Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 December 2000, pp. 52 – 59 Submitted: August 7, 2000. Published: December 15, 2000

On Solutions of Linear Difference Equations with Infinite Delay

Mustapha Lakrib

Abstract

The difference equation with infinite delay (DE)_ε x_{n+1} = Ax_n+ε ∑_n k=−∞ Rn−kxk is considered. Sufficient conditions for the existence of a unique solution are proved. An O(ε)-approximation of this solution for −N ≤ n ≤ N, N > 0, by the solution of the equation (DE)_0 is obtained.

(1991) A.M.S Subject Classification Codes. 45D, 34C. Key Words and Phrases. Difference equation, Infinite delay, Approximation

In [1], Ryabov considers a problem concerning the existence of so-called two-sided solutions of linear integrodifferential equations of the form dx dt = Ax + ε ∫_t −∞ R(t − s)x(s)ds, (1) where ε is a positive small parameter, t ∈ IR, x ∈ IR^m, A is a constant m× m matrix and R is a matrix of continuous functions satisfying the inequality ‖R(t)‖ ≤ c e^{−γt} t^{1−α} ,

Institut d’Informatique, Université Djillali Liabès, Sidi Bel Abbès, Algérie Copyright © 2000 by Cameron University where c, γ, α are positive constants and 0 < α < 1. It is proven there that if min{Re(λ_i) : 1 ≤ i ≤ m} > −γ, where λ_1, . . . , λ_m are eigenvalues of A, then there is an ε_0 > 0 such that for any ε ∈ (0, ε_0] and any x_0 ∈ IR^m the equation (1) has a unique solution x_ε (so-called two-sided solution) defined on the entire axis t for every given initial condition x_ε(0) = x_0 and satisfying lim_{ε→0} ‖x_ε − x‖_L = 0 for any L > 0, where ‖x_ε − x‖_L = sup{‖x_ε(t) − x(t)‖ : −L ≤ t ≤ L}, x(t) = e^{At}x_0. The equation (1) has the discretization

x_{n+1} = Ax_n + ε(R_0x_n + R_1x_{n−1} + · · · + R_kx_{n−k} + · · ·), (2)

which is a difference equation with infinite delay. The purpose of this paper is to study (2) in a Banach space E, with A, R_k ∈ L(E), the space of continuous linear mappings from E into E (k = 0, 1, . . .), A is invertible and A^{−1} ∈ L(E). Under sufficient conditions, we shall prove the existence of solutions of (2) determined uniquely by the initial value and defined for all integers.

Theorem. Suppose that the following conditions are satisfied ‖A^{−1}‖ < 1, ‖R_0‖ ≤ 1, ‖R_n‖ ≤ γ^{−n} n^{1−α} , n = 1, 2, . . . , (3) where γ, α are constants, e ≤ γ, 0 < α < 1.

Then there exist a positive constant ε_0 and a unique operator B ∈ L(E), such that, for any ε ∈ (0, ε_0] and any x_0 ∈ E, the sequence x = {x_n(ε)}^{+∞}_{n=−∞} = {(A + εB)^nx_0}^{+∞}_{n=−∞} is the unique solution of (2) satisfying the condition x_0(ε) = x_0 with x ∈ F := {y = {y_n}^∞_{n=−∞} : y_n ∈ E, sup{|y_n| : −∞ < n ≤ 0} < ∞}, where |.| is the norm on E. Moreover, for any positive integer N, there exists a positive constant C (depending on ε_0, x_0 and N) such that sup{|x_n(ε) − A^nx_0| : −N ≤ n ≤ N} ≤ Cε. Proof. Let us seek the solution of (2) in the form x = {x_n(ε)}^{+∞}_{n=−∞} = {(A + εB)^nx_0}^{+∞}_{n=−∞}, where B ∈ L(E) is such that AB = BA and A + εB is invertible. The matrix B satisfy the equation

B = P_ε(B) := R_0 + R_1(A + εB)^{−1} + · · · + R_k(A + εB)^{−k} + · · · . (4)

Consider the mapping P_ε : D → L(E), defined by (4), where D = {B ∈ L(E) : AB = BA and ‖B‖ ≤ 1}, ‖B‖ := sup{|Bx| : |x| ≤ 1}. If B_1, B_2 ∈ D then ‖P_ε(B_1) − P_ε(B_2)‖ = ‖R_1[(A + εB_1)^{−1} − (A + εB_2)^{−1}] + R_2[(A + εB_1)^{−2} −(A + εB_2)^{−2}] + · · · + R_k[(A + εB_1)^{−k} − (A + εB_2)^{−k}] + · · · ‖.

Since (A + εB_i) = A(I + εA^{−1}B_i) and AB_i = B_iA, i = 1, 2 where I is the unit matrix, we have

‖P_ε(B_1) − P_ε(B_2)‖ ≤ ‖R_1‖‖A^{−1}‖‖(I + εA^{−1}B_1)^{−1} − (I + εA^{−1}B_2)^{−1}‖ +‖R_2‖‖A^{−1}‖^2‖(I + εA^{−1}B_1)^{−2} − (I + εA^{−1}B_2)^{−2}‖ + · · · +‖R_k‖‖A^{−1}‖^k‖(I + εA^{−1}B_1)^{−k} − (I + εA^{−1}B_2)^{−k}‖ + · · · . (5) We have the following estimate

‖(I + εA^{−1}B_1)^{−k} − (I + εA^{−1}B_2)^{−k}‖ = ‖[(I + εA^{−1}B_1)^{−1}]^k − [(I + εA^{−1}B_2)^{−1}]^k‖ ≤ ‖(I + εA^{−1}B_1)^{−1} − (I + εA^{−1}B_2)^{−1}‖‖[(I + εA^{−1}B_1)^{−1}]^{k−1} +[(I + εA^{−1}B_1)^{−1}]^{k−2}(I + εA^{−1}B_2)^{−1} + · · · + [(I + εA^{−1}B_2)^{−1}]^{k−1}‖ ≤ ‖(I + εA^{−1}B_1)^{−1} − (I + εA^{−1}B_2)^{−1}‖{‖(I + εA^{−1}B_1)^{−1}‖^{k−1} +‖(I + εA^{−1}B_1)^{−1}‖^{k−2}‖(I + εA^{−1}B_2)^{−1}‖ + · · · + ‖(I + εA^{−1}B_2)^{−1}‖^{k−1}}.

As for B_1, B_2 ∈ D and ε ∈ (0, ε_1], where ε_1 < 1/‖A^{−1}‖, we have

‖(I + εA^{−1}B_i)^{−1}‖ = ‖I − ε(A^{−1}B_i) + ε^2(A^{−1}B_i)^2 − · · · ‖ ≤ 1 + ε‖A^{−1}‖ + ε^2‖A^{−1}‖^2 + · · · = 1 1 − ε‖A^{−1}‖ , we obtain the inegality

‖(I + εA^{−1}B_1)^{−k} − (I + εA^{−1}B_2)^{−k}‖ ≤ ‖(I + εA^{−1}B_1)^{−1} − (I + εA^{−1}B_2)^{−1}‖ k (1 − ε‖A^{−1}‖)^{k−1} . (6) Thus, for all B_1, B_2 ∈ D and ε ∈ (0, ε_1], from (5) we obtain the estimate

‖P_ε(B_1) − P_ε(B_2)‖ ≤ {‖R_1‖‖A^{−1}‖ + ‖R_2‖‖A^{−1}‖^2 2 1 − ε‖A^{−1}‖ + · · · +‖R_k‖‖A^{−1}‖^k k (1 − ε‖A^{−1}‖)^{k−1} + · · ·}‖(I + εA^{−1}B_1)^{−1} − (I + εA^{−1}B_2)^{−1}‖

≤ S_1‖(I + εA^{−1}B_1)^{−1} − (I + εA^{−1}B_2)^{−1}‖, (7) where S_1 = (1 − ε‖A^{−1}‖) ∞∑ k=1 k‖R_k‖ ‖A^{−1}‖^k (1 − ε‖A^{−1}‖)^k . As ‖A^{−1}‖ < γ then

γ^{−1} < 1/‖A^{−1}‖. Choose ε_2 sufficiently small such that γ^{−1} + ε < 1/‖A^{−1}‖ for ε ∈ (0, ε_2]. We obtain γ^{−1}‖A^{−1}‖ 1 − ε‖A^{−1}‖ < 1 for ε ∈ (0, ε_2]. (8)

The conditions (3) and (8) insure the convergence of the series S_1.

The following estimate is needed

‖(I + εA^{−1}B_1)^{−1} − (I + εA^{−1}B_2)^{−1}‖ = ‖(I − ε(A^{−1}B_1) + ε^2(A^{−1}B_1)^2 − · · ·) − (I − ε(A^{−1}B_2) + ε^2(A^{−1}B_2)^2 − · · ·)‖ ≤ ε‖A^{−1}B_1 − A^{−1}B_2‖ + ε^2‖(A^{−1}B_1)^2 − (A^{−1}B_2)^2‖ + · · · +ε^k‖(A^{−1}B_1)^k − (A^{−1}B_2)^k‖ + · · · . (9) The mean value theorem yields

‖(A^{−1}B_1)^k − (A^{−1}B_2)^k‖ ≤ ‖A^{−1}‖^k‖B^k_1 − B^k_2 ‖ ≤ ‖A^{−1}‖^k sup{‖k[(1 − θ)B_1 + θB_2]^{k−1}‖ : 0 ≤ θ ≤ 1}‖B_1 − B_2‖ ≤ k‖A^{−1}‖^k‖B_1 − B_2‖. (10)

From (7), (9) and (10) it follows that for all B_1, B_2 ∈ D and ε ∈ (0, min{ε_1, ε_2}], we have

‖P_ε(B_1) − P_ε(B_2)‖ ≤ ε‖A^{−1}‖S_1S_2‖B_1 − B_2‖, (11)

where S_2 = ∞∑ k=0 (k + 1)ε^k‖A^{−1}‖^k is a convergent series. Therefore the in-

equality (11) implies that if ε ∈ (0, ε_3], where ε_3 < 1 ‖A^{−1}‖S_1S_2

, then the

mapping P_ε is a contraction on D and thus it has a unique fixed point in D. So if we set x_n(ε) = (A + εB)^nx_0, where B is the unique fixed point of P_ε, the sequence x = {x_n(ε)}^∞_{n=−∞} is a solution of (2) satisfying the condition x_0(ε) = x_0. As ‖A^{−1}‖ < 1, choose ε_4 sufficiently small, such that ‖(A + εB)^{−p}‖ ≤ ‖(A + εB)^{−1}‖^p < 1 for all positive integer p and ε ∈ (0, ε_4]. This implies that sup{|x_n(ε)| : −∞ < n ≤ 0} ≤ |x_0| < ∞, i.e. x = {x_n(ε)}^∞_{n=−∞} ∈ F . We shall prove the uniqueness of the solution in F of (2).

Consider the space F̃ := {x = {x_n}^0_{n=−∞} : x_n ∈ E, sup{|x_n| : −∞ < n ≤ 0} < ∞} which is a Banach space with the norm ‖x‖ := sup{|x_n| : −∞ < n ≤ 0}.

Let x_n = A^ny_n, −∞ < n ≤ 0. Then by substituting into (2), we obtain y_{n+1} = y_n + εA^{−(n+1)}(R_0A^ny_n + R_1A^{n−1}y_{n−1} + · · · + R_kA^{n−k}y_{n−k} + · · ·).

Observe that

y_0 − y_{−1} = ε(R_0A^{−1}y_{−1} + R_1A^{−2}y_{−2} + · · · + R_kA^{−1−k}y_{−1−k} + · · ·), y_{−1} − y_{−2} = εA(R_0A^{−2}y_{−2} + R_1A^{−3}y_{−3} + · · · + R_kA^{−2−k}y_{−2−k} + · · ·), . . y_{−(p−1)} − y_{−p} = εA^{p−1}(R_0A^{−p}y_{−p} + R_1A^{−p−1}y_{−p−1} + · · · + R_kA^{−p−k}y_{−p−k} + · · ·). By adding these equations, we get y_0 − y_{−p} = (y_0 − y_{−1}) + (y_{−1} − y_{−2}) + · · · + (y_{−(p−1)} − y_{−p}) = εA^{p−1}(R_0A^{−p}y_{−p} + R_1A^{−p−1}y_{−p−1} + · · · + R_kA^{−p−k}y_{−p−k} + · · ·) + · · · + εA(R_0A^{−2}y_{−2} + R_1A^{−3}y_{−3} + · · · + R_kA^{−2−k}y_{−2−k} + · · ·) +ε(R_0A^{−1}y_{−1} + R_1A^{−2}y_{−2} + · · · + R_kA^{−1−k}y_{−1−k} + · · ·).

A return to the initial variable gives A^{−p}x_0 − x_{−p} = εA^{−1}(R_0x_{−p} + R_1x_{−p−1} + · · · + R_kx_{−p−k} + · · ·) + · · · + εA^{−p+1}(R_0x_{−2} + R_1x_{−3} + · · · + R_kx_{−2−k} + · · ·) +εA^{−p}(R_0x_{−1} + R_1x_{−2} + · · · + R_kx_{−1−k} + · · ·).

Define the mapping Q_ε : F̃ → {x = {x_n}^0_{n=−∞}, x_n ∈ E}, by (Q_εx)_{−p} = εA^{−1}(R_0x_{−p} + R_1x_{−p−1} + · · · + R_kx_{−p−k} + · · ·) + · · · +εA^{−p}(R_0x_{−1} + R_1x_{−2} + · · · + R_kx_{−1−k} + · · ·), for all positive integer p.

If x = {x_n}^0_{n=−∞} ∈ F̃ , we have for all positive integer p the estimate |(Q_εx)_{−p}| ≤ ε‖x‖{‖A^{−1}‖(‖R_0‖ + ‖R_1‖ + · · · + ‖R_k‖ + · · ·) + · · · +‖A^{−1}‖^p(‖R_0‖ + ‖R_1‖ + · · · + ‖R_k‖ + · · ·)} ≤ ε‖x‖ 1 − ‖A^{−1}‖ (1 + γ^{−1} + · · · + γ^{−k} k^{1−α} + · · ·) ≤ ε‖x‖ 1 − ‖A^{−1}‖ ∫_∞ 0 e^{−t}t^{α−1}dt = ε‖x‖ 1 − ‖A^{−1}‖ Γ(α), where Γ(α) is Euler’s Gamma-function. Thus, for x ∈ F̃ , we have Q_εx ∈ F̃ . Since Q_ε is linear, it satisfies

‖Q_εx_1 − Q_εx_2‖ = ‖Q_ε(x_1 − x_2)‖ ≤ εΓ(α) 1 − ‖A^{−1}‖ ‖x_1 − x_2‖

for all x_1, x_2 ∈ F̃ . This implies that if ε ∈ (0, ε_5], where ε_5 < 1 − ‖A^{−1}‖ Γ(α) , then the mapping Q_ε is a contraction on F̃ and thus has a unique fixed point x^∗ ∈ F̃ . Since Q_ε is linear, we conclude that x^∗ = 0.

Let x = {x_n}^∞_{n=−∞}, y = {y_n}^∞_{n=−∞} ∈ F be two solutions of (2), satisfying the condition y_0 = x_0 and let x^∗ = {y_n − x_n}^0_{n=−∞}. The sequence x^∗ is in F̃ and is the fixed point of Q_ε and therefore x^∗ = 0, i.e. y_n = x_n, for all n ≤ 0. This prove the uniqueness of the solution of (2) for all n ≤ 0.

On the other hand, from (2) and for n > 0 we have |x_n−y_n| = ε| n−1∑ i=0 A^{n−i−1}[R_0(x_i−y_i)+R_1(x_{i−1}−y_{i−1})+· · ·+R_k(x_{i−k}−y_{i−k})+· · ·]|. As y_k = x_k for all integer k ≤ 0, the above equality gives |x_n − y_n| ≤ ε{‖A‖^{n−1}|x_0 − y_0| + ‖A‖^{n−2}[|x_1 − y_1| + γ^{−1}|x_0 − y_0|] + · · · + [|x_{n−1} − y_{n−1}| + γ^{−1}|x_{n−2} − y_{n−2}| + · · · + γ^{−(n−2)} (n − 2)^{1−α} |x_0 − y_0|]}. From this inequality, it follows that

|x_1 − y_1| ≤ ε|x_0 − y_0| = 0,

|x_2 − y_2| ≤ ε{‖A‖[|x_0 − y_0| + |x_1 − y_1|]} = 0, etc. Therefore, by induction we have that y_n = x_n for all n > 0.

Consequently, the solution in F of (2) is uniquely defined by the sequence x = {x_n(ε)}^{+∞}_{n=−∞} = {(A + εB)^nx_0}^{+∞}_{n=−∞}.

Finally, we shall prove that for any positive integer N, there exists a positive constant C, depending on ε_0, x_0 and N, where ε_0 = min{ε_i : 1 ≤ i ≤ 5}, such that sup{|x_n(ε) − A^nx_0| : −N ≤ n ≤ N} ≤ Cε. Let n be an integer such that 0 ≤ n < N. By use of the binomial formula, we deduce the following estimate |x_n(ε) − A^nx_0| ≤ |[(A + εB)^n − A^n]x_0| ≤ ‖(A + εB)^n − A^n‖|x_0| ≤ ε|x_0|{C^{n−1}_n ‖A‖^{n−1}‖B‖ + εC^{n−2}_n ‖A‖^{n−2}‖B‖^2 + · · · + ε^{n−1}} ≤ c_1ε, where

c_1 = c_1(ε_0, x_0, N) = |x_0|{C^{N−1}_N ‖A‖^{N−1} + ε_0C^{N−2}_N ‖A‖^{N−2} + · · · + ε^{N−1}_0 }, and C^p_n = n! p!(n − p)! for 0 ≤ p ≤ n ≤ N. For −N ≤ n < 0, we set n = −k. Then we have |x_n(ε) − A^nx_0| ≤ |[(A + εB)^n − A^n]x_0| ≤ ‖(A + εB)^n − A^n‖|x_0| = |x_0|‖(A + εB)^{−k} − A^{−k}‖ = |x_0|‖[(A + εB)^{−1}]^k − [A^{−1}]^k‖ ≤ |x_0|‖(A + εB)^{−1} − A^{−1}‖{[(A + εB)^{−1}]^{k−1} +[(A + εB)^{−1}]^{k−2}A^{−1} + · · · + [A^{−1}]^{k−1}} ≤ |x_0|‖A^{−1}‖‖(I + εA^{−1}B)^{−1} − I‖{‖(A + εB)^{−1}‖^{k−1} +‖A^{−1}‖‖(A + εB)^{−1}‖^{k−2} + · · · + ‖A^{−1}‖^{k−1}}. (12) As we have seen above, ‖(A + εB)^{−1}‖^k < 1, for all positive integer k and ε ∈ (0, ε_0] ⊂ (0, ε_4]. On the other hand, we have ‖(I + εA^{−1}B)^{−1} − I‖ = ‖(I − (εA^{−1}B) + (εA^{−1}B)^2 − · · ·) − I‖ ≤ ε‖A^{−1}‖{1 + ε‖A^{−1}‖ + ε^2‖A^{−1}‖^2 + · · ·} ≤ ε ‖A^{−1}‖ 1 − ε‖A^{−1}‖ .

Therefore, from (12) we obtain |x_n(ε) − A^nx_0| ≤ ε|x_0| ‖A^{−1}‖^2 1 − ε‖A^{−1}‖ {1 + ‖A^{−1}‖ + · · · + ‖A^{−1}‖^{k−1}} ≤ ε|x_0| ‖A^{−1}‖^2 1 − ε‖A^{−1}‖ · 1 1 − ‖A^{−1}‖ ≤ c_2ε, where c_2 = c_2(ε_0, x_0) = |x_0| ‖A^{−1}‖^2 1 − ε_0‖A^{−1}‖ · 1 1 − ‖A^{−1}‖ . Hence, the following inequality holds for C = min{c_1, c_2} sup{|x_n(ε) − A^nx_0| : −N ≤ n ≤ N} ≤ Cε. This completes the proof of the theorem.

References

1. Ryabov, Yu.A.: The existence of two-sided solutions of linear integrodifferential equations of Volterra type with delay, C̆as. Pĕstov. Mat. 111, 2 (1986), 26-33. (In Russian.)

Typeset by LaTEX 2.09