Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 2 December 1999, pp. 13 – 29 Submitted: March 28, 1999. Published: December 31, 1999

Solutions to Stationary Phase-Field Equations

Werner Horn

Abstract

In this paper we consider time-independent versions of the Phase-Field Equations introduced by O. Penrose and P. Fife. To this end we will investigate a system of semi-linear elliptic equations. We will show existence of solutions and give results on the multiplicity and the stability of solutions. This will be achieved by applying variational methods and bifurcation methods. We will also point out the physical significance of these results.

A.M.S. Subject Classifications Codes: 35J20, 35J60, 82B26 Key Words: Nonlinear Elliptic Partial Differential Equations, Variational Methods, Phase Transitions.

1 Introduction

In recent years several authors investigated systems of non-linear parabolic equations known as phase field equations. These equations arise in studying temperature driven phase changes (cf., for example, [1, 3, 4, 9, 12, 16]) and usually consist of a non-linear parabolic equation of the form ϕ_t = Δϕ − s_ϕ(x, ϕ) + λ(x, ϕ)u (1) for the phase parameter ϕ coupled with a linear or non-linear heat equation for the temperature u. The coupling term is of the form λ(x, ϕ)ϕ_t, (2) Department of Mathematics and CSUN Mathematical Physics Institute, California State University Northridge, Northridge , CA 91330 E-mail: whorn@huey.csun.edu Copyright © 1998 by Cameron University and represents the latent heat of the phase transition. The existence and uniqueness of solutions to such systems has been studied extensively (cf. [2, 4, 7, 8, 9, 11, 14, 16]), but to the best of our knowledge the steady state solutions to these equations have not been thoroughly investigated. In this paper we will consider stationary solutions to the system ϕ_t = Δϕ − s_ϕ(x, ϕ) + λ(x, ϕ)u (3) u_t u^2 = Δu − λ(x, ϕ)ϕ_t (4) on a bounded domain Ω ⊂ IR^n with a sufficiently smooth boundary ∂Ω. As in the papers on the time-dependent equations, we will restrict ourselves to the case that n ≤ 3. However, most of the analysis can be carried out in higher dimensions as well.

We will use the same boundary conditions as in previous papers, namely ∂ϕ ∂ν = 0, (5) ∂u ∂ν = ( u − u^2θ_Γ ) , (6)

however, one could also consider a linearized version of (6). In addition to these conditions we need to make the following assumptions:

• (H 1) The function s(x, ·) ∈ C^3(A) ∩ C(A) for an open interval A ⊆ IR, independent of x ∈ Ω.

• (H 2) s(x, ·) is a double-well potential for every x ∈ Ω.

• (H 3) There exist positive constants α and β such that α ≤ θ_Γ ≤ β.

Furthermore, θ_Γ ∈ H^1(∂Ω).

• (H 4) λ(x, ϕ) = a(x)ϕ+b(x) with a(x) ≥ 0 and b(x) > 0 smooth functions.

These are sufficient conditions for the existence of solutions to (3)–(6) with sufficiently smooth initial conditions. For the purpose of this paper the condition (H 4) could be eased to λ_ϕ > 0 without significantly changing the arguments. For further analysis of the time-dependent problems we refer to the above mentioned papers as well as [6] for an overview of the problems. We would also like to mention [5] for a proof that such a model approximates a Stefan problem.

The function −s_ϕ(x, ϕ) has three zeros (as a function of ϕ). Hence, the function −s_ϕ(x, ϕ) + λ(x, ϕ)u(x) will have at least one and at most three zeros (for fixed x). Zeros at which the derivative −s_{ϕϕ}(x, ϕ) + λ_ϕ(x, ϕ)u(x) is negative represent a single phase, zeros with positive derivative (with respect to ϕ) represent a point at which both phases are present.

In this paper we are interested in the time-independent stationary problem. In particular, we will investigate the system of non-linear elliptic equations −Δϕ = −s_ϕ(x, ϕ) + λ(x, ϕ)u, (7) −Δu = 0, (8)

together with the above mentioned boundary conditions (5)– (6). This system is essentially decoupled, and (8) is just a homogeneous Laplace equation with non-linear boundary conditions. Aside from stating a maximum principle for u, we will concentrate on the study of solutions to (7) for a given function u satisfying (8).

In section 2 of the paper we will use variational techniques to prove a general existence result for (7) with arbitrary smooth u(x). This is very similar to a result proved in [4] for a specific choice of the function s.

In section 3 we will give a more specific result for functions u which are close to a constant. This will also show that solutions to (7) are in general not unique. The results of this section rely on techniques from general bifurcation theory. The physical significance of these results will be summarized at the end of the section.

In section 4 we will analyze the linear stability of solutions to the timeindependent system. In this section we will treat the entire system including the nonlinear heat equation. We will give a sufficient condition for stability and give an example of an unstable solution which consist entirely of “mushy regions”, i. e. a solution for which at every point in the domain both phases exist.

Throughout the paper we will extensively use the Hilbert spaces X = L^2(Ω) and Y = H^2(Ω).

2 Variational Approach — Existence of Solutions

The main result of this section is the generalization of a result that first appeared in [4]. We will use a variational approach to prove the general existence of a solution to (7). To begin we have to state a maximum principle for solutions of (8).

Lemma 2.1 Let u(x) be a smooth solution of (8) with boundary conditions (6). Then u(x) takes its extrema on the boundary of Ω and 1 β ≤ u(x) ≤ 1 α for all x ∈ Ω.

We omit the simple proof of this lemma and continue with the investigation of (7). We will assume that u(x) is a solution to (8) with boundary conditions (6).

We start by considering the equation −s_ϕ(x, ϕ) + u(x)λ(x, ϕ) = 0, (9) which can be solved for ϕ at any point x ∈ Ω. The equation will have at least one and at most three solutions, which we denote by

ϕ_1(x) ≤ ϕ_2(x) ≤ ϕ_3(x).

The functions ϕ_j (x) will be continuous in x, But their domains Ω_j might not be the entire domain Ω. However, for every x ∈ Ω at least one of the three functions exists and will be continuous. To continue we define

ϕ(x) = min {ϕ_1(x), ϕ_2(x), ϕ_3(x)} , (10)

where the minimum is taken over the functions ϕ_j which exist at the point x. Similarily define ϕ(x) = max {ϕ_1(x), ϕ_2(x), ϕ_3(x)} . (11)

We are now ready to state a maximum principle for the solutions of (7).

Lemma 2.2 Define c_1 = inf_{x∈Ω} ϕ(x), and c_2 = sup_{x∈Ω} ϕ(x),

where ϕ(x) and ϕ(x) are defined as above. Then for any smooth solution ϕ(x) of (7) we have:

c_1 ≤ ϕ(x) ≤ c_2. (12)

Proof: First we observe that since u(x) is a bounded continuous function, the same holds for ϕ_j (x), hence c_1 and c_2 are finite numbers.

Now suppose ϕ(x) is a smooth solution to (7), and that ϕ has a maximum at x_0 ∈ Ω. We have:

0 ≤ −Δϕ(x_0) = −s_ϕ(x_0, ϕ(x_0)) + u(x_0)λ(x_0, ϕ(x_0)). (13)

Since the right hand side of this inequality becomes negative if ϕ(x_0) is larger than the largest root of the right-hand side it follows that:

ϕ(x) ≤ ϕ(x_0) ≤ max {ϕ_1(x_0), ϕ_2(x_0), ϕ_3(x_0)} ≤ c_2.

Since we have ∂_ν ϕ|_{∂Ω} = 0, we have that ϕ must be concave down near a maximum at x_0 ∈ ∂Ω as well. For sufficiently smooth boundary and ϕ we have

lim_{x→x0} Δϕ(x) ≤ 0,

and (13) holds on the boundary as well. Analogously we prove the statement for the lower bound of ϕ(x). □ To continue we formulate our equation as a variational problem. (7) is the Euler-Lagrange equation for the following variational problem. We want to find a function ϕ ∈ H^1(Ω) for which the functional F(ϕ) = ∫ Ω ( 1 2 |∇ϕ|^2 + s(x, ϕ) − u(x)Λ(x, ϕ) ) dx, (14) where Λ_ϕ(x, ϕ) = λ(x, ϕ), has a critical point. The functional F(ϕ) represents of course the free energy of the system (cf. [12, 4], for example).

Any solution ϕ ∈ H^1(Ω) to this variational problem is also a solution of the original equation. The additional regularity required for ϕ to be a classical solution follows from elliptic regularity theory.

We proceed by proving, that there exists a solution to the variational problem.

Theorem 2.1 Let C = inf_{ϕ∈H}1_{(Ω)} F(ϕ). Then |C| < ∞ and there exists a ϕ^∗ ∈ H^1(Ω) such that C = F(ϕ^∗), i. e. ϕ^∗ is a critical point of F(ϕ).

Proof: As stated in the previous lemma, we have that s_ϕ(x, ϕ) − u(x)λ(x, ϕ) > 0 for ϕ > c_2, and s_ϕ(x, ϕ) − u(x)λ(x, ϕ) < 0 for ϕ < c_1. It follows that the function s(x, ϕ) − u(x)Λ(x, ϕ) is bounded below, i. e. there is a C_0 > 0 such that s(x, ϕ) − u(x)Λ(x, ϕ) > −C_0. This implies immediately that F(ϕ) = ∫ Ω ( 1 2 |∇ϕ|^2 + s(x, ϕ) − u(x)Λ(ϕ) ) dx ≥ ∫ Ω (s(x, ϕ) − u(x)Λ(ϕ)) dx ≥ −μ(Ω)C_0 = −C_1 > −∞.

Hence, inf_{ϕ∈H}1_{(Ω)} F(ϕ) = C ≥ −C_1 > −∞. Therefore, there exists a minimizing sequence ϕ_n ∈ H^1(Ω) such that F(ϕ_n) → C as n → ∞. Without loss of generality we may assume that F(ϕ_n) ≤ C + 1. To continue, we replace this minimizing sequence with one that is uniformly bounded as follows.

ϕ̂_n = c_1 for ϕ_n < c_1 ϕ_n for c_1 ≤ ϕ_n ≤ c_2 c_2 for ϕ_n > c_2 ,

where c_1 and c_2 are the bounds of Lemma 2.2. It follows that ϕ̂_n ∈ H^1(Ω). Furthermore, the definitions of c_1 and c_2 imply that s(x, ϕ) − u(x)Λ(x, ϕ) is an increasing function of ϕ for ϕ ≥ c_2 and a decreasing function of ϕ for ϕ ≤ c_1 (see Lemma 2.2). Thus we have F(ϕ̂_n) ≤ F(ϕ_n), i. e. { ϕ̂_n }_∞ n=1 is also a minimizing sequence. Furthermore, since ∫ Ω 1 2 | | |∇ϕ̂n | | |^2 dx = F(ϕ̂n) − ∫ Ω ( s(x, ϕ̂_n) − u(x)Λ(x, ϕ̂_n) ) dx ≤ C + 1 + C_2

for an appropriate constant C_2, the sequence is uniformly bounded in H^1(Ω). Since H^1(Ω) is a Hilbert space there exists a weakly convergent subsequence of

this sequence, which we also denote by { ϕ̂_n }_∞ n=1 . Let ϕ̃ denote the weak limit of the subsequence. It follows, that ∫ Ω 1 2 | | |∇ϕ̃ | | |^2 dx ≤ lim inf_{n→∞} ∫ Ω 1 2 | | |∇ϕ̂n | | |^2 dx. (15)

Since c_1 ≤ ϕ̂_n ≤ c_2, the same holds for ϕ̃. We can use the mean-value theorem to get | | | | ∫ Ω ( s(x, ϕ̂_n) − u(x)Λ(x, ϕ̂_n) − s(x, ϕ̃) + u(x)Λ(x, ϕ̃) ) dx | | | | ≤ ∫ Ω sup c_1≤ξ≤c_2 |s_ϕ(x, ξ) − u(x)λ(ξ)| | | |ϕ̂n − ϕ̃ | | | dx ≤ C_3 ‖ ‖ ‖ϕ̂n − ϕ̂ ‖ ‖ ‖_{L2(Ω)} ,

for some constant C_3. But by the Sobolev imbedding theorem, ϕ̂_n converges strongly to ϕ̂ in L^2(Ω), which in turn implies ∫ Ω ( s(x, ϕ̂_n) − u(x)Λ(x, ϕ̂_n) ) dx → ∫ Ω ( s(x, ϕ̃) − u(x)Λ(x, ϕ̃) ) dx as n → ∞. Together with (15) this implies

F(ϕ̃) ≤ lim inf_{n→∞} F(ϕ̂_n) = C,

i. e. ϕ̃ is a solution to the variational problem. □ Remark:

This section shows that for any function u, there is a solution ϕ to the elliptic equation (7). For (ϕ, u) to be a solution of the system, u must also be a harmonic function which satisfies the boundary condition (6). For suitable boundary conditions, the inverse temperature u can vary over a quite large range of positive values. This implies that in some regions of Ω the function −s_ϕ(x, ϕ) + λ(x, ϕ)u(x) has only the largest root, whereas in other regions the function has only the smallest root. This insures the existence of solutions for which both phases are present in different areas of Ω. Lemma 2.2 gives a simple a priori bound for smooth solutions to the equation.

3 Bifurcation Theory and Single Phase Solutions

In this section we study the solutions to (7) more closely. We will restrict ourselves to the generic case when the function s does not explicitely depend on x. Furthermore, we will assume that λ(ϕ) = aϕ + b, for constants a ≥ 0 and b > 0.

We will apply a result from generic bifurcation theory to show the multiplicity of specific solutions, which are nearly constant. We start by stating the obvious result for constant temperatures u(x) = u.

Lemma 3.1 Let ϕ̂ be a solution of the equation

−s_ϕ(ϕ̂) + uλ(ϕ̂) = 0. (16)

Then ϕ(x) ≡ ϕ̂ is clearly a solution of (7).

The proof of this is obvious. This result also shows, that we cannot expect uniqueness for solutions of this equation, since the algebraic equation (16) may have up to three distinct solutions.

We continue by showing that there exist solutions for u ∈ X = L^2(Ω) provided that u is close enough to a constant u. To do this we let Σ denote the spectrum of the negative Laplacian on Ω with Neumann boundary conditions. It is well known that Σ is a pure point spectrum consisting of countably many non-negative numbers. Furthermore, Σ is nowhere dense in IR^+. Using this one can state:

Theorem 3.1 Let u be constant and ϕ̂ be one of the solutions to

−s_ϕ(ϕ̂) + uλ(ϕ̂) = −s_ϕ(ϕ̂) + u ( aϕ̂ + b ) = 0.

Furthermore, assume that ua − s_{ϕϕ}(ϕ̂) /∈ Σ. Then there exist positive numbers ξ_0 and η_0, such that for every u ∈ X with ‖u − u‖_X < η_0 there exists a unique ϕ ∈ Y = H^2(Ω) with ‖ ‖ ‖ϕ − ϕ̂ ‖ ‖ ‖_Y < ξ0 that solves (7).

Proof: We will apply a result from genral bifurcation theory, namely Theorem 8.C of [15]. Observe that −Δϕ = −s_ϕ(ϕ) + auϕ + bu −Δϕ̂ = −s_ϕ(ϕ̂) + auϕ̂ + bu implies −Δ ( ϕ − ϕ̂ ) = −s_ϕ(ϕ) + s_ϕ(ϕ̂) + au ( ϕ − ϕ̂ ) + aϕ̂ (u − u) + b (u − u) = −s_ϕ(ϕ) + s_ϕ(ϕ̂) + s_{ϕϕ}(ϕ̂) ( ϕ − ϕ̂ ) + a (u − u) ( ϕ − ϕ̂ )

− ( s_{ϕϕ}(ϕ̂) − au ) ( ϕ − ϕ̂ ) + ( aϕ̂ + b ) (u − u) Let ψ = ϕ − ϕ̂ and θ = u − u. After bringing ( s_{ϕϕ}(ϕ̂) − au ) ψ to the left the last equation becomes −Δψ − ( au − s_{ϕϕ}(ϕ̂) ) ψ = G(ψ, θ). (17) Since au − s_{ϕϕ}(ϕ̂) ∉ Σ, the linear operator L = −Δ − (au − s_{ϕϕ}(ϕ̂)) on the left has an inverse operator L^{−1} : X → Y . Furthermore, the operator G : Y × X → X mapping G : (ψ, θ) → G(ψ, θ) has the following properties:

• G(0, 0) = 0

• If ‖ψ‖_Y < ξ and ‖θ‖_X < η for positive numbers ξ and η, then ‖G(ψ, θ)‖_X ≤ g(ξ, η), (18) where g(ξ, η) = O(ξ^2) + O(η) as ξ → 0 and η → 0. Indeed, by applying the mean-value theorem twice we get |G(ψ, θ)| ≤ | |−s_ϕ(ϕ) + s_ϕ(ϕ̂) + s_{ϕϕ}(ϕ̂)ψ | | + |aθψ| + | |(aϕ̂ + b) θ | | ≤ | | |sϕϕ(ϕ̂)ψ − sϕϕ(τ)ψ | | | + |aθψ| + | | | ( aϕ̂ + b ) θ | | | ≤ C_1 |ψ|^2 + |aθψ| + | | | ( aϕ̂ + b ) θ | | | After squaring this last inequality, integrating the result over Ω and applying the Sobolev imbedding theorem (18) follows immediately. Furthermore, one sees that one can choose

g(ξ, θ) = C_1ξ^2 + C_2η

• If ‖ψ‖_Y ≤ ξ and ‖θ‖_X ≤ η for positive ξ and η, then

‖G(ψ_1, θ) − G(ψ_2, θ)‖_X ≤ h(ξ, η) ‖ψ_1 − ψ_2‖_Y , (19)

where h(ξ, η) → 0 as ξ → 0 and η → 0. To prove this we observe that the mean value theorem implies |G(ψ_1, θ) − G(ψ_2, θ)| ≤ | |−sϕ(ϕ1) + sϕ(ϕ2) + sϕϕ(ϕ̂) (ψ1 − ψ2) | | + |aθ| |ψ1 − ψ2| ≤ | | |sϕϕ(ϕ^∗) − sϕϕ(ϕ̂) | | | |ψ1 − ψ2| + |aθ| |ψ1 − ψ2| ≤ (| |s^′_{ϕϕ}(ϕ^{∗∗}) ( ϕ^∗ − ϕ̂ )| | + |aθ| ) |ψ_1 − ψ_2| .

Squaring and integrating this inequality gives the desired result with

h(ξ, η) = C_3ξ + C_4η.

Therefore, all the hypotheses of Theorem 8.C of [15] are satisfied, and the result follows by applying this theorem. □ This theorem has the following immediate consequences.

Remarks:

• If −s_ϕ(ϕ) + uλ(ϕ) < 0, then it is automatically not a part of the spectrum Σ and the theorem applies. Physically this case corresponds with single phase solutions.

• Clearly the theorem cannot be applied if ϕ̂ is a multiple root of −s_ϕ(ϕ) + uλ(ϕ) = 0, since in this case u − s_{ϕϕ}(ϕ̂) = 0 ∈ Σ. However, this is not a generic case and will not be studied here.

In order to more closely investigate this result we need the following classical lemma which gives an estimate of ‖ L^{−1} ‖ . Lemma 3.2 Let L = −Δ−ν on Ω together with Neumann boundary conditions. Then the operator L^{−1} : X → Y satisfies ‖ ‖L^{−1} ‖ ‖ ≤ C_0 1 + |ν| inf_{λ∈Σ} |ν − λ| ,

where C_0 is a constant which does not depend on ν. Moreover, for negative values of ν ‖ ‖L−1 ‖ ‖ is uniformly bounded.

Proof: The proof of this lemma is a straight forward application of some results from Fourier analysis and can be found in most standard texts on Spectral Theory. We will only briefly outline it. For an arbitrary f ∈ X let v be the solution of Lv = f. We can expand both v and f in terms of the eigenfunctions φ_j of the negative Laplacian with Neumann boundary conditions. Using v = ∑_∞ j=0 v_j φ_j and f = ∑_∞ j=0 f_j φ_j we see that (λ_j − ν) v_j = f_j ,

where λ_j is the j-th eigenvalue of the negative Laplacian. Plancherel’s theorem implies that

‖v‖^2_X = ∞∑ j=0 v^2_j = ∞∑ j=0 f^2_j (λ_j − ν)^2 ≤ 1 inf_{λ∈Σ} |ν − λ|^2 ‖f‖^2_X .

In order to get an estimate on the Y −norm of the solution we observe that −Δv = νv + f, which immediately implies

‖v‖_H2_{(Ω)} ≤ C_0 ( |ν| ‖v‖_L2_{(Ω)} + ‖f‖_L2_{(Ω)} ) , which immediately implies the first part of the Lemma. Since all eigenvalues of the negative Laplacian are non-negative it follows that for inf_{λ∈Σ} |ν − λ| = |ν| , for negative values of ν, i.e. L^{−1} is uniformly bounded for such values of ν. □ In the setting of Theorem 3.1, negative values of ν correspond to the smallest and largest simple root of −s_ϕ(ϕ) + uλ(ϕ). Physically these roots correspond to single phase steady states. We can now formulate the following theorem.

Theorem 3.2 Let 0 < α ≤ θ_Γ ≤ β be the bounds on the boundary conditions for the inverse temperature u. Furthermore, let C_i, i = 1, 2, 3, 4 be the constants in the proof of Theorem 3.1. Then there exists at least one solution in the sense of Theorem 3.1 if

min{ ( 1 2‖L^{−1}‖C_1 )_4 , ( 1 −^{C3}_{2C1} ) ‖L^{−1}‖C_4 2 } > μ(Ω) ( 1 α^2 − 1 β^2 ) , (20)

where μ(Ω) denotes the usual Lebesgue measure of Ω.

Proof: Let u(x) be an arbitrary positive solution to equation (8) with boundary values as in the statement of the theorem. Define u = 1 μ(Ω) ∫ Ω u(x) dx = 1 μ(Ω)

‖u‖_L1_{(Ω)} .

It follows that ‖u − u‖^2_X = ∫ Ω |u(x) − u|^2 dx = ‖u‖^2_X − 1 μ(Ω)

‖u‖_L1_{(Ω)} .

Using the bounds on u from Lemma 2.1 we obtain ‖u − u‖^2_X ≤ μ(Ω) ( 1 α^2 − 1 β^2 ) . (21)

So we can ensure existence of a solution if η_0 in the statement of Theorem 3.1 satisfies: η^2_0 ≥ μ(Ω) ( 1 α^2 − 1 β^2 ) . (22)

¿From the proof of Theorem 8.C of [15] we have that ξ_0 and η_0 are chosen to satisfy ‖ ‖L^{−1} ‖ ‖ (C_1ξ^2_0 + C_2η_0) ≤ ξ_0, (23)

and ‖ ‖L^{−1} ‖ ‖ (C_3ξ_0 + C_4η_0) < 1. (24)

¿From the first equation we get that

η_0 ≤ ξ_0 C_2 ( 1 ‖L^{−1}‖ − C_1ξ_0 ) ≤ 1 (2‖L^{−1}‖C_1)^2 . At the ξ_0 value corresponding to this maximum the second condition gives

η_0 <

1 −^{C3}_{C1} ‖L^{−1}‖C_4 . Combining these results we get the sufficient condition from the theorem. □ Remarks:

• The graph of −s_ϕ(ϕ)+uλ(ϕ) has at least one root. Theorem 3.2 states that for temperature fields which are nearly constant, there will always be at least one solution. If there is only one solution, this solution corresponds to a single phase.

• The other possibility is that −s_ϕ(ϕ) + uλ(ϕ) has three solutions for which inequality (20) is satisfied. Then equation (7) has also three solutions, one of which corresponds to a root of −s_ϕ(ϕ) + uλ(ϕ), for which both phases are present at every point. At this root the derivative of −s_ϕ(ϕ) + uλ(ϕ) with respect to ϕ is positive. This solution makes no physical sense. Areas in which both phases are present are commonly called mushy regions.

• The conditions (20) in the statement of Theorem 3.2 are not optimal.

Indeed, the conditions (22)–(24) in the proof imply that (ξ_0, η_0) lie in a region in the ξη-plane bounded by a parabola (23), a straight decreasing line (24), and a horizontal line (22). One can easily see that this area is not empty if and only if 1 ‖L^{−1}‖C_4 − C_3 C_4 ξ̂ > √ μ(Ω) ( 1 α^2 − 1 β^2 ) , where ξ̂ is the smallest root of ξ C_2 ( 1 ‖L^{−1}‖ − C_1ξ ) − √ μ(Ω) ( 1 α^2 − 1 β^2 ) .

The last theorem also has some implications on the stability of solutions. Solutions (ϕ, u) for which the quantity u(x) − s_{ϕϕ}(ϕ) is negative correspond to a single phase. Theorem 8.C of [15] can always be applied ( even if u is not a constant) and shows that the map u(x) → ϕ(x), which assigns a single phase solution ϕ to a function u(x) is continuous, i. e. single phase solutions are stable in the sense that small changes in temperature field u(x) will imply small changes in the phase field ϕ. However, this is not the case for solutions for which u(x) − s_{ϕϕ}(ϕ) is negative. In this case continuity cannot be guaranteed, and a rather small change of u(x) could cause a relatively large change of ϕ. These latter solutions correspond to values of the phase parameter at which both phases are present at the same location. Regions in which this happens are so called mushy regions. Solutions which consist of entirely mushy regions are inconsistent with the experimental experience. It is therefore to be expected that such solutions should be unstable.

4 Linearization and Asymptotic Stability

This section is devoted to the investigation of the asymptotic stability of the solutions to the stationary system (7) and (8). Whereas in the last section we considered the map u(x) → ϕ(x), we now assume that the pair (u_0, ϕ_0) is a solution to the stationary phase field system and we want to analyze its stability. Furthermore, we allow λ tobe explicitely dependent on x.

We start by linearizing the parabolic system (3)-(4) about a solution (ϕ_0(x), u_0(x)) to the elliptic system. Substituting ϕ(x, t) = ϕ_0(x) + εϕ_1(x, t), u(x, t) = u_0(x) + εu_1(x, t), in the parabolic equations and the boundary conditions one gets – after using the properties of (ϕ_0(x), u_0(x)) – a linear parabolic system

ϕ_{1t} = Δϕ_1 − (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)u_0) ϕ_1 + λ(x, ϕ_0)u_1, (25) u_{1t} u^2_0

= Δu_1 − λ(x, ϕ_0)ϕ_{1t}, (26)

with the following boundary conditions ∂ϕ_1 ∂ν = 0, (27) ∂u_1 ∂ν = u_1 (1 − 2u_0θ_Γ) . (28)

In addition we assume that the solutions (ϕ_1(x, t), u_1(x, t)) satisfy the initial conditions

ϕ_1(x, 0) = ϕ^0_1(x), (29) u_1(x, 0) = u^0_1(x). (30)

Using the terminology of [13], we say that the stationary solution (ϕ_0, u_0) is asymptotically stable, if the solutions (ϕ_1, u_1) of the linearized system satisfy

lim_{t→∞} (‖ϕ_1(t)‖_X + ‖u_1(t)‖_X ) = 0,

for all initial values with ‖ ‖ϕ0_1 ‖ ‖_X ≤ 1 and ‖ ‖u0_1(x) | |_X ≤ 1. Since the non-linear parabolic system is not semi-linear, we cannot directly apply the usual methods (see, for example, Chapter 11 of [13]). However, only slight modifications are necessary.

In the following theorem we give sufficient conditions for asymptotic stability. This will show that single phase solutions are asymptotically stable.

Theorem 4.1 Suppose that (ϕ_0, u_0)is a solution to the stationary problem (7)- (8) with

1. s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0) > 0 for all x ∈ Ω.

2. u_0 >^1_{2θΓ} for all x ∈ ∂Γ.

Then the solution is asymptotically stable.

Proof: We only sketch the proof of this theorem and omit some of the details. The theory of systems of linear parabolic equations implies that (25)-(26) has a unique classical solution.

To continue we multiply (25) by ϕ_{1t} and (26) by u_1. Adding the results and integrating over Ω yields: 1 2 d dt (‖ ‖ ‖ u_1(t) u_0 ‖ ‖ ‖ 2 X + ‖∇ϕ_1(t)‖^2_X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) ϕ^2_1(x, t) dx ) = −C(t), (31) where

C(t) = ‖ϕ_{1t}(t)‖^2_X + ‖∇u_1(t)‖^2_X − ∫ ∂Ω u_1(t)

∂u_1(t) ∂ν dγ = ‖ϕ_{1t}(t)‖^2_X + ‖∇u_1(t)‖^2_X − ∫ ∂Ω u^2_1(t) (1 − 2u_0θ_Γ) dx ≥ 0. In the next step we integrate (31) to get − ∫_t 0 C(s) ds = 1 2 (‖ ‖ ‖ ‖ u_1 u_0 ‖ ‖ ‖ ‖ 2 X + ‖∇ϕ_1‖^2_X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) ϕ^2_1(x) dx )| | | | t

s=0 .

If there exists a δ > 0 such that C(t) ≥ δ for all t > 0, there is a number τ > 0 such that ∫_τ 0 C(s) ds = 1 2 (‖ ‖ ‖ ‖ u^0_1 u_0 ‖ ‖ ‖ ‖ 2

X + ‖ ‖∇ϕ^0_1 ‖ ‖^2_X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) (ϕ^0_1)^2(x) dx ) , i.e. 1 2 (‖ ‖ ‖ u^1(τ) u_0 ‖ ‖ ‖^2 X + ‖∇ϕ_1(τ)‖^2_X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) ϕ^2_1(x, τ) dx ) = 0,

and hence we have ϕ_1(x, τ) = 0 and u_1(x, τ) = 0.

In the other case observe that the right-hand-side of (4) is bounded below by − 1 2 (‖ ‖ ‖ u^0_1 u_0 ‖ ‖ ‖ 2

X + ‖ ∇ϕ^0_1 ‖_2 X + ∫ Ω (s_{ϕϕ}(x, ϕ_0) − λ_ϕ(x, ϕ_0)) (ϕ^0_1)^2(x) dx ) , which immedately implies that ∫_∞ 0 C(s) ds exists. Thus, we have lim_{t→∞} C(t) = 0. This implies that ϕ_1(x, t) → ϕ̂(x) and u_1(x, t) → û(x) as t → ∞ for some functions ϕ̂ and û which satisfy

Δϕ̂ = (−s_{ϕϕ}(x, ϕ_0) + λ_ϕ(x, ϕ_0)) ϕ̂ + λ(x, ϕ_0)û Δû = 0,

and the boundary conditions (27) and (28). The result now follows from immediately from the following lemma. □ Lemma 4.1 Suppose (ϕ̂, û) is a smooth solution to

−Δϕ̂ = (−s_{ϕϕ}(x, ϕ_0) + λ_ϕ(x, ϕ_0)u_0) ϕ̂ + λ(x, ϕ_0)û, −Δû = 0, with the same boundary conditions as above. Furthermore, assume that the hypotheses of the theorem hold.

Then (ϕ̂, û) = (0, 0)

Proof: Suppose û has a positive maximum, then this maximum is on the boundary and ∂û ∂ν ≥ 0. But we have ∂û ∂ν = û (1 − 2u_0θ_Γ) < 0, and therefore we have û ≤ 0, ∀x ∈ Ω. The analogous argument for negative minima shows that û ≥ 0 and therefore û = 0, ∀x ∈ Ω. Using this in the first equation we get ‖ ‖ ‖∇ϕ̂ ‖ ‖ ‖^2_X = ∫ Ω (−s_{ϕϕ}(x, ϕ_0) + λ_ϕ(x, ϕ_0)u_0) ϕ̂^2 dx ≤ 0,

which immediately implies ϕ̂ = 0. □ We finish this section by giving a specific example of an unstable solution.

For this let Ω be a region with smooth boundary in IR^n and let

s_ϕ − λu = ϕ^3 − ϕ + 1 − u and θ_Γ = 1.

It follows that u_0 = 1 satisfies the stationary equation for u and ϕ_0 = 0 satisfies the stationary equation for ϕ. The linearized system becomes:

ϕ_{1t} = Δϕ_1 + ϕ_1 − u_1 u_{1t} = Δu_1 − ϕ_{1t}

with boundary conditions ∂ϕ_1 ∂ν = 0, ∂u_1 ∂ν = −u_1

For the initial values u^0_1(x) = 0 and ϕ^0_1(x) = 1 the unique solution to this system is given by u_1(x, t) = 0 and ϕ_1(x, t) = 1, i.e. ϕ(x, t) ↛ 0 as t → ∞.

This implies that ϕ_0 is an unstable stationary solution. This solution does however make no physical sense, since it would imply the existence of both phases at every point in the domain.

References

[1] H. W. Alt, I. Pawlow, Existence of solutions for non-isothermal phase separation, Adv. Math. Sci Appl. 1 (1992), 319–409.

[2] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems. In: Function Spaces, Differential Operators and Nonlinear Analysis (Schmeisser, H. J., Triebel, H., eds.), 9–126, Teubner- Texte zur Mathematik Vol. 133, Teubner, Leipzig, 1993.

[3] M. Brokate, J. Sprekels, Hysteresis and Phase Transitions, Springer Verlag, Heidelberg, 1996.

[4] G. Caginalp, An analysis of a phase field model of a free boundary, Arch.

for Rat. Mech. and Analysis, 92 (1986), 205–245.

[5] P. Colli, J. Sprekels,On a Penrose-Fife model with zero interfacial energy leading to a Phase-field system of relaxed Stefan type, Ann. Math. Pura Appl.169, 269–289.

[6] W. Horn, Mathematical Aspects of the Penrose-Fife Phase-field model, Control and Cybernetics, Vol. 23, No. 4 (1994), 677– 690.

[7] W. Horn, Ph. Laurençot, J. Sprekels, Global solutions to a Penrose-Fife phase-field model under flux boundary conditions for the inverse temperature, Math. Meth. in the Appl. Sci., 19 (1996), No. 13, 1053–1072.

[8] W. Horn, J. Sprekels, S. Zheng, Global existence of smooth solutions to the Penrose-Fife model for Ising ferromagnets, Adv. in Mathematical Sciences and Applications 6 (1996), No. 1, 227–241.

[9] N. Kenmochi, M. Niezgødka, Systems of nonlinear parabolic equations for phase change problems, Adv. Math. Sci. Appl. 3 (1993/94), 89–117.

[10] O. A. Ladyzhenskaya, N. N. Ural’tseva, Linear and Quasilinear Elliptic Equations, Academic Press, New York, 1968.

[11] Ph. Laurençot, Solutions to a Penrose-Fife model of phase-field type, J.

Math. Anal. Appl. 185 (1994), 262–274.

[12] O. Penrose, P. C. Fife, Thermodynamically consistent models of phase field type for the kinetics of phase transitions, Physica D 43 (1990), 113–125.

[13] J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer Verlag, Heidelberg, 1982.

[14] J. Sprekels, S. Zheng, Global smooth solutions to a thermodynamically consistent model of phase-field type in higher space dimensions, J. Math. Anal. Appl. 176, 200–233.

[15] E. Zeidler, Nonlinear Functional Analysis and its Applications, Springer Verlag, Heidelberg, 1993.

[16] S. Zheng, Global Existence for a thermodynamically consistent model of Phase field type, Diff. Integral Equations (1992), 241- -253.