Issue 2 JULY–DECEMBER 1999 ISSN 1083-0464

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

EDITOR IN CHIEF: IOANNIS ARGYROS MANAGING EDITOR: MOHAMMAD TABATABAI TECHNICAL EDITOR: GARY HUCKABAY

EDITORIAL BOARD

G. ANASTASSIOU I. ARGYROS E. CǍTINAŞ D. CHEN Ş COBZAŞ P. VAN FLEET D. JANKOVIC T. McKELLIPS C. MUSTǍTA I. PǍVǍLOIU B. VASIGH F. SZIDAROVSZKY M. TABATABAI

CAMERON UNIVERSITY DEPARTMENT OF MATHEMATICAL SCIENCES LAWTON, OK 73505, U.S.A

Southwest Journal of Pure and Applied Mathematics

Editor in Chief: Ioannis Argyros Managing Editor: Mohammad Tabatabai Technical Editor: Gary Huckabay

Editorial Board

G. Anastassiou anastasg@msci.memphis.edu I. Argyros ioannisa@cameron.edu E. Cǎtinaş ecatinas@hera.ubbcluj.ro D. Chen dchen@uafsysb.uark.edu Š. Cobzaş scobzas@hera.ubbcluj.ro P. Van Fleet mth pvf@shsu.edu D. Jankovic draganj@cameron.edu T. McKellips terralm@cameron.edu C. Mustǎta cmustata@hera.ubbcluj.ro I. Pǎvǎloiu pavaloiu@hera.ubbcluj.ro F. Szidarovszky szidar@sie.arizona.edu M. Tabatabai mohammadt@cameron.edu B. Vasigh basighb@cts.db.erau.edu

Editorial Office Publication Program

SWJPAM 2 issues per year Cameron University July, December Department of Mathematical Sciences Lawton, OK 73505, U.S.A.

Information for Authors

Scope. SWJPAM is an electronic journal devoted to all aspects of Pure and Applied mathematics, and related topics. Authoritative expository and survey articles on subjects of special interest are also welcomed.

Since SWJPAM aims to serve not only the specialists, but also the user of mathematics (promoting, in such a way, a strong interaction between them), particular emphasis is placed on applications. Thus, SWJPAM publishes papers which, although not directly contributing to mathematics, contain, however, significant results (from any field) obtained by making an essential and well stressed use of the methods and results of mathematics.

Submission of Manuscripts. Since SWJPAM is a completely electronic journal, all manuscripts must be submitted in either AMSTEX, LaTEX, or TEXformat. Papers for publication should be submitted to ftp://rattler.cameron.edu/SWJPAM incoming by anonymous ftp. The articles must be placed in the ‘SWJ- PAM incoming’ directory. The submission should include the title of the paper, the author’s name and affiliation, and a short abstract which summarizes the paper; a list of keywords and a classification according to the Mathematical Reviews’ Subject Classification (1991). Authors are informed by e-mail of referee communication.

Key Words. Key words should be comprehensive and subject specific. It is not necessary to list the subject area of the journal’s coverage as a key word. Four key words should be sufficient to cover the major subjects off a given paper, although more can always be supplied if the author deems it necessary.

© 1999 Cameron University (continued on inside back cover)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS ISSUE 2, DECEMBER–JULY 1999

CONTENTS Bourama Toni Small Amplitude Critical Periods in a Cubic Polynomial System 1–12 Werner Horn Solutions to Stationary Phase-Field Equations . . . . . . . 13–29 Pavel Pyrih, Tomáš Bárta, David Opěla, Pavel Růžička, Robert Šámal Irreducible Mappings and HU-Terminal Continua . . . . . . 30–41 M.S. Metwally Derivative Operator on a Hypergeometric Function of Three Complex Variables . . . . . . . . . . . . . . . 42–46 YoonMee Ham, Sang-Gu Lee A Hopf Bifurcation of Interfaces . . . . . . . . . . . . . 47–60 A. Bretto A Note on Intersecting Graphs . . . . . . . . . . . . . . 61–67

ISSN 1083-0464

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 1999, pp. 1–12.

Submitted: April 19, 1999. Published: December 31 1999.

SMALL AMPLITUDE CRITICAL PERIODS IN A CUBIC POLYNOMIAL SYSTEM

Bourama Toni

Abstract. In this paper, we study the local bifurcations of critical periods in the neighbourhood of a nondegenerate centre of a parametrized family of plane cubic polynomial systems. We find that this family has no isochronous centres. We show that at most three local critical periods bifurcate from a centre at the origin. Moreover there exist perturbations which lead to the maximum number of critical periods. To get some of the results we reducing the question to that of transversal intersection of some algebraic surfaces, using computational algebra techniques such as the Theory of of Gröbner Bases.

1991 A.M.S. (MOS) Subject Classifications Codes. 34C15, 34C25, 58F14, 58F21, 58F30.

Key words and phrases. Centers, Period Function, Critical Periods, Isochrone, Bifurcation, Perturbation.

1. Introduction

Consider a family of plane polynomial autonomous vector fields (χ_λ)_{λ∈R}N parametrized by λ in the form

(χ_λ) χ_λ = (−y + P_λ(x, y)) ∂ ∂x + (x + Q_λ(x, y)) ∂ ∂y , P_λ and Q_λ polynomials in x and y, and with a nondegenerate center at the origin, i.e., a singular point surrounded by a continuous family of periodic trajectories with the system of differential equations normalized so that its linearization at the center has eigenvalues ±i. We discuss the behaviour of the periods of such periodic solutions near the center. A period function T (h, λ) associated to the center at the parameter value λ is defined by taking a semi-transversal Σ, Poincaré section,

Facultad de Ciencias, Universidad Autonoma del Estado de Morelos Av. Universidad 1001, Col. Chamilpa, Cuernavaca 62210, Morelos, Mexico E-mail Address: toni@servm.fc.uaem.mx © 1999 Cameron University

Typeset by AMS-TEX 1

2 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

through the center with some parametrization h. T (h, λ) is actually the time taken for the trajectory starting at h to next cross Σ, i.e., T : (0, L) −→ R (perhaps L = ∞) assigns to each h ∈ (0, L) the minimum period of the trajectory γ_h. T (h, λ) is an even analytic function of the coordinate parametrization h, and has the asymptotic development

(1-1) T (h, λ) = 2π + ∞∑ k=1 p_{2k}(λ)h^{2k}, for |h| and |λ − λ_∗| sufficiently small, where λ_∗ corresponds to a center.

A number of results related to the period function has been obtained in the past few years, and specially on the monotonicity of the function, and the number of its critical points. See, for instance, [1,2,3] as well as for some historical details. A global study of the number of critical points of the period is a very difficult problem and is generally unsolved. Our interest lies in the local question of the bifurcation of critical points (critical periods) of the period function as the parameter λ varies in the neighbourhood of λ_∗ corresponding to a center. It is the Small Amplitude Critical Periods problem.

Our approach is based on the analysis on the Taylor expression of T (h, λ) in (1-1) by determining the so-called period coefficients p_{2k}(λ), k ≥ 1. These coefficients are polynomials in the components of the bifurcation parameter λ_∗. By the Hilbert basis theorem, there exists K ∈ N such that the ideal of all coefficients, I =< p_2, · · · , p_{2k}, · · · > over the ring R[λ, . . . , λ_N ], that we call the Bautin-like ideal, has the finite generator G =< p_2, · · · , p_{2K} > . See [2] for more details. Determining K is at the core of the method. It also leads to uncover the isochronous centres (all periodic orbits have the same period), i.e., the ones for which all period coefficients p_{2k}(λ), k ≥ 1 vanish. Using this approach the small amplitude critical periods problem has been completely solved for quadratic systems in [2], for cubic symmetric systems in [4], and for Kukles reduced system in [5]. Similarities were found: A greater number of critical periods is attained from the nonisochronous centres, with the maximum number on the symmetric stratum of the parameter values. (See below). To derive general laws such as the maximum number of local critical periods for a polynomial family in terms of the degree of the system, and tackle the global problem, more systems need to be investigated.

In particular, we consider the following quadratic-like family (C_λ)_{λ∈R}5 of plane cubic polynomial systems

(C_λ) ẋ = −y + Ax^2 + (B + 2D)xy + Cy^2 − y(x^2 + y^2),

ẏ = x + Dx^2 + (E − 2A)xy − Dy^2 + x(x^2 + y^2),

parametrized by λ = (A, B, C, D, E) ∈ R^5 . It has a center at the origin for the parameter values λ : B = E = 0 (Hamiltonian Stratum) and λ : B = D = 0 (Symmetric Stratum). See [6]. We address and solve completely the small amplitude critical periods problem for such a family, and moreover we prove that the upper bound can be precisely attained.

After giving in section 2. some definitions and general results, we prove the followings in section 3.

(1) At most three critical periods can bifurcate from these centres. The family has no nonlinear isochronous centres.

SMALL AMPLITUDE CRITICAL PERIODS 3

(2) There are perturbations of the bifurcation parameter leading to the maximum number of critical periods. We prove this result by reducing the question to that of transversal intersections of some algebraic surfaces, using computational algebraic geometry techniques such as the Theory of Resultant, Sturm’s algorithm ([7]), Gröbner Bases ([8],[9]), and the Transversality theory of algebraic curves ([10]). This is one of the originalities of the paper.

Another originality is the computer assisted method of proofs, such as the method of reduction modulo a Gröbner basis via the computer algebra system MapleV.

Actually system (C_λ) without the cubic terms is the pure quadratic system studied in [2], where the maximum number obtained is two, along with the existence of isochronous centres. On the isochronous parameter strata the order of degeneracy of the derivative of the period function is infinite. In other words, our results show that the addition of the cubic terms causes the system to have no center where the order of degeneracy is greater than three, and thus may be seen as a mechanism to destroy the isochronous strata, and to inscrease the number of critical periods.

Moreover, unlike other systems studied in [3,4,5], this maximum number of critical periods is attained on both Hamiltonian and symmetric strata.

2. Some General Results

Definition 2.1.

(1) The origin is a weak centre of finite order k, if p_1 = p_2 = ... = p_{2k} = p_{2k+1} = 0 and p_{2k+2} ≠ 0. It is of infinite order or an isochronous centre, if p_k = 0 for k ≥ 1.

(2) We say that k local critical periods bifurcate from the weak centre corresponding to the parameter λ_∗ if, for every α > 0, sufficiently small, there exists a neighbourhood W of λ_∗ such that for any λ ∈ W, T (h, λ) has at most k critical points in U = (0, α). Moreover, any neighbourhood of λ_∗ contains a point λ^1 such that T (h, λ) has exactly k critical points in U = (0, α).

Definition 2.2. Let {χ_λ}_{λ∈R}N be a family of systems with a centre at the origin and associated period coefficients p_k(λ). The family is said to satisfy condition (P) if for any λ_∗ ∈ R^N such that p_2(λ_∗) = · · · = p_{2k}(λ_∗) = 0, p_{2k+2}(λ_∗) ≠ 0 and any neighbourhood W ⊂ R^N of λ_∗ in which p_{2k+2} ≠ 0, there exists λ_1 ∈ W such that

(2-2) p_{2k+2}(λ_1) × p_{2k}(λ_1) < 0, with p_2(λ_1) = · · · = p_{2k−2}(λ_1) = 0.

The system χ_{λ∗} is said to satisfy condition (P_k).

We proved the following in [5]

Proposition 2.3. Let {χ_λ}_{λ∈R}N be a family of systems with a centre at the origin, satisfying condition (P). And let χ_{λ∗} satisfy condition (P_k). Then for any sufficiently small ϵ > 0, any neighbourhood V of λ_∗, and for any 0 ≤ n ≤ k, there exists λ_{∗∗} ∈ V such that χ_{λ∗∗} has exactly n periodic orbits with critical periods passing through points (x, 0) for x ∈ (0, ϵ).

Straightforward from the Weierstrass-Malgrange Preparation Theorem, we derive the following theorem applied throughout the study.

4 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

Finite Order Bifurcation Theorem. From weak centres of finite order at the parameter value λ_∗ , no more than k local critical periods can bifurcate. Moreover there are perturbations with exactly n≤ k local critical periods, if the coefficients p_2, . . . , p_{2k+2} satisfy the condition (P_k) at λ_∗.

3. Critical periods of (C_λ)_{λ∈R}5

Blows and Rousseau in [6] obtained the following conditions of center.

Theorem 3.1. System ((C_λ)_{λ∈R}5) has a center at the origin for a parameter value λ_∗ if and only if λ_∗ is on either of the following stratas: { B = E = 0, (Hamiltonian stratum (H)) B = D = 0, (Symmetric stratum (S))

Throughout the paper, (H) and (S) indicate respectively the Hamiltonian and the symmetric stratum. We consider a point λ_∗ ∈ (I) = (H) ∪ (S), and study the bifurcations of critical periods for perturbations of λ_∗ which remain in (I).

Under condition (H), (C_λ)_{λ∈R}5 is a Hamiltonian system with a Hamiltonian in the form

(3-1) H(x, y) = x^2 + y^2 2 + Dx^3 3 − Ax^2y − Dxy^2 − Cy^3 3 + (x^2 + y^2)^2 4 . Under condition (S), (C_λ)_{λ∈R}5 is symmetric with respect to the y-axis.

Assuming the parameter value λ_∗ in (I), changing to polar coordinates (r, θ), and eliminating t bring system (C_λ) into the form

(3-2) dr dθ = r^2f_0(θ, λ_∗) 1 + rg_0(θ, λ_∗) + r^2 , where

f_0(θ, λ_∗) = A cos^3 θ + (A + 3D) cos^2 θ sin θ + (E + C − 2A) cos θ sin^2 θ − D sin^3 θ g_0(θ, λ_∗) = D cos^3 θ + (D − 3A) cos^2 θ sin θ + (3D + B) cos θ sin^2 θ − C sin^3 θ.

In the neighbourhood of the centre at the origin, the period function T (h, λ) is computed as follows:

(3-3) T (h, λ) = ∫_{2π} 0 dθ θ̇ = ∫_{2π} 0 dθ 1 + rg_0(θ, λ_∗) + r^2

= 2π + ∑ k≥1 p_{2k}(λ)h^{2k} ,

for |h| and |λ − λ_∗| sufficiently small. The solution θ → r(θ, h, λ) of the differential equation in (3-2) with initial condition r(0, λ) = h is well-known to be locally represented as the convergent power series in h (3-4) r(θ, h, λ) = ∑ k≥1 u_k(θ, λ)h^k .

SMALL AMPLITUDE CRITICAL PERIODS 5

Substituting back into (3-2) yields the following recurrent relation to determine the coefficients u_k(θ, λ) :

(3-5) u̇_1 =0, (from the initial condition), u̇_k = ∑ 1≤i≤(k−1) (f_0u_iu_{k−i} − (g_0u_{k−i} + v_{k−i})u̇_i), with v_1 = 0, v_k = ∑_{k−1} i=1 u_iu_{k−i}. Using the integral representation of T in (3-3), we derive the period coefficients p_k by simple integration

(3-6) p_k(λ) = ∫_{2π} 0 A_k(θ, λ)dθ, with the terms A_k recursively defined by (3-7) A_0(θ, λ) ≡ 1, A_k(θ, λ) = − ∑ 1≤i≤(k−1) (g_0u_{k−i} + v_{k−i})A_i. p_k(λ) is clearly a polynomial of degree k in (A, B, C, D, E). For k = 2, we get (3-8) p_2(λ) = −24 + 18A^2 + B^2 + 12AC + 10C^2 + 8BD + 16D^2 − 9AE − CE + E^2. We next study the bifurcations of the critical periods from centres corresponding to a parameter value λ_∗ on each one of the strata (H) and (S). 3.1 Hamiltonian stratum.

The parameter value λ_∗ satisfies the condition B = E = 0. We first compute sucessively the period coefficients p_2(λ_∗), p_4(λ_∗), p_6(λ_∗), p_8(λ_∗). Substituting B = E = 0 in formula (3-8) gives (3-9) p_2(λ_∗) = b^2_1 + 4C^2 + 8D^2 − 12 with b_1 = 3A + C. Thus

(3-10) p_2(λ_∗) = 0 if and only if D^2 = b_4 =

12 − b^2_1 − 4C^2 8 ≥ 0, that is, for A and C in [− √ 3, √ 3]. Therefore, out of the ellipse b^2_1 +4C^2 +8D^2 −12 = 0, we have necessarily p_2 ≠ 0. Hence no critical period can bifurcate from the corresponding centre.

From formulas (3-6) and (3-7), and modulo p_2(λ_∗) we obtain the period coefficient p_4(λ_∗) as

(3-11) p_4(λ_∗) = − 64 + 120A^2 − 75A^4 + 240AC − 260A^3C + 120C^2 − 330A^2C^2 − 180AC^3 − 35C^4.

Through the linear transformation (T_1) : (A, C) = (^{−7u+v}_8 ,^{15u−v}_8 ) for u and v such that |u| ≤ 2 √ 3 and |v| ≤ 22 √ 3 (using condition (3-10)), the coefficient p_4(λ_∗) is simplified to (3-12) p̃_4(u, v) = −5u^3v + 120u^2 − 64.

First let us assume u = 0, i.e., A = −C. Let λ^1_∗ be the corresponding parameter value; then p_4(λ^1_∗) = −64 < 0. The centre associated with λ^1_∗ is therefore of order 1. Moreover, p_2(λ^1_∗) is reduced to (3-13) p_2(λ^1_∗) = 2C^2 + 2D^2 − 3.

It suffices to take any value λ̃^1_∗ next to the exterior of the ellipse p_2(λ^1_∗) = 0, to obtain a perturbation leading to p_2(λ̃^1_∗) > 0 and p_4(λ̃^1_∗) < 0. Therefore, condition (P_k), k = 1 is fulfilled. Hence the following lemma.

6 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

Lemma 3.2. No more than one critical period can bifurcate from the centre corresponding to the parameter value λ^1_∗.

We denote by (C_{λ∈H}) the corresponding system and prove the following theorem.

Theorem 3.3.

(1) System (C_{λ∈H}) has a weak centre of finite order at most three at the origin, i.e., at most three critical periods can bifurcate from this centre.

(2) Moreover, there exists a perturbation of the centre of finite order three leading to the maximum number of critical periods.

(3) System (C_{λ∈H}) has no non-linear isochronous centre.

Proof. For u ≠ 0 in (3-12) and λ^2_∗ the corresponding parameter value, we have

(3-14) p_4(λ^2_∗ ) = 0 if and only if v =

120u^2 − 64 5u^3 . Modulo p_2, and through the above transformation (T_1), the period coefficient p_6(λ^2_∗) is simplified to

(3-15) p_6(u, v) = 15u^3(63u^2 − 116)v − 850u^6 + 15120u^4 + 1440u^2 − 3328.

Thus the analysis of the system of equations

(3-16) p_2 = p_4 = p_6 = 0 with A + C = 0

is easily reduced to that of

(3-17) v = f_4(u) =

120u^2 − 64 5u^3 f_6(u) = 18944 − 52416u^2 + 37800u^4 − 8505u^6 = 0.

System (3-17) has at least one real root, denoted (u_0, v_0), admissible for p_2. Indeed, by Sturm’s algorithm, we verify that f_6(u) has a unique real root u_0 in the interval ]_{74654}

10000 ,

74655 10000 ) , with the corresponding v_0 in the interval

]_{13837}

10000 ,

138461 10000 ) . The root (u_0, v_0) is not a zero of the next period coefficient p_8; precisely, modulo p_2, and, through the transformation (T_1) p_8 is determined, simplified via (3-17) to

(3-18) f_8(u) = − 3559140352 − 446772960u^2 + 15477215400u^4 − 12057953625u^6 + 266716800u^8.

A direct calculation of the resultant of the polynomials f_6(u) and f_8(u) yields a nonzero constant. Therefore, from the theory of Resultant, these polynomials have no common root. Hence there exists a parameter value λ̃^2_∗ satisfying

(3-19) p_2(λ̃^2_∗) = p_4(λ̃^2_∗) = p_6(λ̃^2_∗) = 0, with p_8(λ̃^2_∗) ≠ 0.

The corresponding weak centre is therefore of finite order k = 3; and at most three critical periods can bifurcate from this centre by the Finite Order Bifurcation Theorem.

SMALL AMPLITUDE CRITICAL PERIODS 7

To show that there exists a perturbation leading to the maximum number of critical periods we consider the algebraic curves

(3-20) { p̃_4(u, v) = 0, (equation of curve (C_4)) p̃_6(u, v) = 0, (equation of curve (C_6))

(C_4) and (C_6) intersect transversally at their common root; indeed, the assumption (A_u) : u ≠ 0 and 63u^2 − 116 ≠ 0, allows the equations (3-21)

v = g_4(u) =

120u^2 − 64 5u^3

= g_6(u) = −

−8505u^6 + 15120u^4 + 1440u^2 − 3328 15u^3(63u^2 − 116) . 63u^2 − 116 = 0 yields the period coefficients

(3-22) p_4 = ± √ 116 63 × 568 63 v + 3296 21 , whereas p_6 = −

368576 147 < 0. This implies a corresponding weak centre of order at most two, and therefore leads to a bifurcation of at most two critical periods.

Now assuming (A_u), the curves g_4 and g_6 in (3-21) cannot be tangent at their common root; this results from the fact that the system of equations

(3-23) F (u) = g_4(u) − g_6(u) = 0, T (u) = dg_4(u) du − dg_6(u) du = 0 has no real solution. Indeed, direct calculation of the resultant of F (u) and T (u) gives a nonzero constant. Consequently, the curves (C_4) and (C_6) have a transversal intersection that guarantees, in the neighbourhood of the common root (u_0, v_0), the existence of a perturbation λ^3_∗ such that

(3-24) p_4(λ^3_∗) × p_6(λ^3_∗) < 0, with p_8(λ^3_∗) ≠ 0.

Finally, in the neighbourhood of such a perturbation we may choose λ̃^3_∗, to realize condition (P_k) with k = 3, that is, the birth of three critical periods.

Hence system p_2 = p_4 = p_6 = p_8 = 0 has no real solution, yielding an obstruction to the existence of an isochrone subclass in the family (C_{λ∈H}). □

3.2 Symmetric stratum.

The parameter value satisfies the condition B = D = 0. The corresponding system is denoted (C_{λ∈S} ). From (3-8) the first period coefficient p_2 is given by

(3-25) p_2(A, C, E) = 18A^2 + 12AC + 10C^2 + E^2 − CE − 9AE − 24.

The next three period coefficients are computed and simplified by the method of reduction modulo a Gröbner basis. We get the following.

Lemma 3.4. From formulas (3-6) and (3-7), and using transformation (T_1), the period coefficients p_4, p_6, and p_8, reduced modulo the Gröbner basis of the preceding, are respectively

(3-26) p_4(A, C, E) = Ag_4(C, E) + f_4(C, E), [Gröbner basis of [p_2]]

8 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

with

g_4(C, E) = −120C − 54E + 32C^2 + 3CE^2 + 80C^3, f_4(C, E) = −19CE − 600C^2 + 6E^2 + 320C^4 + 120C^3E + 6C^2E^2 − CE^3 − 252.

(3-27) p_6(A, C, E) = Ag_6(C, E) + f_6(C, E), [Gröbner basis of [p_2, p_4]], with

g_6(C, E) = 20784C^2E^3 + 1647E^4C + 3472320C^2E − 2432496CE^2 − 11815E^3 − 75479040C − 71743968E, f_6(C, E) = −1387210CE^3 + 12810720CE − 21529280C^3E − 12514400C^2E^2 − 441360C^4E^2 + 167858E^4 − 45130C^2E^4 − 2399C^5E − 22440240 + 29352960C^2 + 12012396E^2 + 6988800C^4 − 238280C^3E^3;

(3-28) p_8(A, C, E) = Ag_8(C, E) + f_8(C, E), [Gröbner basis of [p_2, p_4, p_6]], where g_8 and f_8 are polynomials of respective degree 5 and 6 in the variables C and E. As in the Hamiltonian case, the results are derived from the analysis of the system of equations:

(3-29) p_2(A, C, E) = p_4(A, C, E) = p_6(A, C, E) = p_8(A, C, E) = 0. We first prove Theorem 3.5. The hamiltonian stratum intersects the symmetric stratum to generate one local critical period.

Proof. Using the above reduced period coefficients, we get at (C, E) = (0, 0) (3-30) p_2(A, 0, 0) = 3A^2 − 4, with p_4(A, 0, 0) = −252 < 0. Let λ^3_∗ be the corresponding parameter value with components C = E = B = D = 0, that is, at the intersection of the Hamiltonian and symmetric strata. Therefore the corresponding centre is of order at most one. Let us consider such a centre of order one; we construct a perturbation λ̃^3_∗ of λ^3_∗ with exactly one critical period. That is:

(3-31) p_4(λ̃^1_∗) × p_2(λ̃^1_∗) < 0, , condition (P_1).

To realize this conditon, we simply perturb the component A into Ã = A + ϵ_1 with Aϵ_1 > 0. From (3-31), it suffices to show that p_2(λ̃^3_∗) > 0, that is, (3-32) 3(A + ϵ_1)^2 − 4 > 0, with 3A^2 − 4 = 0. This follows from (3-33) 2Aϵ_1 + ϵ_1 > 0, for Aϵ_1 > 0. We may always choose ϵ_1 to meet the above requirements. □

A more general analysis leads to the following theorem:

SMALL AMPLITUDE CRITICAL PERIODS 9

Theorem 3.6.

(1) System (C_{λ∈S} ) has no non-linear isochrone centre at the origin. (2) The origin is a weak centre of finite order of at most three, i.e., at most three critical periods can bifurcate from a such a centre.

Proof. We note from lemma (3.4) that g_4(C, E) and f_4(C, E) are in R[C][E], i.e., polynomials in the variable E with coefficients in R[C]. Thus, for C ≠ 0, we easily derive a nonzero resultant of g_4 and f_4 using Sturm’s algorithm. In other words, system

(3-34) g_4(C, E) = f_4(C, E) = 0

has no real solution.

Now assume g_4(C, E) is nonzero. This yields

(3-35) p_4(A, C, E) = 0 if and only if A = q_4(C, E) = − f_4(C, E) g_4(C, E) , and allows us to reduce p_2(A, C, E), p_6(A, C, E), and p_8(A, C, E) respectively to q_2(C, E), q_6(C, E), q_8(C, E) polynomials in the variables C and E. The corresponding system of equations

(3-36) A = q_4(C, E), q_2(C, E) = q_6(C, E) = q_8(C, E) = 0

has no real solution by calculating the resultants of the pairs (q_2, q_6), (q_6, q_8), and (q_2, q_8). Thus we cannot get simultaneously q_2 = q_6 = 0 and q_2 = q_8 = 0. Hence the claim.

The origin is therefore a weak centre of finite order at most k = 3, i.e., by the Finite Order Bifurcation Theorem, no more than three critical periods can bifurcate from such a centre. In fact, we have shown that, if there exists a parameter value λ_∗ such that

(3-37) p_2(λ_∗) = p_4(λ_∗) = p_6(λ_∗) = 0,

then necessarily, p_8(λ_∗) ≠ 0. Moreover, as in the Hamiltonian case, this implies the non-existence of an isochrone system in the sub-family (C_{λ∈S} ). □

Here also, the maximum number of three critical periods can be attained by perturbation as below.

Theorem 3.7. For a centre of order three as in theorem (3-6), we may construct a perturbation with the maximum number three of critical periods. Moreover, condition (P_k) ascertains that, for every n ≤ 3, there exists a perturbation with exactly n periods.

Proof. Consider a weak centre of order three. Keeping the same notations, we first simplify the period coefficients p_{2k}(A, C, E), for k = 1, 2, 3, 4 via the following transformation (T_2)

(3-38) (A, C, E) = ( 2b_3 + 5b_5 3 , b_5, b_1 + 3b_3 + 8b_5 ) .

10 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

We obtain successively p_2(b_1, b_3, b_5) = b^2_1 − b^2_3 + 16b^2_5 − 24, and

(3-39) p_4(b_1, b_3, b_5) = b_1g_4(b_3, b_5) + f_4(b_3, b_5), modulo Gröbner basis of [p_2],

with

(3-40) g_4(b_3, b_5) = − 36b_3 − 198b_5 + 220b^3_5 + 71b_3b^2_5 + 4b^2_3b_5 f_4(b_3, b_5) = − 1146b_3b_5 + 1188b_3b^3_5 + 12b^3b_5 + 225b^2_3b^2_5 − 132b^2_3 − 54.

(3-41) p_6(b_1, b_3, b_5) = b_1g_6(b_3, b_5) + f_6(b_3, b_5), modulo Gröbner basis of [p_2, p_4],

with g_6 and f_6 polynomials of degree 6 in b_3 and b_5, and so on for p_8 modulo the Gröbner basis of [p_2, p_4, p_6]. Having done this, we reduce the analysis of the system p_2 = p_4 = p_6 = 0 to a question of transversal intersection of some algebraic surfaces. More precisely, we consider the following surface equations: (3-42)

p_2(b_1, b_3, b_5) = 0, (S_2), p_4(b_1, b_3, b_5) = 0, (S_4), p_6(b_1, b_3, b_5) = 0, (S_6).

From the equation of (S_4) we derive b_1 = −^{f4 (b3,b5)}_{g4 (b3,b5)} . Substitution in (S_2) and (S_6) yields the following curves

(3-43) { p_2(b_1, b_3, b_5) = p̄_2(b_3, b_5) = 0, (C̃_2) p_6(b_1, b_3, b_5) = p̄_6(b_3, b_5) = 0, (C̃_6).

The algebraic curves (C̃_j ), j = 2, 6, are non-singular and intersect transversally at a point M_∗ = (b^∗_3, b^∗_5) in the rectangle

(3-44) R_∗ = R^1_∗ × R^2_∗ = [ 72 100 , 78 100 ] × [ − 4 100 , − 2 100 ] . Indeed, letting J^1_b = J^1_b (b_1, b_3, b_5) be the determinant of the Jacobian matrix (_{∂(p2,p4,p6 )} ∂(b_1,b_3,b_5) ) , it follows, using resultants, that system

(3-45) p_2 = p_4 = p_6 = J^1_b = 0

has no real solution. Therefore, the surfaces (S_j ), j = 2, 4, 6 are transversal. By Sturm’s algorithm, each one of the polynomials

(3-46) f^1_2 (b_5) = p̄_2 ( 72 100 , b_5 ) , f^2_2 (b_5) = p̄_2 ( 78 100 , b_5 )

has a single real root in the interval It^1 = (−^4_{100} , −^2_{100} ], whereas polynomials

(3-47) f^1_6 (b_5) = p̄_2 ( 72 100 , b_5 ) , f^2_6 (b_5) = p̄_2 ( 78 100 , b_5 )

do not vanish over this interval. On the other hand, the interval It^2 = (^{72}_{100} ,^{78}_{100} ] contains a single common real root of the polynomials

(3-48) g^1_6 (b_5) = p̄_6 ( b_3, −2 100 ) , g^2_6 (b_5) = p̄_6 ( b_3, 4 100 ) ,

SMALL AMPLITUDE CRITICAL PERIODS 11

and none for

(3-49) g^1_2 (b_5) = p̄_2 ( b_3, −2 100 ) ; g^2 (b_5) = p̄_2 ( b_3, 4 100 ) . Moreover, the curves p̄_2 = 0 and p̄_6 = 0 are non-singular, for the polynomials p̄_2 and p̄_6 have nonvanishing discriminants respectively in the intervals It^2 and It^1. Finally, setting J^2_b (b_3, b_5) as the determinant of the Jacobian matrix (_{∂(p̄2 ,p̄4)} ∂(b_3 ,b_5) ) , and again using Sturm’s algorithm , one shows that this determinant does not vanish on the sides on the rectangle R_∗, on the one hand; on the other hand, from discriminant(J^2_b , b_3) and discriminant(J^2_b , b_5), respectively polynomials in the variables b_3 and b_5, it results that the curve J^2_b (b_3, b_5) = 0 has no component in R_∗. Thus the curves (C̃_j ), j = 2, 6 are non-singular with a transversal intersection in the surface (S_4).

Substituting b_1 = −^{f4(b3 ,b5)}_{g4 (b3 ,b5)} in the expression J^1_b (b_1, b_3, b_5) gives a polynomial H(b_3, b_5) in b_3 and b_5. As above, computing the resultants of the pairs (p̄_2, p̄_6), (p̄_2, H) and (p̄_6, H) leads us to conclude that, on the algebraic surfaces, we do not get simultaneously

(3-50) p̄_2(b_3, b_5) = p̄_6(b_3, b_5) = 0, and p̄_6(b_3, b_5) = H(b_3, b_5) = 0.

Therefore, the three algebraic surfaces (S_j ), j = 2, 4, 6 are in general position, that is, transversal in the space {(b_1, b_3, b_5), b_j ∈ R^3 , j = 1, 3, 5}. This transversality argument guarantees the existence of a perturbation of the weak centre of order three to produce exactly three local critical periods. □

4. Concluding Remarks

Comparing our results with [2], we may conclude that the cubic terms (−y(x^2 + y^2), x(x^2 + y^2)), provide a mechanism to destroy the isochrone stratas found in the case of quadratic systems in Bautin’s normal form studied therein, on one hand, and, on the other hand, to increase by one the maximum number of critical periods. Such a mechanism might be generalized.

Our approach, efficiently integrating techniques from computational algebraic geometry, ideal theory, and transversality theory of algebraic curves, might be applied with much success to the global study, and as well as the more difficult case of the general return time function, i.e., period function of a polycycle using its Dulac asymptotic expansion.

REFERENCES

1. Chicone, C., The monotonicity of the period function for planar Hamiltonian vector fields, J.

Differential Equations 69 (1987), 310-321.

2. Chicone, C. and Jacobs, M, Bifurcation of critical periods, Trans. Amer. Math. Soc. 312 (1989), 433-486.

3. Chow, S.N. and Sanders, J.A., On the number of Critical points of the Preiod, J. Differential Equations 64 (1986), 51-66.

4. Rousseau, C. and Toni, B., Local bifurcation of critical periods in vector fields with homogeneous nonlinearities of the third degree, Can. Math. Bull. 36(4) (1993), 473-484.

12 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

5. Rousseau, C. and Toni, B., Local Bifurcations in the Reduced Kukles System, Can. J. Math.

49(2) (1997), 338-358.

6. Blows, T.R. and Rousseau, C., Bifurcations at infinity in polynomial vector fields, J. Differential Equations 104 (1993), 215-242.

7. Kurosh, A., Algèbre Supérieure, Editions Mir, Moscou, 1973.

8. Buchberger, B., Gröbner bases: An algorithmic method in polynomial ideal theory, Multidimensional Systems Theory (Bose, E.K., ed.), Reidel, Boston, Mass., 1985.

9. Davenport, J., Siret, Y. et Tournier, E., Calcul formel, Systèmes et algorithmes de manipulations algébriques, Masson, New York, 1987.

10. Brieskorn, E. and Knörrer, H., Planes algebraic curves, (Stillwell, J., translator), Birkhäuser Verlag, Boston, Mass., 1986.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 2 December 1999, pp. 13 – 29 Submitted: March 28, 1999. Published: December 31, 1999

Solutions to Stationary Phase-Field Equations

Werner Horn

Abstract

In this paper we consider time-independent versions of the Phase-Field Equations introduced by O. Penrose and P. Fife. To this end we will investigate a system of semi-linear elliptic equations. We will show existence of solutions and give results on the multiplicity and the stability of solutions. This will be achieved by applying variational methods and bifurcation methods. We will also point out the physical significance of these results.

A.M.S. Subject Classifications Codes: 35J20, 35J60, 82B26 Key Words: Nonlinear Elliptic Partial Differential Equations, Variational Methods, Phase Transitions.

1 Introduction

In recent years several authors investigated systems of non-linear parabolic equations known as phase field equations. These equations arise in studying temperature driven phase changes (cf., for example, [1, 3, 4, 9, 12, 16]) and usually consist of a non-linear parabolic equation of the form ϕ_t = Δϕ − s_ϕ(x, ϕ) + λ(x, ϕ)u (1) for the phase parameter ϕ coupled with a linear or non-linear heat equation for the temperature u. The coupling term is of the form λ(x, ϕ)ϕ_t, (2) Department of Mathematics and CSUN Mathematical Physics Institute, California State University Northridge, Northridge , CA 91330 E-mail: whorn@huey.csun.edu Copyright © 1998 by Cameron University and represents the latent heat of the phase transition. The existence and uniqueness of solutions to such systems has been studied extensively (cf. [2, 4, 7, 8, 9, 11, 14, 16]), but to the best of our knowledge the steady state solutions to these equations have not been thoroughly investigated. In this paper we will consider stationary solutions to the system ϕ_t = Δϕ − s_ϕ(x, ϕ) + λ(x, ϕ)u (3) u_t u^2 = Δu − λ(x, ϕ)ϕ_t (4) on a bounded domain Ω ⊂ IR^n with a sufficiently smooth boundary ∂Ω. As in the papers on the time-dependent equations, we will restrict ourselves to the case that n ≤ 3. However, most of the analysis can be carried out in higher dimensions as well.

We will use the same boundary conditions as in previous papers, namely ∂ϕ ∂ν = 0, (5) ∂u ∂ν = ( u − u^2θ_Γ ) , (6)

however, one could also consider a linearized version of (6). In addition to these conditions we need to make the following assumptions:

• (H 1) The function s(x, ·) ∈ C^3(A) ∩ C(A) for an open interval A ⊆ IR, independent of x ∈ Ω.

• (H 2) s(x, ·) is a double-well potential for every x ∈ Ω.

• (H 3) There exist positive constants α and β such that α ≤ θ_Γ ≤ β.

Furthermore, θ_Γ ∈ H^1(∂Ω).

• (H 4) λ(x, ϕ) = a(x)ϕ+b(x) with a(x) ≥ 0 and b(x) > 0 smooth functions.

These are sufficient conditions for the existence of solutions to (3)–(6) with sufficiently smooth initial conditions. For the purpose of this paper the condition (H 4) could be eased to λ_ϕ > 0 without significantly changing the arguments. For further analysis of the time-dependent problems we refer to the above mentioned papers as well as [6] for an overview of the problems. We would also like to mention [5] for a proof that such a model approximates a Stefan problem.

The function −s_ϕ(x, ϕ) has three zeros (as a function of ϕ). Hence, the function −s_ϕ(x, ϕ) + λ(x, ϕ)u(x) will have at least one and at most three zeros (for fixed x). Zeros at which the derivative −s_{ϕϕ}(x, ϕ) + λ_ϕ(x, ϕ)u(x) is negative represent a single phase, zeros with positive derivative (with respect to ϕ) represent a point at which both phases are present.

In this paper we are interested in the time-independent stationary problem. In particular, we will investigate the system of non-linear elliptic equations −Δϕ = −s_ϕ(x, ϕ) + λ(x, ϕ)u, (7) −Δu = 0, (8)

together with the above mentioned boundary conditions (5)– (6). This system is essentially decoupled, and (8) is just a homogeneous Laplace equation with non-linear boundary conditions. Aside from stating a maximum principle for u, we will concentrate on the study of solutions to (7) for a given function u satisfying (8).

In section 2 of the paper we will use variational techniques to prove a general existence result for (7) with arbitrary smooth u(x). This is very similar to a result proved in [4] for a specific choice of the function s.

In section 3 we will give a more specific result for functions u which are close to a constant. This will also show that solutions to (7) are in general not unique. The results of this section rely on techniques from general bifurcation theory. The physical significance of these results will be summarized at the end of the section.

In section 4 we will analyze the linear stability of solutions to the timeindependent system. In this section we will treat the entire system including the nonlinear heat equation. We will give a sufficient condition for stability and give an example of an unstable solution which consist entirely of “mushy regions”, i. e. a solution for which at every point in the domain both phases exist.

Throughout the paper we will extensively use the Hilbert spaces X = L^2(Ω) and Y = H^2(Ω).

2 Variational Approach — Existence of Solutions

The main result of this section is the generalization of a result that first appeared in [4]. We will use a variational approach to prove the general existence of a solution to (7). To begin we have to state a maximum principle for solutions of (8).

Lemma 2.1 Let u(x) be a smooth solution of (8) with boundary conditions (6). Then u(x) takes its extrema on the boundary of Ω and 1 β ≤ u(x) ≤ 1 α for all x ∈ Ω.

We omit the simple proof of this lemma and continue with the investigation of (7). We will assume that u(x) is a solution to (8) with boundary conditions (6).

We start by considering the equation −s_ϕ(x, ϕ) + u(x)λ(x, ϕ) = 0, (9) which can be solved for ϕ at any point x ∈ Ω. The equation will have at least one and at most three solutions, which we denote by

ϕ_1(x) ≤ ϕ_2(x) ≤ ϕ_3(x).

The functions ϕ_j (x) will be continuous in x, But their domains Ω_j might not be the entire domain Ω. However, for every x ∈ Ω at least one of the three functions exists and will be continuous. To continue we define

ϕ(x) = min {ϕ_1(x), ϕ_2(x), ϕ_3(x)} , (10)

where the minimum is taken over the functions ϕ_j which exist at the point x. Similarily define ϕ(x) = max {ϕ_1(x), ϕ_2(x), ϕ_3(x)} . (11)

We are now ready to state a maximum principle for the solutions of (7).

Lemma 2.2 Define c_1 = inf_{x∈Ω} ϕ(x), and c_2 = sup_{x∈Ω} ϕ(x),

where ϕ(x) and ϕ(x) are defined as above. Then for any smooth solution ϕ(x) of (7) we have:

c_1 ≤ ϕ(x) ≤ c_2. (12)

Proof: First we observe that since u(x) is a bounded continuous function, the same holds for ϕ_j (x), hence c_1 and c_2 are finite numbers.

Now suppose ϕ(x) is a smooth solution to (7), and that ϕ has a maximum at x_0 ∈ Ω. We have:

0 ≤ −Δϕ(x_0) = −s_ϕ(x_0, ϕ(x_0)) + u(x_0)λ(x_0, ϕ(x_0)). (13)

Since the right hand side of this inequality becomes negative if ϕ(x_0) is larger than the largest root of the right-hand side it follows that:

ϕ(x) ≤ ϕ(x_0) ≤ max {ϕ_1(x_0), ϕ_2(x_0), ϕ_3(x_0)} ≤ c_2.

Since we have ∂_ν ϕ|_{∂Ω} = 0, we have that ϕ must be concave down near a maximum at x_0 ∈ ∂Ω as well. For sufficiently smooth boundary and ϕ we have

lim_{x→x0} Δϕ(x) ≤ 0,

and (13) holds on the boundary as well. Analogously we prove the statement for the lower bound of ϕ(x). □ To continue we formulate our equation as a variational problem. (7) is the Euler-Lagrange equation for the following variational problem. We want to find a function ϕ ∈ H^1(Ω) for which the functional F(ϕ) = ∫ Ω ( 1 2 |∇ϕ|^2 + s(x, ϕ) − u(x)Λ(x, ϕ) ) dx, (14) where Λ_ϕ(x, ϕ) = λ(x, ϕ), has a critical point. The functional F(ϕ) represents of course the free energy of the system (cf. [12, 4], for example).

Any solution ϕ ∈ H^1(Ω) to this variational problem is also a solution of the original equation. The additional regularity required for ϕ to be a classical solution follows from elliptic regularity theory.

We proceed by proving, that there exists a solution to the variational problem.

Theorem 2.1 Let C = inf_{ϕ∈H}1_{(Ω)} F(ϕ). Then |C| < ∞ and there exists a ϕ^∗ ∈ H^1(Ω) such that C = F(ϕ^∗), i. e. ϕ^∗ is a critical point of F(ϕ).

Proof: As stated in the previous lemma, we have that s_ϕ(x, ϕ) − u(x)λ(x, ϕ) > 0 for ϕ > c_2, and s_ϕ(x, ϕ) − u(x)λ(x, ϕ) < 0 for ϕ < c_1. It follows that the function s(x, ϕ) − u(x)Λ(x, ϕ) is bounded below, i. e. there is a C_0 > 0 such that s(x, ϕ) − u(x)Λ(x, ϕ) > −C_0. This implies immediately that F(ϕ) = ∫ Ω ( 1 2 |∇ϕ|^2 + s(x, ϕ) − u(x)Λ(ϕ) ) dx ≥ ∫ Ω (s(x, ϕ) − u(x)Λ(ϕ)) dx ≥ −μ(Ω)C_0 = −C_1 > −∞.

Hence, inf_{ϕ∈H}1_{(Ω)} F(ϕ) = C ≥ −C_1 > −∞. Therefore, there exists a minimizing sequence ϕ_n ∈ H^1(Ω) such that F(ϕ_n) → C as n → ∞. Without loss of generality we may assume that F(ϕ_n) ≤ C + 1. To continue, we replace this minimizing sequence with one that is uniformly bounded as follows.

ϕ̂_n = c_1 for ϕ_n < c_1 ϕ_n for c_1 ≤ ϕ_n ≤ c_2 c_2 for ϕ_n > c_2 ,

where c_1 and c_2 are the bounds of Lemma 2.2. It follows that ϕ̂_n ∈ H^1(Ω). Furthermore, the definitions of c_1 and c_2 imply that s(x, ϕ) − u(x)Λ(x, ϕ) is an increasing function of ϕ for ϕ ≥ c_2 and a decreasing function of ϕ for ϕ ≤ c_1 (see Lemma 2.2). Thus we have F(ϕ̂_n) ≤ F(ϕ_n), i. e. { ϕ̂_n }_∞ n=1 is also a minimizing sequence. Furthermore, since ∫ Ω 1 2 | | |∇ϕ̂n | | |^2 dx = F(ϕ̂n) − ∫ Ω ( s(x, ϕ̂_n) − u(x)Λ(x, ϕ̂_n) ) dx ≤ C + 1 + C_2

for an appropriate constant C_2, the sequence is uniformly bounded in H^1(Ω). Since H^1(Ω) is a Hilbert space there exists a weakly convergent subsequence of

this sequence, which we also denote by { ϕ̂_n }_∞ n=1 . Let ϕ̃ denote the weak limit of the subsequence. It follows, that ∫ Ω 1 2 | | |∇ϕ̃ | | |^2 dx ≤ lim inf_{n→∞} ∫ Ω 1 2 | | |∇ϕ̂n | | |^2 dx. (15)

Since c_1 ≤ ϕ̂_n ≤ c_2, the same holds for ϕ̃. We can use the mean-value theorem to get | | | | ∫ Ω ( s(x, ϕ̂_n) − u(x)Λ(x, ϕ̂_n) − s(x, ϕ̃) + u(x)Λ(x, ϕ̃) ) dx | | | | ≤ ∫ Ω sup c_1≤ξ≤c_2 |s_ϕ(x, ξ) − u(x)λ(ξ)| | | |ϕ̂n − ϕ̃ | | | dx ≤ C_3 ‖ ‖ ‖ϕ̂n − ϕ̂ ‖ ‖ ‖_{L2(Ω)} ,

for some constant C_3. But by the Sobolev imbedding theorem, ϕ̂_n converges strongly to ϕ̂ in L^2(Ω), which in turn implies ∫ Ω ( s(x, ϕ̂_n) − u(x)Λ(x, ϕ̂_n) ) dx → ∫ Ω ( s(x, ϕ̃) − u(x)Λ(x, ϕ̃) ) dx as n → ∞. Together with (15) this implies

F(ϕ̃) ≤ lim inf_{n→∞} F(ϕ̂_n) = C,

i. e. ϕ̃ is a solution to the variational problem. □ Remark:

This section shows that for any function u, there is a solution ϕ to the elliptic equation (7). For (ϕ, u) to be a solution of the system, u must also be a harmonic function which satisfies the boundary condition (6). For suitable boundary conditions, the inverse temperature u can vary over a quite large range of positive values. This implies that in some regions of Ω the function −s_ϕ(x, ϕ) + λ(x, ϕ)u(x) has only the largest root, whereas in other regions the function has only the smallest root. This insures the existence of solutions for which both phases are present in different areas of Ω. Lemma 2.2 gives a simple a priori bound for smooth solutions to the equation.

3 Bifurcation Theory and Single Phase Solutions

In this section we study the solutions to (7) more closely. We will restrict ourselves to the generic case when the function s does not explicitely depend on x. Furthermore, we will assume that λ(ϕ) = aϕ + b, for constants a ≥ 0 and b > 0.

We will apply a result from generic bifurcation theory to show the multiplicity of specific solutions, which are nearly constant. We start by stating the obvious result for constant temperatures u(x) = u.

Lemma 3.1 Let ϕ̂ be a solution of the equation

−s_ϕ(ϕ̂) + uλ(ϕ̂) = 0. (16)

Then ϕ(x) ≡ ϕ̂ is clearly a solution of (7).

The proof of this is obvious. This result also shows, that we cannot expect uniqueness for solutions of this equation, since the algebraic equation (16) may have up to three distinct solutions.

We continue by showing that there exist solutions for u ∈ X = L^2(Ω) provided that u is close enough to a constant u. To do this we let Σ denote the spectrum of the negative Laplacian on Ω with Neumann boundary conditions. It is well known that Σ is a pure point spectrum consisting of countably many non-negative numbers. Furthermore, Σ is nowhere dense in IR^+. Using this one can state:

Theorem 3.1 Let u be constant and ϕ̂ be one of the solutions to

−s_ϕ(ϕ̂) + uλ(ϕ̂) = −s_ϕ(ϕ̂) + u ( aϕ̂ + b ) = 0.

Furthermore, assume that ua − s_{ϕϕ}(ϕ̂) /∈ Σ. Then there exist positive numbers ξ_0 and η_0, such that for every u ∈ X with ‖u − u‖_X < η_0 there exists a unique ϕ ∈ Y = H^2(Ω) with ‖ ‖ ‖ϕ − ϕ̂ ‖ ‖ ‖_Y < ξ0 that solves (7).

Proof: We will apply a result from genral bifurcation theory, namely Theorem 8.C of [15]. Observe that −Δϕ = −s_ϕ(ϕ) + auϕ + bu −Δϕ̂ = −s_ϕ(ϕ̂) + auϕ̂ + bu implies −Δ ( ϕ − ϕ̂ ) = −s_ϕ(ϕ) + s_ϕ(ϕ̂) + au ( ϕ − ϕ̂ ) + aϕ̂ (u − u) + b (u − u) = −s_ϕ(ϕ) + s_ϕ(ϕ̂) + s_{ϕϕ}(ϕ̂) ( ϕ − ϕ̂ ) + a (u − u) ( ϕ − ϕ̂ )

− ( s_{ϕϕ}(ϕ̂) − au ) ( ϕ − ϕ̂ ) + ( aϕ̂ + b ) (u − u) Let ψ = ϕ − ϕ̂ and θ = u − u. After bringing ( s_{ϕϕ}(ϕ̂) − au ) ψ to the left the last equation becomes −Δψ − ( au − s_{ϕϕ}(ϕ̂) ) ψ = G(ψ, θ). (17) Since au − s_{ϕϕ}(ϕ̂) ∉ Σ, the linear operator L = −Δ − (au − s_{ϕϕ}(ϕ̂)) on the left has an inverse operator L^{−1} : X → Y . Furthermore, the operator G : Y × X → X mapping G : (ψ, θ) → G(ψ, θ) has the following properties:

• G(0, 0) = 0

• If ‖ψ‖_Y < ξ and ‖θ‖_X < η for positive numbers ξ and η, then ‖G(ψ, θ)‖_X ≤ g(ξ, η), (18) where g(ξ, η) = O(ξ^2) + O(η) as ξ → 0 and η → 0. Indeed, by applying the mean-value theorem twice we get |G(ψ, θ)| ≤ | |−s_ϕ(ϕ) + s_ϕ(ϕ̂) + s_{ϕϕ}(ϕ̂)ψ | | + |aθψ| + | |(aϕ̂ + b) θ | | ≤ | | |sϕϕ(ϕ̂)ψ − sϕϕ(τ)ψ | | | + |aθψ| + | | | ( aϕ̂ + b ) θ | | | ≤ C_1 |ψ|^2 + |aθψ| + | | | ( aϕ̂ + b ) θ | | | After squaring this last inequality, integrating the result over Ω and applying the Sobolev imbedding theorem (18) follows immediately. Furthermore, one sees that one can choose

g(ξ, θ) = C_1ξ^2 + C_2η

• If ‖ψ‖_Y ≤ ξ and ‖θ‖_X ≤ η for positive ξ and η, then

‖G(ψ_1, θ) − G(ψ_2, θ)‖_X ≤ h(ξ, η) ‖ψ_1 − ψ_2‖_Y , (19)

where h(ξ, η) → 0 as ξ → 0 and η → 0. To prove this we observe that the mean value theorem implies |G(ψ_1, θ) − G(ψ_2, θ)| ≤ | |−sϕ(ϕ1) + sϕ(ϕ2) + sϕϕ(ϕ̂) (ψ1 − ψ2) | | + |aθ| |ψ1 − ψ2| ≤ | | |sϕϕ(ϕ^∗) − sϕϕ(ϕ̂) | | | |ψ1 − ψ2| + |aθ| |ψ1 − ψ2| ≤ (| |s^′_{ϕϕ}(ϕ^{∗∗}) ( ϕ^∗ − ϕ̂ )| | + |aθ| ) |ψ_1 − ψ_2| .

Squaring and integrating this inequality gives the desired result with

h(ξ, η) = C_3ξ + C_4η.

Therefore, all the hypotheses of Theorem 8.C of [15] are satisfied, and the result follows by applying this theorem. □ This theorem has the following immediate consequences.

Remarks:

• If −s_ϕ(ϕ) + uλ(ϕ) < 0, then it is automatically not a part of the spectrum Σ and the theorem applies. Physically this case corresponds with single phase solutions.

• Clearly the theorem cannot be applied if ϕ̂ is a multiple root of −s_ϕ(ϕ) + uλ(ϕ) = 0, since in this case u − s_{ϕϕ}(ϕ̂) = 0 ∈ Σ. However, this is not a generic case and will not be studied here.

In order to more closely investigate this result we need the following classical lemma which gives an estimate of ‖ L^{−1} ‖ . Lemma 3.2 Let L = −Δ−ν on Ω together with Neumann boundary conditions. Then the operator L^{−1} : X → Y satisfies ‖ ‖L^{−1} ‖ ‖ ≤ C_0 1 + |ν| inf_{λ∈Σ} |ν − λ| ,

where C_0 is a constant which does not depend on ν. Moreover, for negative values of ν ‖ ‖L−1 ‖ ‖ is uniformly bounded.

Proof: The proof of this lemma is a straight forward application of some results from Fourier analysis and can be found in most standard texts on Spectral Theory. We will only briefly outline it. For an arbitrary f ∈ X let v be the solution of Lv = f. We can expand both v and f in terms of the eigenfunctions φ_j of the negative Laplacian with Neumann boundary conditions. Using v = ∑_∞ j=0 v_j φ_j and f = ∑_∞ j=0 f_j φ_j we see that (λ_j − ν) v_j = f_j ,

where λ_j is the j-th eigenvalue of the negative Laplacian. Plancherel’s theorem implies that

‖v‖^2_X = ∞∑ j=0 v^2_j = ∞∑ j=0 f^2_j (λ_j − ν)^2 ≤ 1 inf_{λ∈Σ} |ν − λ|^2 ‖f‖^2_X .

In order to get an estimate on the Y −norm of the solution we observe that −Δv = νv + f, which immediately implies

‖v‖_H2_{(Ω)} ≤ C_0 ( |ν| ‖v‖_L2_{(Ω)} + ‖f‖_L2_{(Ω)} ) , which immediately implies the first part of the Lemma. Since all eigenvalues of the negative Laplacian are non-negative it follows that for inf_{λ∈Σ} |ν − λ| = |ν| , for negative values of ν, i.e. L^{−1} is uniformly bounded for such values of ν. □ In the setting of Theorem 3.1, negative values of ν correspond to the smallest and largest simple root of −s_ϕ(ϕ) + uλ(ϕ). Physically these roots correspond to single phase steady states. We can now formulate the following theorem.

Theorem 3.2 Let 0 < α ≤ θ_Γ ≤ β be the bounds on the boundary conditions for the inverse temperature u. Furthermore, let C_i, i = 1, 2, 3, 4 be the constants in the proof of Theorem 3.1. Then there exists at least one solution in the sense of Theorem 3.1 if

min{ ( 1 2‖L^{−1}‖C_1 )_4 , ( 1 −^{C3}_{2C1} ) ‖L^{−1}‖C_4 2 } > μ(Ω) ( 1 α^2 − 1 β^2 ) , (20)

where μ(Ω) denotes the usual Lebesgue measure of Ω.

Proof: Let u(x) be an arbitrary positive solution to equation (8) with boundary values as in the statement of the theorem. Define u = 1 μ(Ω) ∫ Ω u(x) dx = 1 μ(Ω)

‖u‖_L1_{(Ω)} .

It follows that ‖u − u‖^2_X = ∫ Ω |u(x) − u|^2 dx = ‖u‖^2_X − 1 μ(Ω)

‖u‖_L1_{(Ω)} .

Using the bounds on u from Lemma 2.1 we obtain ‖u − u‖^2_X ≤ μ(Ω) ( 1 α^2 − 1 β^2 ) . (21)

So we can ensure existence of a solution if η_0 in the statement of Theorem 3.1 satisfies: η^2_0 ≥ μ(Ω) ( 1 α^2 − 1 β^2 ) . (22)

¿From the proof of Theorem 8.C of [15] we have that ξ_0 and η_0 are chosen to satisfy ‖ ‖L^{−1} ‖ ‖ (C_1ξ^2_0 + C_2η_0) ≤ ξ_0, (23)

and ‖ ‖L^{−1} ‖ ‖ (C_3ξ_0 + C_4η_0) < 1. (24)

¿From the first equation we get that

η_0 ≤ ξ_0 C_2 ( 1 ‖L^{−1}‖ − C_1ξ_0 ) ≤ 1 (2‖L^{−1}‖C_1)^2 . At the ξ_0 value corresponding to this maximum the second condition gives

η_0 <

1 −^{C3}_{C1} ‖L^{−1}‖C_4 . Combining these results we get the sufficient condition from the theorem. □ Remarks:

• The graph of −s_ϕ(ϕ)+uλ(ϕ) has at least one root. Theorem 3.2 states that for temperature fields which are nearly constant, there will always be at least one solution. If there is only one solution, this solution corresponds to a single phase.

• The other possibility is that −s_ϕ(ϕ) + uλ(ϕ) has three solutions for which inequality (20) is satisfied. Then equation (7) has also three solutions, one of which corresponds to a root of −s_ϕ(ϕ) + uλ(ϕ), for which both phases are present at every point. At this root the derivative of −s_ϕ(ϕ) + uλ(ϕ) with respect to ϕ is positive. This solution makes no physical sense. Areas in which both phases are present are commonly called mushy regions.

• The conditions (20) in the statement of Theorem 3.2 are not optimal.

Indeed, the conditions (22)–(24) in the proof imply that (ξ_0, η_0) lie in a region in the ξη-plane bounded by a parabola (23), a straight decreasing line (24), and a horizontal line (22). One can easily see that this area is not empty if and only if 1 ‖L^{−1}‖C_4 − C_3 C_4 ξ̂ > √ μ(Ω) ( 1 α^2 − 1 β^2 ) , where ξ̂ is the smallest root of ξ C_2 ( 1 ‖L^{−1}‖ − C_1ξ ) − √ μ(Ω) ( 1 α^2 − 1 β^2 ) .

The last theorem also has some implications on the stability of solutions. Solutions (ϕ, u) for which the quantity u(x) − s_{ϕϕ}(ϕ) is negative correspond to a single phase. Theorem 8.C of [15] can always be applied ( even if u is not a constant) and shows that the map u(x) → ϕ(x), which assigns a single phase solution ϕ to a function u(x) is continuous, i. e. single phase solutions are stable in the sense that small changes in temperature field u(x) will imply small changes in the phase field ϕ. However, this is not the case for solutions for which u(x) − s_{ϕϕ}(ϕ) is negative. In this case continuity cannot be guaranteed, and a rather small change of u(x) could cause a relatively large change of ϕ. These latter solutions correspond to values of the phase parameter at which both phases are present at the same location. Regions in which this happens are so called mushy regions. Solutions which consist of entirely mushy regions are inconsistent with the experimental experience. It is therefore to be expected that such solutions should be unstable.

4 Linearization and Asymptotic Stability

This section is devoted to the investigation of the asymptotic stability of the solutions to the stationary system (7) and (8). Whereas in the last section we considered the map u(x) → ϕ(x), we now assume that the pair (u_0, ϕ_0) is a solution to the stationary phase field system and we want to analyze its stability. Furthermore, we allow λ tobe explicitely dependent on x.

We start by linearizing the parabolic system (3)-(4) about a solution (ϕ_0(x), u_0(x)) to the elliptic system. Substituting ϕ(x, t) = ϕ_0(x) + εϕ_1(x, t), u(x, t) = u_0(x) + εu_1(x, t), in the parabolic equations and the boundary conditions one gets – after using the properties of (ϕ_0(x), u_0(x)) – a linear parabolic system

ϕ_{1t} = Δϕ_1 − (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)u_0) ϕ_1 + λ(x, ϕ_0)u_1, (25) u_{1t} u^2_0

= Δu_1 − λ(x, ϕ_0)ϕ_{1t}, (26)

with the following boundary conditions ∂ϕ_1 ∂ν = 0, (27) ∂u_1 ∂ν = u_1 (1 − 2u_0θ_Γ) . (28)

In addition we assume that the solutions (ϕ_1(x, t), u_1(x, t)) satisfy the initial conditions

ϕ_1(x, 0) = ϕ^0_1(x), (29) u_1(x, 0) = u^0_1(x). (30)

Using the terminology of [13], we say that the stationary solution (ϕ_0, u_0) is asymptotically stable, if the solutions (ϕ_1, u_1) of the linearized system satisfy

lim_{t→∞} (‖ϕ_1(t)‖_X + ‖u_1(t)‖_X ) = 0,

for all initial values with ‖ ‖ϕ0_1 ‖ ‖_X ≤ 1 and ‖ ‖u0_1(x) | |_X ≤ 1. Since the non-linear parabolic system is not semi-linear, we cannot directly apply the usual methods (see, for example, Chapter 11 of [13]). However, only slight modifications are necessary.

In the following theorem we give sufficient conditions for asymptotic stability. This will show that single phase solutions are asymptotically stable.

Theorem 4.1 Suppose that (ϕ_0, u_0)is a solution to the stationary problem (7)- (8) with

1. s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0) > 0 for all x ∈ Ω.

2. u_0 >^1_{2θΓ} for all x ∈ ∂Γ.

Then the solution is asymptotically stable.

Proof: We only sketch the proof of this theorem and omit some of the details. The theory of systems of linear parabolic equations implies that (25)-(26) has a unique classical solution.

To continue we multiply (25) by ϕ_{1t} and (26) by u_1. Adding the results and integrating over Ω yields: 1 2 d dt (‖ ‖ ‖ u_1(t) u_0 ‖ ‖ ‖ 2 X + ‖∇ϕ_1(t)‖^2_X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) ϕ^2_1(x, t) dx ) = −C(t), (31) where

C(t) = ‖ϕ_{1t}(t)‖^2_X + ‖∇u_1(t)‖^2_X − ∫ ∂Ω u_1(t)

∂u_1(t) ∂ν dγ = ‖ϕ_{1t}(t)‖^2_X + ‖∇u_1(t)‖^2_X − ∫ ∂Ω u^2_1(t) (1 − 2u_0θ_Γ) dx ≥ 0. In the next step we integrate (31) to get − ∫_t 0 C(s) ds = 1 2 (‖ ‖ ‖ ‖ u_1 u_0 ‖ ‖ ‖ ‖ 2 X + ‖∇ϕ_1‖^2_X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) ϕ^2_1(x) dx )| | | | t

s=0 .

If there exists a δ > 0 such that C(t) ≥ δ for all t > 0, there is a number τ > 0 such that ∫_τ 0 C(s) ds = 1 2 (‖ ‖ ‖ ‖ u^0_1 u_0 ‖ ‖ ‖ ‖ 2

X + ‖ ‖∇ϕ^0_1 ‖ ‖^2_X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) (ϕ^0_1)^2(x) dx ) , i.e. 1 2 (‖ ‖ ‖ u^1(τ) u_0 ‖ ‖ ‖^2 X + ‖∇ϕ_1(τ)‖^2_X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) ϕ^2_1(x, τ) dx ) = 0,

and hence we have ϕ_1(x, τ) = 0 and u_1(x, τ) = 0.

In the other case observe that the right-hand-side of (4) is bounded below by − 1 2 (‖ ‖ ‖ u^0_1 u_0 ‖ ‖ ‖ 2

X + ‖ ∇ϕ^0_1 ‖_2 X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) (ϕ^0_1)^2(x) dx ) , which immedately implies that ∫_∞ 0 C(s) ds exists. Thus, we have lim_{t→∞} C(t) = 0. This implies that ϕ_1(x, t) → ϕ̂(x) and u_1(x, t) → û(x) as t → ∞ for some functions ϕ̂ and û which satisfy

Δϕ̂ = (−s_{ϕϕ}(x, ϕ_0) + λ_ϕ(x, ϕ_0)) ϕ̂ + λ(x, ϕ_0)û Δû = 0,

and the boundary conditions (27) and (28). The result now follows from immediately from the following lemma. □ Lemma 4.1 Suppose (ϕ̂, û) is a smooth solution to

−Δϕ̂ = (−s_{ϕϕ}(x, ϕ_0) + λ_ϕ(x, ϕ_0)u_0) ϕ̂ + λ(x, ϕ_0)û, −Δû = 0, with the same boundary conditions as above. Furthermore, assume that the hypotheses of the theorem hold.

Then (ϕ̂, û) = (0, 0)

Proof: Suppose û has a positive maximum, then this maximum is on the boundary and ∂û ∂ν ≥ 0. But we have ∂û ∂ν = û (1 − 2u_0θ_Γ) < 0, and therefore we have û ≤ 0, ∀x ∈ Ω. The analogous argument for negative minima shows that û ≥ 0 and therefore û = 0, ∀x ∈ Ω. Using this in the first equation we get ‖ ‖ ‖∇ϕ̂ ‖ ‖ ‖^2_X = ∫ Ω (−s_{ϕϕ}(x, ϕ_0) + λ_ϕ(x, ϕ_0)u_0) ϕ̂^2 dx ≤ 0,

which immediately implies ϕ̂ = 0. □ We finish this section by giving a specific example of an unstable solution.

For this let Ω be a region with smooth boundary in IR^n and let

s_ϕ − λu = ϕ^3 − ϕ + 1 − u and θ_Γ = 1.

It follows that u_0 = 1 satisfies the stationary equation for u and ϕ_0 = 0 satisfies the stationary equation for ϕ. The linearized system becomes:

ϕ_{1t} = Δϕ_1 + ϕ_1 − u_1 u_{1t} = Δu_1 − ϕ_{1t}

with boundary conditions ∂ϕ_1 ∂ν = 0, ∂u_1 ∂ν = −u_1

For the initial values u^0_1(x) = 0 and ϕ^0_1(x) = 1 the unique solution to this system is given by u_1(x, t) = 0 and ϕ_1(x, t) = 1, i.e. ϕ(x, t) ↛ 0 as t → ∞.

This implies that ϕ_0 is an unstable stationary solution. This solution does however make no physical sense, since it would imply the existence of both phases at every point in the domain.

References

[1] H. W. Alt, I. Pawlow, Existence of solutions for non-isothermal phase separation, Adv. Math. Sci Appl. 1 (1992), 319–409.

[2] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems. In: Function Spaces, Differential Operators and Nonlinear Analysis (Schmeisser, H. J., Triebel, H., eds.), 9–126, Teubner- Texte zur Mathematik Vol. 133, Teubner, Leipzig, 1993.

[3] M. Brokate, J. Sprekels, Hysteresis and Phase Transitions, Springer Verlag, Heidelberg, 1996.

[4] G. Caginalp, An analysis of a phase field model of a free boundary, Arch.

for Rat. Mech. and Analysis, 92 (1986), 205–245.

[5] P. Colli, J. Sprekels,On a Penrose-Fife model with zero interfacial energy leading to a Phase-field system of relaxed Stefan type, Ann. Math. Pura Appl.169, 269–289.

[6] W. Horn, Mathematical Aspects of the Penrose-Fife Phase-field model, Control and Cybernetics, Vol. 23, No. 4 (1994), 677– 690.

[7] W. Horn, Ph. Laurençot, J. Sprekels, Global solutions to a Penrose-Fife phase-field model under flux boundary conditions for the inverse temperature, Math. Meth. in the Appl. Sci., 19 (1996), No. 13, 1053–1072.

[8] W. Horn, J. Sprekels, S. Zheng, Global existence of smooth solutions to the Penrose-Fife model for Ising ferromagnets, Adv. in Mathematical Sciences and Applications 6 (1996), No. 1, 227–241.

[9] N. Kenmochi, M. Niezgødka, Systems of nonlinear parabolic equations for phase change problems, Adv. Math. Sci. Appl. 3 (1993/94), 89–117.

[10] O. A. Ladyzhenskaya, N. N. Ural’tseva, Linear and Quasilinear Elliptic Equations, Academic Press, New York, 1968.

[11] Ph. Laurençot, Solutions to a Penrose-Fife model of phase-field type, J.

Math. Anal. Appl. 185 (1994), 262–274.

[12] O. Penrose, P. C. Fife, Thermodynamically consistent models of phase field type for the kinetics of phase transitions, Physica D 43 (1990), 113–125.

[13] J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer Verlag, Heidelberg, 1982.

[14] J. Sprekels, S. Zheng, Global smooth solutions to a thermodynamically consistent model of phase-field type in higher space dimensions, J. Math. Anal. Appl. 176, 200–233.

[15] E. Zeidler, Nonlinear Functional Analysis and its Applications, Springer Verlag, Heidelberg, 1993.

[16] S. Zheng, Global Existence for a thermodynamically consistent model of Phase field type, Diff. Integral Equations (1992), 241- -253.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, December 1999, pp. 31–41.

Submitted: June 19, 1999. Published: December 31 1999.

IRREDUCIBLE MAPPINGS AND HU-TERMINAL CONTINUA

Pavel Pyrih Tomáš Bárta David Opěla Pavel Růžička Robert Šámal

Abstract. We introduce the notion of an irreducible mapping between continua. We prove in the present paper that each atomic mapping is irreducible and each irreducible mapping is monotone. It is also shown that irreducible mappings between hereditarily unicoherent continua map an HU-terminal continuum of the domain onto an HU-terminal continuum of the range. Our examples demonstrate that neither monotone nor open mappings have this property in general. We show that the inverse image of an HU-terminal continuum of a nondegenerate range continuum under an atomic mapping is an HU-terminal continuum of the domain continuum. Some relevant counterexamples are indicated.

1991 A.M.S. (MOS) Subject Classification Codes. 54E40, 54F15, 54F50

Key Words and Phrases. Irreducible, atomic, monotone, HU-terminal

1. Introduction and notation.

It is known that each atomic mapping between continua is monotone (see [8, 3.7, p. 13], [4, Theorem 1, p. 49]). It is natural to try to find some family of mappings which is somewhere between the families of all atomic and all monotone mappings. We introduce in the present paper the notion of an irreducible mapping between continua. In Section 2 we prove that each atomic mapping is irreducible, that

Department of Mathematical Analysis,Charles University, Sokolovská 83 CZ-186 75 Prague 8 Czech Republic Research supported by the grant No. GAUK 186/96 of Charles University. Email Address: pyrih@karlin.mff.cuni.cz, barta@kma14.karlin.mff.cuni.cz opela@kma14.karlin.mff.cuni.cz, ruzicka@karlin.mff.cuni.cz samal@atrey.karlin.mff.cuni.cz © 1999 Cameron University

Typeset by AMS-TEX 31

32 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

each irreducible mapping is monotone and that both these inclusions are proper (Corollary 2.9).

In Section 3 we will proceed with the study of HU-terminal continua (see [2, p. 380]). In his paper J. J. Charatonik posed a (still open) question ([2, Question 22, p. 382]):

1.1. Question. What mappings among hereditarily unicoherent continua map HU-terminal continua of the domain onto HU-terminal continua of the range?

Partially answering this question, we show that irreducible mappings between hereditarily unicoherent continua map HU-terminal continua of the domain onto HU-terminal continua of the range (Theorem 3.3). Thus we see that atomic mappings preserve the concept of an HU-terminal continuum, which is not in general preserved by monotone mappings (Corollary 3.5). We show that the inverse image of an HU-terminal continuum of a nondegenerate range continuum under an atomic mapping is an HU-terminal continuum of the domain continuum (Theorem 3.7).

In Section 4 we will look more closely at the open mappings. It is natural to ask if open mappings preserve HU-terminality. Our example demonstrates that open mappings do not in general preserve the concept of an HU-terminal continuum.

For the convenience of the reader we repeat the relevant material. All spaces considered in the paper are assumed to be metric and all mappings are continuous. A continuum means a compact connected space. Given a space X and its subset S, we denote by cl S the closure of S.

Let X be a continuum and A ⊂ X. Then X is said to be irreducible about A provided no proper subcontinuum of X contains A. A continuum X is said to be irreducible provided that X is irreducible about {p, q} for some p, q ∈ X (then X is said to be irreducible between p and q ).

Let X be a continuum, and let A and B be nonempty compact subsets of X. We say that a subcontinuum C of X is irreducible from A to B, written C = irr(A, B), provided that C ∩ A ≠ ∅, C ∩ B ≠ ∅, and no proper subcontinuum of C intersects both A and B. If A or B is a singleton set, we omit the set notation; thus, e.g. we write C = irr(p, B), C = irr(p, q).

Let X and Y be continua. A mapping f : X → f(X) = Y is said to be: – atomic provided that for each subcontinuum K ⊂ X with nondegenerate image f(K) the equality f^{−1}(f(K)) = K holds;

– irreducible provided that for each nondegenerate irreducible subcontinuum I ⊂ Y the inverse image f^{−1}(I) is irreducible;

– monotone provided that for each subcontinuum Q of Y the inverse image f^{−1}(Q) is connected;

– interior at a point p ∈ X provided that for each open neighborhood U of p in X the point f(p) is an interior point of the image f(U) in Y ;

– open provided that for each open subset U of X its image f(U) is an open subset of Y .

Obviously a mapping is open if and only if it is interior at each point of its domain. It is known that each atomic mapping between continua is monotone (see [8, 3.7, p. 13], [4, Theorem 1, p. 49]).

IRREDUCIBLE MAPPINGS 33

Given continua X and Y , we will denote by

Atomic, Irreducible, Monotone and Open

the family of all atomic, irreducible, monotone and open mappings f : X → f(X) = Y , respectively.

Let M be a class of mappings between continua. A mapping f : X → Y is said to be hereditarily M provided that for every subcontinuum Z ⊂ X the partial mapping f ↾ Z : Z → f(Z) ⊂ Y is in M.

In the next example we construct a mapping between continua which is irreducible but not hereditarily irreducible.

1.2. Example. Let φ : R → R^2 be defined by φ(t) = (cos(t), sin(t)). Put X = {φ(t) ∈ R^2 : t ∈ R}. The function f : X → f(X) = X is defined by (i) f(φ(t)) = φ(2t) for t ∈ [0, π]; (ii)f(φ(t)) = (1, 0) for t ∈ (π, 2π).

Then we observe

Claim 1. f is irreducible.

Proof. Indeed, any nondegenerate irreducible subcontinuum C of X is a proper subcontinuum and is homeomorphic to the closed unit interval. Then f^{−1}(C) is again a proper subcontinuum of X due to the construction of f. It follows that f^{−1}(C) is homeomorphic to the closed unit interval. Therefore f^{−1}(C) is irreducible and Claim 1 is proved.

Claim 2. f is not hereditarily irreducible.

Proof. Fix a nondegenerate subcontinuum C = φ([0, π]) ⊊ X and put g = f ↾ C. Then g(C) = X and g : C → X is not irreducible, for g^{−1}(φ([0, 1])) is not connected ( equals (−1, 0) ∪ φ([0, 2])) in C. Claim 2 is proved. □

2. Irreducible mappings.

2.1. Proposition. Let f : X → Y be an atomic mapping. Let K ⊂ Y be a nondegenerate continuum irreducible about a set L ⊂ K. If f(P ) = L for some P ⊂ X, then f^{−1}(K) is irreducible about P .

Proof. Let f : X → Y be an atomic mapping. Let K ⊂ Y be a nondegenerate continuum irreducible about a set L ⊂ K. Fix some set P ⊂ X such that f(P ) = L. We show that f^{−1}(K) is irreducible about P .

Clearly L (and P as well) is not a singleton. It is known that every atomic mapping is monotone (see [8, 3.7, p. 13], [4, Theorem 1, p. 49]), hence M = f^{−1}(K) is a continuum in X (we have a nondegenerate continuum K). Clearly P ⊂ M because L = f(P ) ⊂ K. Take some continuum N such that P ⊂ N ⊂ M.

We conclude that f(N) = K. (Indeed, obviously f(N) is a continuum containing L, because L = f(P ). Hence K ⊂ f(N), since K is irreducible about L. Conversely, N ⊂ M implies f(N) ⊂ f(M) = K.)

Since f is atomic and f(N) = K is a nondegenerate continuum we obtain that N = f^{−1}(f(N)) = f^{−1}(K) = M (we know that N is nondegenerate since P ⊂ N, f is atomic). Then M = f^{−1}(K) is irreducible about P and the proof is complete. □

34 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

2.2. Theorem. Every atomic mapping f : X → f(X) = Y from a continuum X onto a continuum Y is irreducible.

Proof. Let f : X → f(X) = Y from a continuum X onto a continuum Y be an atomic mapping. Consider a nondegenerate subcontinuum K ⊂ Y which is irreducible about {p, q}. Then f^{−1}(K) is irreducible about any two points a, b in X such that f(a) = p and f(b) = q due to Proposition 2.1. Hence f is irreducible. □ We show that there exists an irreducible mapping which is neither open nor atomic in the following example.

2.3. Example. Let X = [0, 2], Y = [0, 1]. The mapping f : X → f(X) = Y is defined for x ∈ X by f(x) = min(x, 1). From this we have f((1, 2)) = {1}. Hence f is not open. We see that f is not atomic because [1/2, 2] = f^{−1}f([1/2, 3/2]) ≠ [1/2, 3/2]. Since the inverse images of intervals in [0, 1] are intervals in [0, 2], it follows that f is an irreducible mapping, which is neither open nor atomic. □

We can formulate the previous results in

2.4. Corollary. Atomic⊊ Irreducible.

Proof. See Theorem 2.2 and Example 3.2. □

We recall that a continuum X is said to be a simple triod if X is the union of three straight line segments pa, pb and pc any two of which have the point p in common only. Obviously, a simple triod is homeomorphic to the letter T).

We say that a topological space S is a spiral if it is homeomorphic to the real half line [0, +∞).

A continuous mapping f : X → f(X) = Y is called strongly irreducible if f^{−1}(I) is irreducible in X for every irreducible I ⊂ Y (i.e. singletons in Y are allowed). The following example shows that an atomic mapping need not to be strongly irreducible.

2.5. Example. Let X be the disjoint union of a simple triod T and a spiral S approximating T . The continuum X is illustrated in Figure 1.

Figure 1 (Example 2.5.)

IRREDUCIBLE MAPPINGS 35

Let g : S → [1, ∞) be a homeomorphism. Define f : X → [0, 1] by requiring f(x) = 0 for x ∈ T and f(x) = 1/g(x) for x ∈ S. Then f is not strongly irreducible, since f^{−1}(0) is the simple triod T which is not an irreducible continuum. But f is atomic: Indeed, let C be a subcontinuum of X such that f(C) is not a singleton. Clearly C = S^′ or C = S^′ ∪ T , for some S^′ ⊂ S. Since f is injective on S, f^{−1}(f(S^′)) = S^′ and since f^{−1}(f(T )) = T , we have f^{−1}(f(C)) = C. We have shown that f is atomic.

The mapping f is an atomic mapping which is not strongly irreducible. □

Recall that a sequence of subsets of a metric space is called a null-sequence if the diameters of its members tend to zero.

For the convenience of the reader we include a useful statement (see [9, Corollary 5.5, p. 74]) which will be used in the following theorem.

2.6. Statement. Let X be a nondegenerate continuum. Then, X contains a nondegenerate proper subcontinuum. Furthermore: If A is a proper subcontinuum of X and U is an open subset of X such that A ⊂ U, then there is a subcontinuum B of X such that A ⊂ B ≠ A and B ⊂ U. 2.7. Theorem. Irreducible ⊂ Monotone.

Proof. Let f : X → f(X) = Y be an irreducible mapping. We prove that f is monotone. We first prove a reduced form of the definition :

Claim. For each nondegenerate subcontinuum Q of Y the inverse image f^{−1}(Q) is connected.

Proof. To deduce this, take a nondegenerate subcontinuum Q of Y . Suppose, contrary to this, that f^{−1}(Q) is not connected.

Fix a, b in different components of f^{−1}(Q) such that f(a) ≠ f(b). To fix such two points we proceed as follows :

(i) if for each component C of f^{−1}(Q) the image f(C) is a singleton in Q, then we have at least two disjoint components C_a and C_b such that f(C_a) ≠ f(C_b); then we choose a ∈ C_a and b ∈ C_b.

(ii) if for some component C_a of f^{−1}(Q) the image f(C_a) is not a singleton in Q, then we find a component C_b of f^{−1}(Q) disjoint with C_a; we choose any b ∈ C_b and find a ∈ C_a such that f(a) ≠ f(b).

Then I = irr(f(a), f(b)) is a nondegenerate irreducible subcontinuum of Y contained in Q. Hence f^{−1}(I) is an irreducible continuum of X contained in f^{−1}(Q). Consequently, a and b are in the same component of f^{−1}(Q), contrary to the choice of a, b. This contradicts our assumption. Claim is proved.

We are now in a position to show that f is monotone. Let Q = {p} be a degenerate subcontinuum of Y . We show that the inverse image f^{−1}(Q) is connected.

We first construct in Y a null sequence of nondegenerate subcontinua K_1 ⊃ K_2 ⊃ · · · ⊃ K_n · · · ∋ p. Set K_1 = Y . We now proceed by induction. We construct K_{n+1} as a nondegenerate proper subcontinuum of K_n of diameter less then 1/n containing p (see Statement 2.6).

Then f^{−1}(K_n) is a monotone sequence of nondegenerate subcontinua of X according to Claim. Hence A = ∩f^{−1}(K_n) is a subcontinuum of X as well due to [9, Theorem 1.8, p. 6]. We observe that A = f^{−1}(Q). Hence f^{−1}(Q) is connected. □

36 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

The following example was presented by J. J. Charatonik in [2, p. 381].

2.8. Example. Let a continuum X be a simple triod, i.e. the union of three straight line segments pa, pb and pc any two of which have the point p in common only. The mapping f : X → f(X) ⊂ X is defined by requiring f to be the identity on pa ∪ pb, f(pc) = {p}. Clearly f is monotone, but f is not irreducible, since its range f(T ) is a space homeomorphic to the closed unit interval, which is irreducible, but its domain (the simple triod T ) is not. □

We have proved the following

2.9. Corollary. Atomic ⊊ Irreducible ⊊ Monotone.

Proof. See Corollary 2.4, Theorem 2.7 and Example 2.8. □

3. HU-terminality.

A continuum X is said to be hereditarily unicoherent provided that the intersection of any two its subcontinua is connected.

J. J. Charatonik in [2, p. 380-381] compared the concept of a terminal continuum (see [1, Definition 4.1. p. 34], [1, Example 1.2(a), p. 7], [2, p. 377], [5] and Nadler’s book [9, 1.54, p. 107]) with the concept of a terminal continuum as defined by G. R. Gordh in [6]. Since G. R. Gordh restricts his considerations to subcontinua of hereditarily unicoherent continua only, J. J. Charatonik renamed the concept of G. R. Gordh as HU-terminal (see [6, p. 458], [2, p. 380-381]).

A subcontinuum K of a hereditarily unicoherent continuum X is said to be an HU-terminal continuum of X provided that K is contained in an irreducible subcontinuum of X and for every irreducible subcontinuum I of X containing K there is a point x ∈ X such that I is irreducible about the union K ∪ {x} (see [6, p. 458], [2, p. 380-381]).

Given hereditarily unicoherent continua X and Y , we will denote by

HU-terminal

the family of all mappings f : X → f(X) = Y which map each HU-terminal continuum of X onto an HU-terminal continuum of Y .

3.1. Proposition. Let f : X → f(X) = Y be a monotone mapping. Let J be a subcontinuum of Y and P ⊂ J. Let f^{−1}(J) be a continuum irreducible about Q and f(Q) = P . Then J is irreducible about P .

Proof. Let f : X → f(X) = Y be a monotone mapping. Let J be a subcontinuum of Y and P ⊂ J. Let f^{−1}(J) be a continuum irreducible about Q and f(Q) = P . We show that J is irreducible about P .

To prove this let I ⊂ J be a continuum containing P . Then f^{−1}(I) is a subcontinuum of f^{−1}(J) (inverse images under a monotone mapping) containing Q, which implies f^{−1}(I) = f^{−1}(J), since f^{−1}(J) be a continuum irreducible about Q. But then I = J and J is irreducible about P . □

IRREDUCIBLE MAPPINGS 37

3.2 Proposition. Let f : X → f(X) = Y be an irreducible mapping. If I is a subcontinuum of X irreducible about {p, q}, then f(I) is irreducible about {f(p), f(q)}.

Proof. Let f : X → f(X) = Y be an irreducible mapping. Let I be a subcontinuum of X irreducible about {p, q}. We prove that f(I) is irreducible about {f(p), f(q)}.

The case p = q is simple. We may assume that p ≠ q. Take any continuum J ⊂ f(I) containing f(p), f(q). Then f^{−1}(J) is a continuum in X (irreducible mappings are monotone due to Theorem 2.7) containing {p, q}. Hence I ⊂ f^{−1}(J). But the inclusion cannot be proper since J ⊂ f(I). We conclude that f^{−1}(J) = I, which implies J = f(I). We have showed that f(I) is irreducible about {f(p), f(q)}. □ 3.3. Theorem. Let X and Y be hereditarily unicoherent continua. Let f : X → f(X) = Y be irreducible. If K ⊂ X is an HU-terminal continuum of X, then f(K) ⊂ Y is an HU-terminal continuum of Y .

Proof. Let X and Y be hereditarily unicoherent continua. Let f : X → f(X) = Y be irreducible. Let K ⊂ X be an HU-terminal continuum of X. We show that f(K) ⊂ Y is an HU-terminal continuum of Y .

(i) We know that K is contained in some irreducible continuum I of X. Hence f(K) is contained in the irreducible continuum f(I) due to Proposition 3.2.

(ii) If f(K) is contained in a nondegenerate irreducible continuum J of Y , then f^{−1}(J) is a nondegenerate irreducible subcontinuum of X (the mapping f is irreducible) and contains K. Since K is an HU-terminal continuum of X, the inverse image f^{−1}(J) is irreducible about K ∪ {x} for some x ∈ f^{−1}(J). So by Proposition 3.1 the continuum J is irreducible about f(K) ∪ {f(x)} (the mapping f is irreducible, hence monotone due to Theorem 2.7).

If f(K) is contained in a degenerate irreducible continuum J of Y , then J is irreducible about f(K) ∪ {f(x)} for some x ∈ K.

We have showed that f(K) ⊂ Y is an HU-terminal continuum of Y . □

The following example establishes a relation between the classes Monotone and HU-terminal.

3.4. Example. Let a continuum X be the union of three straight line segments pa, pb and pc any two of which have the point p in common only, where a = (−1, 0), b = (1, 0), c = (0, 1) and p = (0, 0). The continuum X is a simple triod. Let Y = pa ∪ pb. The mapping g : X → g(X) = Y ⊂ X is defined by g((x, y)) = (x + y, 0) (i.e. g is the identity on pa ∪ pb, linear on pc, g(c) = b and g is sending pc to pb.)

The mapping g is not monotone, because the inverse image of b is not connected (equals {b, c}). Note that a subcontinuum K of Y is an HU-terminal continuum of Y if and only if K ∩ {a, b} ≠ ∅. Note also that each HU-terminal continuum of X contains at least one point of {a, b, c}. Since the mapping g maps {a, b, c} onto {a, b} we see that g belongs to the class HU-terminal.

J. J. Charatonik in [2, p. 381] noticed that the mapping f defined in Example 2.8 (defined for x ∈ X by f((x, y)) = (x, 0), i.e. f is the identity on pa ∪ pb, f(pc) = {p}) is monotone and that f maps the HU-terminal continuum {c} of X to p, which is not an HU-terminal continuum of Y .

Consequently, f ∈ Monotone ∖ HU-terminal and g ∈ HU-terminal ∖ Monotone. □

38 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

We can summarize the properties of HU-terminal in

3.5. Corollary. Let X and Y be hereditarily unicoherent continua. Then (i) Irreducible⊊ HU-terminal; (ii) Atomic⊊ HU-terminal; (iii) HU-terminal⊄ Monotone; (iv) Monotone⊄ HU-terminal.

Proof. See Theorem 2.2, Theorem 3.3 and Example 3.4. □

For irreducible mappings f : X → f(X) = Y , the inverse image of an HUterminal continuum of Y is not necessarily an HU-terminal continuum of X. We construct an example with this property.

3.6 Example. Let a = (0, 1), a^′ = (0, −1), a^{′′} = (−1, −1), A = aa^′, L_A = a^′a^{′′}; b = (1, 1), b^′ = (1, −1), b^{′′} = (2, −1), B = bb^′, L_B = b^′b^{′′} and

S = { (x, y) : 0 < x < 1, y = sin 1 x(1 − x) } . Put X = A ∪ L_A ∪ B ∪ L_B ∪ S. The continuum X is illustrated in Figure 2.

Figure 2 (Example 3.6 )

Consider f : X → f(X) = Y , which maps L_A to a^′, L_B to b^′ and is an identity elsewhere. Clearly a is an HU-terminal continuum of f(X) = A ∪ S ∪ B, but a = f^{−1}(a) is not an HU-terminal continuum of X. Moreover, f is clearly irreducible. □ For irreducible mappings, the inverse image of irr(a, b) is not necessarily irreducible about f^{−1}(a) ∪ f^{−1}(b). Indeed, consider X, f, a and b from the previous example. Then f(X) = irr(a, b), but X is not irreducible about f^{−1}(a) ∪ f^{−1}(b).

As we stated in Proposition 2.1, atomic mappings have the mentioned property. That allows us to prove that the inverse image under an atomic mapping of an HU-terminal continuum is an HU-terminal continuum.

IRREDUCIBLE MAPPINGS 39

3.7. Theorem. Let f : X → f(X) = Y be an atomic mapping between two nondegenerate hereditarily unicoherent continua X and Y . Let K ⊂ Y be an HUterminal continuum of Y . Then f^{−1}(K) is an HU-terminal continuum of X.

Proof. Let f : X → f(X) = Y be an atomic mapping between two nondegenerate hereditarily unicoherent continua X and Y . Let K ⊂ Y be an HU-terminal continuum of Y . We prove that f^{−1}(K) is an HU-terminal continuum of X.

(i) Since K is an HU-terminal continuum of a nondegenerate continuum Y , K is contained in some nondegenerate irreducible subcontinuum L of Y . Then f^{−1}(K) is a continuum, because atomic mappings are monotone (see [8, 3.7, p. 13], [4, Theorem 1, p. 49]). Clearly f^{−1}(K) is contained in f^{−1}(L), which is irreducible (atomic mappings are irreducible - see Theorem 2.2).

(ii) Now let the continuum f^{−1}(K) is contained in some subcontinuum M of X which is irreducible about {p, q}. Then f(M) is irreducible about {f(p), f(q)} by Proposition 3.2. The continuum K is an HU-terminal continuum of Y , K ⊂ f(M), therefore there is a point a ∈ Y , such that f(M) is irreducible about K ∪ {a}.

If f(M) is a singleton, then K = f(M) and f^{−1}(K) = M. Hence f^{−1}(K) is irreducible about M ∪ {b} for any b ∈ M.

If f(M) is not a singleton, by Proposition 2.1 we see that f^{−1}(f(M)) = M is irreducible about f^{−1}(K) ∪ {b}, where b is such that f(b) = a.

Therefore we have proved that f^{−1}(K) is an HU-terminal continuum of X. □

The atomic mapping sending a simple triod to a singleton shows that Theorem 3.7 does not hold if Y is a degenerate continuum, because a simple triod is not irreducible.

3.8. Corollary. Let f : X → f(X) = Y be an atomic mapping between two nondegenerate hereditarily unicoherent continua X and Y . Then K ⊂ X is an HU-terminal continuum of X if and only if f(K) is an HU-terminal continuum of Y . Proof. See Corollary 3.5 and Theorem 3.7. □

Notice that the mapping f in Example 2.3 is not atomic, but K ⊂ X is an HU-terminal continuum of X if and only if f(K) is an HU-terminal continuum of Y . 4. Open mappings.

We have seen in Example 2.3 that there exists an irreducible mapping which is not open. In the next example we show how to find an open mapping which is not in HU-terminal. This construction is adapted from [3, Example 7.1, p. 29].

4.1. Example. Let I = {(0, y) ∈ R : y ∈ [−1, 1]} and T = {(0, y) ∈ R : y ∈ [−1/3, 1/3]} ∪ {(x, 0) ∈ R : x ∈ [0, 1]} . Set v = (0, 0), s = (0, −1), t = (0, 1) and for each n ∈ N put a_n = (1/n, −1/5n), b_n = (1 + 1/n, −1/5n), c_n = (1 + 1/n, 1/5n), d_n = (1/n, 1/5n), e_n = (1/n, 1), and finally L_n = sa_n ∪ a_nb_n ∪ b_nc_n ∪ c_nd_n ∪ d_ne_n .

40 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

Figure 3 (Example 4.1)

We will denote by X the space I ∪ T ∪ ⋃ n∈N L_n .

The continuum X is illustrated in Figure 3.

In the sequel, p_ε stands for the line {(x, ε) : x ∈ R} and P stands for the strip {(x, y) : x ∈ R, y ∈ (−1/3, 1/3)}. We find a sequence {r_n} ⊂ (X ∩ P ) such that cl ({r_n}) = T and r_n ∈ L_n for n ∈ N. This is easy. It is sufficient to use the separability of T .

Let us denote by f : X → I the mapping satisfying (i) f(T ) = {v}, f(s) = {s}; (ii) f(X ∩ p_1) = {t}; (iii) f is injective on I \ T ;

and for each n ∈ N

(iv) f is injective on L_n; (v) f(L_n ∩ p_{1/3}) = (0, 1/3n); (vi) f(L_n ∩ p_{−1/3}) = (0, −1/3n); (vii) f(r_n) = v.

Claim 1. f ∈ Open.

Proof. We prove this as follows :

- f is interior at each point of L_n \ I due to (iv), n ∈ N; - f is interior at each point of I \ T due to (i) - (iii);

- f is interior at each point of T due to the construction of {r_n}. (Indeed, each open neighborhood U of each point x ∈ T contains some r_n. Since f is open at L_n \ I, we see that f(U) is open.)

Claim 2. f ∉ HU-terminal.

Proof. It is a simple matter to check that the point r = (1, 0) is an HU-terminal continuum of X. We examine the irreducible subcontinua of X containing r. It is immediate that any such subcontinuum is irreducible about {r, q} for some q ∈ X.

We now observe that f(X) = I. But p = f(r) is not an HU-terminal continuum of I since I is irreducible about {s, t} and for any x ∈ I the continuum I is not irreducible about any {p, x} .

Claim 3. f ∉ Irreducible.

IRREDUCIBLE MAPPINGS 41

Proof. It is a simple matter to check that the inverse image of I ∩ T is not connected in X. □

We may summarize the previous by the following corollary.

4.2. Corollary. Let X and Y be hereditarily unicoherent continua. Then (i) HU-terminal⊄ Open; (ii) Open⊄ HU-terminal; (iii) Irreducible⊄ Open; (iv) Open⊄ Irreducible.

Proof. See Example 2.3, Theorem 3.3 and Example 4.1. □

References

1. Bennet, D. E., Fugate, J. B., Continua and their non-separating subcontinua, Dissertationes Math. (Rozprawy Mat.) 149 (1977), 1 – 50.

2. Charatonik, J. J., Absolutely terminal continua and confluent mappings, Comment. Math.

Univ. Carol. 32,2 (1991), 377 – 382.

3. Charatonik, J. J., Charatonik, W. J., Miklos, S., Confluent mappings on fans, Dissertationes Math. (Rozprawy Mat.) 301 (1990), 1–86.

4. Emeryk, A., Horbanowicz, Z., On atomic mappings, Colloq. Math. 27 (1973), 49–55. 5. Fugate, J. B., Decomposable chainable continua, Trans. Amer. Math. Soc. 123 (1966), 466 – 468.

6. Gordh, G. R., Jr., Terminal subcontinua of hereditarily unicoherent continua, Pacific J. Math.

47 (1973), 457 – 464.

7. Kuratowski, K., Topology, Vol. II, Academic Press, New York, N.Y., 1968. 8. Maćkowiak, T., Continuous mappings on continua, Dissertationes Math. (Rozprawy Mat.)

158 (1979), 1–95.

9. Nadler, S. B. Jr., Continuum theory: an introduction, M. Dekker, Inc., New York, Basel and Hong Kong, 1992.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 1999, pp. 42–46.

Submitted: July 19, 1999. Published: December 31 1999.

DERIVATIVE OPERATOR ON A HYPERGEOMETRIC FUNCTION OF THREE COMPLEX VARIABLES

M.S.Metwally

Abstract. In recent years stydies have been don on the effect of some differential operators on the entire function of several complex variables. In this paper a study of the effect of one of these operators ( for example D^{(N)}- diferential operator) on the hypergeometric function of three complex variables. The effect of this operator has shown some contiguous function relations. A hypergeometric differential equation with its general solution these type of hypergeometric function hane been obtained.

1991 A.M.S. (MOS) Subject Classification Codes. 30,47,46 Key Words and Phrases. hypergeometric function, contiguous function relations, hypergeometric differential equation, D^{(N)}-operator

1.Introduction

The hypergeometric function H(a, b, b^′ ; c; z_1, z_2, z_3) of three complex variables z_1, z_2 and z_3, is defined and studied in ([2], [4], [7]) in the form

H(a, b, b^′ ; c; z_1, z_2, z_3) = ∞∑ m,n,p=0 (a)_{m+p}(b)_{m+n}(b^′ )_{n+p} (c)_{m+n+p} z^m_1 m! z^n_2 n! z^p_3 p! (1.1)

= ∞∑ m,n,p α_{m,n,p}z^m_1 z^n_2 z^p_3 .

The following form gives the radius of regularity of this function

ρ = lim sup m+n+p→∞ { |α_{m,n,p}| σ_{m,n,p} } 1_{m+n+p} = 1 (1.2)

Dept. of Mathematics, Faculty of Science, University of Assiut, Assiut 71516, EGYPT E-mail:met6458agto.net.om © 1999 Cameron University

Typeset by AMS-TEX 42

DERIVATIVE OPERATOR ON A HYPERGEOMETRIC FUNCTION 43

where σ_{m,n,p} = { (^{m+n+p}_m )^{m2} (^{m+n+p}_n )^{n2} (^{m+n+p}_p )^{p2} ; m, n, p ≠ 0 1 ; m, n, p = 0 (1.3)

for a, b, b^′ and c are neither zero or nor negative integers. It is easy to see that the hypergeometric function H(a, b, b^′ ; c; z_1, z_2, z_3) is regular in the closed hypersphere S̄_r; r = 1 where is given by S̄_r = |z_1|2 + |z_2|2 + |z_3|2 = 1.

The operator D, as given in [3] in the case of two complex variables, takes the form D = { d_1 + d_2 + d_3, m, n, p ≥ 1 1, otherwise (1.4)

where d_1 = z_1^∂_{∂z1} , d_2 = z_2^∂_{∂z2} and d_3 = z_3^∂_{∂z3} .

Operating with D on the hypergeometric function H(a, b, b^′ ; c; z_1, z_2, z_3) of three complex variables yields

DH(a, b, b^′ ; c; z_1, z_2, z_3) = [z_1(b^′ + a − c + d_1) + z_2(b^′ + b − c + d_2) (1.5) + z_3(a + b^′ − c + d_3)]H(a, b, b^′ ; c; z_1, z_2, z_3) + 1 c {z_1[(a − c) − d_2][(b − c) + d_3]

+ z_2[(b^′ − c) − d_1][(b − c) + d_3] + z_3[(b^′ − c) − d_1][(a − c) + d_2]}H(a, b, b^′ ; c + 1; z_1, z_2, z_3),

alternatively, equation (1.5) can be written in the form

DH(a, b, b^′ ; c; z_1, z_2, z_3) = z_1 ab c H(a + 1, b + 1, b^′ ; c + 1; z_1, z_2, z_3) (1.6)

+ z_2 bb^′ c H(a, b + 1, b^′ + 1; c + 1; z_1, z_2, z_3)

+ z_3 ab^′ c H(a + 1, b, b^′ + 1; c + 1; z_1, z_2, z_3)

since Dz^m_1 z^n_2 z^p_3 = (m + n + p)z^m_1 z^n_2 z^p_3 .

2. The Contiguous function relations

For the hypergeometric function H(a, b, b^′ ; c; z_1, z_2, z_3), the following contiguous

44 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

function relations can be defined (D + a)H(a, b, b^′ ; c; z_1, z_2, z_3) =aH(a + 1, b, b^′ ; c; z_1, z_2, z_3) + d_2H(a, b, b^′ ; c; z_1, z_2, z_3), (2.1) (D + b)H(a, b, b^′ ; c; z_1, z_2, z_3) =bH(a, b + 1, b^′ ; c; z_1, z_2, z_3) + d_3H(a, b, b^′ ; c; z_1, z_2, z_3), (2.2) (D + b^′ )H(a, b, b^′ ; c; z_1, z_2, z_3) =b^′ H(a, b, b^′ + 1; c; z_1, z_2, z_3) + d_1H(a, b, b^′ ; c; z_1, z_2, z_3) (2.3)

and

(D + c − 1)H(a, b, b^′ ; c; z_1, z_2, z_3) = (c − 1)H(a, b, b^′ ; c − 1; z_1, z_2, z_3). (2.4)

From (2.1), (2.2), (2.3) and (2.4), it follows at once that

(a − b)H(a, b, b^′ ; c; z_1, z_2, z_3) = aH(a + 1, b, b^′ ; c; z_1, z_2, z_3) − bH(a, b + 1, b^′ ; c; z_1, z_2, z_3) + (d_2 − d_3)H(a, b, b^′ ; c; z_1, z_2, z_3), (2.5)

(a − b^′ )H(a, b, b^′ ; c; z_1, z_2, z_3) = aH(a + 1, b, b^′ ; c; z_1, z_2, z_3)

− b^′ H(a, b, b^′ + 1; c; z_1, z_2, z_3) + (d_2 − d_1)H(a, b, b^′ ; c; z_1, z_2, z_3), (2.6)

(b − b^′ )H(a, b, b^′ ; c; z_1, z_2, z_3) = bH(a, b + 1, b^′ ; c; z_1, z_2, z_3) − b^′ H(a, b, b^′ + 1; c; z_1, z_2, z_3) + (d_3 − d_1)H(a, b, b^′ ; c; z_1, z_2, z_3) (2.7)

and (a − c + 1)H(a, b, b^′ ; c; z_1, z_2, z_3) = aH(a + 1, b, b^′ ; c; z_1, z_2, z_3) − (c − 1)H(a, b, b^′ ; c − 1; z_1, z_2, z_3) + d_2H(a, b, b^′ ; c; z_1, z_2, z_3). (2.8)

From these relations the other contiguous function relations can be deduced.

DERIVATIVE OPERATOR ON A HYPERGEOMETRIC FUNCTION 45

3. The hypergeometric Differential Equation

The operator D, that is used in the derivation of the contiguous function relations, is also in deriving a differential equation satisfied by (1.1) From (1.1) we obtain

D(D + c − 1)H(a, b, b^′ ; c; z_1, z_2, z_3) = ∑ m,n,p (m + n + p)(m + n + p − 1)(a)_{m+p}(b)_{m+n}(b^′ )_{n+p} (c)_{m+n+p} z^m_1 m! z^n_2 n! z^p_3 p!

= ∑ m,n,p (m + n + p)(a)_{m+p}(b)_{m+n}(b^′ )_{n+p} (c)_{m+n+p−1} z^m_1 m! z^n_2 n! z^p_3 p! = z_1 ∑ m,n,p (a)_{m+1+p}(b)_{m+1+n}(b^′ )_{n+p} (c)_{m+n+p} z^m_1 m! z^n_2 n! z^p_3 p!

+ z_2 ∑ m,n,p (a)_{m+p}(b)_{m+n+1}(b^′ )_{n+1+p} (c)_{m+n+p} z^m_1 m! z^n_2 n! z^p_3 p!

+ z_3 ∑ m,n,p (a)_{m+p+1}(b)_{m+n}(b^′ )_{n+p+1} (c)_{m+n+p} z^m_1 m! z^n_2 n! z^p_3 p! = {z_1(a + D − d_2)(b + D − d_3) + z_2(b + D − d_3)(b^′ + D − d_1)

+ z_3(a + D − d_2)(b^′ + D − d_1)}H(a, b, b^′ ; c; z_1, z_2, z_3).

It is easy to see that the hypergeometric function H(a, b, b^′ ; c; z_1, z_2, z_3) should be a solution of a partial differential equation given by

{D(D + c − 1) − [(a + D) − d_2][(b + D) − d_3]z_1 (3.1)

− [(b + D) − d_3][(b^′ + D) − d_1]z_2

− [(a + D) − d_2][(b^′ + D) − d_1]z_3}H(a, b, b^′ ; c; z_1, z_2, z_3) = 0

4. D^{(N)}-operator of hypergeometric function of three complex variables

The D^{(N)}-operator which is defined and studied in [1,3] in the case of two complex variables and refined here in the case of three complex variables in the form

D^{(N)} = { (d_1 + d_2 + d_3)^N , m, n, p ≥ 1 1, otherwise (4.1)

46 SOUTHWEST JOURNAL OF PURE & APPLIED MATHEMATICS

where N is a finite positive integer. In terms of the D^{(N)}-operator, equation (1.5) can be written in the form DH(a, b, b^′ ; c; z_1, z_2, z_3) =(c − 1)[H(a, b, b^′ ; c − 1; z_1, z_2, z_3) (4.2)

− H(a, b, b^′ ; c; z_1, z_2, z_3)].

Now, we employ the differential operator D^2 =z^2_1

∂^2 ∂z^2_1

+ z^2

∂^2 ∂z^2

+ z^2_3

∂^2 ∂z^2_3

(4.3)

+ 2z_1z_2

∂^2 ∂z_1∂z_2 + 2z_1z_3

∂^2 ∂z_1∂z_3 + 2z_2z_3

∂^2 ∂z_2∂z_3 on the hypergeometric function H(a, b, b^′ ; c; z_1, z_2, z_3) to get

D^2H(a, b, b^′ ; c; z_1, z_2, z_3) = (c − 1)(c − 2)H(a, b, b^′ ; c − 2; z_1, z_2, z_3) (4.4)

− 2(c − 1)^2H(a, b, b^′ ; c − 1; z_1, z_2, z_3)

+ c(c − 1)H(a, b, b^′ ; c; z_1, z_2, z_3).

Then, the following relation can be derived by induction

D^N H(a, b, b^′ ; c; z_1, z_2, z_3) =(c − 1) N∑ k=0 (−1)^k ( N k )_{N−2}∏ j=0 (c − N + j + k) (4.5)

H(a, b, b^′ ; c − N + k; z_1, z_2, z_3) References

[ 1] M.S.Metwally; Representation of Analytic Function and Basic Sets of Polynomials in Deferent Regions, Thesis from M.Sc. Degree, Assiut Univ. (1989).

[ 2] S. Saran, Hypergeometric Function of Three Variables, Ganita 5, 77-91 (1954). [ 3] K.A.M.Sayyed; Basic Sets of Polynomials of Two Complex Variables and Their Convergence Properties, Thesis for Ph.D. Degree, Assiut Univ. (1975) [ 4] H.M.Srivastava; Hypergeometric Function of Three Variables, Ganita 15, 97- 108 (1964).

[ 5] H.M.Srivastava; On the Reducibility of Certain Hypergeometric Functions , Revista Mat. Fis. Teorica, 16, 7-14(1966).

[ 6] H.M.Srivastava; Relation Between Functions Contiguous to Certain Hypergeometric Function of Three Variables, Proc. Nat. Acad. Sci. India, Sec. A, 36, 377-385 (1966).

[ 7] H.M.Srivastava; Some Integrals Representing Triple Hypergeometric Functions, Rend. Circ. Mat. Palermo(2) 16(1-3) (1967) 99-115

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 2 December 1999, pp. 47 – 60 Submitted: August 28, 1999. Published: December 31, 1999

A Hopf bifurcation of interfaces in a Dirichlet problem

YoonMee Ham & Sang-Gu Lee

Abstract

In this paper, we consider a free boundary problem which is reduced from the propagator-controller system satisfying the Dirichlet boundary condition as a layer parameter is equal to zero. We shall show that the equlibria (v^∗(x), s^∗) exist and there is a Hopf bifurcation at a critical point τ only for s^∗ ∈ (^1_3 , 1).

1991 AMS Subject Classification Codes: Primary 35R35, 35B32; Secondary 35B25, 35K22, 35K57, 58F14, 58F22 Key Words and Phrases: Evolution Equation, Free Boundary Problem, Dirichlet Boundary Condition, Hopf Bifurcation

Department of Mathematics & Department of Mathematics, Kyonggi University Sungkyunkwan University Suwon, 442-760 Korea & Suwon, 440-746 Korea This present work was supported by the Basic Science Research Institute Program, Ministry of Education, 1998, Project No. BSRI-98-1436 and 98-1420. E-mail: ymham@kuic.kyonggi.ac.kr & sglee@yurim.skku.ac.kr Copyright © 1998 by Cameron University

1 Introduction

A free boundary problem is obtained from a singular limit of a reactiondiffusion system { ε τu_t = ε^2 u_{xx} + f(u, v), v_t = D v_{xx} + u − bv. (1) In this equations, u and v are called the activator and its inhibitor in morphogenesis ([7]), or the propagator and its controller in chemical waves of excitable media ([2]). The reaction term f(u, v) = −u+H(u−a)−v ( a > 0) is a McKean dynamics ([6]) and the parameter τ is a positive constant. We assume that the system (1) is bistable for a positive constant b which means that (1) has one unstable state and two stable states. v

u u = bv

f = 0 a u = h^+(v) u = h^0(v)

u = h^−(v)

Figure 1: Nullclines f(u) − v = 0 and g = 0 for the bistable system (1).

When the diffusion constant ε is very small, the existence and uniqueness of solutions for the problem (1) are examined in [8]. The occurence of a Hopf bifurcation in (1) as τ varies was shown for a very small ε in [5] and [8]. When the diffusion constant ε is exactly zero in (1), a free boundary problem can be obtained in [3], and the well-posedness of this free boundary problem was shown in [5] and [9] using the fixed ponit theorem and using the semigroup theorey, respectively.

In [9], the authors proved the Hopf bifurcation near equlibria occurs at some τ for the Neumann boundary condition. In this paper, we consider the case for the Dirichlet boundary condition, and shall show that a Hopf bifurcation occurs for some equlibria for the following free boundary problem: v_t = D v_{xx} − c^2v + H(x − s(t)) for (x, t) ∈ Ω^− ∪ Ω^+, v(0, t) = 0 = v(1, t) for t > 0, v(x, 0) = v_0(x) for 0 ≤ x ≤ 1, τ ds dt = C(v(s(t), t)) for t > 0, s(0) = s_0,

(2)

where Ω := {(x, t) ∈ (0, 1) × (0, ∞)}, Ω^− = {(x, t) ∈ Ω : 0 < x < s(t)} and Ω^+ = {(x, t) ∈ Ω : s(t) < x < 1}. In addition v(x, t) and v_x(x, t) are assumed to be continuous in Ω. The diffusion constant D is assumed to be finite (so, let D = 1) and H(y) is the Heaviside function. The velocity function of a free boundary is C : I → R; I = (−a, 1 − a), 0 < a < 1; and given by

C(r) :=

2r − 1 + 2a √ (a + r)(1 − a − r) .

In section 2, we shall use a change of variables which regularizes problem (2) in such a way which was used in [9]. In this way, we can give an alternative proof of well-posedness and obtain enough regularity of the solution for an analysis of the bifurcation. In section 3, we show that a Hopf bifurcation occurs at a critical value of τ as τ decreases.

2 The regularization

We rewrite the problem (2) as an abstract evolution equation: (F) d dt (v, s) + ~A(v, s) = F (v, s) (v, s)(0) = (v_0(·), s_0) where

~A := − d^2 dx^2 + c^2 0 0 0 and the nonlinear operator F by

F (v, s) = F_1(v(·, t), s(t)) F_2(v(·, t), s(t)) := H(· − s(t)) 1 τ C(v(s(t), t)) .

We let the differential operator A = − d^2 dx^2 + c^2 together with Dirichlet boundary conditions at x = 0, 1. The combination of the jump discontinuity of a Heaviside function in the first component of F and the nature of the dependence of v on s in the second component of F makes it impossible to find a function space of the form X = L_p, 1 ≤ p ≤ ∞ such that F satisfies a Lipschitz condition on ~X ⊂ X ×R. As a first step we obtain more regularity for the solution by semigroup methods, considering A as a densely defined operator A : D(A) ⊂_{dense} X −→ X X := L_2((0, 1)) with norm ‖ · ‖_2 D(A) := {v ∈ H^{2,2}(0, 1) : v(0) = 0 = v(1)} .

We decompose v in (F) into a part u, which is a solution to a more regular problem, and a part g, which is worse, but explicitly known in terms of the Green’s function G of the operator A.

Proposition 2.1 Let G : [0, 1]^2 → R be a Green’s function of the operator A. Define g : [0, 1]^2 −→ R g(x, s) := ∫_1 s G(x, y) dy = A^{−1}(H(· − s))(x) and γ : [0, 1] −→ R γ(s) := g(s, s) . Then g(·, s) ∈ D(A) for all s, ∂g ∂s (x, s) = −G(x, s) is in H^{1,∞}((0, 1)×(0, 1)), and γ ∈ C^∞([0, 1]).

The proof is followed from the fact of Green’s function.

Using these preliminary observations, we decompose a solution (v, s) of (F) into two parts by defining u(t)(x) := v(x, t) − g(x, s(t)) . We denote the space X × R by ~X and define { D( ~A) := D(A) × R, ~A : D( ~A) ⊂_{dense} ~X −→ ~X, ~A(u, s) := (Au, 0)

The initial value problem for (u, s) can then be written as

(R) d dt (u, s) + ~A(u, s) = μ f(u, s) (u, s)(0) = (u(0), s(0)) = (u_0, s_0) .

where μ = 1 τ . The nonlinear reaction terms f is defined on a set

W := {(u, s) ∈ C^1([0, 1]) × (0, 1) : u(s) + γ(s) ∈ I} ⊂_{open} C^1([0, 1]) × R

and given by f : W → L_2(0, 1) × R, f(u, s) := ( G(·, s) · C(u(s) + γ(s)) C(u(s) + γ(s)) ) . The advantage of (R) over (F) is, that the right hand side of (R) is one step more regular than that of (F), since it involves G(x, s) instead of H(x − s). We can now apply semigroup theory to (R) using domains of fractional powers α ∈ [0, 1] of A and ~A:

X^α := D(A^α) , ~X^α := D( ~A^α) , ~X^α = X^α × R .

For this we need to find an α ∈ [0, 1] such that X^α ⊂ C^1([0, 1]), because then f : W ∩ ~X^α → ~X is continuously differentiable. It was shown that it is true for α > 3/4 in [4] and [11]. Hence an existence, uniqueness and dependence on initial conditions of solutions to (F) can be obtained as a similar arguments in [9].

3 A Hopf bifurcation

In order to examine a Hopf bifurcation for (R), we need to investigate a linearized eigenvalue problem for (R). Hence we shall find stationary solutions for (R) which is represented by Au^∗ = μ G(x, s^∗) C(u^∗(s^∗) + γ(s^∗)), u^∗(0) = 0 = u^∗(1) 0 = μ C(u^∗(s^∗) + γ(s^∗)) for (u^∗, s^∗) ∈ D( ~A) ∩ W . The function γ(s) =

∫_1 s G(s, y) dy then becomes γ(s) = 1 c^2 sinh c sinh cs (cosh c(1 − s) − 1) .

For μ ≠ 0, this system is equivalent to the pair of equations

u^∗ = 0 , C(γ(s^∗)) = 0 . (3) We thus obtain

Proposition 3.1 If 0 <^1_2 − a <

2 sinh^{3 c}_3 c^2 sinh c

, then for all μ ≠ 0, (R) has a unique stationary solution (u^∗, s^∗) with u^∗(x) = 0 and s^∗ ∈ (0,^1_3 ) ∪ (^1_3 , 1). The linearization of f at (0, s^∗) is Df(0, s^∗)(û, ŝ) = ( û(s^∗) + γ^′(s^∗)ŝ ) · ( G(·, s^∗), 1 ) . The pair (0, s^∗) corresponds to a unique steady state (v^∗, s^∗) of (F) for μ ≠ 0 with v^∗(x) = g(x, s^∗) .

Proof. We note C(r) = 0 if and only if r =^1_2 − a. Define Γ(s) = γ(s) − (^1_2 − a). Then Γ^′(s) > 0 if 0 < s <^1_3 and Γ^′(s) < 0 if^1_3 < s < 1. In order to have solutions, Γ(s) = 0 must satisfy either Γ(0) < 0 < Γ(^1_3 ) or Γ(1) < 0 < Γ(^1_3 ). That means 0 <^1_2 − a < γ(^1_3 ) with γ(^1_3 ) =

2 sinh^{3 c}_3 c^2 sinh c . Thus, there exists a unique solution s^∗ in (0,^1_3 ) ∪ (^1_3 , 1) . The formula for Df(0, s^∗) follows from the relation C^′(1/2 − a) = 1.

It suffices to show the stationary solution (u^∗(x), s^∗, μ^∗) is a Hopf point, and since the Hopf bifurcation theorem in [1, 9, 10] gurantees that there is a periodic solution near the Hopf point point. Hence we now consider the eigenvalue problem for (R) − ~A(u, s) + μB(u, s) = λ(u, s) which is equivalent to (A + λ)u = μ · (γ^′(s^∗)s + u(s^∗)) · G(·, s^∗) λs = μ · (γ^′(s^∗)s + u(s^∗)) . (4) We now state the stationary solution is a Hopf point.

Theorem 3.2 Assume that for μ^∗ ∈ R \ {0} , the operator − ~A + μ^∗B has a unique pair {±iβ} of purely imaginary eigenvalues. Then (0, s^∗, μ^∗) with 1 3 < s^∗ < 1 is a Hopf point for (R).

Proof. Without loss of generality, let β > 0, and let ϕ^∗ be the (normalized) eigenfunction of − ~A + μ^∗B with eigenvalue iβ. We have to show that

(ϕ^∗, iβ) can be extended to a C^1-curve μ → (ϕ(μ), λ(μ)) of eigendata for − ~A + μB with λ^′(μ^∗) ≠ 0.

For this let ϕ^∗ = (ψ_0, s_0) ∈ D(A) × R. First, we see that s_0 ≠ 0, for otherwise, by (4), (A + iβ)ψ_0 = iβs_0G(·, s^∗) = 0, which is impossible because A is symmetric. So without loss of generality, let s_0 = 1. Then by (4), E(ψ_0, iβ, μ^∗) = 0, where E : D(A)_C × C × R −→ X_C × C , E(u, λ, μ) := ( (A + λ)u − μ · ((γ^′(s^∗) + u(s^∗))G(·, s^∗) λ − μ · (γ^′(s^∗) + u(s^∗)) ) . The equation E(u, λ, μ) = 0 is equivalent to λ being and eigenvalue of − ~A + μB with eigenfunction (u, 1). The proofs of E is C^1 and the mapping D_{(u,λ)}E(ψ_0, iβ, μ^∗)(û, λ̂) = ( (A + iβ)û − μ^∗û(s^∗)G(·, s^∗) + λ̂ψ_0, −μ^∗û(s^∗) + λ̂ )

is a compact perturbation of the mapping (û, λ̂) −→ ( (A + iβ)û, λ̂ )

which is invertible, are similar to in [9]. Therefore, we only need to show that the transversality condition Re λ^′(μ^∗) ≠ 0 holds. Let ϕ(μ) = (ψ(μ), 1). Since E(ψ_0, iβ, μ^∗) = 0, we have

(A + iβ)ψ_1 = −δ_s∗ (5) and iβ = μ^∗(γ^′(s^∗) + ψ_1(s^∗) + G(s^∗, s^∗) ). (6)

Implicit differentiation of E(ψ(μ), λ(μ), μ) = 0 implies that D_{(u,λ)}E(ψ_0, iβ, μ^∗)(ψ^′(μ^∗), λ^′(μ^∗)) = ( (γ^′(s^∗) + ψ^′(μ^∗)(s^∗)) · G(·, s^∗) γ^′(s^∗) + ψ^′(μ^∗)(s^∗) )

This means that the function û := ψ^′(μ^∗) and λ̂ := λ^′(μ^∗) satisfy the equations

(A + iβ)û − μ^∗ û(s^∗) G(·, s^∗) + λ̂ψ_0 = (γ^′(s^∗) + ψ_0(s^∗)) G(·, s^∗) (7) and −μ^∗û(s^∗) + λ̂ = γ^′(s^∗) + ψ_0(s^∗) . (8) Putting (8) into (7) and using ψ_1 := ψ_0 − G(·, s^∗) , as before, we obtain (A + iβ)û + λ̂ψ_1 = 0 . (9) û(s^∗) = λ̂ μ^∗ − iβ μ^{∗2} . (10)

Multiplying û by (5) and (9) and integrating then we obtain 2i β ∫_1 0 ûψ_1 = λ̂ μ^∗ − û(s^∗) (11) and ∫_1 0 |A^{1/2}û|^2 + iβ

∫_1 0 |û|^2 + λ̂

∫_1 0 ψ_1 û = 0 .

(12) Compare with (11) and (12) and, then substitute (10), then we get 2iβ ∫_1 0 |A^{1/2}û|^2 − 2β^2

∫_1 0 |û|^2 − iβ λ̂ (μ^∗)^2

= 0.

Hence, the transversality condition

Reλ̂ = 2(μ^∗)^2

∫_1 0 |A^{1/2}û|^2 > 0 is satisfied.

We now show that, whenever (R) admits a stationary solution, there is a unique μ^∗ > 0 such that (0, s^∗, μ^∗) is a Hopf point, thus μ^∗ is the origin of a branch of nontrivial periodic orbits.

Theorem 3.3 There exists a unique, purely imaginary eigenvalue λ = iβ of (4) with β > 0 for a unique critical point μ^∗ > 0 in order for (0, s^∗, μ^∗) to be a Hopf point only for^1_3 < s^∗ < 1.

Proof. To do this, we only have to show that the function (u, β, μ) → E(u, iβ, μ) has a unique zero with β > 0 and μ > 0. This means solving the system (A + iβ)u = μ · ( γ^′(s^∗) + u(s^∗) ) · G(·, s^∗) iβ = μ · ( γ^′(s^∗) + u(s^∗) ) . As before, with v := u − G(·, s^∗) , this system is equivalent to the weak system of equations (A + iβ)w = −δ_s∗ iβ = μ · ( γ^′(s^∗) + G(s^∗, s^∗) + v(s^∗) ) . (13)

Now the first equation in (13) has, for fixed β ≥ 0, the unique solution v = −G_β (·, s^∗) , where G_β is the Green’s function for the operator A + iβ. We are thus left with having to solve the complex valued equation

iβ = μ · (γ^′(s^∗) + G(s^∗, s^∗) − G_β (s^∗, s^∗) ) which is equivalent to the real valued system

γ^′(s^∗) + G(s^∗, s^∗) − Re G_β (s^∗, s^∗) = 0

(14) μ Im G_β(s^∗, s^∗) + β = 0 .

(15)

By the Lemma 12 in [9], the expression Re G_β(s^∗, s^∗) is strictly decreasing in β ∈ R^+ , Re G_0(s^∗, s^∗) = G(s^∗, s^∗) and lim_{β→∞} Re G_β (s^∗, s^∗) = 0 and, Im G_β (s^∗, s^∗) < 0 for any β > 0 . Since γ^′(s^∗)+G(s^∗, s^∗) is real valued, there is a unique solution (β, μ^∗) of (14) and (15) with β > 0 and μ^∗ > 0.

The following theorem summarizes what we have proved for the free boundary problem with the Dirichlet boundary condition:

Theorem 3.4 Assume that 0 <^1_2 − a <

2 sinh^{3 c}_3 c sinh c

, so that (R), respectively (F), has a unique stationary solution (u^∗, s^∗) where u^∗ = 0 and s^∗ ∈ (0,^1_3 ) ∪ (^1_3 , 1) respectively (v^∗, s^∗), for all μ > 0. Then there exists a unique μ^∗ > 0 such that the linearization − ~A + μ^∗B has a purely imaginary pair of eigenvalues. The point (0, s^∗, μ^∗) with 0 < s^∗ <^1_3 is then a Hopf point for (R) and there exists a C^0-curve of nontrivial periodic orbits for (R), (F), respectively, bifurcating from (0, s^∗, μ^∗), (v^∗, s^∗, μ^∗), respectively.

References

[1] M.G. Crandall and P.H. Rabinowitz, The Hopf Bifurcation Theorem in Infinite Dimensions, Arch. Rational Mech. Anal. 67 (1978), 53–72.

[2] P. C. Fife, Mathematical aspects of reacting and diffusing systems, Lecture Notes in Biomathematics 28 Springer, Berlin, 1979.

[3] P. Fife, Dynamics of internal layers and diffusive interfaces, CMBS- NSF Regional Converence Series in Applied Mathematics, 53, Philadelphia: SIAM, 1988.

[4] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathematics 840, Springer, New York-Berlin, 1981.

[5] D. Hilhorst, Y. Nishiura and M. Mimura, A free boundary problem arising in some reacting-diffusing system, Proc. Royal Soc. Edinburgh, 118A (1991), 355–378.

[6] H.P. McKean, Nagumo’s equation, Adv. Math. 4 (1975), 209-223.

[7] H. Meinhardt, Models of Biological Pattern Formation, Academic Press, 1982.

[8] Y. Nishiura and M. Mimura, Layer oscillations in reaction-diffusion systems, SIAM J. Appl. Math. 49 (1989), 481–514.

[9] Y. M. Ham, R.Schaaf and R.Thompson, A Hopf Bifurcation in a Parabolic Free Boundary Problem, J. of Comput. Appl. Math. 52 (1994), 305-324.

[10] Y. M. Ham, A Hopf Bifurcation in a Parabolic Free Boundary Problem with double layers, J. of Partial Differential Equation 9 (1996), 277-288.

[11] J. Wloka, Partial Differential Equations, Cambridge University Press, 1982.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 2 December 1999, pp. 47 – 60 Submitted: August 28, 1999. Published: December 31, 1999

A Hopf bifurcation of interfaces in a Dirichlet problem

YoonMee Ham & Sang-Gu Lee

Abstract

In this paper, we consider a free boundary problem which is reduced from the propagator-controller system satisfying the Dirichlet boundary condition as a layer parameter is equal to zero. We shall show that the equlibria (v^∗(x), s^∗) exist and there is a Hopf bifurcation at a critical point τ only for s^∗ ∈ (^1_3 , 1).

1991 AMS Subject Classification Codes: Primary 35R35, 35B32; Secondary 35B25, 35K22, 35K57, 58F14, 58F22 Key Words and Phrases: Evolution Equation, Free Boundary Problem, Dirichlet Boundary Condition, Hopf Bifurcation

Department of Mathematics & Department of Mathematics, Kyonggi University Sungkyunkwan University Suwon, 442-760 Korea & Suwon, 440-746 Korea This present work was supported by the Basic Science Research Institute Program, Ministry of Education, 1998, Project No. BSRI-98-1436 and 98-1420. E-mail: ymham@kuic.kyonggi.ac.kr & sglee@yurim.skku.ac.kr Copyright © 1998 by Cameron University

1 Introduction

A free boundary problem is obtained from a singular limit of a reactiondiffusion system { ε τu_t = ε^2 u_{xx} + f(u, v), v_t = D v_{xx} + u − bv. (1) In this equations, u and v are called the activator and its inhibitor in morphogenesis ([7]), or the propagator and its controller in chemical waves of excitable media ([2]). The reaction term f(u, v) = −u+H(u−a)−v ( a > 0) is a McKean dynamics ([6]) and the parameter τ is a positive constant. We assume that the system (1) is bistable for a positive constant b which means that (1) has one unstable state and two stable states. v

u u = bv

f = 0 a u = h^+(v) u = h^0(v)

u = h^−(v)

Figure 1: Nullclines f(u) − v = 0 and g = 0 for the bistable system (1).

When the diffusion constant ε is very small, the existence and uniqueness of solutions for the problem (1) are examined in [8]. The occurence of a Hopf bifurcation in (1) as τ varies was shown for a very small ε in [5] and [8]. When the diffusion constant ε is exactly zero in (1), a free boundary problem can be obtained in [3], and the well-posedness of this free boundary problem was shown in [5] and [9] using the fixed ponit theorem and using the semigroup theorey, respectively.

In [9], the authors proved the Hopf bifurcation near equlibria occurs at some τ for the Neumann boundary condition. In this paper, we consider the case for the Dirichlet boundary condition, and shall show that a Hopf bifurcation occurs for some equlibria for the following free boundary problem: v_t = D v_{xx} − c^2v + H(x − s(t)) for (x, t) ∈ Ω^− ∪ Ω^+, v(0, t) = 0 = v(1, t) for t > 0, v(x, 0) = v_0(x) for 0 ≤ x ≤ 1, τ ds dt = C(v(s(t), t)) for t > 0, s(0) = s_0,

(2)

where Ω := {(x, t) ∈ (0, 1) × (0, ∞)}, Ω^− = {(x, t) ∈ Ω : 0 < x < s(t)} and Ω^+ = {(x, t) ∈ Ω : s(t) < x < 1}. In addition v(x, t) and v_x(x, t) are assumed to be continuous in Ω. The diffusion constant D is assumed to be finite (so, let D = 1) and H(y) is the Heaviside function. The velocity function of a free boundary is C : I → R; I = (−a, 1 − a), 0 < a < 1; and given by

C(r) :=

2r − 1 + 2a √ (a + r)(1 − a − r) .

In section 2, we shall use a change of variables which regularizes problem (2) in such a way which was used in [9]. In this way, we can give an alternative proof of well-posedness and obtain enough regularity of the solution for an analysis of the bifurcation. In section 3, we show that a Hopf bifurcation occurs at a critical value of τ as τ decreases.

2 The regularization

We rewrite the problem (2) as an abstract evolution equation: (F) d dt (v, s) + ~A(v, s) = F (v, s) (v, s)(0) = (v_0(·), s_0) where

~A := − d^2 dx^2 + c^2 0 0 0 and the nonlinear operator F by

F (v, s) = F_1(v(·, t), s(t)) F_2(v(·, t), s(t)) := H(· − s(t)) 1 τ C(v(s(t), t)) .

We let the differential operator A = − d^2 dx^2 + c^2 together with Dirichlet boundary conditions at x = 0, 1. The combination of the jump discontinuity of a Heaviside function in the first component of F and the nature of the dependence of v on s in the second component of F makes it impossible to find a function space of the form X = L_p, 1 ≤ p ≤ ∞ such that F satisfies a Lipschitz condition on ~X ⊂ X ×R. As a first step we obtain more regularity for the solution by semigroup methods, considering A as a densely defined operator A : D(A) ⊂_{dense} X −→ X X := L_2((0, 1)) with norm ‖ · ‖_2 D(A) := {v ∈ H^{2,2}(0, 1) : v(0) = 0 = v(1)} .

We decompose v in (F) into a part u, which is a solution to a more regular problem, and a part g, which is worse, but explicitly known in terms of the Green’s function G of the operator A.

Proposition 2.1 Let G : [0, 1]^2 → R be a Green’s function of the operator A. Define g : [0, 1]^2 −→ R g(x, s) := ∫_1 s G(x, y) dy = A^{−1}(H(· − s))(x) and γ : [0, 1] −→ R γ(s) := g(s, s) . Then g(·, s) ∈ D(A) for all s, ∂g ∂s (x, s) = −G(x, s) is in H^{1,∞}((0, 1)×(0, 1)), and γ ∈ C^∞([0, 1]).

The proof is followed from the fact of Green’s function.

Using these preliminary observations, we decompose a solution (v, s) of (F) into two parts by defining u(t)(x) := v(x, t) − g(x, s(t)) . We denote the space X × R by ~X and define { D( ~A) := D(A) × R, ~A : D( ~A) ⊂_{dense} ~X −→ ~X, ~A(u, s) := (Au, 0)

The initial value problem for (u, s) can then be written as

(R) d dt (u, s) + ~A(u, s) = μ f(u, s) (u, s)(0) = (u(0), s(0)) = (u_0, s_0) .

where μ = 1 τ . The nonlinear reaction terms f is defined on a set

W := {(u, s) ∈ C^1([0, 1]) × (0, 1) : u(s) + γ(s) ∈ I} ⊂_{open} C^1([0, 1]) × R

and given by f : W → L_2(0, 1) × R, f(u, s) := ( G(·, s) · C(u(s) + γ(s)) C(u(s) + γ(s)) ) . The advantage of (R) over (F) is, that the right hand side of (R) is one step more regular than that of (F), since it involves G(x, s) instead of H(x − s). We can now apply semigroup theory to (R) using domains of fractional powers α ∈ [0, 1] of A and ~A:

X^α := D(A^α) , ~X^α := D( ~A^α) , ~X^α = X^α × R .

For this we need to find an α ∈ [0, 1] such that X^α ⊂ C^1([0, 1]), because then f : W ∩ ~X^α → ~X is continuously differentiable. It was shown that it is true for α > 3/4 in [4] and [11]. Hence an existence, uniqueness and dependence on initial conditions of solutions to (F) can be obtained as a similar arguments in [9].

3 A Hopf bifurcation

In order to examine a Hopf bifurcation for (R), we need to investigate a linearized eigenvalue problem for (R). Hence we shall find stationary solutions for (R) which is represented by Au^∗ = μ G(x, s^∗) C(u^∗(s^∗) + γ(s^∗)), u^∗(0) = 0 = u^∗(1) 0 = μ C(u^∗(s^∗) + γ(s^∗)) for (u^∗, s^∗) ∈ D( ~A) ∩ W . The function γ(s) =

∫_1 s G(s, y) dy then becomes γ(s) = 1 c^2 sinh c sinh cs (cosh c(1 − s) − 1) .

For μ ≠ 0, this system is equivalent to the pair of equations

u^∗ = 0 , C(γ(s^∗)) = 0 . (3) We thus obtain

Proposition 3.1 If 0 <^1_2 − a <

2 sinh^{3 c}_3 c^2 sinh c

, then for all μ ≠ 0, (R) has a unique stationary solution (u^∗, s^∗) with u^∗(x) = 0 and s^∗ ∈ (0,^1_3 ) ∪ (^1_3 , 1). The linearization of f at (0, s^∗) is Df(0, s^∗)(û, ŝ) = ( û(s^∗) + γ^′(s^∗)ŝ ) · ( G(·, s^∗), 1 ) . The pair (0, s^∗) corresponds to a unique steady state (v^∗, s^∗) of (F) for μ ≠ 0 with v^∗(x) = g(x, s^∗) .

Proof. We note C(r) = 0 if and only if r =^1_2 − a. Define Γ(s) = γ(s) − (^1_2 − a). Then Γ^′(s) > 0 if 0 < s <^1_3 and Γ^′(s) < 0 if^1_3 < s < 1. In order to have solutions, Γ(s) = 0 must satisfy either Γ(0) < 0 < Γ(^1_3 ) or Γ(1) < 0 < Γ(^1_3 ). That means 0 <^1_2 − a < γ(^1_3 ) with γ(^1_3 ) =

2 sinh^{3 c}_3 c^2 sinh c . Thus, there exists a unique solution s^∗ in (0,^1_3 ) ∪ (^1_3 , 1) . The formula for Df(0, s^∗) follows from the relation C^′(1/2 − a) = 1.

It suffices to show the stationary solution (u^∗(x), s^∗, μ^∗) is a Hopf point, and since the Hopf bifurcation theorem in [1, 9, 10] gurantees that there is a periodic solution near the Hopf point point. Hence we now consider the eigenvalue problem for (R) − ~A(u, s) + μB(u, s) = λ(u, s) which is equivalent to (A + λ)u = μ · (γ^′(s^∗)s + u(s^∗)) · G(·, s^∗) λs = μ · (γ^′(s^∗)s + u(s^∗)) . (4) We now state the stationary solution is a Hopf point.

Theorem 3.2 Assume that for μ^∗ ∈ R \ {0} , the operator − ~A + μ^∗B has a unique pair {±iβ} of purely imaginary eigenvalues. Then (0, s^∗, μ^∗) with 1 3 < s^∗ < 1 is a Hopf point for (R).

Proof. Without loss of generality, let β > 0, and let ϕ^∗ be the (normalized) eigenfunction of − ~A + μ^∗B with eigenvalue iβ. We have to show that

(ϕ^∗, iβ) can be extended to a C^1-curve μ → (ϕ(μ), λ(μ)) of eigendata for − ~A + μB with λ^′(μ^∗) ≠ 0.

For this let ϕ^∗ = (ψ_0, s_0) ∈ D(A) × R. First, we see that s_0 ≠ 0, for otherwise, by (4), (A + iβ)ψ_0 = iβs_0G(·, s^∗) = 0, which is impossible because A is symmetric. So without loss of generality, let s_0 = 1. Then by (4), E(ψ_0, iβ, μ^∗) = 0, where E : D(A)_C × C × R −→ X_C × C , E(u, λ, μ) := ( (A + λ)u − μ · ((γ^′(s^∗) + u(s^∗))G(·, s^∗) λ − μ · (γ^′(s^∗) + u(s^∗)) ) . The equation E(u, λ, μ) = 0 is equivalent to λ being and eigenvalue of − ~A + μB with eigenfunction (u, 1). The proofs of E is C^1 and the mapping D_{(u,λ)}E(ψ_0, iβ, μ^∗)(û, λ̂) = ( (A + iβ)û − μ^∗û(s^∗)G(·, s^∗) + λ̂ψ_0, −μ^∗û(s^∗) + λ̂ )

is a compact perturbation of the mapping (û, λ̂) −→ ( (A + iβ)û, λ̂ )

which is invertible, are similar to in [9]. Therefore, we only need to show that the transversality condition Re λ^′(μ^∗) ≠ 0 holds. Let ϕ(μ) = (ψ(μ), 1). Since E(ψ_0, iβ, μ^∗) = 0, we have

(A + iβ)ψ_1 = −δ_s∗ (5) and iβ = μ^∗(γ^′(s^∗) + ψ_1(s^∗) + G(s^∗, s^∗) ). (6)

Implicit differentiation of E(ψ(μ), λ(μ), μ) = 0 implies that D_{(u,λ)}E(ψ_0, iβ, μ^∗)(ψ^′(μ^∗), λ^′(μ^∗)) = ( (γ^′(s^∗) + ψ^′(μ^∗)(s^∗)) · G(·, s^∗) γ^′(s^∗) + ψ^′(μ^∗)(s^∗) )

This means that the function û := ψ^′(μ^∗) and λ̂ := λ^′(μ^∗) satisfy the equations

(A + iβ)û − μ^∗ û(s^∗) G(·, s^∗) + λ̂ψ_0 = (γ^′(s^∗) + ψ_0(s^∗)) G(·, s^∗) (7) and −μ^∗û(s^∗) + λ̂ = γ^′(s^∗) + ψ_0(s^∗) . (8) Putting (8) into (7) and using ψ_1 := ψ_0 − G(·, s^∗) , as before, we obtain (A + iβ)û + λ̂ψ_1 = 0 . (9) û(s^∗) = λ̂ μ^∗ − iβ μ^{∗2} . (10)

Multiplying û by (5) and (9) and integrating then we obtain 2i β ∫_1 0 ûψ_1 = λ̂ μ^∗ − û(s^∗) (11) and ∫_1 0 |A^{1/2}û|^2 + iβ

∫_1 0 |û|^2 + λ̂

∫_1 0 ψ_1 û = 0 .

(12) Compare with (11) and (12) and, then substitute (10), then we get 2iβ ∫_1 0 |A^{1/2}û|^2 − 2β^2

∫_1 0 |û|^2 − iβ λ̂ (μ^∗)^2

= 0.

Hence, the transversality condition

Reλ̂ = 2(μ^∗)^2

∫_1 0 |A^{1/2}û|^2 > 0 is satisfied.

We now show that, whenever (R) admits a stationary solution, there is a unique μ^∗ > 0 such that (0, s^∗, μ^∗) is a Hopf point, thus μ^∗ is the origin of a branch of nontrivial periodic orbits.

Theorem 3.3 There exists a unique, purely imaginary eigenvalue λ = iβ of (4) with β > 0 for a unique critical point μ^∗ > 0 in order for (0, s^∗, μ^∗) to be a Hopf point only for^1_3 < s^∗ < 1.

Proof. To do this, we only have to show that the function (u, β, μ) → E(u, iβ, μ) has a unique zero with β > 0 and μ > 0. This means solving the system (A + iβ)u = μ · ( γ^′(s^∗) + u(s^∗) ) · G(·, s^∗) iβ = μ · ( γ^′(s^∗) + u(s^∗) ) . As before, with v := u − G(·, s^∗) , this system is equivalent to the weak system of equations (A + iβ)w = −δ_s∗ iβ = μ · ( γ^′(s^∗) + G(s^∗, s^∗) + v(s^∗) ) . (13)

Now the first equation in (13) has, for fixed β ≥ 0, the unique solution v = −G_β (·, s^∗) , where G_β is the Green’s function for the operator A + iβ. We are thus left with having to solve the complex valued equation

iβ = μ · (γ^′(s^∗) + G(s^∗, s^∗) − G_β (s^∗, s^∗) ) which is equivalent to the real valued system

γ^′(s^∗) + G(s^∗, s^∗) − Re G_β (s^∗, s^∗) = 0

(14) μ Im G_β(s^∗, s^∗) + β = 0 .

(15)

By the Lemma 12 in [9], the expression Re G_β(s^∗, s^∗) is strictly decreasing in β ∈ R^+ , Re G_0(s^∗, s^∗) = G(s^∗, s^∗) and lim_{β→∞} Re G_β (s^∗, s^∗) = 0 and, Im G_β (s^∗, s^∗) < 0 for any β > 0 . Since γ^′(s^∗)+G(s^∗, s^∗) is real valued, there is a unique solution (β, μ^∗) of (14) and (15) with β > 0 and μ^∗ > 0.

The following theorem summarizes what we have proved for the free boundary problem with the Dirichlet boundary condition:

Theorem 3.4 Assume that 0 <^1_2 − a <

2 sinh^{3 c}_3 c sinh c

, so that (R), respectively (F), has a unique stationary solution (u^∗, s^∗) where u^∗ = 0 and s^∗ ∈ (0,^1_3 ) ∪ (^1_3 , 1) respectively (v^∗, s^∗), for all μ > 0. Then there exists a unique μ^∗ > 0 such that the linearization − ~A + μ^∗B has a purely imaginary pair of eigenvalues. The point (0, s^∗, μ^∗) with 0 < s^∗ <^1_3 is then a Hopf point for (R) and there exists a C^0-curve of nontrivial periodic orbits for (R), (F), respectively, bifurcating from (0, s^∗, μ^∗), (v^∗, s^∗, μ^∗), respectively.

References

[1] M.G. Crandall and P.H. Rabinowitz, The Hopf Bifurcation Theorem in Infinite Dimensions, Arch. Rational Mech. Anal. 67 (1978), 53–72.

[2] P. C. Fife, Mathematical aspects of reacting and diffusing systems, Lecture Notes in Biomathematics 28 Springer, Berlin, 1979.

[3] P. Fife, Dynamics of internal layers and diffusive interfaces, CMBS- NSF Regional Converence Series in Applied Mathematics, 53, Philadelphia: SIAM, 1988.

[4] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathematics 840, Springer, New York-Berlin, 1981.

[5] D. Hilhorst, Y. Nishiura and M. Mimura, A free boundary problem arising in some reacting-diffusing system, Proc. Royal Soc. Edinburgh, 118A (1991), 355–378.

[6] H.P. McKean, Nagumo’s equation, Adv. Math. 4 (1975), 209-223.

[7] H. Meinhardt, Models of Biological Pattern Formation, Academic Press, 1982.

[8] Y. Nishiura and M. Mimura, Layer oscillations in reaction-diffusion systems, SIAM J. Appl. Math. 49 (1989), 481–514.

[9] Y. M. Ham, R.Schaaf and R.Thompson, A Hopf Bifurcation in a Parabolic Free Boundary Problem, J. of Comput. Appl. Math. 52 (1994), 305-324.

[10] Y. M. Ham, A Hopf Bifurcation in a Parabolic Free Boundary Problem with double layers, J. of Partial Differential Equation 9 (1996), 277-288.

[11] J. Wloka, Partial Differential Equations, Cambridge University Press, 1982.

Information for Authors cont.

Copyright. Authors will be asked, upon acceptance of an article, to transfer copyright of the article to the publisher. This will ensure the widest possible dissemination of information under copyright laws. Preprints are available via web page at http://rattler.cameron.edu/SWJPAM. Authorization to copy is granted provided that the SWJPAM copyright symbol is not removed.

Tables. Tables must be numbered consecutively with roman numerals and have titles. They should be prepared in such a manner that no break is necessary.

Figures. All graphs and diagrams should be referred to as ‘figure’ (not abbreviated) in the text. A detailed caption should be provided for each figure, and figures should be numbered consecutively.

Footnotes. The use of footnotes should be minimized.

Notification. The author will be notified of the posting of his/her work and the time of release for SWJPAM.

References. References should be listed at the end of each paper. They should be numbered consecutively using arabic numbers between square brackets in the text. In the list of references, the numbers should appear without square brackets. A journal reference should comprise of name(s) and initial(s) of author(s), title of article, abbreviated name of journal (following the style of ‘Abbreviations of Names of Serials reviewed in Mathematical Reviews’), volume number, year of publication (within parentheses), and full page numbers, e.g.

1. Argyros, I.K. and Szidarovszky, F.: On the Monotone Convergence of Algorithmic Models, Appl. Math. Com. 48, (1992), 167–176.

A book reference should comprise of name(s) and initial(s) of author(s), title of book, publisher, town, year of publication, e.g.

11. Ortega, J.M. and Rheinboldt, W.C.: Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970

An edited volume reference should comprise of name(s) and initial(s) of author(s), title of paper, name(s) of editor(s), title of book, publisher, town, year, inclusive page numbers, e.g.

12. Prenter, P.: On Polynomial Operators and Equations, L.B. Rall (ed), Computational Solution of nonlinear operator equations, Johy Wiley Publisher, New York, 1971, pp. 361–398.

Indexing and Abstracting services. Articles published in SWJPAM are selectively indexed or abstracted in: Mathematical Reviews of A.M.S., Zentralblatt für Mathematik, European Mathematical Society (EMIS).