Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2000, pp. 17–27.

Submitted: July 3, 2000. Published: December 15, 2000.

ON THE ASYMPTOTIC BEHAVIOR OF DYNAMIC RENT-SEEKING GAMES

Carl Chiarella and Ference Szidarovszky

Abstract. Dynamic rent-seeking games with nonlinear cost functions are analyzed. The local asymptotical stability of the solution is first examined. We show that in the absence of a dominant agent all eigenvalues of the Jacobian are real. Conditions are given for the local asymptotical stability as well as for the local instability of the equilibrium. In the presence of a dominant agent complex eigenvalues are possible. Simple stability conditions are presented for cases when all eigenvalues are real, and the possibility of limit cycles is analyzed in the case of complex eigenvalues.

1991 A.M.S. Subject Classification Codes: 90.

Key Words and Phrases: Asymptotic behavior, Rent-Seeking games, Nash Equilibrium.

1. INTRODUCTION

During the last two decades an increasing attention has been given to the analysis of rent-seeking games. The introductory paper of Tullock [7] has initiated a series of studies on the subject. Decreasing return in rent-seeking technology as well as increasing returns were analyzed in Pérez-Castrillo and Verdier [3], who also examined the possibility of the agent’s reaction function to be upward sloping. A systematic approach to establish the existence of an equilibrium has also been offered. Okuguchi [2] has pointed out that rent-seeking games are mathematically equivalent to profit maximizing Cournot oligopolies with hyperbolic price functions. He also proved the existence of a pure symmetric Nash equilibrium. These results have been extended to the nonsymmetric case by Szidarovszky and Okuguchi [4].

The dynamic extension of rent-seeking games has been examined by Szidarovszky and Okuguchi [5] and by Xu and Szidarovszky [8], however the stability of the

C. Chiarella, School of Finance and Economics, University of Technology, Sydney, P.O. Box 123, Broadway, NSW 2007, Australia F. Szidarovszky, Systems and Industrial Engineering Department, University of Arizona, Tucson, Arizona 85721, U.S.A.

E-mail: szidar@sie.arizona.edu © 2000 Cameron University

Typeset by AMS-TEX 17

equilibrium was proved under certain convexity and monotonicity conditions, which are not always satisfied.

In this paper we will present a systematic approach to examine the local asymptotical stability of the equilibrium under much more general conditions than in the previously cited studies, and in the case of local instability the possibility of limit cycles will be investigated.

2. THE MATHEMATICAL MODEL Assume that n agents compete for a rent, which will earn a unit profit for the firm which actually will win the rent. Let x_i denote the effort agent i spends in order to win the rent, and let c_i(x_i) be its cost. The probability of winning the rent for agent i is x_{in} ∑ j=1 x_j , therefore its expected profit is given as

(1) φ_i(x_1, . . . , x_n) = x_{in} ∑ j=1 x_j − c_i(x_i).

Let X_i = R_+ be the set of feasible strategies of agent i, then an n-person noncooperative game Γ = {n, X_1, . . . , X_n, φ_1, . . . , φ_n} is formally defined, and is called a rent-seeking game.

For each agent i, denote Q_i = ∑ j≠i x_j , then for each Q_i ≥ 0, its best response can

be obtained as

(2) x_i(Q_i) = arg max_{xi≥0} { x_i x_i + Q_i

− c_i(x_i) } . Assume that

(i) for all i, c_i is twice continuously differentiable.

Assume in addition that x_i(Q_i) > 0, then the first and second order conditions can be written as (3) Q_i (x_i(Q_i) + Q_i)^2

− c^′_i(x_i(Q_i)) = 0 and (4) −2Q_i (x_i(Q_i) + Q_i)^3

− c^{′′}_i (x_i(Q_i)) < 0.

Notice that relation (4) also guarantees that the left-hand side of equation (3) is strictly monotonic, therefore x_i(Q_i) is unique.

Let now (x_1, . . . , x_n) be a positive equilibrium, that satisfies both conditions (3) and (4). That is, with the notation Q_i = ∑ l≠i x_l and s =^n ∑ j=1 x_j ,

(5) Q_i = c^′_i(x_i)s^2 and (6) c^{′′}_i (x_i) > −2Q_i s^3 . Select any arbitrary positive numbers x_1, . . . , x_n, and let s =^n ∑ i=1 x_i and for all

i, Q_i = ∑ l≠i x_i. In addition, select any sequence c^{′′}_1 , . . . , c^{′′}_n of real numbers that

satisfy inequality (6). Then there is a rent-seeking game in which (x_1, . . . , x_n) is an equilibrium and for all i, c^{′′}_i (x_i) = c^{′′}_i , since for each i there is a strictly increasing cost function with given first and second derivatives at a single point.

Assume next that the time scale is continuous, and at each time period t ≥ 0, each agent adjusts its output proportionally to its marginal profit. The resulting dynamic model has the form:

(7) ẋ_i = k_i ( Q_i (x_i + Q_i)^2

− c^′_i(x_i) )

where k_i > 0 is given for each i = 1, 2, . . . , n. Notice that the vector (x_1, . . . , x_n) is an equilibrium of this dynamic system as the consequence of the first order conditions (5). Assume that the initial vector x(0) is selected from a neighborhood of this equilibrium. In the next section the local stability and the dynamic behavior of the solution x(t) will be investigated.

3. STABILITY ANALYSIS

In order to analyze the asymptotical behavior of the solution of system (7), the Jacobian has to be first determined. Simple differentiation shows that at the equilibrium J = 1 s^3 k_1(−2Q_1 − s^3c^{′′}_1 (x_1)) k_1(x_1 − Q_1) · · · k_1(x_1 − Q_1) k_2(x_2 − Q_2) k_2(−2Q_2 − s^3c^{′′}_2 (x_2) · · · k_2(x_2 − Q_2) . . . . .. . . . k_n(x_n − Q_n) k_n(x_n − Q_n) · · · k_n(−2Q_n − s^3c^{′′}_n(x_n))

= 1 s^3

(D + a1^t) (8)

with

D = diag(k_1(−s − s^3c^{′′}_1 (x_1)), . . . , k_n(−s − s^3c^{′′}_n(x_n))), (9) a = (k_1(x_1 − Q_1), . . . , k_n(x_n − Q_n))^T , and 1^t = (1, . . . , 1).

Since the signs of the real parts of the eigenvalues determine the asymptotical behavior of the solution, we might ignore the positive factor^1_{s3} . The characteristic polynomial of D + a1^T can be written as

det(D − λI + a1^T ) = det(D − λI)det(I + (D − λI)^{−1}a1^T )

(10) = n∏ i=1 (k_i(−s − s^3c^{′′}_i (x_i)) − λ) [ 1 + n∑ i=1 k_i(x_i − Q_i) k_i(−s − s^3c^{′′}_i (x_i)) − λ ] .

In order to simplify the notation let d_i = k_i(−s − s^3c^{′′}_i (x_i)) and e_i = k_i(x_i − Q_i) for i = 1, 2, . . . , n, and assume that the different d_i values are d_1 < d_2 < · · · < d_r. Let I_l denote the set of agents with the same d_l value (l = 1, 2, . . . , r), and let m_l denote the number of agents in set I_l. Then the eigenvalues are the solutions of the equation

(11) r∏ l=1 (d_l − λ)^{ml} [ 1 + r∑ l=1 γ_l d_l − λ ] = 0,

where γ_l = ∑ i∈I_l e_i. The eigenvalues can be obtained in the following way. If m_l > 1,

then λ = d_l is an eigenvalue with multiplicity m_l − 1, and if m_l = 1, then the corresponding factor cancels, so in this case λ = d_l is not an eigenvalue (l = 1, 2, . . . , r). In this way we have m_1 +· · ·+m_r −r = n−r eigenvalues (including with multiplicities). The other eigenvalues are the solutions of the nonlinear equation

(12) 1 + r∑ l=1 γ_l d_l − λ = 0.

Since this is equivalent to a polynomial equation of degree r, it has r real (or complex) roots.

The previous derivation implies the following.

Theorem 1. (i) Assume that with some l, m_l ≥ 2 and d_l > 0. Then the equilibrium is locally unstable.

(ii) Suppose that for all l such that m_l ≥ 2, d_l < 0, then let λ_1, . . . , λ_r denote the roots of equation

(13) 1 + r∑ l=1 γ_l d_l − λ = 0.

If for at least one i, Re λ_i > 0, then the equilibrium is locally unstable. If for all i, Re λ_i < 0, then the equilibrium is locally asymptotically stable.

We note that in the case when for all roots, Re λ_i ≤ 0 and for at least one root Re λ_i = 0, no conclusion can be given based on only the eigenvalues, since the system is nonlinear.

In order to apply the above theorem, the locations of the roots of equation (13) should be examined. We will consider two major cases.

Case A. Assume that for all l,

(14) γ_l ≤ 0.

Notice that if for some l the value of γ_l is zero, then the corresponding term is missing from the left-hand side of equation (13) without changing its structure. Therefore in the following discussion we may assume that inequality (14) is strict for all l. Introduce

(15) g(λ) = r∑ l=1 γ_l d_l − λ .

It is easy to see that lim λ→d_l+0 g(λ) = ∞, lim_{λ→dl−0} g(λ) = −∞, (16) lim λ→±∞ g(λ) = 0, and g^′(λ) < 0

for all λ, except the poles. The graph of g(λ) is illustrated in Figure 1, where we assume that the agents are numbered so that d_1 < d_2 < · · · < d_r.

Since equation (13) can be written as g(λ) = −1, we see that all roots are real: one before d_1, and one between each d_i and d_{i+1} (i = 1, 2, . . . , r − 1).

Here we have the following result.

Theorem 2. Consider the case in which γ_l ≤ 0 for all l.

(i) If for all l, d_l ≤ 0, then all roots are negative implying the local asymptotical stability of the equilibrium.

(ii) Assume that d_r > 0 and all d_i < 0 (i = 1, 2, . . . , r − 1). If g(0) < −1, then the equilibrium is locally asymptotical stable and if g(0) > −1, then the equilibrium is locally unstable.

(iii) If d_r > 0 and d_{r−1} ≥ 0, then the equilibrium is locally unstable regardless of the signs of the other d_i values (i = 1, 2, . . . , r − 2).

We note again that in the case when the largest root is zero, no conclusion can be given, since the system is nonlinear.

Case B. For some l^∗,

(17) γ_l∗ > 0.

We first show that this relation can hold for only one value of l^∗. Notice first that there is at most one dominant agent p such that x_p > Q_p. If set I_t does not contain this agent, then

γ_t = ∑ i∈I_t k_i(x_i − Q_i) ≤ 0,

therefore agent p must belong to set I_l∗ . We show next that d_l∗ < 0 necessarily for the set satisfying inequality (17). The second order conditions (6) imply that for the dominant agent p,

−s − s^3c^{′′}_p (x_p) < −s + 2Q_p = Q_p − x_p,

and by multiplying this inequality by k_p we have

d_l∗ = k_p(−s − s^3c^{′′}_p (x_p)) < k_p(Q_p − x_p) = −e_p.

Since for all other agents i ∈ I_l∗ , −e_i ≥ 0, we see that

(18) d_l∗ < − ∑ i∈I_l∗ e_i = −γ_l∗ < 0.

For the sake of simplicity assume that l^∗ = r. We keep the assumption that d_1 < d_2 < · · · < d_{r−1} and note that d_r is not necessarily the largest among the d_l values. In this case function g satisfies the following properties: lim λ→d_l+0 g(λ) = ∞, lim_{λ→dl−0} g(λ) = −∞ (l = 1, 2, . . . , r − 1), (19) lim λ→d_r +0 g(λ) = −∞, lim_{λ→dr −0} g(λ) = ∞,

and lim λ→±∞ g(λ) = 0. Notice that no condition can be given on the sign of the derivative g^′(λ) in this case. The shape of function g is illustrated in Figure 2, where d_r is either the largest, or the smallest among the d_r values, or it is in the middle.

The above discussion implies the following

Theorem 3. Consider the case in which γ_l∗ > 0 for some l^∗.

(i) Assume first that d_r > d_l (l = 1, 2, . . . , r − 1). If d_r ≥ 0, then the equilibrium is unstable. If d_r < 0, then in the case of g(0) > −1 the equilibrium is locally asymptotically stable, and if g(0) < −1, the equilibrium is locally unstable.

(ii) Assume now that d_r < d_l (l = 1, 2, . . . , r −1) and there are real roots between d_r and d_1. If d_{r−2} ≥ 0, then the equilibrium is unstable. If d_{r−2} < 0 < d_{r−1}, then in the case of g(0) < −1 the equilibrium is locally asymptotically stable, and if g(0) > −1, the equilibrium is locally unstable. If d_{r−1} ≤ 0, then the equilibrium is locally asypmtotically stable.

(iii) Assume next that d_{r−2} < d_r < d_{r−1}, and there are real roots between d_{r−2} and d_{r−1}. If d_{r−2} ≥ 0, then the equilibrium is locally unstable. If d_{r−2} < 0 < d_{r−1}, then in the case when the roots between d_{r−2} and d_{r−1} are negative, the equilibrium is locally asymptotically stable, and if at least one root between d_{r−2} and d_{r−1} is positive, the equilibrium is locally unstable. If d_{r−1} ≤ 0, then the equilibrium is locally asymptotically stable.

(iv) Assume finally that d_{i−1} < d_r < d_i with some i ≤ r − 2, and there are real roots between d_{i−1} and d_i. If d_{r−2} ≥ 0, then the equilibrium is locally unstable. If d_{r−2} < 0 < d_{r−1} then in the case of g(0) < −1 the equilibrium is locally asymptotically stable, and if g(0) > −1, the equilibrium is locally unstable. If d_{r−1} ≤ 0, then the equilibrium is locally asymptotically stable.

Notice that the theorem does not apply for cases when the largest real root is zero or there are no roots in the intervals indicated. In every case there are always (r − 2) real roots, therefore either all roots are real, or there is exactly one complex conjugate pair of roots. The next example shows that both possibilities might occur.

Example 1. Consider the special case when r = 2, k_1 = k_2 = 1, d_2 = −1, d_1 = 0. Let 2x_2 − s = γ > 0 be a parameter. From equation (18) we must have γ < 1. Furthermore

2s_1 − m_1s = 2(s − x_2) − m_1s = −(m_1 − 2)s − 2x_2 = −(m_1 − 1)s − γ.

By introducing the notation α = (m_1 − 1)s we see that α can take on any nonnegative value. Then equation (13) has the form −α − γ 0 − λ + γ −1 − λ = −1, which simplies as λ^2 + λ(1 + α) + (α + γ) = 0.

The discriminant is

D = (1 + α)^2 − 4(α + γ) = (1 − α)^2 − 4γ

showing that the cases of both real and complex roots are possible.

1. The Possibility of Limit Cycles.

In the case of locally unstable equilibrium we can demonstrate the existence of limit cycle motion by applying the Hopf bifurcation theorem (see, for example,

Guckenheimer and Holmes, 1983). We need to determine the region in the parameter space where pure complex eigenvalues exist. Letting λ = iα, equation (13) has the form

(20) r−1∑ l=1 γ_l d_l − iα + γ_r d_r − iα = −1,

where γ_l < 0 (i = 1, 2, . . . , r − 1), and γ_r > 0.

By equating the real and imaginary parts we have r−1∑ l=1 γ_ld_l d^2_l + α^2 + γ_rd_r d^2_r + α^2

= −1

and (21) r−1∑ l=1 γ_liα d^2_l + α^2 + γ_riα d^2_r + α^2

= 0.

Since we assume that α ≠ 0, the second equation implies that

(22) γ_r = −(d^2_r + α^2) r−1∑ l=1 γ_l d^2_l + α^2

and combining this relation with the first equation of (21) leads to a simple equation for α^2:

(23) r−1∑ l=1 γ_l(d_l − d_r) d^2_l + α^2 = −1.

Notice that this is a polynomial equation of degree r −1 for α^2, which can be solved by routine methods (see for example, Szidarovszky and Yakowitz [6]). Notice that in case (i) of Theorem 3, the left-hand side is always positive, so no real root exists. This observation coincides with the corresponding results when we say that all roots of equation (13) are real, so no pure complex root exists. The existence of real roots of equation (23) depends on the signs and the orders of magnitudes of the differences d_l − d_r. The following example illustrates the possibility of real roots and hence the possibility of limit cycles.

Example 2. Consider now the case of r = 3, γ_1 = −a, γ_2 = −b (where a and b are positive parameters), γ_3 = γ > 0 is the bifurcation variable, and d_1 = −2, d_2 = 1, d_3 = −1. Then equation (20) has the form

(24) −a −2 − λ + −b 1 − λ + γ −1 − λ = −1. If λ = iα, then −a −2 − iα + −b 1 − iα + γ −1 − iα = −1.

Equating the real and imaginary parts, 2a 4 + α^2 + −b 1 + α^2 + −γ 1 + α^2

= −1 and −aiα 4 + α^2 + −biα 1 + α^2 + γiα 1 + α^2

= 0.

Notice that we are interested in the case of α ≠ 0. So solving both equations for γ 1+α^2 , we get

(25) γ 1 + α^2 = 2a 4 + α^2 − b 1 + α^2

+ 1 = a 4 + α^2 + b 1 + α^2 . A fourth order equation is obtained for α:

(26) α^4 + α^2(5 + a − 2b) + (4 + a − 8b) = 0.

Notice that this equation will have positive roots if 4 + a − 8b < 0. In order to satisfy relation (18) we have to guarantee that γ < 1, that is, γ 1 + α^2 = a 4 + α^2 + b 1 + α^2 < 1 1 + α^2 , which can be rewritten as α^2(a + b − 1) < 4 − a − 4b.

For example, by selecting a = 0.15, b = 0.75, this inequality is satisfied for all α^2 ≥ 0, furthermore from equation (26) we have α^2 ≈ 0.451 and α^2 ≈ −4.101, from which we see that the real roots are α_{1,2} ≈ ±0.672. Substituting these values into equation (25) we see that γ ≈ 0.799. Differentiating equation (24) with respect to γ leads to the derivative dλ dγ = 1 1+λ −a (−2−λ)^2 + −b (1−λ)^2 + γ (1+λ)^2 , which has the approximating value (0.468 + 0.719i) at λ = iα with the above values of α and γ. Hence the real part is nonzero showing the existence of a limit cycle.

CONCLUSIONS In this paper nonlinear rent-seeking games were analyzed where the cost functions were assumed to be nonlinear. A dynamic adjustment process in which each agent adjusts its output proportionally to its marginal profit was examined. The local asymptotical stability of the equilibrium was first examined. In the absence of a dominant agent it turns out that all eigenvalues are real. Conditions for the local asymptotical stability and also for the local instability of the equilibrium were then derived. In the presence of a dominant agent complex eigenvalues are also possible. Simple conditions were presented for the stability and also for the instability of the equilibrium in the case of real eigenvalues. If complex eigenvalues are possible, then we have shown the possibility of limit cycles via the use of the Hopf bifurcation theorem.

REFERENCES

1. Guckenheimer, J. and Holmes, P.: Nonlinear Oscillations, Dynamical Systems and Bifurcations of Vector Fields, Springer-Verlag, New York, 1983.

2. Okuguchi, K.: Decreasing Return and Existence of Nash Equilibrium in Rent-Seeking Games, Mimeo, Department of Economics, Nanzan University, Nagoya, Japan, 1995.

3. Pérez-Castrillo, J.D. and Verdier, T.: A General Analysis of Rent-Seeking Games, Public Choice 73 (1992), 335–350.

4. Szidarovszky, F. and Okuguchi, K.: On the Existence and Uniqueness of Pure Nash Equilibrium in Rent-Seeking Games, Games and Econ. Behavior 18 (1997), 135–140.

5. Szidarovszky, F. and Okuguchi, K.: On a Dynamic Rent-Seeking Game, Mimeo, Department of Economics, Nanzan University, Nagoya, Japan, 1997.

6. Szidarovszky, F. and Yakowitz, S.: Principles and Procedures of Numerical Analysis, Plenum Press, New York, 1978.

7. Tullock, G.: Efficient Rent-Seeking. In: Toward a Theory of Rent-Seeking Society (J.M. Buchanan, R.D. Tollison and G. Tullock, eds.), Texas A & M Press, College Station, 1980.

8. Xu, L. and Szidarovszky, F.: The Stability of Dynamic Rent-Seeking Games, International Game Theory Review 1, No. 1 (1999), 87–102.