the topology T_A is sufficient; i.e., one can calculate the limits with respect to the weak topology for the underlying vector space of R(X, A). Thus, letting H_{p0} = min_{k≤n} ( K ( p_0, ϕ^k(p_0), k ))_{−1} , for every |t − t_0| <

H_{p0} the right-hand of (4.12) converges and from (4.13) one can obtain (4.9) easily, for the sequence

( ˘∑^n m=0 ( g^k(p_0, z) ⋆ h^k(p_0)(t − t_0) )_{m+1} (m + 1)! ) n∈N

converges to e^{gk(p0,z)⋆hk(p0)(t−t0 )} ˙−1_U . □

Remark 4.5. The former theorem is nothing but a generalization to vector spaces over analytic function fields of a similar result proved in [6] for function spaces over the real (complex) number field.

Corollary 4.6. If the vector X satisfies both Condition 1 and Condition 2, being x(x^1_0, x^2_0 · · · x^n_0 , t) the general solution of (4.2) for the initial values x^1_0, x^2_0 · · · x^n_0 , then each coordinate x^k(x^1_0, x^2_0 · · · , t) of x(x^1_0, x^2_0 · · · x^n_0 , t), regarded as a function from R^n × R into C , satisfies the linear partial differential equation

(4.15) n∑ m=1 X^m ∂ ∂x^m_0 x^k(x^1_0, x^2_0 · · · , t) − ∂ ∂t x^k(x^1_0, x^2_0 · · · , t) = 0

Proof. By straightforward computations and taking into account both Condition 1 and Condition 2, from (4.9) and (4.5) we obtain that

(4.16) n∑ m=1 X^m ∂ ∂x^m_0 x^k(x^1_0, x^2_0 · · · , t) =

X^k + ∫ C ^F^k(x^1_0, x^2_0 · · · , z) ⋆ ( ^g^k(x^1_0, x^2_0 · · · , z) ⋆ ^h^k(x^1_0, x^2_0 · · · ) )_♭ ⋆ e^{^gk(x10,x20··· ,z)⋆ ^Φk(x10,x20··· )} ⋆ ( ^g^k(x^1_0, x^2_0 · · · , z) ⋆ ^h^k(x^1_0, x^2_0 · · · ) ) ⋆ ( e^{^gk (x10,x20··· ,z)⋆ ^hk(x10,x20··· )(t−t0 )} ˙−1_U ) dz = X^k + ∫ C ^F^k(x^1_0, x^2_0 · · · , z) ⋆ e^{^gk(x1}0^{,x2}0^{··· ,z)⋆ ^Φk(x1}0^{,x2}0^{··· )}⋆

e^{^gk(x10,x20··· ,z)⋆ ^hk(x10,x20··· )(t−t0 )} dz− ∫ C ^F^k(x^1_0, x^2_0 · · · , z) ⋆ e^{^gk (x1}0^{,x2}0^{··· ,z)⋆ ^Φk(x1}0^{,x2}0^{··· )} dz therefore, using equation (4.5) in the above one, we obtain that

(4.17) n∑ m=1 X^m ∂ ∂x^m_0 x^k(x^1_0, x^2_0 · · · , t) = ∫ C ^F^k(x^1_0, x^2_0 · · · , z) ⋆ e^{^gk (x1}0^{,x2}0^{··· ,z)⋆ ^Φk (x1}0^{,x2}0^{··· )}⋆ e^{^gk(x10,x20··· ,z)⋆ ^hk(x10,x20··· )(t−t0 )} dz = ∂ ∂t x^k(x^1_0, x^2_0 · · · , t)

where we denote by ^F : img (φ) → C , ^g : img (φ) → C , ^h : img (φ) → C and ^Φ : img (φ) → C the maps defined by ^F = F ∘ φ^{−1} (4.18) ^g = g ∘ φ^{−1} (4.19) ^h = h ∘ φ^{−1} (4.20) ^Φ = Φ ∘ φ^{−1} (4.21) □ Remark 4.7. It worth noticing, that the solutions of (4.15) contains a function field Θ[X^∗, U × I]; where X^∗ = ( X^1 ∂ ∂x^1 | p, · · · X^n ∂ ∂x^n | p, − ∂ ∂t | t_0 ) .

4.2. The finite dimensional case. In this section we are concerned with the equivalence problem between non-linear and linear systems whose general solution belongs to a finite dimensional vector space. The following results form a criterion for the existence of such an equivalence. Theorem 4.8. Let (M_n, A) be an analytic manifold and X a C^ω-vector whose coordinates in a chart (U, φ) ∈ A are (X^1, X^2 · · · X^n). If for each k ≤ n the linear operator X˘ can be iterated r times over the k-th coordinate X^k of X, and there is a linear dependence relation

(4.22) (X˘)^r X^k = ˘∑^{r−1} j=0c^k_j ⋆ (X˘)^j X^k

whose coefficients c^k_0 , c^k_1 · · · c^k_{r−1} belong to the function field Θ[X, U], being r the smallest positive integer satisfying (4.22), besides, the polynomial

(4.23) P_k(z) = ( z) ) ˘^r ˙−c^k_{r−1} ( z ) ˘^{(r−1)} ˙− · · · ˙−c^k_0 has no multiple root, and each of its roots belongs to Θ[X, U], then X^k lies in the finite dimensional vector space over the associated function field Θ[X, U] generated by the function set B = { e^{Φkm} | m ≤ r } , where the Φ^k_m are maximal members of C^ω(D(U), C ) satisfying the relation

(4.24) XΦ̆^k_m = λ^k_m ∈ Θ[X, U]

and the λ^k_1 · · · λ^k_r are the solutions of

(4.25) P ( z ) = 0 moreover, the set B is a basis for the generated space.

Proof. On the one hand, by virtue of Theorem 2.12 every solution of 4.23 lies in Θ[X, U]. On the other hand, letting

(4.26) ∀n < r : f^k_n = ( X˘ )_n X^k define the functions ψ^k_1 , ψ^k_2 , · · · ψ^k_r by (4.27)

∀p ∈ U : ψ^k_1 (p) = α^1(p) ⋆ X^k(p) ∔ α^1_2(p) ⋆ f^k_1 (p) · · · ∔ α^1_r (p) ⋆ f^k_{r−1}(p) ψ^k_2 (p) = α^2_1(p) ⋆ X^k(p) ∔ α^2(p) ⋆ f^k_1 (p) · · · ∔ α^2_r (p) ⋆ f^k_{r−1}(p) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ψ^k_r (p) = α^r_1(p) ⋆ X^k(p) ∔ α^r_2(p) ⋆ f^k_1 (p) · · · ∔ α^r(p) ⋆ f^k_{r−1}(p)

where α^i_j ∈ Θ[X, U] for each i, j ≤ r; hence, using (4.26) and (4.22) we obtain, that ∀i ≤ r:

(4.28) Xψ̆^k_i = α^i_1 ⋆ f^k_1 ∔ · · · ∔ α^i_{r−1} ⋆ f^k_{r−1}

α^i_r ⋆ c^k_0 ⋆ X^k ∔ α^i_r ⋆ c^k_1 ⋆ f^k_1 ∔ · · · α^i_r ⋆ c^k_{r−1} ⋆ f^k_{r−1} therefore, if for some A ∈ D(U)) we require the α^i_j to satisfy the conditions:

(4.29) ∀i ≤ r, ∀p ∈ A : c^k_0 (p) ⋆ α^i_r(p) = λ^k_i (p) ⋆ α^i_1(p) α^i_1(p) ∔ c^k_1 (p) ⋆ α^i_r(p) = λ^k_i (p) ⋆ α^i_2(p) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . α^i_{r−1}(p) ∔ c^k_{r−1}(p) ⋆ α^i_r(p) = λ^k_i (p) ⋆ α^i_r(p)

then the maps ψ^k_i satisfy the equation

(4.30) Xψ̆^k_i = λ^k_i ⋆ ψ^k_i

The equation (4.29) possesses non-trivial solution provided that

(4.31) | | | | −λ^k_i 0 0 · · · 0 c^k_0 1 −λ^k_i 0 · · · 0 c^k_1 . . . . . . . . . . . . . . . . . . . . . . 0 0 0 · · · 1 c^k_{r−1} ˙−λ^k_i

| | | | = P (λ^k_i ) = 0

accordingly, the λ^k_i are solutions of (4.23), therefore they are also eigenvalues of the endomorphism associated to the matrix

(4.32)

0 0 0 · · · 0 c^k_0 1 0 0 · · · 0 c^k_1 . . . . . . . . . . . . . . . . 0 0 0 · · · 1 c^k_{r−1}

Setting A = ⋂ 0≤n≤r dom (c_n), because by hypothesis the solutions of (4.31)

belong to Θ[X, U], then the corresponding eigenvectors

(α^1, α^1_2 · · · ), (α^2_1, α^2 · · · ) · · ·

belong to the vector space (Θ[X, U])^r, besides, since we are assuming that P (z) has no multiple root, then the eigenvectors are linearly independent; consequently, taking into account (4.27), X^k can be written as a unique linear combination of the ψ^k_1 , ψ^k_2 , · · · ψ^k_r with coefficients in Θ[X, U]. Finally, setting

(4.33) ∀j ≤ r : Φ^k_j = ln(ψ^k_j )

the equation (4.24) are satisfied and X^k can be written as a linear combination of e^{Φk1} , e^{Φk2} · · · e^{Φkr} with coefficients in Θ[X, U]. Since the ψ^k_1 , ψ^k_2 , · · · ψ^k_r are linearly independent, then B is a basis. □

Corollary 4.9. Let

(4.34) d dt x^1(t) = X^1 ( x^1(t), x^2(t) · · · ) d dt x^2(t) = X^2 ( x^1(t), x^2(t) · · · ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . d dt x^n(t) = X^n ( x^1(t), x^2(t) · · · ) be an autonomous system. If X satisfies the hypotheses of the preceding theorem, then it satisfies both Condition 1 and Condition 2, therefore the corresponding equation is equivalent to some linear system, besides, its solutions can be obtained by means of the integral transform (4.9). Proof. By the former theorem we know that the roots of P ( z ) belong to Θ[X, U], besides, from (4.24) we obtain that

(4.35) ∀i ≤ r : X˘ ( (λ^k_i )^♭ ⋆ Φ^k_i ) = 1_U

consequently (4.36) ∀i ≤ r, ∀m ≤ r : X˘ ( (λ^k_i )^♭ ⋆ Φ^k_i ˙−(λ^k_m)^♭ ⋆ Φ^k_m ) = 0_U

Since each of the coordinates of X is supposed to be an analytic function, and taking into account Definition 2.3, this equation implies that (4.37) (λ^k_i )^♭ ⋆ Φ^k_i ˙−(λ^k_m)^♭ ⋆ Φ^k_m ∈ Θ[X, U] accordingly, setting (λ^k_1 )^♭ ⋆ Φ^k_1 = Φ^k there are ϑ^k_1 , ϑ^k_2 · · · ϑ^k_r ∈ Θ[X, U] such that (4.38) ∀m ≤ r : Φ^k_m = λ^k_m ⋆ Φ^k ∔ ϑ^k_m besides, (4.39) XΦ̆^k = 1_U consequently, X^k can by written as a linear combination of the exponential function set e^{λk1 Φk} , e^{λk1 Φk} · · · e^{λkr Φk} , for the maps e^{ϑk1} , e^{ϑk2} · · · are also members of Θ[X, U]. If a^k_0 , a^k_1 · · · a^k_r are the corresponding coefficients, we have that

(4.40) X^k = ˘∑^r m=1a^k_m ⋆ e^{λkm⋆ Φk} Now, letting ∀k ≤ n, ∀p ∈ U: F^k(p, s) = ˘∑^r m=1a^k_m(p)e^{λkm(p)s} (4.41) g(p, z) = z (4.42) h^k(p) = 1_U

(4.43) and F^k(p, z) = 1 2πi (_r ∑ m=1 a^k_m(p) z − λ^k_m(p) ) ˘ (4.44)

it is not difficult to see, that these functions satisfy both Condition 1 and Condition 2 for a Bromwich integration path. Thus by virtue of theorem 4.3, each coordinate of the general solution of the corresponding autonomous system (4.34) can be written as a linear combination of the functions 1_U , e^{λk1 ⋆} (_{Φk ∔(t−t0)}) , · · · e^{λkr ⋆} (_{Φk∔(t−t0 )}) with coefficients in the function field Θ[X, U]. □ Example 4.10. Consider the space R^2 with the standard smooth structure. Consider the vector X = x^1 x^2 e_1 + x^2 x^1 e_2 and let (φ, U) be the chart whose domain is U = { (x^1, x^2) ∈ R^2 | | |x^1 | | > a, | |x^2 | | > b} and φ is the identity, where a and b are two fixed positive numbers. In this case, Θ[X, U] is nothing but a function field (K, +, ·) whose underlying set K consists of functions of the form f(^1_{x1} −^1_{x2} ), with domain in D(U), and f : R → C is a map such that both functions ℜ(f) and ℑ(f) are analytic.

Now, consider the corresponding non linear autonomous system

(4.45) d dt x^1(t) = x^1(t) x^2(t) d dt x^2(t) = x^2(t) x^1(t) It is not difficult to see, that the field X satisfies the conditions of the preceding theorem, for there are the dependence relations

(4.46)

XX̆^1 = ( x^1 x^2 ∂ ∂x^1 + x^1 x^2 ∂ ∂x^1 ) x^1 x^2 = − ( 1 x^1 − 1 x^2 ) X^1

XX̆^2 = ( x^1 x^2 ∂ ∂x^1 + x^1 x^2 ∂ ∂x^1 ) x^2 x^1 = ( 1 x^1 − 1 x^2 ) X^2

In this case, letting Φ = ^Φ ∘ φ we have that,

^Φ^m(x^1, x^2) = (−1)^{m+1} ( 1 x^2 − 1 x^1 )_{−1} ln ( x^1 x^2 ) (m = 1, 2)

satisfies the equation

(4.47) 2∑ j=1 X^j ∂ ∂x^j ^Φ^m(x^1, x^2) = (−1)^{m+1}

hence the function F^m ( x^1, x^2, ^Φ^m(x^1, x^2) ) = X^m(x^1, x^2) defined in Condition 1, with respect to the chart (U, φ), for this example is:

(4.48) F^m ( x^1, x^2, s ) = e^{(−1)m}

(_1

x1 −^1_{x2} ) s (m = 1, 2) accordingly, setting F^m(z) = 1 2πi(z − (−1)^m) , (m = 1, 2) with the obvious integration path, we have that

(4.49) F^m ( x^1, x^2, s ) = ∮ F^m(z)e^s (_1 x1 −^1_{x2} ) zdz which satisfies the Condition 2, accordingly (4.45) is equivalent to some 2- parameter linear differential equation family, as it can be deduced from the solution for (4.45),

(4.50) x^1(t) = − 1 α(x^1_0, x^2_0) + C(x^1_0, x^2_0) α(x^1_0, x^2_0) e^{α(x10 ,x20)(t−t0 )} x^2(t) = 1 α(x^1_0, x^2_0) − 1 C(x^1_0, x^2_0)α(x^1_0, x^2_0) e^{−α(x10,x20)(t−t0 )}

where α(x^1_0, x^2_0) = ( 1 x^2_0 − 1 x^1_0 ) and C(x^1_0, x^2_0) = x^1_0 x^2_0

, for instance, the co-

ordinate x^1(t) is solution of y^′(t) − α(c_1, c_2)y(t) − 1 = 0 for c_1 = x^1_0 and c_2 = x^2_0. It is easy to see, that these functions α(x^1, x^2) and C(x^1, x^2) satisfy the following equations, 2∑ j=1 X^j ∂ ∂x^j_0 α(x^1_0, x^2_0) = 2∑ j=1 X^j ∂ ∂x^j_0 ( 1 x^2_0 − 1 x^1_0 ) = 0 (4.51)

C(x^1_0, x^2_0) = e^{α(x10,x20)^Φ(x10,x20)} = x^1_0 x^2_0

(4.52)

therefore XΦ̆^m(p) = 1_U ∈ Θ[X, U], besides, the coefficient α(x^1_0, x^2_0) lies in Θ[X, U] . Indeed, every coordinate in (4.50) belongs to a vector space over the function field Θ[X, U] = Θ [ x^1 x^2 e_1 + x^2 x^1 e_2, U ] . Definition 4.11. By means of the function field Θ[X, U] associated to each smooth vector X, one can generalize the concept of linear equation system as follows. Assume ( a^i_j ) i,j≤n to be a matrix such that for each couple i, j ≤ n it is true that

(4.53) a^i_j ∈ Θ [_n ∑ m=1 n∑ k=1 a^m_k ⋆ x^ke_m, U ]

where x = (x^1, x^2 · · · x^n) are the coordinates of the homeomorphism φ of the considered chart (U, φ). In this case, the autonomous system

(4.54) d dt x^1(t) = ∑_n m=1 a^1_m(x^1(t), x^2(t) · · · ) ⋆ x^m(t) d dt x^2(t) = ∑_n m=1 a^2_m(x^1(t), x^2(t) · · · ) ⋆ x^m(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . d dt x^n(t) = ∑_n m=1 a^n_m(x^1(t), x^2(t) · · · ) ⋆ x^m(t)

that, in general, is not linear over the real (complex) number field, can be regarded as a linear system over the associated function field

Θ[X, U] = Θ [_n ∑ m=1 n∑ k=1 a^m_k ⋆ x^ke_m, U ]

Henceforth, an equation system satisfying this property we shall say to be Θ-linear.

Theorem 4.12. If the characteristic polynomial P (z) = c_0 ∔c_1 ⋆z∔· · · c_nz˘^n of an n × n-matrix ( a^i_j ) i,j≤n defining a Θ-linear equation system has no

multiple root, and every solution of P (z) = 0 belongs to Θ[X, U], then the corresponding vector field whose i-th coordinate is

X^i = n∑ j=1 a^i_j ⋆ x^j satisfies the conditions of theorem 4.8, therefore by virtue of Corollary 4.9 the equation system (4.54) satisfies both Condition 1 and Condition 2, accordingly the corresponding solution can be obtained from the integral transform (4.9).

Proof. Letting A = ( a^i_j ) i,j≤n and X = A⋆x, then the f^k_n defined in equation

(4.26) satisfy the following relation,

(4.55) f^k_r = A^{r+1} ⋆ x

where x = (x^1, x^2 · · · x^n) stand for the coordinates of φ. Now, setting

(4.56) P (λ) = | | | | a^1 ˙−λ a^1_2 · · · a^1_n a^2_1 a^2 ˙−λ · · · a^2_n . . . . . . . . . . . . . . . . . . . . . . . . . a^n_1 a^n_2 · · · a^n ˙−λ

| | | | ˘

it is a well-known fact that each matrix satisfies its characteristic equation P (A) = 0; therefore, if c_0, c_1 · · · c_n are the corresponding coefficients, we have that

(4.57) P (A) ⋆ A = c_n ⋆ A^{n+1} ∔ c_{n−1} ⋆ A^n · · · ∔ c_0 ⋆ A = 0_U and by assumption the corresponding eigenvalues belong to the associated function field Θ [_n ∑ m=1 n∑ k=1 a^m_k ⋆ x^ke_m, U ]

Finally, from the former equation it follows immediately, that (4.58) c_n ⋆ A^{n+1} ⋆ x ∔ c_{n−1} ⋆ A^n ⋆ x · · · ∔ c_0 ⋆ A ⋆ x = 0_U and taking into account (4.55), there is a linear dependence relation like (4.22), and the theorem follows. □

Remark 4.13. Since every function field Θ[X, U] contains (C_U , ∔, ⋆,^♭ ) as a subfield, this being isomorphic to the complex number field, then every linear equation system is also a Θ-linear one; consequently linear equations satisfy the conditions of the preceding theorem.

References

[1] Dieudonné, J.: Éléments d’ analyse, Cahiers scientifiques, fascicule XXXIV, Gauthier- Villars, Paris, 1971.

[2] Kelley, J.L.: General Topology, Springer-Verlag, New York, 1955. [3] Kobayashi, S. and Nomizu, K.: Foundations of Differential Geometry, Interscience Publish, 1963.

[4] Köthe, G.: Topological Vector Spaces, Springer-Verlag, New York, 1969. [5] Lang, S.: Algebra, Addison-Wesley, MA, 1965.

[6] Palomar, J. E.: Sufficient Conditions for Equivalence between non Linear and Linear Autonomous Systems, Dynamics of Cont., Discr. and Imp. Sys. (DCDIS), 6,1999, pp. 237-249.

[7] K. Yosida, K.: Équations Différentielles et Intégrales, Dounod, Paris, 1971.