Issue 1 July – December 2004 ISSN 1083-0464

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

EDITOR IN CHIEF: IOANNIS ARGYROS MANAGING EDITOR: MOHAMMAD TABATABAI TECHNICAL EDITOR: GARY HUCKABAY

EDITORIAL BOARD

I. ARGYROS E. CǍTINAŞ D. CHEN Ş COBZAŞ J. EZQUERRO J. GUTIERREZ M. HERNADEZ D. JANKOVIC T. McKELLIPS C. MUSTǍTA I. PǍVǍLOIU F. SZIDAROVSZKY M. TABATABAI B. VASIGH G. ANASTASSIOU

CAMERON UNIVERSITY DEPARTMENT OF MATHEMATICAL SCIENCES LAWTON, OK 73505, U.S.A

Southwest Journal of Pure and Applied Mathematics

Editor in Chief: Ioannis Argyros Managing Editor: Mohammad Tabatabai Technical Editor: Gary Huckabay

Editorial Board

G. Anastassiou ganastss@memphis.edu I. Argyros ioannisa@cameron.edu E. Cǎtinaş ecatinas@ictp-acad.ubbcluj.ro D. Chen dchen@uafsysb.uark.edu Š. Cobzaş scobzas@math.ubbcluj.ro J. Ezquerro jezquer@siur.unirioja.es J. Gutierrez jmguti@siur.unirioja.es M. Hernadez mahernan@dmc.unirioja.es D. Jankovic draganj@cameron.edu T. McKellips terralm@cameron.edu C. Mustǎta cmustata@ictp-acad.ubbcluj.ro I. Pǎvǎloiu pavaloiu@ictp-acad.ubbcluj.ro F. Szidarovszky szidar@sie.arizona.edu M. Tabatabai mohammadt@cameron.edu B. Vasigh basighb@cts.db.erau.edu

Editorial Office Publication Program

SWJPAM 2 issues per year Cameron University July, December Department of Mathematical Sciences Lawton, OK 73505, U.S.A.

Information for Authors

Scope. SWJPAM is an electronic journal devoted to all aspects of Pure and Applied mathematics, and related topics. Authoritative expository and survey articles on subjects of special interest are also welcomed.

Since SWJPAM aims to serve not only the specialists, but also the user of mathematics (promoting, in such a way, a strong interaction between them), particular emphasis is placed on applications. Thus, SWJPAM publishes papers which, although not directly contributing to mathematics, contain, however, significant results (from any field) obtained by making an essential and well stressed use of the methods and results of mathematics.

Copyright © 2004 Cameron University (continued on inside back cover)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS ISSUE 1, JULY – DECEMBER 2004

CONTENTS

J. M. Gutiérrez, M. A. Hernández On the approximate solution of some Fredholm integral 1–9 and M. A. Salanova equations by Newton’s method

Noureddine Aïssaoui Orlicz-Sobolev Spaces with Zero Boundary Values on 10–32 Metric Spaces Anthony Gamst An Interacting Particles Process for Burgers Equation 33–47 on the Circle Ioannis K. Argyros An Iterative Method for Computing Zeros of Operators 47–53 Satisfying Autonomous Differential Equations

Michael Deutch Proving Matrix Equations 54–56

Y. Abu Muhanna and Yusuf Abu Absolutely Continuous Measures and Compact 57–67 Muhanna Composition Operator On Spaces of Cauchy Transforms

ISSN 1083-0464

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 2004, pp. 1 – 9 Submitted: October 21, 2003. Published: July 1, 2004

ON THE APPROXIMATE SOLUTION OF SOME FREDHOLM INTEGRAL EQUATIONS BY NEWTON’S METHOD

J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

Abstract. The aim of this paper is to apply Newton’s method to solve a kind of nonlinear integral equations of Fredholm type. The study follows two directions: firstly we give a theoretical result on existence and uniqueness of solution. Secondly we illustrate with an example the technique for constructing the functional sequence that approaches the solution.

A.M.S. (MOS) Subject Classification Codes. 45B05,47H15, 65J15 Key Words and Phrases. Fredholm integral equations, Newton’s method.

1. Introduction

In this paper we give an existence and uniqueness of solution result for a nonlinear integral equation of Fredholm type:

(1) ϕ(x) = f(x) + λ

�_b a K(x, t)ϕ(t)^p dt, x ∈ [a, b], p ≥ 2,

where λ is a real number, the kernel K(x, t) is a continuous function in [a, b] × [a, b] and f(x) is a given continuous function defined in [a, b].

University of La Rioja, Department of Mathematics and Computation E-mail: jmguti@dmc.unirioja.es,mahernan@dmc.unirioja.es C/ Luis de Ulloa s/n. 26006 Logroño, Spain. masalano@dmc.unirioja.es, Supported in part by a grant of the Spanish Ministry of Science and Technology (ref. BFM2002-00222) and a grant of the University of La Rioja (ref. API-02-98). Copyright © 2004 by Cameron University 1

2 J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

There exist various results about Fredholm integral equations of second kind

ϕ(x) = f(x) + λ

�_b a K(x, t, ϕ(t)) dt, x ∈ [a, b]

when the kernel K(x, t, ϕ(t)) is linear in ϕ or it is of Lipschitz type in the third component. These two points have been considered, for instance, in [7] or [3] respectively. However the above equation (1) does not satisfy either of these two conditions.

In [3] we can also find a particular case of (1), for f(x) = 0 and K(x, t) a degenerate kernel. In this paper we study the general case. The technique will consist in writing equation (1) in the form:

(2) F (ϕ) = 0,

where F : Ω ⊆ X → Y is a nonlinear operator defined by

F (ϕ)(x) = ϕ(x) − f(x) − λ

�_b a K(x, t)ϕ(t)^p dt, p ≥ 2,

and X = Y = C([a, b]) is the space of continuous functions on the interval [a, b], equipped with the max-norm

‖ϕ‖ = max_{x∈[0,1]} |ϕ(x)|, ϕ ∈ X.

In addition, Ω = X if p ∈ N, p ≥ 2, and when it will be necessary, Ω = C_+([a, b]) = {ϕ ∈ C([a, b]); ϕ(t) > 0, t ∈ [a, b]} for p ∈ R, with p > 2.

The aim of this paper is to apply Newton’s method to equation (2) in order to obtain a result on the existence and unicity of solution for such equation. This idea has been considered previously in different situations [1], [2], [4], [6].

At it is well known, Newton’s iteration is defined by

(3) ϕ_{n+1} = ϕ_n − Γ_nF (ϕ_n), n ≥ 0,

where Γ_n is the inverse of the linear operator F^′_{ϕn} . Notice that for each ϕ ∈ Ω, the first derivative F^′_ϕ is a linear operator defined from X to Y by the following formula: (4) F^′_ϕ[ψ](x) = ψ(x) − λp

�_b a K(x, t)ϕ(t)^{p−1}ψ(t) dt, x ∈ [a, b], ψ ∈ X.

In the second section we establish two main theorems, one about the existence of solution for (2) and other about the unicity of solution for the same equation. In the third section we illustrate these theoretical

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 3

results with an example. For this particular case, we construct some iterates of Newton’s sequence.

2. The main result

Let us denote N = max_{x∈[a,b]}

�_b a |K(x, t)| dt. Let ϕ_0 be a function in Ω such that Γ_0 = [F^′_{ϕ0} ]^{−1} exists and ‖Γ_0F (ϕ_0)‖ ≤ η. We consider the following auxiliary scalar function (5) f(t) = 2(η − t) + M(‖ϕ_0‖ + t)^{p−2} [(p − 1)ηt − 2(η − t)(‖ϕ_0‖ + t)] , where, M = |λ|pN. Let us note that if p ∈ N, with p ≥ 2, f(t) is a polynomial of degree p − 2. Firstly, we establish the following two technical lemmas:

Lemma 2.1. Let us assume that the equation f(t) = 0 has at least

a positive real solution and let us denote by R the smaller one. Then we have the following relations:

i) η < R.

ii) a = M(‖ϕ_0‖ + R)^{p−1} < 1. iii) If we denote b =

(p − 1)η 2(‖ϕ_0‖ + R) and h(t) = 1 1 − t

, then, abh(a) < 1. iv) R = η 1 − abh(a) . Proof: First, notice that iv) follows from the relation f(R) = 0. So, as R > 0, we deduce that abh(a) < 1, and iii) holds. Moreover, 1 > 1 − abh(a) > 0, then 1 < 1 1 − abh(a)

, so η < R, and i) also holds.

To prove ii), we consider the relation f(R) = 0 that can be written in the form: 2(η − R) � 1 − M(‖ϕ_0‖ + R)^{p−1} � = −Mη(p − 1)R(‖ϕ_0‖ + R)^{p−2} < 0.

As η − R < 0, 1 − M(‖ϕ_0‖ + R)^{p−1} = 1 − a > 0, and therefore a < 1.

Let us denote B(ϕ_0, R) = {ϕ ∈ X; ‖ϕ − ϕ_0‖ < R} and B(ϕ_0, R) = {ϕ ∈ X; ‖ϕ − ϕ_0‖ ≤ R}.

Lemma 2.2. If B(ϕ_0, R) ⊆ Ω, the following conditions hold

i) For all ϕ ∈ B(ϕ_0, R) there exists [F^′_ϕ]^{−1} and ‖[F^′_ϕ]^{−1}‖ ≤ h(a).

4 J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

ii) If ϕ_n, ϕ_{n−1} ∈ B(ϕ_0, R), then

‖F (ϕ_n)‖ ≤

(p − 1)a 2(‖ϕ_0‖ + R)

‖ϕ_n − ϕ_{n−1}‖^2.

Proof: To prove i) we apply the Banach lemma on invertible operators [5]. Taking into account

(I − F^′_ϕ)ψ(x) = λp

�_b a K(x, t)ϕ(t)^{p−1}ψ(t) dt, then

‖I − F^′_ϕ‖ ≤ |λ|pN‖ϕ‖^{p−1} ≤ M(‖ϕ_0‖ + R)^{p−1} = a < 1,

therefore, there exists [F^′_ϕ]^{−1} and ‖[F^′_ϕ]^{−1}‖ ≤ 1 1 − a

= h(a).

To prove ii), using Taylor’s formula, we have

F (ϕ_n)(x) =

�_1 0 [F^′_{ϕn−1+s(ϕn−ϕn−1)} − F^′_{ϕn−1} ](ϕ_n − ϕ_{n−1})(x) ds

= −λp

�_1 0 �_b a K(x, t) � ρ_n(s, t)^{p−1} − ϕ_{n−1}(t)^{p−1} � (ϕ_n(t) − ϕ_{n−1}(t)) dt ds, −λp �_1 0 �_b a K(x, t)

�_{p−2} � j=0 ρ_n(s, t)^{p−2−j}ϕ_{n−1}(t)^j � [ϕ_n(t) − ϕ_{n−1}(t)]^2s dt ds,

where ρ_n(s, t) = ϕ_{n−1}(t) + s(ϕ_n − ϕ_{n−1}) and we have considered the equality

x^{p−1} − y^{p−1} =

�_{p−2} � j=0 x^{p−2−j} y^j � (x − y), x, y ∈ R.

As ϕ_{n−1}, ϕ_n ∈ B(ϕ_0, R), for each s ∈ [0, 1], ρ_n(s, ·) ∈ B(ϕ_0, R), then ‖ρ_n(s, ·)‖ ≤ ‖ϕ_0‖ + R. Consequently

‖F (ϕ_n)‖ ≤

|λ|pN 2 �_{p−2} � j=0 (‖ϕ_0‖ + R))^{p−2−j}‖ϕ_{n−1}‖^j � ‖ϕ_n − ϕ_{n−1}‖^2

≤ |λ| p(p − 1)N 2 [‖ϕ_0‖+R]^{p−2}‖ϕ_n −ϕ_{n−1}‖^2 =

(p − 1)a 2(‖ϕ_0‖ + R)

‖ϕ_n −ϕ_{n−1}‖^2, and the proof is complete.

Next, we give the following results on existence and uniqueness of solutions for the equation (2). Besides, we obtain that the sequence given by Newton’s method has R-order two.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 5

Theorem 2.3. Let us assume that equation f(t) = 0, with f defined

in (5) has at least a positive solution and let R be the smaller one. If B(ϕ_0, R) ⊆ Ω, then there exists at least a solution ϕ^∗ of (2) in B(ϕ_0, R). In addition, the Newton’s sequence (3) converges to ϕ^∗ with at least Rorder two.

Proof: Firstly, as ‖ϕ_1 −ϕ_0‖ ≤ η < R, we have ϕ_1 ∈ B(ϕ_0, R). Then, Γ_1 exists and ‖Γ_1‖ ≤ h(a). In addition,

‖F (ϕ_1)‖ ≤

(p − 1)a 2(‖ϕ_0‖ + R)

‖ϕ_1 − ϕ_0‖^2 = abη

and therefore ‖ϕ_2 − ϕ_1‖ ≤ abh(a)η.

Then, applying iv) from Lemma 2.1,

‖ϕ_2 − ϕ_0‖ ≤ ‖ϕ_2 − ϕ_1‖ + ‖ϕ_1 − ϕ_0‖ ≤ (1 − (abh(a))^2)R < R, and we have that x_2 ∈ B(ϕ_0, R). By induction is easy to prove that

(6) ‖ϕ_n − ϕ_{n−1}‖ ≤ (abh(a))^{2n−1 −1}‖ϕ_1 − ϕ_0‖. In addition, taking into account Bernoulli’s inequality, we also have:

‖ϕ_n − ϕ_0‖ ≤

�_{n−1} � j=0 (abh(a))^{2j −1} � ‖ϕ_1 − ϕ_0‖ <

�_∞ � j=0 (abh(a))^{2j −1} � η

< �_∞ � j=0 (abh(a))^j � η = R

Consequently, ϕ_n ∈ B(ϕ_0, R) for all n ≥ 0.

Next, we prove that {ϕ_n} is a Cauchy sequence. From (6), Lemma 2.1 and Bernouilli’s inequality, we deduce ‖ϕ_{n+m}−ϕ_n‖ ≤ ‖ϕ_{n+m}−ϕ_{n+m−1}‖+‖ϕ_{n+m−1}−ϕ_{n+m−2}‖+· · ·+‖ϕ_n−ϕ_{n−1}‖ ≤ � (abh(a))^{2n+m−1 −1} + (abh(a))^{2n+m−2 −1} + · · · + (abh(a))^{2n −1} � ‖ϕ_1−ϕ_0‖

≤ (abh(a))^{2n−1} � (abh(a))^{2n (2m−1 −1)} + (abh(a))^{2n(2m−2 −1)} + · · · + (abh(a))^{2n} + 1 � η < (abh(a))^{2n −1} � (abh(a))^{2n (m−1)} + (abh(a))^{2n(m−2)} + · · · + (abh(a))^{2n} + 1 � η = (abh(a))^{2n −1}

1 − (abh(a))^{2nm} 1 − (abh(a))^{2n} η.

6 J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

But this last quantity goes to zero when n → ∞. Let ϕ^∗ = lim_{n→∞} ϕ_n, then, by letting m → ∞, we have ‖ϕ^∗−ϕ_n‖ ≤ (abh(a))^{2n −1} η 1 − (abh(a))^{2n} = η (1 − (abh(a))^{2n} )(abh(a))

(abh(a))^{2n} ≤ η (1 − (abh(a)))(abh(a))

(abh(a))^{2n} = Cγ^{2n}

with C > 0 and γ = abh(a) < 1. This inequality guarantees that {ϕ_n} has at least R-order of convergence two [8].

Finally, for n = 0, we obtain ‖ϕ^∗ − ϕ_0‖ < η 1 − abh(a) = R then, ϕ^∗ ∈ B(ϕ_0, R). Moreover, as

‖F (ϕ_n)‖ ≤ 1 2 M(p − 1)(‖ϕ_0‖ + R)^{p−2}‖ϕ_n − ϕ_{n−1}‖^2,

when n → ∞ we obtain F (ϕ^∗) = 0, and ϕ^∗ is a solution of F (x) = 0.

Now we give a uniqueness result:

Theorem 2.4. Let ‖Γ_0‖ ≤ β, then the solution of (2) is unique in

B(ϕ_0, R) � Ω, with R is the bigger positive solution of the equation (7) Mβ(p − 1) 2 (2‖ϕ_0‖ + R + x)^{p−2}(R + x) = 1.

Proof: To show the uniqueness, we suppose that γ^∗ ∈ B(ϕ_0, R) � Ω is another solution of (2). Then

0 = Γ_0F (γ^∗) − Γ_0F (ϕ^∗) =

�_1 0 Γ_0F^′_ϕ∗_{+s(γ}∗_{−ϕ}∗_) ds(γ^∗ − ϕ^∗).

We are going to prove that A^{−1} exists, where A is a linear operator defined by A = �_1 0 Γ_0F^′_ϕ∗_{+s(γ}∗_{−ϕ}∗_) ds,

then γ^∗ = ϕ^∗. For this, notice that for each ψ ∈ X and x ∈ [a, b], we have

(A − I)(ψ)(x) =

�_1 0 Γ_0[F^′_ϕ∗_{+s(γ}∗_{−ϕ}∗_) − F^′_{ϕ0} ]ψ(x) ds,

= −λp

�_1 0 Γ_0

�_b a K(x, t) � ρ^∗(s, t)^{p−1} − ϕ_0(t)^{p−1} � ψ(t) dt ds

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 7

= −λp

�_1 0 Γ_0

�_b a K(x, t)

�_{p−2} � j=0 ρ^∗(s, t)^{p−2−j}ϕ_0(t)^j � (ρ^∗(s, t)−ϕ_0(t))ψ(t) dt ds,

where ρ^∗(s, t) = ϕ^∗(t) + s(γ^∗(t) − ϕ^∗(t)).

Taking into account that |ρ^∗(s, t)−ϕ_0(t)| ≤ ‖ϕ^∗−ϕ_0+s(γ^∗−ϕ^∗)‖ ≤ (1−s)‖ϕ^∗−ϕ_0‖+s‖γ^∗−ϕ_0‖ < (1−s)R+sR, we obtain

‖(A−I)ψ‖ ≤ |λ|pN‖Γ_0‖

�_1 0 �_{p−2} � j=0 ‖ρ^∗(s, ·)‖^{p−2−j}‖ϕ_0‖^j � ((1 − s)R + sR) ds � ‖ψ‖.

Therefore, as ‖ρ^∗(s, ·)‖ ≤ (1−s)‖ϕ^∗‖+s‖γ^∗‖ ≤ (1−s)(‖ϕ_0‖+R)+s(‖ϕ_0‖+R) ≤ 2‖ϕ_0‖+R+R, we have, from (7),

‖A−I‖ ≤

‖Γ_0‖M 2 (R+R)

�_{p−2} � j=0 � ‖ϕ_0‖ 2‖ϕ_0‖ + R + R

�_j �

(2‖ϕ_0‖+R+R)^{p−2}

< Mβ 2 (R + R)(p − 1)(2‖ϕ_0‖ + R + R)^{p−2} = 1.

So, the operator

�_1 0 F^′(ϕ^∗ + t(γ^∗ − ϕ^∗)) dt has an inverse and consequently, γ^∗ = ϕ^∗. Then, the proof is complete.

3. An example To illustrate the above theoretical results, we consider the following example

(8) ϕ(x) = sin(πx) + 1 5 �_1 0 cos(πx) sin(πt)ϕ(t)^3 dt, x ∈ [0, 1].

Let X = C[0, 1] be the space of continuous functions defined on the interval [0, 1], with the max-norm and let F : X → X be the operator given by (9) F (ϕ)(x) = ϕ(x) − sin(πx) − 1 5 �_1 0 cos(πx) sin(πt)ϕ((t)^3 dt, x ∈ [0, 1].

By differentiating (9) we have:

(10) F^′_ϕ[u](x) = u(x) − 3 5 cos(πx)

�_1 0 sin(πt)ϕ(t)^2u(t) dt.

8 J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

With the notation of section 2, λ = 1 5 , N = max_{x∈[0,1]}

�_1 0 | sin(πt)| dt = 1 and M = |λ|pN = 3 5 . We take as starting-point ϕ_0(x) = sin(πx), then we obtain from (10)

F^′_{ϕ0} [u](x) = u(x) − 3 5 cos(πx)

�_1 0 sin^3(πt)u(t) dt

If F^′_ϕ[u](x) = ω(x), then [F^′_ϕ]^{−1}[ω](x) = u(x) and u(x) = ω(x) + 3 5 cos(πx)J_u, where

J_u =

�_1 0 sin(πt)ϕ(t)^2u(t) dt.

Therefore the inverse of F^′_{ϕ0} is given by

[F^′_{ϕ0} ]^{−1}[ω](x) = ω(x) + 3 5 �_1 0 sin^3(πt)w(t) dt 1 −^3_5

�_1 0 cos(πt) sin^3(πt) dt cos(πx).

Then ‖Γ_0‖ ≤ ‖I + 4 5π cos(πx)‖ ≤ 1.25468 · · · = β,

and ‖F (ϕ_0)‖ ≤^3_{40} = 0.075. Consequently ‖Γ_0F (ϕ_0)‖ ≤ 0.094098 · · · = η. The equation f(t) = 0, with f given by (5) is now 1.2t^3 + 2.4t^2 − 0.912918t + 0.0752789 = 0.

This equation has two positive solutions. The smaller one is R = 0.129115 . . . . Then, by Theorem 2.3, we know there exists a solution of (8) in B(ϕ_0, R). To obtain the uniqueness domain we consider the equation (7) whose positive solution is the uniqueness ratio. In this case, the solution is unique in B(ϕ_0, 0.396793 . . . ).

Finally, we are going to deal with the computational aspects to solve (8) applying Newton’s method (3). To calculate the iterations ϕ_{n+1}(x) = ϕ_n(x)−[F^′_{ϕn} ]^{−1}[F (ϕ_n)](x) with the function ϕ_0(x) as startingpoint, we proceed in the following way:

(1) First we compute the integrals

A_n =

�_1 0 sin(πt)ϕ_n(t)^3 dt; B_n =

�_1 0 sin(πt)^2ϕ_n(t)^2 dt;

C_n =

�_1 0 cos(πt) sin(πt)ϕ_n(t)^2 dt.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 9

(2) Next we define

ϕ_{n+1}(x) = sin(πx) + 1 5 −2A_n + 3B_n 1 −^3_5 C_n cos(πx).

So we obtain the following approximations

ϕ_0(x) = sin πx, ϕ_1(x) = sin πx + 0.075 cos πx, ϕ_2(x) = sin πx + 0.07542667509481667 cos πx, ϕ_3(x) = sin πx + 0.07542668890493719 cos πx, ϕ_4(x) = sin πx + 0.07542668890493714 cos πx, ϕ_5(x) = sin πx + 0.07542668890493713 cos πx, As we can see, in this case Newton’s method converges to the solution

ϕ^∗(x) = sin πx +

20 − √ 391 3 cos πx.

References

[1] I. K. Argyros and F. Szidarovszky, Theory and applications of iteration methods, CRC-Press Inc., Boca Raton, Florida, USA, 1993.

[2] I. K. Argyros, Advances in the Efficiency of Computational Methods and Applications, World Scientific, Singapore, 2000.

[3] H. T. Davis, Introduction to nonlinear differential and integral equations, Dover, Nueva York, 1962.

[4] J. M. Gutiérrez and M. A. Hernández, “An application of Newton’s method to differential and integral equations”, ANZIAM J., 42, no. 3, (2001), 372–386.

[5] L.V. Kantorovich and G.P. Akilov, Functional Analysis, Pergamon, 1982. [6] R. H. Moore, “Newton’s method and variations”, in Nonlinear integral equations, Proceedings of an advanced seminar conducted by the Mathematics Research Center, United States Army. Editor: P. M. Anselone, Universidad de Wisconsin (Madison), (1963), 65–98.

[7] D. Porter and D. S. G. Stirling, Integral equations, a practical treatment, from spectral theory to applications, Cambridge University Press, Cambridge, 1990.

[8] F. A. Potra and V.Pták, Nondiscrete Induction and Iterative Processes, Pitman, New York, 1984.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 2004, pp. 10 – 32 Submitted: September 10, 2003. Published: July 1, 2004

ORLICZ-SOBOLEV SPACES WITH ZERO BOUNDARY VALUES ON METRIC SPACES

NOUREDDINE AÏSSAOUI

Abstract. In this paper we study two approaches for the definition of the first order Orlicz-Sobolev spaces with zero boundary values on arbitrary metric spaces. The first generalization, denoted by M^{1,0}_Φ (E), where E is a subset of the metric space X, is defined by the mean of the notion of the trace and is a Banach space when the N-function satisfies the Δ_2 condition. We give also some properties of these spaces. The second, following another definition of Orlicz-Sobolev spaces on metric spaces, leads us to three definitions that coincide for a large class of metric spaces and Nfunctions. These spaces are Banach spaces for any N-function.

A.M.S. (MOS) Subject Classification Codes.46E35, 31B15, 28A80.

Key Words and Phrases. Orlicz spaces, Orlicz-Sobolev spaces, modulus of a family of paths, capacities.

1. Introduction

This paper treats definitions and study of the first order Orlicz- Sobolev spaces with zero boundary values on metric spaces. Since we have introduce two definitions of Orlicz-Sobolev spaces on metric spaces, we are leading to examine two approaches.

The first approach follows the one given in the paper [7] relative to Sobolev spaces. This generalization, denoted by M^{1,0}_Φ (E), where E is a subset of the metric space X, is defined as Orlicz-Sobolev functions on X, whose trace on X \ E vanishes.

Ecole Normale Supérieure, B.P 5206 Ben Souda, Fès, Maroc n.aissaoui@caramail.com Copyright © 2004 by Cameron University 10

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 11

This is a Banach space when the N-function satisfies the Δ_2 condition. For the definition of the trace of Orlicz-Sobolev functions we need the notion of Φ-capacity on metric spaces developed in [2]. We show that sets of Φ-capacity zero are removable in the Orlicz-Sobolev spaces with zero boundary values. We give some results closely related to questions of approximation of Orlicz-Sobolev functions with zero boundary values by compactly supported functions. The approximation is not valid on general sets. As in Sobolev case, we study the approximation on open sets. Hence we give sufficient conditions, based on Hardy type inequalities, for an Orlicz-Sobolev function to be approximated by Lipschitz functions vanishing outside an open set.

The second approach follows the one given in the paper [13] relative to Sobolev spaces; see also [12]. We need the rudiments developed in [3]. Hence we consider the set of Lipschitz functions on X vanishing on X \ E, and close that set under an appropriate norm. Another definition is to consider the space of Orlicz-Sobolev functions on X vanishing Φ-q.e. in X \ E. A third space is obtained by considering the closure of the set of compactly supported Lipschitz functions with support in E. These spaces are Banach for any N-function and are, in general, different. For a large class of metric spaces and a broad family of N-functions, we show that these spaces coincide.

2. Preliminaries

An N -function is a continuous convex and even function Φ defined on R, verifying Φ(t) > 0 for t > 0, lim_{t→0} t^{−1}Φ(t) = 0 and lim_{t→∞} t^{−1}Φ(t) = +∞.

We have the representation Φ(t) =

|t|� 0 φ(x)dL(x), where φ : R^+ →

R^+ is non-decreasing, right continuous, with φ(0) = 0, φ(t) > 0 for t > 0, lim_{t→0}+ φ(t) = 0 and lim_{t→∞} φ(t) = +∞. Here L stands for the Lebesgue measure. We put in the sequel, as usually, dx = dL(x).

The N -function Φ^∗ conjugate to Φ is defined by Φ^∗(t) =

|t|� 0 φ^∗(x)dx,

where φ^∗ is given by φ^∗(s) = sup{t : φ(t) ≤ s}.

Let (X, Γ, μ) be a measure space and Φ an N -function. The Orlicz class L_{Φ,μ}(X) is defined by

L_{Φ,μ}(X) = � f : X → R measurable : � X Φ(f(x))dμ(x) < ∞ � . We define the Orlicz space L_{Φ,μ}(X) by

12 NOUREDDINE AÏSSAOUI

L_{Φ,μ}(X) = � f : X → R measurable : � X Φ(αf(x))dμ(x) < ∞ for some α > 0 � . The Orlicz space L_{Φ,μ}(X) is a Banach space with the following norm, called the Luxemburg norm,

|||f|||_{Φ,μ,X} = inf � r > 0 : � X Φ �_{f(x)} r � dμ(x) ≤ 1 � . If there is no confusion, we set |||f|||_Φ = |||f|||_{Φ,μ,X}. The Hölder inequality extends to Orlicz spaces as follows: if f ∈ L_{Φ,μ}(X) and g ∈ L_Φ∗_{,μ}(X), then fg ∈ L^1 and � X |fg| dμ ≤ 2|||f|||_{Φ,μ,X}. |||g|||_Φ∗_{,μ,X} .

Let Φ be an N -function. We say that Φ verifies the Δ_2 condition if there is a constant C > 0 such that Φ(2t) ≤ CΦ(t) for all t ≥ 0.

The Δ_2 condition for Φ can be formulated in the following equivalent way: for every C > 0 there exists C^′ > 0 such that Φ(Ct) ≤ C^′Φ(t) for all t ≥ 0.

We have always L_{Φ,μ}(X) ⊂ L_{Φ,μ}(X). The equality L_{Φ,μ}(X) = L_{Φ,μ}(X) occurs if Φ verifies the Δ_2 condition.

We know that L_{Φ,μ}(X) is reflexive if Φ and Φ^∗ verify the Δ_2 condition.

Note that if Φ verifies the Δ_2 condition, then � Φ(f_i(x))dμ → 0 as i → ∞ if and only if |||f_i|||_{Φ,μ,X} → 0 as i → ∞.

Recall that an N -function Φ satisfies the Δ^′ condition if there is a positive constant C such that for all x, y ≥ 0, Φ(xy) ≤ CΦ(x)Φ(y). See [9] and [12]. If an N -function Φ satisfies the Δ^′ condition, then it satisfies also the Δ_2 condition.

Let Ω be an open set in R^N , C^∞(Ω) be the space of functions which, together with all their partial derivatives of any order, are continuous on Ω, and C^∞_0 (R^N ) = C^∞_0 stands for all functions in C^∞(R^N ) which have compact support in R^N . The space C^k(Ω) stands for the space of functions having all derivatives of order ≤ k continuous on Ω, and C(Ω) is the space of continuous functions on Ω.

The (weak) partial derivative of f of order |β| is denoted by

D^βf =

∂^{|β|} ∂x^{β1}_1 .∂x^{β2}_2 ...∂x^{βN}_N f. Let Φ be an N -function and m ∈ N. We say that a function f :

R^N → R has a distributional (weak partial) derivative of order m, denoted D^βf, |β| = m, if � fD^βθdx = (−1)^{|β|} � (D^βf )θdx, ∀θ ∈ C^∞_0 .

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 13

Let Ω be an open set in R^N and denote L_{Φ,L}(Ω) by L_Φ(Ω). The Orlicz-Sobolev space W^mL_Φ(Ω) is the space of real functions f, such that f and its distributional derivatives up to the order m, are in L_Φ(Ω).

The space W^mL_Φ(Ω) is a Banach space equipped with the norm |||f|||_{m,Φ,Ω} = � 0≤|β|≤m

|||D^βf|||_Φ, f ∈ W^mL_Φ(Ω),

where |||D^βf|||_Φ = |||D^βf|||_{Φ,L,Ω}.

Recall that if Φ verifies the Δ_2 condition, then C^∞(Ω) ∩ W^mL_Φ(Ω) is dense in W^mL_Φ(Ω), and C^∞_0 (R^N ) is dense in W^mL_Φ(R^N ).

For more details on the theory of Orlicz spaces, see [1, 8, 9, 10, 11]. In this paper, the letter C will denote various constants which may differ from one formula to the next one even within a single string of estimates.

3. Orlicz-Sobolev space with zero boundary values M^{1,0}_Φ (E)

3.1. The Orlicz-Sobolev space M^1_Φ(X). We begin by recalling the definition of the space M^1_Φ(X).

Let u : X → [−∞, +∞] be a μ-measurable function defined on X. We denote by D(u) the set of all μ-measurable functions g : X → [0, +∞] such that

(3.1) |u(x) − u(y)| ≤ d(x, y)(g(x) + g(y))

for every x, y ∈ X \ F , x ≠ y, with μ(F ) = 0. The set F is called the exceptional set for g.

Note that the right hand side of (3.1) is always defined for x ≠ y. For the points x, y ∈ X, x ≠ y such that the left hand side of (3.1) is undefined we may assume that the left hand side is +∞.

Let Φ be an N -function. The Dirichlet-Orlicz space L^1_Φ(X) is the space of all μ-measurable functions u such that D(u) ∩ L_Φ(X) ≠ ∅. This space is equipped with the seminorm

(3.2) |||u|||_L1_{Φ(X)} = inf {|||g|||_Φ : g ∈ D(u) ∩ L_Φ(X)} .

The Orlicz-Sobolev space M^1_Φ(X) is defined by M^1_Φ(X) = L_Φ(X) ∩ L^1_Φ(X) equipped with the norm

(3.3) |||u|||_M 1_{Φ(X)} = |||u|||_Φ + |||u|||_L1_{Φ(X)} .

14 NOUREDDINE AÏSSAOUI

We define a capacity as an increasing positive set function C given on a σ-additive class of sets Γ, which contains compact sets and such that C(∅) = 0 and C( � i≥1 X_i) ≤ � i≥1 C(X_i) for X_i ∈ Γ, i = 1, 2, ... .

C is called outer capacity if for every X ∈ Γ, C(X) = inf {C(O) : O open, X ⊂ O} .

Let C be a capacity. If a statement holds except on a set E where C(E) = 0, then we say that the statement holds C-quasieverywhere (abbreviated C-q.e.). A function u : X → [−∞, ∞] is C-quasicontinuous in X if for every ε > 0 there is a set E such that C(E) < ε and the restriction of u to X \ E is continuous. When C is an outer capacity, we may assume that E is open.

Recall the following definition in [2]

Definition 1. Let Φ be an N -function. For a set E ⊂ X, define C_Φ(E) by C_Φ(E) = inf{|||u|||_M 1_{Φ(X)} : u ∈ B(E)},

where B(E) = {u ∈ M^1_Φ(X) : u ≥ 1 on a neighborhood of E}.

If B(E) = ∅, we set C_{Φ,μ}(E) = ∞.

Functions belonging to B(E) are called admissible functions for E.

In the definition of C_Φ(E), we can restrict ourselves to those admissible functions u such that 0 ≤ u ≤ 1. On the other hand, C_Φ is an outer capacity.

Let Φ be an N -function satisfying the Δ_2 condition, then by [2 Theorem 3.10] the set Lip^1_Φ(X) = {u ∈ M^1_Φ(X) : u is Lipschitz in X} is a dense subspace of M^1_Φ(X). Recall the following result in [2, Theorem 4.10]

Theorem 1. Let Φ be an N -function satisfying the Δ_2 condition and u ∈ M^1_Φ(X). Then there is a function v ∈ M^1_Φ(X) such that u = v μ-a.e. and v is C_Φ-quasicontinuous in X.

The function v is called a C_Φ-quasicontinuous representative of u.

Recall also the following theorem, see [6]

Theorem 2. Let C be an outer capacity on X and μ be a nonnegative, monotone set function on X such that the following compatibility condition is satisfied: If G is open and μ(E) = 0, then C(G) = C(G \ E).

Let f and g be C-quasicontinuous on X such that μ({x : f(x) ≠ g(x)}) = 0.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 15

Then f = g C-quasi everywhere on X.

It is easily verified that the capacity C_Φ satisfies the compatibility condition. Thus from Theorem 2, we get the following corollary.

Corollary 1. Let Φ be an N -function. If u and v are C_Φ-quasicontinuous on an open set O and if u = v μ-a.e. in O, then u = v C_Φ-q.e. in O.

Corollary 1 make it possible to define the trace of an Orlicz-Sobolev function to an arbitrary set.

Definition 2. Let Φ be an N -function, u ∈ M^1_Φ(X) and E be such that C_Φ(E) > 0. The trace of u to E is the restriction to E of any C_Φ-quasicontinuous representative of u.

Remark 1. Let Φ be an N -function. If u and v are C_Φ-quasicontinuous and u ≤ v μ-a.e. in an open set O, then max(u − v, 0) = 0 μ-a.e. in O and max(u − v, 0) is C_Φ-quasicontinuous. Hence by Corollary 1, max(u − v, 0) = 0 C_Φ-q.e. in O, and consequently u ≤ v C_Φ-q.e. in O.

Now we give a characterization of the capacity C_Φ in terms of quasicontinuous functions. We begin by a definition

Definition 3. Let Φ be an N -function. For a set E ⊂ X, define D_Φ(E) by D_Φ(E) = inf{|||u|||_M 1_{Φ(X)} : u ∈ B(E)},

where

B(E) = {u ∈ M^1_Φ(X) : u is C_Φ-quasicontinuous and u ≥ 1 C_Φ-q.e. in E}.

If B(E) = ∅, we set D_Φ(E) = ∞.

Theorem 3. Let Φ be an N -function and E a subset in X. Then

C_Φ(E) = D_Φ(E).

Proof. Let u ∈ M^1_Φ(X) be such that u ≥ 1 on an open neighborhood O of E. Then, by Remark 1, the C_Φ-quasicontinuous representative v of u satisfies v ≥ 1 C_Φ-q.e. on O, and hence v ≥ 1 C_Φ-q.e. on E. Thus D_Φ(E) ≤ C_Φ(E).

For the reverse inequality, let v ∈ B(E). By truncation we may assume that 0 ≤ v ≤ 1. Let ε be such that 0 < ε < 1 and choose an open set V such that C_Φ(V ) < ε with v = 1 on E \ V and v � �_{X\V} is continuous. We can find, by topology, an open set U ⊂ X such that {x ∈ X : v(x) > 1 − ε} \ V = U \ V . We have E \ V ⊂ U \ V . We choose u ∈ B(V ) such that |||u|||_M 1_{Φ(X)} < ε and that 0 ≤ u ≤ 1. We

16 NOUREDDINE AÏSSAOUI

define w =^v_{1−ε} + u. Then w ≥ 1 μ-a.e. in (U \ V ) ∪ V = U ∪ V , which is an open neighbourhood of E. Hence w ∈ B(E). This implies that C_Φ(E) ≤ |||w|||_M 1_{Φ(X)} ≤ 1 1 − ε

|||v|||_M 1_{Φ(X)} + |||u|||_M 1_{Φ(X)} ≤ 1 1 − ε

|||v|||_M 1_{Φ(X)} + ε.

We get the desired inequality since ε and v are arbitrary. The proof is complete.

We give a sharpening of [2, Theorem 4.8].

Theorem 4. Let Φ be an N -function and (u_i)_i be a sequence of C_Φquasicontinuous functions in M^1_Φ(X) such that (u_i)_i converges in M^1_Φ(X) to a C_Φ-quasicontinuous function u. Then there is a subsequence of (u_i)_i which converges to u C_Φ-q.e. in X.

Proof. There is a subsequence of (u_i)_i, which we denote again by (u_i)_i, such that (3.4) ∞� i=1 2^i |||u_i − u|||_M 1_{Φ(X)} < ∞.

We set E_i = {x ∈ X : |u_i(x) − u(x)| > 2^{−i}} for i = 1, 2, ..., and F_j = ∞� i=j E_i. Then 2^i |u_i − u| ∈ B(E_i) and by Theorem 3 we obtain C_Φ(E_i) ≤ 2^i |||u_i − u|||_M 1_{Φ(X)}. By subadditivity we get

C_Φ(F_j) ≤ ∞� i=j C_Φ(E_i) ≤ ∞� i=j 2^i |||u_i − u|||_M 1_{Φ(X)} .

Hence C_Φ( ∞� j=1 F_j ) ≤ lim_{j→∞}C_Φ(F_j ) = 0.

Thus u_i → u pointwise in X \^∞ � j=1 F_j and the proof is complete.

3.2. The Orlicz-Sobolev space with zero boundary values M^{1,0}_Φ (E). Definition 4. Let Φ be an N -function and E a subspace of X. We say that u belongs to the Orlicz-Sobolev space with zero boundary values, and denote u ∈ M^{1,0}_Φ (E), if there is a C_Φ-quasicontinuous function ~u ∈ M^1_Φ(X) such that ~u = u μ-a.e. in E and ~u = 0 C_Φ-q.e. in X \ E.

In other words, u belongs to M^{1,0}_Φ (E) if there is ~u ∈ M^1_Φ(X) as above such that the trace of ~u vanishes C_Φ-q.e. in X \ E.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 17

The space M^{1,0}_Φ (E) is equipped with the norm

|||u|||_M 1,0_{Φ (E)} = |||~u|||_M 1_{Φ(X)} .

Recall that C_Φ(E) = 0 implies that μ(E) = 0 for every E ⊂ X; see [2]. It follows that the norm does not depend on the choice of the quasicontinuous representative.

Theorem 5. Let Φ be an N -function satisfying the Δ_2 condition and E a subspace of X. Then M^{1,0}_Φ (E) is a Banach space.

Proof. Let (u_i)_i be a Cauchy sequence in M^{1,0}_Φ (E). Then for every u_i, there is a C_Φ-quasicontinuous function ~u_i ∈ M^1_Φ(X) such that ~u_i = u_i μ-a.e. in E and ~u_i = 0 C_Φ-q.e. in X \ E. By [2, Theorem 3.6] M^1_Φ(X) is complete. Hence there is u ∈ M^1_Φ(X) such that ~u_i → u in M^1_Φ(X) as i → ∞. Let ~u be a C_Φ-quasicontinuous representative of u given by Theorem 1. By Theorem 4 there is a subsequence ( ~u_i)_i such that ~u_i → ~u C_Φ-q.e. in X as i → ∞. This implies that ~u = 0 C_Φ-q.e. in X \ E and hence u ∈ M^{1,0}_Φ (E). The proof is complete.

Moreover the space M^{1,0}_Φ (E) has the following lattice properties. The proof is easily verified.

Lemma 1. Let Φ be an N -function and let E be a subset in X. If u, v ∈ M^{1,0}_Φ (E), then the following claims are true.

1) If α ≥ 0, then min(u, α) ∈ M^{1,0}_Φ (E) and |||min(u, α)|||_M 1,0_{Φ (E)} ≤ |||u|||_M 1,0_{Φ (E)}.

2) If α ≤ 0, then max(u, α) ∈ M^{1,0}_Φ (E) and |||max(u, α)|||_M 1,0_{Φ (E)} ≤ |||u|||_M 1,0_{Φ (E)}.

3) |u| ∈ M^{1,0}_Φ (E) and ||||u||||_M 1,0_{Φ (E)} ≤ |||u|||_M 1,0_{Φ (E)}. 4) min(u, v) ∈ M^{1,0}_Φ (E) and max(u, v) ∈ M^{1,0}_Φ (E).

Theorem 6. Let Φ be an N -function satisfying the Δ_2 condition and E a μ-measurable subset in X. If u ∈ M^{1,0}_Φ (E) and v ∈ M^1_Φ(X) are such that |v| ≤ u μ-a.e. in E, then v ∈ M^{1,0}_Φ (E).

Proof. Let w be the zero extension of v to X \ E and let ~u ∈ M^1_Φ(X) be a C_Φ-quasicontinuous function such that ~u = u μ-a.e. in E and that ~u = 0 C_Φ-q.e. in X \E. Let g_1 ∈ D(~u)∩L_Φ(X) and g_2 ∈ D(v)∩L_Φ(X). Define the function g_3 by

g_3(x) = � max(g_1(x), g_2(x)), g_1(x), x ∈ E x ∈ X \ E.

18 NOUREDDINE AÏSSAOUI

Then it is easy to verify that g_3 ∈ D(w)∩L_Φ(X). Hence w ∈ M^1_Φ(X). Let ~w ∈ M^1_Φ(X) be a C_Φ-quasicontinuous function such that ~w = w μa.e. in X given by Theorem 1. Then | ~w| ≤ ~u μ-a.e. in X. By Remark 1 we get | ~w| ≤ ~u C_Φ-q.e. in X and consequently ~w = 0 C_Φ-q.e. in X \ E. This shows that v ∈ M^{1,0}_Φ (E). The proof is complete.

The following lemma is easy to verify.

Lemma 2. Let Φ be an N -function and let E be a subset in X. If u ∈ M^{1,0}_Φ (E) and v ∈ M^1_Φ(X) are bounded functions, then uv ∈ M^{1,0}_Φ (E).

We show in the next theorem that the sets of capacity zero are removable in the Orlicz-Sobolev spaces with zero boundary values.

Theorem 7. Let Φ be an N -function and let E be a subset in X. Let F ⊂ E be such that C_Φ(F ) = 0. Then M^{1,0}_Φ (E) = M^{1,0}_Φ (E \ F ).

Proof. It is evident that M^{1,0}_Φ (E \ F ) ⊂ M^{1,0}_Φ (E). For the reverse inclusion, let u ∈ M^{1,0}_Φ (E), then there is a C_Φ-quasicontinuous function ~u ∈ M^1_Φ(X) such that ~u = u μ-a.e. in E and that ~u = 0 C_Φ-q.e. in X \ E. Since C_Φ(F ) = 0, we get that ~u = 0 C_Φ-q.e. in X \ (E \ F ). This implies that u_{|E\F} ∈ M^{1,0}_Φ (E \ F ). Moreover we have � � � � � �u_{|E\F} � � � � � �_{M 1,0Φ (E\F )} = |||u|||_{M 1,0Φ (E)}. The proof is complete.

As in the Sobolev case, we have the following remark.

Remark 2. 1) If C_Φ(∂F ) = 0, then M^{1,0}_Φ (int E) = M^{1,0}_Φ (E).

2) We have the equivalence: M^{1,0}_Φ (X \ F ) = M^{1,0}_Φ (X) = M^1_Φ(X) if and only if C_Φ(F ) = 0.

The converse of Theorem 7 is not true in general. In fact it suffices to take Φ(t) =^1_p t^p (p > 1) and consider the example in [7].

Nevertheless the converse of Theorem 7 holds for open sets.

Theorem 8. Let Φ be an N -function and suppose that μ is finite in bounded sets and that O is an open set. Then M^{1,0}_Φ (O) = M^{1,0}_Φ (O \ F ) if and only if C_Φ(F ∩ O) = 0.

Proof. We must show only the necessity. We can assume that F ⊂ O. Let x_0 ∈ O and for i ∈ N^∗, pose O_i = B(x_0, i)∩{x ∈ O : dist(x, X \ O) > 1/i}. We define for i ∈ N^∗, u_i : X → R by u_i(x) = max(0, 1−dist(x, F ∩O_i)). Then u_i ∈ M^1_Φ(X), u_i is continuous, u_i = 1 in F ∩ O_i and 0 ≤ u_i ≤ 1. For i ∈ N^∗, define v_i : O_i → R by v_i(x) = dist(x, X \ O_i). Then v_i ∈ M^{1,0}_Φ (O_i) ⊂ M^{1,0}_Φ (O). By Lemma 2 we have, for every i ∈ N^∗, u_iv_i ∈ M^{1,0}_Φ (O) = M^{1,0}_Φ (O \ F ). If w is a C_Φ-quasicontinuous function such that w = u_iv_i μ-a.e. in O \ F , then w = u_iv_i μ-a.e. in O since

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 19

μ(F ) = 0. By Corollary 1 we get w = u_iv_i C_Φ-q.e. in O. In particular w = u_iv_i > 0 C_Φ-q.e. in F ∩ O_i. Since u_iv_i ∈ M^{1,0}_Φ (O \ F ) we may define w = 0 C_Φ-q.e. in X \ (O \ F ). Hence w = 0 C_Φ-q.e. in F ∩ O_i. This is possible only if C_Φ(F ∩ O_i) = 0 for every i ∈ N^∗. Hence C_Φ(F ) ≤^∞ � i=1 C_Φ(F ∩ O_i) = 0. The proof is complete.

3.3. Some relations between H^{1,0}_Φ (E) and M^{1,0}_Φ (E). We would describe the Orlicz-Sobolev space with zero boundary values on E ⊂ X as the completion of the set Lip^{1,0}_Φ (E) defined by Lip^{1,0}_Φ (E) = {u ∈ M^1_Φ(X) : u is Lipschitz in X and u = 0 in X \ E} in the norm defined by (3.3). Since M^1_Φ(X) is complete, this completion is the closure of Lip^{1,0}_Φ (E) in M^1_Φ(X). We denote this completion by H^{1,0}_Φ (E).

Let Φ be an N -function satisfying the Δ_2 condition and E a subspace of X. By [2, Theorem 3.10] we have H^{1,0}_Φ (X) = M^{1,0}_Φ (X). Since Lip^{1,0}_Φ (E) ⊂ M^{1,0}_Φ (E) and M^{1,0}_Φ (E) is complete, then H^{1,0}_Φ (E) ⊂ M^{1,0}_Φ (E). When Φ(t) =^1_p t^p (p > 1), simple examples show that the equality is not true in general; see [7]. Hence for the study of the equality, we restrict ourselves to open sets as in the Sobolev case. We begin by a sufficient condition.

Theorem 9. Let Φ be an N -function satisfying the Δ_2 condition, O an open subspace of X and suppose that u ∈ M^1_Φ(O). Let v be the function defined on O by v(x) = u(x) dist(x, X \ O)

. If v ∈ L_Φ(O), then

u ∈ H^{1,0}_Φ (O).

Proof. Let g ∈ D(u) ∩ L_Φ(O) and define the function g by g(x) = max(g(x), v(x)) if x ∈ O g(x) = 0 if x ∈ X \ O.

Then g ∈ L_Φ(X). Define the function u as the zero extension of u to X \ O. For μ-a.e. x, y ∈ O or x, y ∈ X \ O, we have |u(x) − u(y)| ≤ d(x, y)(g(x) + g(y)).

For μ-a.e. x ∈ O and y ∈ X \ O, we get

|u(x) − u(y)| = |u(x)| ≤ d(x, y)

|u(x)| dist(x, X \ O)

≤ d(x, y)(g(x) + g(y)).

Thus g ∈ D(u) ∩ L_Φ(X) which implies that u ∈ M^1_Φ(O). Hence (3.5) |u(x) − u(y)| ≤ d(x, y)(g(x) + g(y))

20 NOUREDDINE AÏSSAOUI

for every x, y ∈ X \ F with μ(F ) = 0.

For i ∈ N^∗, set (3.6) F_i = {x ∈ O \ F : |u(x)| ≤ i, g(x) ≤ i} ∪ X \ O.

From (3.5) we see that u_{|Fi} is 2i-Lipschitz and by the McShane extension u_i(x) = inf {u(y) + 2id(x, y) : y ∈ F_i} we extend it to a 2i-Lipschitz function on X. We truncate u_i at the level i and set u_i(x) = min(max(u_i(x), −i), i). Then u_i is such that u_i is 2i-Lipschitz function in X, |u_i| ≤ i in X and u_i = u in F_i and, in particular, u_i = 0 in X \ O. We show that u_i ∈ M^1_Φ(X). Define the function g_i by g_i(x) = g(x), if x ∈ F_i, g_i(x) = 2i, if x ∈ X \ F_i.

We begin by showing that (3.7) |u_i(x) − u_i(y)| ≤ d(x, y)(g_i(x) + g_i(y)), for x, y ∈ X \ F . If x, y ∈ F_i, then (3.7) is evident. For y ∈ X \ F_i, we have

|u_i(x) − u_i(y)| ≤ 2id(x, y) ≤ d(x, y)(g_i(x) + g_i(y)), if x ∈ X \ F_i, |u_i(x) − u_i(y)| ≤ 2id(x, y) ≤ d(x, y)(g(x) + 2i), if x ∈ X \ F_i. This implies that (3.7) is true and thus g_i ∈ D(u_i). Now we have |||g_i|||_Φ ≤ |||g_i|||_{Φ,Fi} + 2i|||1|||_{Φ,X\Fi} ≤ |||g|||_{Φ,Fi} + 2i Φ^{−1}(^1_{μ(X\Fi)} )

< ∞, and |||u_i|||_Φ ≤ |||u|||_{Φ,Fi} + 2i|||1|||_{Φ,X\Fi} ≤ |||u|||_{Φ,Fi} + 2i Φ^{−1}(^1_{μ(X\Fi)} )

< ∞.

Hence u_i ∈ M^1_Φ(X). It follows that u_i ∈ Lip^{1,0}_Φ (O). It remains to prove that u_i → u in M^1_Φ(X). By (3.6) we have μ(X \ F_i) ≤ μ({x ∈ X : |u(x)| > i}) + μ({x ∈ X : g(x) > i}).

Since u ∈ L_Φ(X) and Φ satisfies the Δ_2 condition, we get � {x∈X:|u(x)|>i}

Φ(u(x))dμ(x) ≥ Φ(i)μ {x ∈ X : |u(x)| > i} ,

which implies that Φ(i)μ {x ∈ X : |u(x)| > i} → 0 as i → ∞.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 21

By the same argument we deduce that Φ(i)μ {x ∈ X : g(x) > i} → 0 as i → ∞.

Thus (3.8) Φ(i)μ(X \ F_i) → 0 as i → ∞.

Using the convexity of Φ and the fact that Φ satisfies the Δ_2 condition, we get � X Φ(u − u_i)dμ ≤ � X\F_i

Φ(|u| + |u_i|)dμ

≤^C_2 [ � X\F_i

Φ ∘ |u| dμ + Φ(i)μ(X \ F_i)] → 0 as i → ∞.

On the other hand, for each i ∈ N^∗ we define the function h_i by h_i(x) = g(x) + 3i, if x ∈ X \ F_i, h_i(x) = 0, if x ∈ F_i.

We claim that h_i ∈ D(u − u_i) ∩ L_Φ(X). In fact, the only nontrivial case is x ∈ F_i and y ∈ X \ F_i; but then

|(u − u_i)(x) − (u − u_i)(y)| ≤ d(x, y)(g(x) + g(y) + 2i) ≤ d(x, y)(g(y) + 3i).

By the convexity of Φ and by the Δ_2 condition we have � X Φ ∘ h_idμ ≤ � X\F_i

Φ ∘ (g + 3i)dμ

≤ C[ � X\F_i

Φ ∘ gdμ + Φ(i)μ(X \ F_i)] → 0 as i → ∞.

This implies that |||h_i|||_Φ → 0 as i → ∞ since Φ verifies the Δ_2 condition. Now |||u − u_i|||_L1_{Φ(X)} ≤ |||h_i|||_Φ → 0 as i → ∞.

Thus u ∈ H^{1,0}_Φ (O). The proof is complete.

Definition 5. A locally finite Borel measure μ is doubling if there is a positive constant C such that for every x ∈ X and r > 0, μ(B(x, 2r)) ≤ Cμ(B(x, r)).

Definition 6. A nonempty set E ⊂ X is uniformly μ-thick if there are constants C > 0 and 0 < r_0 ≤ 1 such that μ(B(x, r) ∩ E) ≥ Cμ(B(x, r)), for every x ∈ E, and 0 < r < r_0.

22 NOUREDDINE AÏSSAOUI

Now we give a Hardy type inequality in the context of Orlicz-Sobolev spaces.

Theorem 10. Let Φ be an N -function such that Φ^∗ satisfies the Δ_2 condition and suppose that μ is doubling. Let O ⊂ X be an open set such that X \ O is uniformly μ-thick. Then there is a constant C > 0 such that for every u ∈ M^{1,0}_Φ (O), |||v|||_{Φ,O} ≤ C|||u|||_M 1,0_{Φ (O)},

where v is the function defined on O by v(x) = u(x) dist(x, X \ O)

. The constant C is independent of u.

Proof. Let u ∈ M^{1,0}_Φ (O) and ~u ∈ M^1_Φ(O) be Φ-quasicontinuous such that u = ~u μ-a.e. in O and ~u = 0 Φ-q.e. in X\O. Let g ∈ D(~u)∩L_Φ(X) and set O^′ = {x ∈ O : dist(x, X \ O) < r_0}. For x ∈ O^′, we choose x_0 ∈ X \ O such that r_x =dist(x, X \ O) = d(x, x_0). Recall that the Hardy-Littlewood maximal function of a locally μ-integrable function f is defined by

Mf(x) = sup_{r>0} 1 μ(B(x, r)) � B(x,r)

f(y)dμ(y).

Using the uniform μ-thickness and the doubling condition, we get 1 μ(B(x_0, r_x) \ O) � B(x_0,r_x)\O

g(y)dμ(y) ≤ C μ(B(x_0, r_x)) � B(x_0,r_x)

g(y)dμ(y) ≤ C μ(B(x, 2r_x)) � B(x,2r_x)

g(y)dμ(y)

≤ CMg(x).

On the other hand, for μ-a.e. x ∈ O^′ there is y ∈ B(x_0, r_x) \ O such that

|u(x)| ≤ d(x, y)(g(x) + 1 μ(B(x_0, r_x) \ O) � B(x_0,r_x)\O

g(y)dμ(y))

≤ Cr_x(g(x) + Mg(x)) ≤ Cdist(x, X \ O)Mg(x).

By [5], M is a bounded operator from L_Φ(X) to itself since Φ^∗ satisfies the Δ_2 condition. Hence |||v|||_{Φ,O}′ ≤ C|||Mg|||_Φ ≤ C|||g|||_Φ.

On O \ O^′ we have |||v|||_{Φ,O\O}′ ≤ r^{−1}_0 |||u|||_{Φ,O}.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 23

Thus |||v|||_{Φ,O} ≤ C(|||~u|||_Φ + |||g|||_Φ).

By taking the infimum over all g ∈ D(~u)∩L_Φ(X), we get the desired result.

By Theorem 9 and Theorem 10 we obtain the following corollaries

Corollary 2. Let Φ be an N -function such that Φ and Φ^∗ satisfy the Δ_2 condition and suppose that μ is doubling. Let O ⊂ X be an open set such that X \ O is uniformly μ-thick. Then M^{1,0}_Φ (O) = H^{1,0}_Φ (O).

Corollary 3. Let Φ be an N -function such that Φ and Φ^∗ satisfy the Δ_2 condition and suppose that μ is doubling. Let O ⊂ X be an open set such that X \ O is uniformly μ-thick and let (u_i)_i ⊂ M^{1,0}_Φ (O) be a bounded sequence in M^{1,0}_Φ (O). If u_i → u μ-a.e., then u ∈ M^{1,0}_Φ (O).

In the hypotheses of Corollary 3 we get M^{1,0}_Φ (O) = H^{1,0}_Φ (O). Hence the following property (P) is satisfied for sets E whose complement is μ-thick:

(P) Let (u_i)_i be a bounded sequence in H^{1,0}_Φ (E). If u_i → u μ-a.e., then u ∈ H^{1,0}_Φ (E).

Remark 3. If M^1_Φ(X) is reflexive, then by Mazur’s lemma closed convex sets are weakly closed. Hence every open subset O of X satisfies property (P). But in general we do not know whether the space M^1_Φ(X) is reflexive or not.

Recall that a space X is proper if bounded closed sets in X are compact.

Theorem 11. Let Φ be an N -function satisfying the Δ_2 condition and suppose that X is proper. Let O be an open set in X satisfying property (P). Then M^{1,0}_Φ (O) = H^{1,0}_Φ (O).

Proof. It suffices to prove that M^{1,0}_Φ (O) ⊂ H^{1,0}_Φ (O). Let u ∈ M^{1,0}_Φ (O) be a Φ-quasicontinuous function from M^1_Φ(X) such that u = 0 Φ-q.e. on X \ O. By using the property (P), we deduce, by truncating and considering the positive and the negative parts separately, that we can assume that u is bounded and non-negative. If x_0 ∈ O is a fixed point, define the sequence (η_i)_i by

η_i(x) = � � � 1 if d(x_0, x) ≤ i − 1, i − d(x_0, x) if i − 1 < d(x_0, x) < i 0 if d(x_0, x) ≥ i.

24 NOUREDDINE AÏSSAOUI

If we define the sequence (v_i)_i by v_i = uη_i, then since v_i → u μ-a.e. in X and |||v_i|||_M 1_{Φ(X)} ≤ 2|||u|||_M 1_{Φ(X)}, by the property (P) it clearly suffices to show that v_i ∈ H^{1,0}_Φ (O). Remark that

|v_i(x) − v_i(y)| ≤ |u(x) − u(y)| + |η_i(x) − η_i(y)| ≤ d(x, y)(g(x) + g(y) + u(x).

Hence v_i ∈ M^1_Φ(X).

Now fix i and set v = v_i. Since v vanishes outside a bounded set, we can find a bounded open subset U ⊂ O such that v = 0 Φ-q.e. in X \U. We choose a sequence (w_j) ⊂ M^1_Φ(X) of quasicontinuous functions such that 0 ≤ w_j ≤ 1, w_j = 1 on an open set O_j, with |||w_j|||_M 1_{Φ(X)} → 0, and so that the restrictions v_{|X\Oj} are continuous and v = 0 in X \(U ∪O_j). The sequence (s_j)_j , defined by s_j = (1 − w_j) max(v −^1_j , 0), is bounded in M^1_Φ(X), and passing if necessary to a subsequence, s_j → v μ-a.e. Since v_{|X\Oj} is continuous, we get

{x ∈ X : s_j (x) ≠ 0} ⊂ � x ∈ X : v(x) ≥ 1 j � \ O_j ⊂ U.

This means that {x ∈ X : s_j(x) ≠ 0} is a compact subset of O, whence by Theorem 9, s_j ∈ H^{1,0}_Φ (O). The property (P) implies v ∈ H^{1,0}_Φ (O) and the proof is complete.

Corollary 4. Let Φ be an N -function satisfying the Δ_2 condition and suppose that X is proper. Let O be an open set in X and suppose that M^1_Φ(X) is reflexive. Then M^{1,0}_Φ (O) = H^{1,0}_Φ (O).

Proof. By Remark 3, O satisfies property (P), and Theorem 11 gives the result.

4. Orlicz-Sobolev space with zero boundary values N^{1,0}_Φ (E)

4.1. The Orlicz-Sobolev space N^1_Φ(X). We recall the definition of the space N^1_Φ(X).

Let (X, d, μ) be a metric, Borel measure space, such that μ is positive and finite on balls in X.

If I is an interval in R, a path in X is a continuous map γ : I → X. By abuse of language, the image γ(I) =: |γ| is also called a path. If I = [a, b] is a closed interval, then the length of a path γ : I → X is

l(γ) =length(γ) = sup^n � i=1 |γ(t_{i+1}) − γ(t_i)|,

where the supremum is taken over all finite sequences a = t_1 ≤ t_2 ≤ ... ≤ t_n ≤ t_{n+1} = b. If I is not closed, we set l(γ) = sup l(γ |_J ), where the supremum is taken over all closed sub-intervals J of I. A path is

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 25

said to be rectifiable if its length is a finite number. A path γ : I → X is locally rectifiable if its restriction to each closed sub-interval of I is rectifiable.

For any rectifiable path γ, there are its associated length function s_γ : I → [0, l(γ)] and a unique 1-Lipschitz continuous map γ_s : [0, l(γ)] → X such that γ = γ_s ∘ s_γ . The path γ_s is the arc length parametrization of γ. Let γ be a rectifiable path in X. The line integral over γ of each non-negative Borel function ρ : X → [0, ∞] is � γ ρds =

�_{l(γ)} 0 ρ ∘ γ_s(t)dt.

If the path γ is only locally rectifiable, we set � γ ρds = sup � γ^′ ρds,

where the supremum is taken over all rectifiable sub-paths γ^′ of γ. See [5] for more details.

Denote by Γ_{rect} the collection of all non-constant compact (that is, I is compact) rectifiable paths in X.

Definition 7. Let Φ be an N -function and Γ be a collection of paths in X. The Φ-modulus of the family Γ, denoted Mod_Φ(Γ), is defined as

inf_{ρ∈F(Γ)}|||ρ|||_Φ,

where F(Γ) is the set of all non-negative Borel functions ρ such that � γ ρds ≥ 1 for all rectifiable paths γ in Γ. Such functions ρ used to define the Φ-modulus of Γ are said to be admissible for the family Γ.

From the above definition the Φ-modulus of the family of all nonrectifiable paths is 0.

A property relevant to paths in X is said to hold for Φ-almost all paths if the family of rectifiable compact paths on which that property does not hold has Φ-modulus zero.

Definition 8. Let u be a real-valued function on a metric space X. A non-negative Borel-measurable function ρ is said to be an upper gradient of u if for all compact rectifiable paths γ the following inequality holds

(4.1) |u(x) − u(y)| ≤ � γ ρds,

where x and y are the end points of the path.

Definition 9. Let Φ be an N -function and let u be an arbitrary realvalued function on X. Let ρ be a non-negative Borel function on X. If there exists a family Γ ⊂ Γ_{rect} such that Mod_Φ(Γ) = 0 and the inequality (4.1) is true for all paths γ in Γ_{rect} \ Γ, then ρ is said to

26 NOUREDDINE AÏSSAOUI

be a Φ-weak upper gradient of u. If inequality (4.1) holds true for Φmodulus almost all paths in a set B ⊂ X, then ρ is said to be a Φ-weak upper gradient of u on B.

Definition 10. Let Φ be an N -function and let the set ~N^1_Φ(X, d, μ) be the collection of all real-valued function u on X such that u ∈ L_Φ and u have a Φ-weak upper gradient in L_Φ. If u ∈ ~N^1_Φ, we set (4.2) |||u|||_{gN 1Φ} = |||u|||_Φ + inf_ρ |||ρ|||_Φ,

where the infimum is taken over all Φ-weak upper gradient, ρ, of u such that ρ ∈ L_Φ.

Definition 11. Let Φ be an N -function. The Orlicz-Sobolev space corresponding to Φ, denoted N^1_Φ(X), is defined to be the space ~N^1_Φ(X, d, μ)� ∽, with norm |||u|||_N 1_Φ := |||u|||_{gN 1Φ} .

For more details and developments, see [3].

4.2. The Orlicz-Sobolev space with zero boundary values N^{1,0}_Φ (E). Definition 12. Let Φ be an N -function. For a set E ⊂ X define Cap_Φ(E) by

Cap_Φ(E) = inf � |||u|||_N 1_Φ : u ∈ D(E) � , where D(E) = {u ∈ N^1_Φ : u |_E ≥ 1}.

If D(E) = ∅, we set Cap_Φ(E) = ∞. Functions belonging to D(E) are called admissible functions for E.

Definition 13. Let Φ be an N -function and E a subset of X. We define �N^{1,0}_Φ (E) as the set of all functions u : E → [−∞, ∞] for which there exists a function ~u ∈ ~N^1_Φ(E) such that ~u = u μ-a.e. in E and ~u = 0 Cap_Φ-q.e. in X \ E; which means Cap_Φ ({x ∈ X \ E : ~u(x) ≠ 0}) = 0. Let u, v ∈ �N^{1,0}_Φ (E). We say that u ∼ v if u = v μ-a.e. in E. The relation ∼ is an equivalence relation and we set N^{1,0}_Φ (E) = �N^{1,0}_Φ (E)� ∽. We equip this space with the norm |||u|||_N 1,0_{Φ (E)} := |||u|||_N 1_{Φ(X)}.

It is easy to see that for every set A ⊂ X, μ(A) ≤ Cap_Φ(A). On the other hand, by [3, Corollary 2] if ~u and ~u^′ both correspond to u in the above definition, then |||~u − ~u^′|||_N 1_{Φ(X)} = 0. This means that the norm on N^{1,0}_Φ (E) is well defined.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 27

Definition 14. Let Φ be an N -function and E a subset of X. We set Lip^{1,0}_{Φ,N} (E) = � u ∈ N^1_Φ(X) : u is Lipschitz in X and u = 0 in X \ E � , and Lip^{1,0}_{Φ,C} (E) = � u ∈ Lip^{1,0}_{Φ,N} (E) : u has compact support � . We let H^{1,0}_{Φ,N} (E) be the closure of Lip^{1,0}_{Φ,N} (E) in the norm of N^1_Φ(X), and H^{1,0}_{Φ,C} (E) be the closure of Lip^{1,0}_{Φ,C} (E) in the norm of N^1_Φ(X).

By definition H^{1,0}_{Φ,N} (E) and H^{1,0}_{Φ,C} (E) are Banach spaces. We prove that N^{1,0}_Φ (E) is also a Banach space.

Theorem 12. Let Φ be an N -function and E a subset of X. Then N^{1,0}_Φ (E) is a Banach space.

Proof. Let (u_i)_i be a Cauchy sequence in N^{1,0}_Φ (E). Then there is a corresponding Cauchy sequence (~u_i)_i in N^1_Φ(X), where ~u_i is the function corresponding to u_i as in the definition of N^{1,0}_Φ (E). Since N^1_Φ(X) is a Banach space, see [3, Theorem 1], there is a function ~u ∈ N^1_Φ(X), and a subsequence, also denoted (~u_i)_i for simplicity, so that as in the proof of [3, Theorem 1], ~u_i → ~u pointwise outside a set T with Cap_Φ(T ) = 0, and also in the norm of N^1_Φ(X). For every i, set A_i = {x ∈ X \ E : ~u_i(x) ≠ 0}. Then Cap_Φ(∪_iA_i) = 0. Moreover, on (X \ E) \ (∪_iA_i ∪ T ), we have ~u(x) = lim_{i→∞}~u_i(x) = 0.

Since Cap_Φ(∪_iA_i ∪ T ) = 0, the function u = ~u_{|E} is in N^{1,0}_Φ (E). On the other hand we have

|||u − u_i|||_N 1,0_{Φ (E)} = |||~u − ~u_i|||_N 1_{Φ(X)} → 0 as i → ∞.

Thus N^{1,0}_Φ (E) is a Banach space and the proof is complete. Proposition 1. Let Φ be an N -function and E a subset of X. Then the space H^{1,0}_{Φ,N} (E) embeds isometrically into N^{1,0}_Φ (E), and the space H^{1,0}_{Φ,C} (E) embeds isometrically into H^{1,0}_{Φ,N} (E).

Proof. Let u ∈ H^{1,0}_{Φ,N} (E). Then there is a sequence (u_i)_i ⊂ N^1_Φ(X) of Lipschitz functions such that u_i → u in N^1_Φ(X) and for each integer i, u_{i|X\E} = 0. Considering if necessary a subsequence of (u_i)_i, we proceed as in the proof of [3, Theorem 1], we can consider the function ~u defined outside a set S with Cap_Φ(S) = 0, by ~u =^1_2 (lim sup_i u_i + lim inf_i u_i).

Then ~u ∈ N^1_Φ(X) and u_{|E} = ~u_{|E} μ-a.e and ~u_{|(X\E)\S} = 0. Hence u_{|E} ∈ N^{1,0}_Φ (E), with the two norms equal. Since H^{1,0}_{Φ,C} (E) ⊂ Lip^{1,0}_{Φ,N} (E), it is easy to see that H^{1,0}_{Φ,C} (E) embeds isometrically into H^{1,0}_{Φ,N} (E). The proof is complete.

28 NOUREDDINE AÏSSAOUI

When Φ(t) =^1_p t^p, there are examples of spaces X and E ⊂ X for which N^{1,0}_Φ (E), H^{1,0}_{Φ,N} (E) and H^{1,0}_{Φ,C} (E) are different. See [13]. We give, in the sequel, sufficient conditions under which these three spaces agree. We begin by a definition and some lemmas.

Definition 15. Let Φ be an N -function. The space X is said to support a (1, Φ)-Poincaré inequality if there is a constant C > 0 such that for all balls B ⊂ X, and all pairs of functions u and ρ, whenever ρ is an upper gradient of u on B and u is integrable on B, the following inequality holds 1 μ(B) � B |u − u_E| ≤ Cdiam(B) |||g|||_{LΦ(B)} Φ^{−1}( 1 μ(B) ). Lemma 3. Let Φ be an N -function and Y a metric measure space with a Borel measure μ that is finite on bounded sets. Let u ∈ N^1_Φ(Y ) be non-negative and define the sequence (u_i)_i by u_i = min(u, i), i ∈ N. Then (u_i)_i converges to u in the norm of N^1_Φ(Y ).

Proof. Set E_i = {x ∈ Y : u(x) > i}. If μ(E_i) = 0, then u_i = u μ-a.e. and since u_i ∈ N^1_Φ(Y ), by [3, Corollary 2] the N^1_Φ(Y ) norm of u − u_i is zero for sufficiently large i. Now, suppose that μ(E_i) > 0. Since μ is finite on bounded sets, it is an outer measure. Hence there is an open set O_i such that E_i ⊂ O_i and μ(O_i) ≤ μ(E_i) + 2^{−i}.

We have 1 i |||u|||_{LΦ(Ei)} ≥ |||1|||_{LΦ(Ei)} = 1 Φ^{−1}(^1_{μ(Ei)} ) . Since Φ^{−1} is continuous, increasing and verifies Φ(x) → ∞ as x → ∞, we get 1 Φ^{−1}(^1_{μ(Oi)−2−i} ) ≤ 1 i |||u|||_{LΦ} → 0 as i → ∞, and μ(O_i) → 0 as i → ∞.

Note that u = u_i on Y \ O_i. Thus u − u_i has 2gχ_{Oi} as a weak upper gradient whenever g is an upper gradient of u and hence of u_i as well; see [3, Lemma 9]. Thus u_i → u in N^1_Φ(Y ). The proof is complete.

Remark 4. By [3, Corollary 7], and in conditions of this corollary, if u ∈ N^1_Φ(X), then for each positive integer i, there is a w_i ∈ N^1_Φ(X) such that 0 ≤ w_i ≤ 1, |||w_i|||_N 1_{Φ(X)} ≤ 2^{−i}, and w_{i|Fi} = 1, with F_i an open subset of X such that u is continuous on X \ F_i.

We define, as in the proof of Theorem 11, for i ∈ N^∗, the function t_i by

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 29

t_i = (1 − w_i) max(u −^1_i , 0).

Lemma 4. Let Φ be an N -function satisfying the Δ^′ condition. Let X be a proper doubling space supporting a (1, Φ)-Poincaré inequality, and let u ∈ N^1_Φ(X) be such that 0 ≤ u ≤ M, where M is a constant. Suppose that the set A = {x ∈ X : u(x) ≠ 0} is a bounded subset of X. Then t_i → u in N^1_Φ(X). Proof. Set E_i = � x ∈ X : u(x) <^1_i � . By [3, Corollary 7] and by the choice of F_i, there is an open set U_i such that E_i \ F_i = U_i \ F_i. Pose V_i = U_i ∪ F_i and remark that w_{i|Fi} = 1 and u_{|Ei} <^1_i . Then {x ∈ X : t_i(x) ≠ 0} ⊂ A\V_i ⊂ A. If we set v_i = u−t_i, then 0 ≤ v_i ≤ M since 0 ≤ t_i ≤ u. We can easily verify that t_i = (1 − w_i)(u − 1/i) on A \ V_i, and t_i = 0 on V_i. Therefore (4.3) v_i = w_iu + (1 − w_i)�i on A \ V_i, and (4.4) v_i = u on V_i.

Let x, y ∈ X. Then |w_i(x)u(x) − w_i(y)u(y)| ≤ |w_i(x)u(x) − w_i(x)u(y)| + |w_i(x)u(y) − w_i(y)u(y)| ≤ w_i(x) |u(x) − u(y)| + M |w_i(x) − w_i(y)| .

Let ρ_i be an upper gradient of w_i such that |||ρ_i|||_{LΦ} ≤ 2^{−i+1} and let ρ be an upper gradient of u belonging to L_Φ. If γ is a path connecting two points x, y ∈ X, then

|w_i(x)u(x) − w_i(y)u(y)| ≤ w_i(x) � γ ρds + M � γ ρ_ids.

Hence, if z ∈ |γ|, then |w_i(x)u(x) − w_i(y)u(y)| ≤ |w_i(x)u(x) − w_i(z)u(z)| + |w_i(z)u(z) − w_i(y)u(y)|

≤ w_i(z) � γ_{xz}

ρds + M � γ_{xz}

ρ_ids + w_i(z) � γ_{zy}

ρds + M � γ_{zy}

ρ_ids

≤ w_i(z) � γ ρds + M � γ ρ_ids,

where γ_{xz} and γ_{zy} are such that the concatenation of these two segments gives the original path γ back again. Therefore

|w_i(x)u(x) − w_i(y)u(y)| ≤ � γ � inf_{z∈|γ|}w_i(z)ρ + Mρ_i � ds.

30 NOUREDDINE AÏSSAOUI

Thus

|w_i(x)u(x) − w_i(y)u(y)| ≤ � γ (w_i(z)ρ + Mρ_i)ds.

This means that w_iρ + Mρ_i is an upper gradient of w_iu. Since |||w_i|||_{LΦ} ≤ 2^{−i}, we get that w_i → 0 μ-a.e. On the other hand w_iρ ≤ ρ on X implies that w_iρ ∈ L_Φ and hence Φ ∘ (w_iρ) ∈ L^1 because Φ verifies the Δ_2 condition. Since Φ is continuous, Φ ∘ (w_iρ) → 0 μ-a.e. The Lebesgue dominated convergence theorem gives � X Φ ∘ (w_iρ)dx → 0 as i → ∞. Thus |||w_iρ|||_{LΦ} → 0 as i → ∞ since Φ verifies the Δ_2 condition.

Let B be a bounded open set such that A ⊂ BT. Then O_i = (A ∪ F_i) ∩ B is a bounded open subset of A and O_i ⊂ A. Therefore since O_i ∩ V_i ⊂ (E_i ∩ A) ∪ F_i, we get

μ(O_i ∩ V_i) ≤ μ(E_i ∩ A) + μ(F_i) ≤ μ � x ∈ X : 0 < u(x) < 1 i � + Cap_Φ(F_i).

Hence μ(O_i ∩ V_i) → 0 as i → ∞, since bounded sets have finite measure and therefore μ � x ∈ X : 0 < u(x) <^1_i � → μ(∅) = 0 as i → ∞. Thus |||ρ|||_{LΦ(Oi∩Vi)} → 0 as i → ∞.

By [3, Lemma 8] and equations (4.3) and (4.4), we get

g_i := � w_iρ + Mρ_i + 1 i ρ_i � χ_{Oi} + ρχ_{Oi∩Vi}

is a weak upper gradient of v_i and since

|||g_i|||_{LΦ} ≤ |||w_iρ|||_{LΦ} + (M +^1_i ) |||ρ_i|||_{LΦ} + |||ρ|||_{LΦ(Oi∩Vi)} , we infer that |||g_i|||_{LΦ} → 0 as i → ∞.

On the other hand, we have

|||v_i|||_{LΦ} = |||u − t_i|||_{LΦ} ≤ |||w_iu|||_{LΦ(A\Vi)} + 1 i |||1 − w_i|||_{LΦ(A\Vi)} + |||u|||_{LΦ(Oi∩Vi)}

≤ M|||w_i|||_N 1_{Φ(X)} + 1 i 1 Φ^{−1}(^1_{μ(A)} )

+ |||u|||_{LΦ(Oi∩Vi)} .

Since |||w_i|||_N 1_{Φ(X)} → 0 and |||u|||_{LΦ(Oi∩Vi)} → 0 as i → ∞, we conclude that |||v_i|||_{LΦ} → 0 as i → ∞, and hence t_i → u in N^1_Φ(X). The proof is complete.

Theorem 13. Let Φ be an N -function satisfying the Δ^′ condition. Let X be a proper doubling space supporting a (1, Φ)-Poincaré inequality and E an open subset of X. Then N^{1,0}_Φ (E) = H^{1,0}_{Φ,N} (E) = H^{1,0}_{Φ,C} (E).

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHETICS 31

Proof. By Proposition 1 we know that H^{1,0}_{Φ,C} (E) ⊂ H^{1,0}_{Φ,N} (E) ⊂ N^{1,0}_Φ (E). It suffices to prove that N^{1,0}_Φ (E) ⊂ H^{1,0}_{Φ,C} (E). Let u ∈ N^{1,0}_Φ (E), and identify u with its extension ~u. By the lattice properties of N^1_Φ(X) it is easy to see that u^+ and u^− are both in N^{1,0}_Φ (E) and hence it suffices to show that u^+ and u^− are in H^{1,0}_{Φ,C} (E). Thus we can assume that u ≥ 0. On the other hand, since N^{1,0}_Φ (E) is a Banach space that is isometrically embedded in N^1_Φ(X), if (u_n)_n is a sequence in N^{1,0}_Φ (E) that is Cauchy in N^1_Φ(X), then its limit, u, lies in N^{1,0}_Φ (E). Hence by Lemma 3, it also suffices to consider u such that 0 ≤ u ≤ M, for some constant M. By [3, Lemma 17], it suffices to consider u such that A = {x ∈ X : u(x) ≠ 0} is a bounded set. By Lemma 4, it suffices to show that for each positive integer i, the function φ_i = (1 − w_i) max(u −^1_i , 0) is in H^{1,0}_{Φ,C} (E).

On the other hand, if O_i and F_i are open subsets of X and Cap_Φ(F_i) ≤ 2^{−i}, as in the proof of Lemma 4, we have A ∪ F_i = O_i ∪ F_i. Since u has bounded support, we can choose O_i as bounded sets contained in E. We have w_i |_{Fi} = 1 and hence φ_i |_{Fi} = 0. Set E_i = � x ∈ X : u(x) <^1_i � . Then, as in the proof of Lemma 4, there is an open set U_i ⊂ E such that E_i \ F_i = U_i \ F_i and φ_i |_{Fi∪Ui} = 0. Thus

{x : φ_i(x) ≠ 0} ⊂ {x ∈ E : u(x) ≥ 1/i} \ F_i = O_i \ (E_i ∪ F_i) ⊂ O_i ⊂ E. The support of φ_i is compact because X is proper, and hence δ =dist(supp φ_i, X \ E) > 0. By [3, Theorem 5], φ_i is approximated by Lipschitz functions in N^1_Φ(X). Let g_i be an upper gradient of φ_i. By [3, Lemma 9] we can assume that g_i � �_{X\Oi} = 0. As in [3], define the operator M′

by M^′(f)(x) = sup_B 1 μ(B)

Φ(|||f|||_{LΦ(B)}), where the supremum is taken

over all balls B ⊂ X such that x ∈ B. Then if x ∈ X \ E, we get

M^′(g_i)(x) = sup

x∈B, radB>δ/2 1 μ(B)

Φ(|||g_i|||_{LΦ(B)}) ≤

C^′ (δ/2)^s

Φ(|||g_i|||_{LΦ} ) < ∞,

where s =^{LogC}_{Log2} , C being the doubling constant, and C^′ is a constant depending only on C and A. We know from [3, Proposition 4] that if f ∈ L_Φ, then lim_{λ→∞}λμ {x ∈ X : M^′(f)(x) > λ} = 0. Hence in the

proof of [3, Theorem 5], choosing λ >^{C′}_{(δ/2)s} Φ(|||g_i|||_{LΦ} ) ensures that the corresponding Lipschitz approximations agree with the functions φ_i on X \E. Thus these Lipschitz approximations are in H^{1,0}_{Φ,N} (E), and therefore so is φ_i. Moreover, these Lipschitz approximations have compact support in E, and hence φ_i ∈ H^{1,0}_{Φ,C} (E). The proof is complete.

32 NOUREDDINE AÏSSAOUI

References

[1] R. Adams, Sobolev spaces, Acad. Press, New York, London, Torento, (1975). [2] N. Aïssaoui, Strongly nonlinear potential theory on metric spaces; Abstract and Applied Analysis, Vol 7, N^o. 7 (2002), 357-374.

[3] N. Aïssaoui, Another Extension of Orlicz-Sobolev Spaces to Metric Spaces, to appear in Abstract and Applied Analysis.

[4] D. Gallardo, Orlicz spaces for which the Hardy-Littlewood maximal operator is bounded, Publicacions Matemàtiques, Vol. 32 (1988) 261-266.

[5] J. Heinonen, P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta Math. 181 (1998), 1-61.

[6] T. Kilpeläinen, On the uniqueness of quasi continuous functions, Acad. Sci.

Fenn. Ser. A I Math. 23 (1998), 261-262.

[7] T. Kilpeläinen, J. Kinnunen, and O. Martio, Sobolev spaces with zero boundary values on metric spaces, Potential Analysis, 12 (2000), 233-247.

[8] M. A. Krasnosel’skii, Y. B. Rutickii, Convex functions and Orlicz spaces, P.

Noordhoff, Groningen, (1961).

[9] A. Kufner, O. John, S. Fučík, Function spaces. Academia, Prague, (1977). [10] W. A. J. Luxemburg, Banach function spaces. Thesis, Delft University, (1955). [11] M. M. Rao, Z. D. Ren, Theory of Orlicz spaces, Dekker Inc, New York, (1991). [12] N. Shanmugalingam, Newtonian spaces: an extension of Sobolev spaces to metric measure spaces, Ph.D. thesis, University of Michigan, (1999).

[13] N. Shanmugalingam, Harmonic functions on metric spaces, Illinois Journal of Math., 45, Number 3 (2001), 1021-1050.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 2004, pp. 33 – 47 Submitted: November 28, 2003. Published: July 1, 2004

AN INTERACTING PARTICLES PROCESS FOR BURGERS EQUATION ON THE CIRCLE

ANTHONY GAMST

ABSTRACT. We adapt the results of Oelschläger (1985) to prove a weak law of large numbers for an interacting particles process which, in the limit, produces a solution to Burgers equation with periodic boundary conditions. We anticipate results of this nature to be useful in the development of Monte Carlo schemes for nonlinear partial differential equations.

A.M.S. (MOS) Subject Classification Codes. 35, 47, 60. Key Words and Phrases. Burgers equation, kernel density, Kolmogorov equation, Brownian motion, Monte Carlo scheme.

1. INTRODUCTION

Several propagation of chaos results have been proved for the Burgers equation (Calderoni and Pulvirenti 1983, Osada and Kotani 1985, Oelschläger 1985, Gutkin and Kac 1986, and Sznitman 1986) all using slightly different methods. Perhaps the best result for the Cauchy free-boundary problem is Sznitman’s (1986) result which describes the particle interaction in terms of the average ‘co-occupation time’ of the randomly diffusing particles. For various reasons, we follow Oelschläger and prove a Law of Large Numbers type result for the measure valued process (MVP) where the interaction is given in terms of a kernel density estimate with bandwidth a function of the number N of interacting diffusions.

E-mail: acgamstmath.ucsd.edu Copyright © 2004 by Cameron University 33

34 ANTHONY GAMST

The heuristics are as follows: The (nonlinear) partial differential equation

u_t = u_{xx} 2 − � u(x, t) � b(x − y)u(y, t) dy � x (1) is the Kolmogorov forward equation for the diffusion X = (X_t) which is the solution to the stochastic differential equation

dX_t = dW_t + � b(X_t − y)u(y, t) dy � dt (2)

= dW_t + E(b(X_t − X̄_t))dt (3)

where u(x, t) dx is the density of X_t, W_t is standard Brownian motion (a Wiener process), X̄ is an independent copy of X, and E is the expectation operator. Note the change in notation: for a stochastic process X, X_t denotes its location at time t not a (partial) derivative with respect to t.

The law of large numbers suggests that

E(b(X_t − X̄_t)) = lim_{N→∞} 1 N N� j=1 b(X_t − X^j_t )

where the X^j are independent copies of X and this empirical approximation suggests looking at the system of N stochastic differential equations given by dX^{i,N}_t = dW^{i,N}_t + 1 N N� j=1 b(X^{i,N}_t − X^{j,N}_t )dt, i = 1, . . . , N

where the W^{i,N} are independent Brownian motions. Now if b is bounded and Lipschitz and the N particles are started independently with distribution μ_0, then the system of N stochastic differential equations will have a unique solution (Karatzas and Shreve 1991) and the measure valued process

μ^N_t = 1 N N� j=1 δ_Xj,N_t

where δ_x is the point-mass at x will converge to a solution μ of (1) in the sense that for every bounded continuous function f on the real-line and every t > 0, � f(x)μ^N_t (dx) = 1 N N� j=1 f(X^{j,N}_t ) → � f(x)μ_t(dx),

where μ_t has a density u so μ_t(dx) = u(x, t)dx and u solves (1).

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 35

By formal analogy, if we take 2b(x − y) = δ_0(x − y), where δ_0 is the point-mass at zero, then

u_t = u_{xx} 2 − � u(x, t)

� δ_0(x − y) 2 u(y, t) dy � x (4) = u_{xx} 2 − � u^2 2 � x (5) = u_{xx} 2 − uu_x (6)

which is the Burgers equation with viscosity parameter ε = 1/2. Unfortunately, δ_0 is neither bounded nor Lipschitz and a lot of work goes into dealing with this problem. This is covered in greater detail later in the paper.

Our interest in these models lies partially in their potential use as numerical methods for nonlinear partial differential equations. This idea has been the subject of a good deal of recent research, see Talay and Tubaro (1996). As noted there, and elsewhere, the Burgers equation is an excellent test for new numerical methods precisely because it does have an exact solution. In the next two sections, we prove the underlying Law of Large Numbers for the Burgers equation with periodic boundary conditions. Such boundary conditions seem natural for numerical work.

2. THE SETUP AND GOAL.

We are interested in looking at the dynamics of the measure valued process

μ^N_t = N� j=1 δ_Y j,N_t (7)

with δ_x the point-mass at x, Y^{j,N}_t = φ(X^{j,N}_t ) (8) where φ(x) = x − [x] and [x] is the largest integer less than or equal to x, with the X^{j,N}_t satisfying the following system of stochastic differential equations

dX^{j,N}_t = dW^{j,N}_t + F � 1 N N� l=1 b^N (X^{j,N}_t − X^{l,N}_t ) � dt (9)

where the W^{j,N}_t are independent standard Brownian motion processes,

F (x) = x ∧ ‖u_0‖ 2 ,

36 ANTHONY GAMST

u_0 is a bounded measurable density function on S = [0, 1), ‖ · ‖ is the supremum norm, ‖f‖ = sup_S |f(x)|, and b^N (x) > 0 is an infinitelydifferentiable one-periodic function on the real line IR such that

�_1 0 b^N (x) dx = 1 (10)

for all N = 1, 2, . . . , and for any continuous bounded one-periodic function f �_{1/2}

−1/2

f(x)b^N (x) dx → f(0) (11)

as N → ∞. We call a function f on IR one-periodic if f(x) = f(x + 1) for every x ∈ IR.

For any x and y in S, let

ρ(x, y) = |x − y − 1| ∧ |x − y| ∧ |x − y + 1| (12) and note that (S, ρ) is a complete, separable, and compact metric space. Let C_b(S) denote the space of all continuous bounded functions on (S, ρ). Note that if f is a continuous one-periodic function on IR and g is the restriction of f to S, then g ∈ C_b(S). Additionally, for any one-periodic function f on IR we have f(Y^{j,N}_t ) = f(X^{j,N}_t ) and therefore

⟨μ^N_t , f⟩ = � S f(x)μ^N_t (dx) = 1 N N� j=1 f(Y^{j,N}_t )

= 1 N N� j=1 f(X^{j,N}_t )

for any one-periodic function f on IR.

To study the dynamics of the process μ^N_t as N → ∞ we will need to study, for any f which is both one-periodic and twice-differentiable with bounded first and second derivatives, the dynamics of the processes ⟨μ^N_t , f⟩. These dynamics are obtained from (7), (9), and Itô’s formula (see Karatzas and Shreve 1991, p.153)

⟨μ^N_t , f⟩ = ⟨μ^N_0 , f⟩ +

�_t 0 ⟨μ^N_s , F (g^N_s (·))f^′ + 1 2 f^{′′} ⟩ ds + 1 N N� j=1 �_t 0 f^′ (X^{j,N}_s ) dW^{j,N}_s (13)

where the use the notation ⟨μ, f⟩ = � S f(x)μ(dx)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 37

with μ a measure on S,

g^N_t (x) = 1 N N� l=1 b^N (x − X^{l,N}_t ) (14)

and the fact that because b^N is one-periodic, b^N (Y^{j,N}_t −Y^{l,N}_t ) = b^N (X^{j,N}_t − X^{l,N}_t ).

Given any metric space (M, m), let M_1(M) be the space of probability measures on M equipped with the usual weak topology:

lim_{k→∞} μ^k = μ

if and only if

lim_{k→∞} � M f(x)μ^k(dx) = � M f(x)μ(dx)

for every f in C_b(M), where C_b(M) is the space of all continuous bounded and real-valued functions f on M under the supremum norm ‖f‖ = sup_M |f(x)|.

On the space (S, ρ) the weak topology is generated by the bounded Lipschitz metric

‖μ^1 − μ^2‖_H = sup_{f∈H} |⟨μ^1, f⟩ − ⟨μ^2, f⟩|

where

H = {f ∈ C_b(S) : ‖f‖ ≤ 1, |f(x) − f(y)| < ρ(x, y) for all x, y ∈ S}

(Pollard 1984, or Dudley 1966).

Fix a positive T < ∞ and take C([0, T ], M_1(S)) to be the space of all continuous functions μ = (μ_t) from [0, T ] to M_1(S) with the metric

m(μ^1, μ^2) = sup_{0≤t≤T} ‖μ^1_t − μ^2_t ‖_H ,

then the empirical processes μ^N_t with 0 ≤ t ≤ T are random elements of the space C([0, T ], M_1(S)). Indeed, take any sequence (t_k) ⊂ [0, T ] with

38 ANTHONY GAMST

t_k → t, then for any f in H we have

|⟨μ^N_t , f⟩ − ⟨μ^N_{tk} , f⟩| = � � � � � 1 N N� j=1 f(Y^{j,N}_t ) − f(Y^{j,N}_{tk} ) � � � � � ≤ 1 N N� j=1 |f(Y^{j,N}_t ) − f(Y^{j,N}_{tk} )|

≤ 1 N N� j=1 ρ(Y^{j,N}_t , Y^{j,N}_{tk} )

≤ 1 N N� j=1 |X^{j,N}_t − X^{j,N}_{tk} |

= 1 N N� j=1 � � �[W^{j,N}_t − W^{j,N}_{tk} ] +

�_t

t_k

F (g^N_s (X^{j,N}_s )) ds � � � → 0

because the W^{j,N}_t are continuous in t and ‖F ‖ < ∞. This means that the distributions L(μ^N ) of the processes μ^N = (μ^N_t ) can be considered random elements of the space M_1(C([0, T ], M_1(S))).

Our goal is to prove the following Law of Large Numbers type result.

Theorem 1. Under the conditions that

(i): b^N is one-periodic, positive and infinitely-differentiable with

�_1 0 b^N (x) dx = 1, (15) and �_{1/2}

−1/2

f(x)b^N (x) dx → f(0) (16)

for every continuous, bounded, and one-periodic function f on IR, (ii): ‖b^N ‖ ≤ AN^α for some 0 < α < 1/2 and some constant A < ∞, (iii): there is a β with 0 < β < (1 − 2α) such that � λ |b̃^N (λ)|^2(1 + |λ|^β) < ∞ (17)

where λ = 2kπ, with k ∈ Z, and b̃^N (λ) =

�_1

0 e^{iλx}b^N (x) dx is the Fourier transform of b^N , (iv): u_0 is a density function on [0, 1) with ‖u_0‖ < ∞, and (v): ⟨μ^N_0 , f⟩ =^1_N

�_N

j=1 f(Y^{j,N}_0 ) =^1_N

�_N

j=1 f(X^{j,N}_0 ) →

�_1

0 f(x)u_0(x) dx for every f ∈ C_b(S).

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 39

then there is a deterministic family of measures μ = (μ_t) on [0, 1) such that

μ^N → μ (18)

in probability as N → ∞, for every t in [0, T ], with μ^N = (μ^N_t ), μ_t is absolutely continuous with respect to Lebesgue measure on S with density function g_t(x) = u(x, t) satisfying the Burgers equation

u_t + uu_x = 1 2 u_{xx} (19)

with periodic boundary conditions.

The proof has three parts. First, we establish the fact that the sequence of probability laws L(μ^N ) is relatively compact in M_1(C([0, T ], M_1(S))) and therefore every subsequence of (μ^{Nk} ) of (μ^N ) has a further subsequence that converges in law to some μ in C([0, T ], M_1(S)). Second, we prove that any such limit process μ must satisfy a certain integral equation, and finally, that this integral equation has a unique solution. We follow rather closely the arguments of Oelschläger (1985) and apply his result (Theorem 5.1, p.31) in the final step of the argument.

3. THE LAW OF LARGE NUMBERS.

Relative Compactness. The first step in the proof of Theorem 1 is to show that the sequence of probability laws L(μ^N ), N = 1, 2, . . . , is relatively compact in M = M_1(C([0, T ], M_1(S))). Since S is a compact metric space M_1(S) is as well (Stroock 1983, p.122) and therefore for any ε > 0 there is a compact set K_ε ⊂ M_1(S) such that

inf_N P � μ^N_t ∈ K_ε, ∀t ∈ [0, T ] � ≥ 1 − ε; (20)

40 ANTHONY GAMST

in particular, we may take K_ε = M_1(S) regardless of ε ≥ 0. Furthermore, for 0 ≤ s ≤ t ≤ T and some constant C > 0 we have

‖μ^N_t − μ^N_s ‖^4_H = sup_{f∈H}(⟨μ^N_t , f⟩ − ⟨μ^N_s , f⟩)^4

= sup_{f∈H} � � 1 N N� j=1 f(Y^{j,N}_t ) − f(Y^{j,N}_s ) � � 4

≤ � � 1 N N� j=1 ρ(Y^{j,N}_t , Y^{j,N}_s ) � � 4

≤ � � 1 N N� j=1 |X^{j,N}_t − X^{j,N}_s | � � 4

≤ 1 N N� j=1 |X^{j,N}_t − X^{j,N}_s |^4

= 1 N N� j=1 � � � � (W^{j,N}_t − W^{j,N}_s ) +

�_t s F � g^N_u (X^{j,N}_u ) � du � � � � 4

≤ C � � 1 N N� j=1 � � �W^{j,N}_t − W^{j,N}_s � � �^4 + 1 N N� j=1 � � � � �_t s F � g^N_u (X^{j,N}_u ) � du � � � � 4 � � and therefore

E‖μ^N_t − μ^N_s ‖^4_H ≤ C(3(t − s)^2 + ‖u_0‖^4(t − s)^4) < 3C‖u_0‖^4(t − s)^2 (21)

for t − s small. Together equations (20) and (21) imply that the sequence of probability laws L(μ^N ) is relatively compact (Gikhman and Skorokhod 1974, VI, 4) as desired.

Almost Sure Convergence. Now the relative compactness of the sequence of laws L(μ^N ) in M implies that there is an increasing subsequence (N_k) ⊂ (N) such that L(μ^{Nk} ) converges in M to some limit L(μ) which is the distribution of some measure valued process μ = (μ_t). For ease of notation, we assume at this point that (N_k) = (N). The Skorokhod representation theorem implies now that after choosing the proper probability space, we may define μ^N and μ so that

lim_{N→∞} sup_{t≤T} ‖μ^N_t − μ_t‖_H = 0 (22)

P -almost surely. This leaves us with the task of describing the possible limit processes, μ.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 41

An Integral Equation. We know from Ito’s formula that for any f ∈ C^2_b (S), μ^N satisfies

⟨μ^N_t , f⟩ − ⟨μ^N_0 , f⟩ −

�_t 0 ⟨μ^N_s , F (g^N_s (·))f^′ + 1 2 f^{′′} ⟩ ds = 1 N N� j=1 �_t 0 f^′ (X^{j,N}_s ) dW^{j,N}_s (23)

where the right hand side is a martingale. Because f ∈ C^2_b (S), the weak convergence of μ^N to μ gives us that ⟨μ^N_t , f⟩ → ⟨μ_t, f⟩ (24) as N → ∞ for all 0 ≤ t ≤ T and we have ⟨μ^N_0 , f⟩ → ⟨μ_0, f⟩ (25) as N → ∞ by assumption. Furthermore, Doob’s inequality (Stroock 1983, p.355) implies E � � �sup_{t≤T} � � 1 N N� j=1 �_t 0 f^′ (X^{j,N}_s ) dW^{j,N}_s � � 2� � � ≤ 4E � � � � � 1 N N� j=1 �_T 0 f^′ (X^{j,N}_s ) dW^{j,N}_s � � 2� � � ≤ 4 N T ‖f^′ ‖^2 and therefore the right hand side of (23) vanishes as N → ∞. Clearly now, the integral term third in equation (23) must converge as well and the goal at present is to find out to what.

First, because f ∈ C^2_b (S), the weak convergence of μ^N to μ gives us that 1 2 �_t 0 ⟨μ^N_s , f^{′′} ⟩ ds → 1 2 �_t 0 ⟨μ_s, f^{′′} ⟩ ds (26)

as N → ∞. Now only the

�_t

0 ⟨μ^N_s , F (g^N_s (·))f^′ ⟩ ds-term remains and this is indeed the most troublesome because of the interaction between the μ^N_s and g^N_s terms. To study this term we will need to work out the convergence properties of the ‘density’ g^N_s . We start by working on some L^2 bounds.

The Convergence of the Density g^N_s . Note that ⟨g^N_s (·), e^{iλ·}⟩ = ⟨μ^N_s , e^{iλ·}⟩ b̃^N (λ), where b̃^N is the Fourier transform of the interaction kernel b^N .

42 ANTHONY GAMST

Ito’s formula implies that for any λ ∈ (2kπ) with k ∈ Z

|⟨μ^N_t , e^{iλ·}⟩|^2e^{λ2(t−τ )} −

�_t 0 ((⟨μ^N_s , e^{−iλ·}⟩⟨μ^N_s , F (g^N_s (·))(iλ)e^{iλ·} − λ^2 2 e^{iλ·}⟩ +⟨μ^N_s , e^{iλ·}⟩⟨μ^N_s , F (g^N_s (·))(−iλ)e^{−iλ·} − λ^2 2 e^{−iλ·}⟩)e^{λ2(s−τ )} +|⟨μ^N_s , e^{iλ·}⟩|^2λ^2e^{λ2(s−τ )} + 1 N λ^2e^{λ2(s−τ )}) ds = |⟨μ^N_t , e^{iλ·}⟩|^2e^{λ2(t−τ )} −

�_t 0 ((⟨μ^N_s , e^{−iλ·}⟩⟨μ^N_s , F (g^N_s (·))(iλ)e^{iλ·}⟩ +⟨μ^N_s , e^{iλ·}⟩⟨μ^N_s , F (g^N_s (·))(−iλ)e^{−iλ·}⟩)e^{λ2(s−τ )} + λ^2 N e^{λ2(s−τ )}) ds (27)

is a martingale.

Now take τ = t + h and

k^N_h (λ, t) = |⟨μ^N_t , e^{iλ·}⟩|^2|b̃^N (λ)|^2e^{−λ2h}

then the martingale property above gives

E[k^N_h (λ, t)] = E[k^N_{t+h}(λ, 0)] +

�_t 0 E[⟨μ^N_s , e^{−iλ·}⟩⟨μ^N_s , F (g^N_s (·))(iλ)e^{iλ·}⟩ +⟨μ^N_s , e^{iλ·}⟩⟨μ^N_s , F (g^N_s (·))(−iλ)e^{−iλ·}⟩ + λ^2 N ]e^{−λ2(t+h−s)}|b̃^N (λ)|^2 ds ≤ E[k^N_{t+h}(λ, 0)] + �_t 0 (E[2|⟨μ^N_s , e^{iλ·}⟩||⟨μ^N_s , F (g^N_s (·))e^{iλ·}⟩ ·|λ| e^{−λ2(t+h−s)}|b̃^N (λ)|^2] + λ^2 N e^{−λ2(t+h−s)}|b̃^N (λ)|^2) ds ≤ E[k^N_{t+h}(λ, 0)] + �_t 0 (2‖u_0‖E[|⟨μ^N_s , e^{iλ·}⟩|^2|λ|e^{−λ2(t+h−s)}|b̃^N (λ)|^2] + λ^2 N e^{−λ2(t+h−s)}|b̃^N (λ)|^2) ds. (28)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 43

Summing over λ ∈ (λ_k) gives � λ E[k^N_h (λ, t)] ≤ � λ E[k^N_{t+h}(λ, 0)] +2‖u_0‖ � λ �_t 0 E � |⟨μ^N_s , e^{iλ·}⟩|^2|λ|e^{−λ2(t+h−s)}|b̃^N (λ)|^2 � ds + � λ �_t 0 � λ^2 N e^{−λ2(t+h−s)}|b̃^N (λ)|^2 � ds = A_I + A_{II} + A_{III} .

Now, of course, � λ k^N_{t+h}(λ, 0) ≤ � λ e^{−λ2(t+h)} ≤ (t + h)^{−1/2} and therefore A_I = � λ E[k^N_{t+h}(λ, 0)] ≤ (t + h)^{−1/2}.

For A_{III} , using hypothesis (ii) from Theorem 1, we have A_{III} = 1 N � λ |b̃^N (λ)|^2

�_t 0 λ^2e^{−λ2(t+h−s)} ds = 1 N � λ |b̃^N (λ)|^2e^{−λ2h} ≤ 1 N � λ |b̃^N (λ)|^2 = 1 N �_1 0 (b^N (x))^2 dx ≤ 2N^{2α} N C ≤ 2C for some constant C > 0. Now

2‖u_0‖

�_t 0 E[|⟨μ^N_s , e^{iλ·}⟩|^2|b̃^N (λ)|^2|λ|e^{−λ2(t+h−s)}] ds = 2‖u_0‖

�_t 0 E[|⟨μ^N_s , e^{iλ·}⟩|^2|b̃^N (λ)|^2e^{−λ2(t+h−s)/2}|λ|e^{−λ2(t+h−s)/2}] ds ≤ 2‖u_0‖C

�_t 0 E[|⟨μ^N_s , e^{iλ·}⟩|^2|b̃^N (λ)|^2e^{−λ2(t+h−s)/2}] ds = 2‖u_0‖C

�_t 0 E[k^N_{(t+h−s)/2}(λ, s)] ds ≤ 2‖u_0‖C

�_t 0 e^{−λ2(t+h−s)/2} ds ≤ 4‖u_0‖C λ^2 for some other constant C > 0 and therefore A_{II} ≤ 4‖u_0‖C � λ≠0

λ^{−2} ≤ 4‖u_0‖D

44 ANTHONY GAMST

for some constant D < ∞. Hence � λ E[k^N_h (λ, t)] = � λ E[|⟨μ^N_t , e^{iλ·}⟩|^2|b̃^N (λ)|^2]e^{−λ2h} = A_I + A_{II} + A_{III} ≤ (t + h)^{−1/2} + C(‖u_0‖ + 1) uniformly in h > 0 for some constant C < ∞. Letting h go to zero gives � λ E|g̃^N_t (λ)|^2 = � λ E[k^N_0 (λ, t)] = lim_{h→0} � λ E[k^N_h (λ, t)] ≤ t^{−1/2} + C(‖u_0‖ + 1).

From the martingale property (27) we have E[k^N_0 (λ, t)] ≤ E[k^N_{t/2}(λ, t/2)] + 2‖u_0‖

�_t t/2 E[|⟨μ^N_s , e^{iλ·}⟩|^2|b̃^N (λ)|^2]|λ|e^{−λ2(t−s)} ds + λ^2 N �_t t/2 e^{−λ2(t−s)}|b̃^N (λ)|^2 ds and for β ∈ (0, 1 − 2α) we have (1 + |λ|^β)E[k^N_0 (λ, t)] ≤ (1 + |λ|^β)E[k^N_{t/2}(λ, t/2)] +2‖u_0‖

�_t t/2 E[|⟨μ^N_s , e^{iλ·}⟩|^2|b̃^N (λ)|^2] · |λ|(1 + |λ|^β)e^{−λ2(t−s)} ds +(1 + |λ|^β) λ^2 N �_t t/2 e^{−λ2(t−s)}|b̃^N (λ)|^2 ds ≤ (1 + |λ|^β)e^{−λ2t/2} +2‖u_0‖C

�_t t/2 E[|⟨μ^N_s , e^{iλ·}⟩|^2|b̃^N (λ)|^2]e^{−λ2(t−s)/2} ds +(1 + |λ|^β) λ^2 N �_t t/2 e^{−λ2(t−s)}|b̃^N (λ)|^2 ds for some constant C < ∞ and we know that � λ (1 + |λ|^β)e^{−λ2t/2} < ∞,

2‖u_0‖C

�_t t/2 � λ E[k^N_{(t−s)/2}(λ, s)] ds ≤ 2‖u_0‖C

�_t t/2 � λ e^{−λ2(t−s)/2} ds < ∞, and, from hypothesis (iii) of Theorem 1, 1 N � λ (1 + |λ|^β)|b̃^N (λ)|^2 < ∞

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 45

and therefore � λ (1 + |λ|^β)E|g̃^N_t (λ)|^2 = � λ (1 + |λ|^β)E[k^N_0 (λ, t)] < ∞. (29) Finally, from (29) it is easy to work out the convergence properties of g^N . Indeed, lim N,M→∞ E

�_T 0 �_1 0 |g^N_t (x) − g^N_t (x)|^2 dx dt �

= lim_{N,M→∞} E

�_T 0 � λ |g̃^N_t (λ) − g̃^M_t (λ)|^2 dt �

≤ lim_{N,M→∞} E � � �_T 0 � |λ|≤K

|g̃^N_t (λ) − g̃^M_t (λ)|^2 dt � �

+ lim

N,M→∞ 2E � � �_T 0 � |λ|>K

(|g̃^N_t (λ)|^2 + |g̃^M_t (λ)|^2) dt � �

≤ lim_{N,M→∞} 4E � � �_T 0 � |λ|≤K

|⟨μ^N_t − μ^M_t , e^{iλ·}⟩|^2 dt � �

+4(1 + K^β)^{−1} sup_N E

�_T 0 � λ |g̃^N_t (λ)|^2(1 + |λ|^β) dt �

≤ C(1 + K^β)^{−1}T for some constant C < ∞ and the right hand side of this last inequality can be made smaller than any given ε > 0 by the choice of K. So, by the completeness of L^2, we have proved the existence of a positive random function g_t(x) such that

lim_{N→∞} E

�_T 0 �_1 0 |g^N_t (x) − g_t(x)|^2 dx dt � = 0. (30)

Of course, this means that for any f ∈ C_b(S) we have

�_1 0 f(x)g_t(x) dx = lim_{N→∞}

�_1 0 f(x)g^N_t (x) dx = lim_{N→∞}⟨μ^N_t ∗ b^N , f⟩

= lim_{N→∞}⟨μ^N_t , f ∗ b^N ⟩ = ⟨μ_t, f⟩ =

�_1 0 f(x) μ_t(dx)

and therefore μ_t is absolutely continuous with respect to Lebesgue measure on S with derivative g_t.

46 ANTHONY GAMST

Conclusion. Finally, combining (23-26), and (30), implies ⟨μ_t, f⟩ − ⟨μ_0, f⟩ =

�_t 0 ⟨μ_s, F (g_s(·))f^′ + 1 2 f^{′′} ⟩ ds (31) and from Proposition 3.5 of Oelschläger (1985) we know that the integral equation (31) has a unique solution μ_t absolutely continuous with respect to Lebesgue measure on S with density g_t. We note also that the solution g_t(x) = u(x, t) of the Burgers equation u_t + uu_x = 1 2 u_{xx} with periodic boundary conditions u(x, t) = u(x + 1, t), for all real x, and all t > 0, and initial condition u_0, satisfies the integral equation

⟨g_t(·), f⟩ − ⟨u_0(·), f⟩ =

�_t 0 ⟨g_s(·), 1 2 g_s(·)f^′ + 1 2 f^{′′} ⟩ ds and from the Hopf-Cole solution (II.67) we see that ‖g_t‖ ≤ ‖u_0‖ and therefore g_t(x) satisfies (31) as well. The uniqueness result for solutions to the periodic boundary problem for the Burgers equation then completes the proof of Theorem 1. BIBLIOGRAPHY

Blumenthal, R.M. (1992) Excursions of Markov Processes. Birkhäuser, Boston.

Burgers, J.M. (1948) “A Mathematical Model Illustrating the Theory of Turbulence” in Advances in Applied Mechanics 1 (von Mises, R. and von Karman, Th., eds.), 171-199.

Burgers, J.M. (1974) The Nonlinear Diffusion Equation. Reidel, Dordrecht. Calderoni, P. and Pulvirenti, M. (1983) “Propagation of Chaos and Burgers Equation” Ann. Inst. H. Poincaré A, 39 (1), 85-97.

Cole, J.D. (1951) “On A Quasi-Linear Parabolic Equation Occuring in Aerodynamics” Quart. Appl. Math. 9 (3) 225-236.

Dudley, R.M. (1966) “Weak Convergences of Probabilities on Nonseparable Metric Spaces and Empirical Measures on Euclidean Spaces.” Ill. J. Math. 10, 109-1226.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 47

Ethier, S.N. and Kurtz, T.G. (1986) Markov Processes: Characterization and Convergence. John Wiley and Sons, New York.

Feller, W. (1981) An Introduction to Probability Theory and Its Applications. Vol. 2, Wiley, New York.

Fletcher, C.A.J. (1981) “Burgers Equation: A Model for all Reasons” in Numerical Solutions of Partial Differential Equations (Noye, J., ed.), North-Holland, Amsterdam, 139-225.

Gikhman, I.I. and Skorokhod, A.V. (1974) The Theory of Stochastic Processes. Springer, New York.

Gutkin, E. and Kac, M. (1983) “Propagation of Chaos and the Burgers Equation” SIAM J. Appl. Math. 43, 971-980.

Hopf, E. (1950) “The Partial Differential Equation u_t + uu_x = μu_{xx}” Comm. Pure Appl. Math. 3, 201-230.

Karatzas, I. and Shreve, S.E. (1991) Brownian Motion and Stochastic Calculus. Springer, New York.

Knight, F.B. (1981) Essentials of Brownian Motion and Diffusion. AMS, Providence.

Lax, P.D. (1973) Hyperbolic Systems of Conservation Laws and the Mathematical Theory of Shock Waves. SIAM, Philadelphia.

Oelschläger, K. (1985) “A Law of Large Numbers for Moderately Interacting Diffusion Processes” Zeit. Warsch. Ver. Geb. 69, 279-322.

Osada, H. and Kotani, S. (1985) “Propagation of Chaos for the Burgers Equation” J. Math. Soc. Japan 37 (2) 275-294.

Pollard, D. (1984) Convergence of Stochastic Processes. Springer, New York.

Sznitman, A.S. (1986) “A Propagation of Chaos Result for the Burgers Equation” Prob. Theor. Rel. Fields 71, 581-613.

Talay, D. and Tubaro, L., eds. (1996) Probabilistic Models for Nonlinear Partial Differential Equations. Lecture Notes in Mathematics 1627, Springer, New York.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 2004, pp. 48 – 53 Submitted: August 21, 2003. Published: July 1, 2004

AN ITERATIVE METHOD FOR COMPUTING ZEROS OF OPERATORS SATISFYING AUTONOMOUS DIFFERENTIAL EQUATIONS

IOANNIS K. ARGYROS

Abstract. We use an iteration method to approximate zeros of operators satisfying autonomous differential equations. This iteration process has the advantages of the quadratic convergence of Newton’s method and the simplicity of the modified Newton’s method, as the inverse of the operator involved is calculated once and for all. Our local and semilocal convergence results compare favorably with earlier ones under the same computational cost.

A.M.S. (MOS) Subject Classification Codes. 65J15, 47H17, 49M15.

Key Words and Phrases. Banach spaces, Newton’s method, quadratic convergence, autonomous differential equation, local/semilocal convergence.

1. Introduction

In this study we are concerned with the problem of approximating a locally unique solution x^∗ of equation (1) F (x) = 0, where F is a Fréchet-differentiable operator defined on an open convex subset D of a Banach space X with values in a Banach space Y .

We use the Newton-like method:

(2) x_{n+1} = x_n − F^′ (y_n)^{−1} F (x_n) (n ≥ 0) to generate a sequence approximating x^∗.

Cameron University, Lawton, Ok., Department of Mathematics E-mail: ioannisa@cameron.edu Copyright © 2004 by Cameron University 48

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 49

Here F^′ (x) ∈ L (X, Y ) denotes the Fréchet-derivative. We are interested in the case when:

(3) y_n = λ_nx_n + (1 − λ_n) z_n (n ≥ 0) where, λ_n ∈ [0, 1] , (n ≥ 0) (4) z_n = x^∗ (5) or (6) z_n = x_n (n ≥ 0) , or other suitable choice [1]-[4].

We provide a local and a semilocal convergence analysis for method (2) which compare favorably with earlier results [4], and under the same computational cost.

2. Convergence for method (2) for z_n given by (5) and λ_n = 0 (n ≥ 0) We can show the following local result:

Theorem 1. Let F : D ⊆ X → Y be a Fréchet-differentiable operator. Assume:

there exists a solution x^∗ of equation F (x) = 0 such that F^′ (x^∗)^{−1} ∈ L (Y, X) and � F^′ (x^∗)^{−1} � ≤ b; (7) ‖F^′ (x) − F^′ (x^∗)‖ ≤ L_0 ‖x − x^∗‖ for all x ∈ D, (8) and (9) U (x^∗, r_0) = � x ∈ X � �‖x − x_∗‖ ≤ r_0 =_{2bL0} � ⊆ D.

Then sequence {x_n} (n ≥ 0) generated by Newton-like method (2) is well defined remains in U (x^∗, r_0) for all n ≥ 0, and converges to x^∗ provided that x_0 ∈ U (x^∗, r_0).

Moreover the following error bounds hold for all n ≥ 0 : (10) ‖x_n − x^∗‖ ≤ θ^{2n−1}_0 ‖x_0 − x^∗‖ (n ≥ 1) , where (11) θ_0 =^1_2 bL_0 ‖x_0 − x^∗‖ .

50 IOANNIS K. ARGYROS

Proof. By (2) and F (x^∗) = 0 we get for all n ≥ 0 : (12)

x_{n+1}−x^∗ = −F^′ (x^∗)^{−1} � � 1� 0 (F^′ (x^∗ + t (x_n − x^∗)) − F^′ (x^∗)) (x_n − x^∗) � � dt

from which it follows (13) ‖x_{n+1} − x^∗‖ ≤^1_2 bL_0 ‖x_n − x^∗‖^2 from which (10) follows.

By (9) and (11) θ_0 ∈ [0, 1). hence it follows from (10) that x_n ∈ U (x^∗, r_0) (n ≥ 0) and lim_{n→∞} x_n = x^∗ (by using induction on the integer n ≥ 0). □ Remark 1. Method (2) has the advantages of the quadratic convergence of Newton’s method and the simplicity of the modified Newton’s method, since the operator F^′ (x^∗)^{−1} is computed only once. It turns out that method (2) can be used for operators F which satisfy an autonomous differential equation (14) F^′ (x) = G (F (x)) , where G is a known continuous operator on Y . As F^′ (x^∗) = G (0) can be evaluated without knowing the value of x^∗.

Moreover in order for us to compare Theorem 1 with earlier results, consider the condition (15) ‖F^′ (x) − F^′ (y)‖ ≤ L ‖x − y‖ for all x ∈ D used in [4] instead of (8). The corresponding radius of convergence is given by

(16) r_R = 2 bL . since (17) L_0 ≤ L holds in general we obtain (18) r_R ≤ r_0.

Furthermore in case strict inequality holds in (17), so does in (18). We showed in [1] that the ration^L_{L0} can be arbitrarily large. Hence we managed to enlarge the radius of convergence for method (2) under the same computational cost as in Theorem 1 in [4, p.113].

This observation is very important in computational mathematics since a under choice of initial guesses x_0 can be obtained.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 51

Below we give an example of a case where strict inequality holds in (17) and (18).

Example 1. Let X = Y = R, D = U (0, 1) and define F on D by (19) F (x) = e^x − 1.

Note that (19) satisfies (14) for T (x) = x + 1. Using (7), (8), (9), (15) and (16) we obtain (20) b = 1, L_0 = e − 1, L = e, (21) r_0 = 1.163953414 and (22) r_R = .735758882.

In order to keep the iterates inside D we can restrict r_0 and choose (23) r_0 = 1.

In any case (17) and (18) holds as a strict inequalities. We can show the following global result:

Theorem 2. Let F : X → Y be Fréchet-differentiable operator, and G a continuous operator from Y into Y . Assume: condition (14) holds;

G (0)^{−1} ∈ L (Y, X) so that (7) holds;

F (x) ≤ c for all x ∈ X;

(24) (25) ‖G (0) − G (z)‖ ≤ a_0 ‖z‖ for all z ∈ Y and (26) h_0 = α_0bc < 1.

Then, sequence {x_n} (n ≥ 0) generated by method (2) is well defined and converges to a unique solution x^∗ of equation F (x) = 0.

Moreover the following error bounds hold for all n ≥ 0 : (27) ‖x_n − x^∗‖ ≤ h^n_0 1 − h_0

‖x_1 − x_0‖ (n ≥ 0) .

Proof. It follows from the contraction mapping principle [2] by using (25), (26) instead of (28) ‖G (v) − G (z)‖ ≤ a ‖v − z‖ for all v, z ∈ Y and (29) h = abc < 1

52 IOANNIS K. ARGYROS

respectively in the proof of Theorem 2 in [4, p.113]. □ Remark 2. If F^′ is L_0 Lipschitz continuous in a ball centered at x^∗, then the convergence of method (2) will be quadratic as soon as (30) bL_0 ‖x_0 − x^∗‖ < 2 holds with x_0 replaced by an iterate x_n sufficiently close to x^∗. Remark 3. If (25) is replaced by the stronger (28), Theorem 2 reduces to Theorem 2 in [4]. Otherwise our Theorem is weaker than Theorem 2 in [4] since (31) a_0 < a holds in general.

We note that if (25) holds and (32) ‖F (x) − F (x_0)‖ ≤ γ_0 ‖x − x_0‖ then (33) ‖F (x)‖ ≤ ‖F (x) − F (x_0)‖+‖F (x_0)‖ ≤ γ_0 ‖x − x_0‖+‖F (x_0)‖ .

Let r = ‖x − x_0‖, and define (34) P (r) = a_0b (‖F (x_0)‖ + γ_0r) .

If P (0) = a_0b ‖F (x_0)‖ < 1, then as in Theorem 3 in [4, p.114] inequality (26) and the contraction mapping principle we obtain the following semilocal result: Theorem 3. If (35) q = (1 − a_0b ‖F (x_0)‖)^2 − 4ba_0γ_0 � �G (0)^{−1} F (x_0) � � ≥ 0, then a solution x^∗ of equation F (x) exists in U (x_0, r_1) , and is unique in U (x_0, r_2), where

(36) r_1 =

1 − a_0b ‖F (x_0)‖ − √ q 2ba_0γ_0 and (37) r_2 =

1 − a_0b ‖F (x_0)‖ ba_0γ_0 . Remark 4. Theorem 3 reduces to Theorem 3 in [4, p.114] if (25) and (32) are replaced by the stronger (28) and (38) ‖F (x) − F (y)‖ ≤ γ ‖x − y‖ respectively. Otherwise our Theorem is weaker than Theorem 3 in [4].

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 53

References

[1] Argyros, I.K., Advances in the efficiency of computational methods and applications, World Scientific Publ. Comp., New Jersey, 2000.

[2] Argyros, I.K. and Szidurovszky, F., The theory and application of iteration methods, CRC Press Inc. Boca Raton, florida, 1993.

[3] Kantorovich, L.V. and Akilov, G.P., Functional analysis in normed spaces, Pergamon Press, Oxford, 1964.

[4] Rall, L.B., A quadratically convergent iteration method for computing zeros of operators satisying autonomous differential equations, Math. Comput., 30, 133, (1976), 112-114.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July, 2004, pp. 54 – 56 Submitted: April 24, 2004. Published: July 1, 2004

PROVING MATRIX EQUATIONS

MICHAEL DEUTCH

Abstract. Students taking an undergraduate Linear Algebra course may face problems like this one (ref[1]): Given A_λ = (λ − A)^{−1} and A_μ = (μ − A)^{−1} then prove (1) (λ − μ)A_λA_μ = A_μ − A_λ where λ and μ are scalars and A_λ, A_μ and A are invertible n × n matrices.

The purpose of the note is to present a general method for determining the truth of symbolic matrix equations where 0 or more such equations are given as true. The idea behind the method is to write the equation to be proved in terms of independent variables only, removing all the dependent variables, effectively reducing the problem to the case of 0 equations given as true. It should then be a simple matter to determine the truth of the equation to be proved, as it must be true for all values of any variable in the equation.

A.M.S. (MOS) Subject Classification Codes. 15A24. Key Words and Phrases. Symbolic matrix equation, dependent/independent variable, primitive number, normal form.

The Method.

• Determine dependent and independent variables in the given equations. In the example A_λ and A_μ are dependent variables and A, λ, and μ are independent.

San Rafael, CA 94901-2526 E-mail: mdeutch3@comcast.net Copyright © 2004 by Cameron University 54

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 55

• Rewrite the given equations, if necessary, to express dependent variables in terms of only independent variables, for any dependent variables which appear in the equation to prove. In the example the dependent variables A_λ and A_μ are already expressed in terms of the independent variables λ, μ, and A. So the given equations need not be rewritten.

• Substitute independent variables for dependent variables in the equation to prove. Then we will have an equation that is totally expressed in independent variables, i.e. we have transformed the problem to the case of 0 equations given. In the example equation (1) is now (λ − μ)(λ − A)^{−1}(μ − A)^{−1} = (μ − A)^{−1} − (λ − A)^{−1} It must prove true for any λ, μ, and A.

• Multiply and distribute as necessary to express the equation to prove in normal form (i.e. no parentheses) as follows: if an outer term has an exponent > 0 then multiply and distribute the primitives. If the exponent is < 0 then multiply the equation by the positive exponent of the same term to remove the negative exponent. For example A(B + C)^2(A − C)^{−2} in an equation would be reduced to normal form by first distributing the (B + C)^2 to (B^2 + BC + CB + C^2)(A − C)^{−2}. Then multiply the equation from the right by (A − C)^2 to remove the negative exponent. Continue to multiply and distribute terms as necessary to reduce the level (i.e. number of parentheses) of the equation until the equation is in normal form.

• Cancel terms until the resulting equation is 0 = 0. If the resulting equation differs from 0 = 0 then the equation to prove is not true.

The Example. Equation (1) in the example problem would be reduced as follows:

• (λ − μ)(λ − A)^{−1}(μ − A)^{−1} = (μ − A)^{−1} − (λ − A)^{−1}

• Multiply from right by (μ − A)(λ − A) to achieve

(λ − μ) = ((μ − A)^{−1} − (λ − A)^{−1})(μ − A)(λ − A)

• Distribute from right to achieve

(λ − μ) = (λ − A) − (λ − A)^{−1}(μ − A)(λ − A)

• Multiply from left by (λ − A) to achieve

(λ − A)(λ − μ) = (λ − A)(λ − A) − (μ − A)(λ − A)

56 MICHAEL DEUTCH

• At this point the nested inverses have been removed and the terms can simply be distributed to achieve λ^2 − λμ − Aλ + Aμ = λ^2 − λA − Aλ + A^2 − (μλ − μA − Aλ + A^2)

• which reduces to normal form:

λ^2 − λμ − Aλ + Aμ = λ^2 − λA − Aλ + A^2 − μλ + μA + Aλ − A^2

• Finally cancel terms until the equation reduces to 0 = 0. It seems curious that textbooks for the introductory course in linear algebra do not include this simple but handy method.

References. 1. Michael O’Nan, Linear Algebra Volume 2A (1971), Problem no. 39, page 57.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 2004, pp. 57 – 67 Submitted: November 3, 2003. Published: July 1, 2004

ABSOLUTELY CONTINUOUS MEASURES AND COMPACT COMPOSITION OPERATOR ON SPACES OF CAUCHY TRANSFORMS

Y. ABU MUHANNA AND YUSUF ABU MUHANNA

Abstract. The analytic self map of the unit disk D, φ is said to induce a composition operator C_φ from the Banach space X to the Banach Space Y if C_φ(f) = f ∘ φ ∈ Y for all f ∈ X. For z ∈ D and α > 0 the families of weighted Cauchy transforms F_α are defined by f(z) = � T K^α_x (z)dμ(x) where μ(x) is complex Borel measures, x belongs to the unit circle T and the kernel K_x(z) = (1 − xz)^{−1}. In this paper we will explore the relationship between the compactness of the composition operator C_φ acting on F_α and the complex Borel measures μ(x).

A.M.S. (MOS) Subject Classification Codes. 30E20, 30D99. Key Words and Phrases. Compact composition operator, Absolutly continuous measures, Cauchy transforms.

1. Background

Let T be the unit circle and M be the set of all complex–valued Borel measures on T. For α > 0 and z ∈ D, we define the space of weighted Cauchy transforms F_α to be the family of all functions f(z) such that

(1) f(z) = � T K^α_x (z)dμ(x)

Department of Mathematics, American University of Sharjah, Sharjah , UAE E-mail: ymuhanna@aus.ac.ae School of Science and Engineering, Al Akhawayn University, Ifrane, Morocco E-mail: e.yallaoui@alakhawayn.ma Copyright © 2004 by Cameron University 57

58 Y. ABU MUHANNA AND YUSUF ABU MUHANNA

where the Cauchy kernel K_x(z) is given by

K_x(z) = 1 1 − xz and where μ in (1) varies over all measures in M. The class F_α is a Banach space with respect to the norm

(2) ‖f‖_{Fα} = inf ‖μ‖_M

where the infimum is taken over all Borel measures μ satisfying (1). ‖μ‖ denotes the total variation norm of μ. The family F_1 has been studied extensively in the soviet literature. The generalizations for α > 0, were defined by T. H. MacGregor [8]. The Banach spaces F_α have been well studied in [5, 8, 3, 4]. Among the properties of F_α we list the following:

• F_α ⊂ F_β whenever 0 < α < β. • F_α is Möbius invariant.

• f ∈ F_α if and only if f^′ ∈ F_{1+α} and ‖f^′‖_{F1+α} ≤ α‖f‖_{Fα} . • If g ∈ F_{α+1} then f(z) =

�_z 0 g(w)dw ∈ F_α and ‖f‖_{Fα} ≤^2_α ‖g‖_{F1+α} .

The space F_α may be identified with M/H^1_0 the quotient of the Banach space M of Borel measures by H^1_0 the subspace of L^1 consisting of functions with mean value zero whose conjugate belongs the Hardy space H^1. Hence F_α is isometrically isomorphic to M/H^1_0 . Furthermore, M admits a decomposition M = L^1 ⊕ M_s, where M_s is the space of Borel measures which are singular with respect to Lebesgue measure, and H^1_0 ⊂ L^1. According to the Lebesgue decomposition theorem any μ ∈ M can be written as μ = μ_a +μ_s, where μ_a is absolutely continuous with respect to the Lebesgue measure and μ_s is singular with respect to the Lebesgue measure (μ_a ⊥ μ_s) . Furthermore the supports S(μ_a) and S(μ_s) are disjoint. Since |x| = 1 in (1) , if we let x = e^{it} then dμ(e^{it}) = g_x(e^{it})dt + dμ_s(e^{it}) where g_x(e^{it}) ∈ H^1_0 . Consequently F_α is isomorphic to L^1/H^1_0 ⊕ M_s. Hence, F_α can be written as F_α = F_{αa} ⊕ F_{αs}, where F_{αa} is isomorphic to L^1/H^1_0 the closed subspace of M of absolutely continuous measures, and F_{αs} is isomorphic to M_s the subspace of M of singular measures. If f ∈ F_{αa}, then the singular part is nul and the measure μ for which (1) holds is such that dμ(x) = dμ(e^{it}) = g_x(e^{it})dt where g_x(e^{it}) ∈ L^1 and dt is the Lebesgue measure on T , see [1]. Hence the functions in F_{αa} may be written as,

f(z) =

�_π −π K^α_x (z)g_x(e^{it})dt

Furthermore if g_x(e^{it}) is nonnegative then

‖f‖_{Fα} = inf_M ‖μ‖ = � �g_x(e^{it}) � �_{L1}

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 59

Remark: For simplicity, we will adopt the following notation throughout the article. We will reserve μ for the Borel measures of M, and since in (1) |x| = 1, we can write x = e^{it} where t ∈ [−π, π). We will reserve dt for the normalized Lebesgue of the unit circle T, and dσ for the singular part of dμ. Hence instead of writing dμ(x) = dμ(e^{it}) = dμ_a(e^{it}) + dμ_s(e^{it}) = g_x(e^{it})dt + dμ_s(e^{it}) we may simply write dμ(x) = g_xdt + dσ(t).

2. Introduction

If X and Y are Banach spaces, and L is a linear operator from X to Y, we say that L is bounded if there exists a positive constant A such that ‖L(f)‖_Y ≤ A ‖f‖_X for all f in X. We denote by C(X, Y ) the set of all bounded linear operators from X to Y. If L ∈ C(X, Y ), we say that L is a compact operator from X to Y if the image of every bounded set of X is relatively compact (i.e. has compact closure) in Y . Equivalently a linear operator L is a compact operator from X to Y if and only if for every bounded sequence {f_n} of X, {L(f_n)} has a convergent subsequence in Y . We will denote by K(X, Y ) the subset of C(X, Y ) of compact linear operators from X into Y . Let H(D) denote the set of all analytic functions on the unit disk D and map D into D. If X and Y are Banach spaces of functions on the unit disk D, we say that φ ∈ H(D) induces a bounded composition operator C_φ(f) = f(φ) from X to Y, if C_φ ∈ C(X, Y ) or equivalently C_φ(X) ⊆ Y and there exists a positive constant A such that for all f ∈ X and ‖C_φ(f)‖_Y ≤ A ‖f‖_X . In case X = Y then we say φ induces a composition operator C_φ on X. If f ∈ X, then C_φ(f) = f(φ) ∈ X. Similarly, we say that φ ∈ H(D) induces a compact composition operator if C_φ ∈ K(X, Y ).

A fundamental problem that has been studied concerning composition operators is to relate function theoretic properties of φ to operator theoretic properties of the restriction of C_φ to various Banach spaces of analytic functions. However since the spaces of Cauchy transforms are defined in terms of Borel measures, it seems natural to investigate the relation between the behavior of the composition operator and the measure. The work in this article was motivated by the work of J. Cima and A. Matheson in [1], who showed that C_φ is compact on F_1 if and only if C_φ(F_1) ⊂ F_{1a}. In our work we will generalize this result for α > 1.

Now if C_φ ∈ C(F_α, F_α) then C_φ(f) = (f ∘ φ) = f(φ) ∈ F_α for all f ∈ F_α and there exists a positive constant A such that

‖C_φ(f)‖_{Fα} = ‖f(φ)‖_{Fα} = ‖[μ]‖ ≤ A ‖f‖_{Fα}

60 Y. ABU MUHANNA AND YUSUF ABU MUHANNA

Since F_α can be identified with the quotient space M/H^1_0 we can view C_φ as a map:

C_φ : M/H^1_0 → M/H^1_0 f → f(φ)

The equivalence class of a complex measure μ will be written as:

[μ] = μ + H^1_0 = {μ + h : h ∈ H^1_0 } and ‖[μ]‖ = inf_h � �μ + h � � The space C(F_α, F_α) has been studied by [6] where the author showed that:

(1) If α ≥ 1, then C_φ ∈ C(F_α, F_α) for any analytic self map φ of the unit disc.

(2) C_φ ∈ C(F_α, F_α) if and only if {K^α_x (φ) : |x| = 1} is a norm bounded subset of F_α.

(3) If C_φ ∈ C(F_α, F_α) then C_φ ∈ C(F_β, F_β) for 0 < α < β. (4) If C_φ ∈ C(F_α, F_α) then the operator φ^′C_φ ∈ C(F_{α+1}, F_{α+1}).

In this article we will investigate necessary and sufficient conditions for C_φ to be compact on F_α for α ≥ 1 if and only if C_φ(F_1) ⊂ F_{1a}. Since F_α is Mobius invariant, then there is no loss of generality in assuming that φ(0) = 0.

3. Compactness and absolutely continuous measures

In this section we will show that compactness of the composition operator C_φ on F_α is strongly tied with the absolute continuity of the measure that supports it. First we state this Lemma due to [7].

Lemma 1. If 0 < α < β then F_α ⊂ F_{βa} and the inclusion map is a compact operator of norm one.

Next we use the above result and the known fact that H^∞ ⊂ F_{1a} to show that bounded function of F_α belong to F_{αa}.

Proposition 1. H^∞ ∩ F_α ⊂ F_{αa} for α ≥ 1.

Proof. Let f ∈ H^∞ ∩ F_α, then using the previous lemma we get that for α ≥ 1 and any z ∈ D, f(z) ∈ H^∞ ⊂ H^1 ⊂ F_{1a} ⊆ F_{αa}, then f(z) ∈ F_{αa} for all α ≥ 1, which gives us the desired result. □

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 61

Theorem 1. For a holomorphic self-map φ of the unit disc D and α ≥ 1, if C_φ is compact on F_α then (C_φ ∘ K^α_x )(z) ∈ F_{αa} and

(3) (C_φ ∘ K^α_x )(z) =

�_π −π g_x � e^{it} � K^α_x (z)dt

where ‖g_x‖_L1 ≤ a < ∞, g_x is nonnegative and L^1 continuous function of x .

Proof. Assume that C_φ is compact and let {f_j }^∞_{j=1} be a sequence of functions such that

f_j(z) = K^α_x (ρ_j z) = 1 (1 − ρ_j xz)^α

where 0 < ρ_j < 1 and lim_{j→∞} ρ_j = 1. Then it is known from [4] that f_j(z) ∈ F_α for every j, and ‖f_j(z)‖_{Fα} = 1. Furthermore there exist μ_j ∈ M, such that ‖μ_j‖ = 1, dμ_j >> 0 and

f_j (z) = 1 (1 − ρ_j xz)^α = � T K^α_x (z) dμ_j(x) = � T 1 (1 − xz)^α dμ_j(x).

Since C_φ is compact on F_α then (C_φ ∘ f_j ) ∈ F_α and ‖C_φ(f_j)‖ ≤ ‖C_φ‖ ‖f_j‖_{Fα} = ‖C_φ‖ for all j. Furthermore C_φ ∘ f_j ∈ H^∞, thus using the previous result, we get that (C_φ ∘ f_j) ∈ H^∞ ∩ F_α ⊂ F_{αa} for every j. Therefore there exist L^1 nonnegative function g^j_x such that dμ_j(x) = g^j_xdt, ‖g^j_x‖_L1 ≤ ‖C_φ‖ and

(f_j ∘ φ)(z) = (K^α_x ∘ φ)(ρ_j z)) = �_π −π g^j_x � e^{it} � K^α_x (ρ_j z) dt.

Now because F_{αa} is closed and C_φ is compact, the sequence {f_j ∘ φ}^∞_{j=1} has a convergent subsequence {f_{jk} ∘ φ} that converges to (K^α_x ∘ φ) (z) ∈

62 Y. ABU MUHANNA AND YUSUF ABU MUHANNA

F_{αa}. Therefore, lim_{k→∞} (f_{jk} ∘ φ) (z) = lim_{k→∞} (K^α_x ∘ φ) (ρ_{jk} z)

= lim_{k→∞}

�_{2π} 0 g^{jk}_x � e^{it} � K^α_x (ρ_{jk} z) dt = �_{2π} 0 g_x � e^{it} � K^α_x (z) dt

= (K^α_x ∘ φ) (z) = 1 (1 − xφ(z))^α

∈ F_{αa}

where the function g_x is an L^1 nonnegative continuous function of x, and ‖g_x‖_L1 ≤ ‖C_φ‖. For the continuity of g_x in L^1 with respect to x where ‖x‖ = 1, we take a sequence {x_k} , such that ‖x_k‖ = 1 and x_k → x. Now since C_φ is compact then lim_{k→∞} (K_α ∘ φ) (x_kz) = (K_α ∘ φ) (xz)

which concludes the proof. □

Corollary 1. Let g_x(e^{it}) be as in the last theorem then the operator � g_x (e^{it}) h(x)dx = u(e^{it}) ∈ H^1_0 , for h(x) ∈ H^1_0 is bounded on H^1_0 .

Proof. For the operator to be well defined,

� h(x)dx (1 − xφ(z))^α

= 0 for all

h(x) ∈ H^1_0 . Hence, � g_x (e^{it}) h(x)dx = u(e^{it}) ∈ H^1_0 . □

The following lemmas are needed to prove the converse of Theorem 1.

Lemma 2. Suppose g_x (e^{it}) is a nonnegative L^1continuous function of x and let {μ_n} be a sequence of nonnegative Borel measures that are weak* convergent to μ. Define w_n(t) = � T g_x (e^{it}) dμ_n (x) and w(t) = � T g_x (e^{it}) dμ (x) , then ‖w_n − w‖_L1 −→ 0.

Proof. Let

g_x (z) = � Re (1 + e^{−it}z) (1 − e^{−it}z) g_x � e^{it} � d(t) ,

w_n(z) = � g_x (z) dμ_n (x) and

w(z) = � g_x (z) dμ_n (x)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 63

where|z| < 1. Notice that all functions are positive and harmonic in D and that the radial limits of w_n(z) and w(z) are w_n(t) and w(t) respectively. Then, for |z| ≤ ρ < 1,

|g_x (z) − g_y (z)| ≤ 1 1 − ρ � �g_x �e^{it}� − g_y �e^{it}� � �_{L1}

Then the continuity condition implies that g_x (z) is uniformly continuous in x for all |z| ≤ ρ. Hence, weak star convergence, implies that w_n(z) → w(z) uniformly on |z| ≤ ρ and consequently the convergence is locally uniformly on D. In addition, we have ‖w_n(ρe^{it})‖_L1 → ‖w(ρe^{it})‖_L1 . Hence we conclude that � w_n(ρe^{it}) − w(ρe^{it}) � L^1 −→ 0 as n → ∞.

Now using Fatou’s Lemma we conclude that � �w_n(e^{it}) − w(e^{it}) � �_{L1} −→ 0. □ Lemma 3. Let g_x (e^{it}) be a nonnegative L^1 continuous function of x such that ‖g_x‖_L1 ≤ a < ∞ and g_x(e^{it}) defines a bounded operator on

H^1_0 . If f(z) = � 1 (1 − xz)^α dμ(x) , let L be the operator given by

L [f(z)] = � g_x (e^{it}) (1 − e^{−it}z)^α dtdμ(x)

then L is compact operator on F_α, α ≥ 1.

Proof. First note that the condition that g_x(e^{it}) defines a bounded operator on H^1_0 implies that the L operator is a well defined function on F_α. Let {f_n(z)} be a bounded sequence in F_α and let {μ_n} be the corresponding norm bounded sequence of measures in M. Since every norm bounded sequence of measures in M has a weak star convergent subsequence, let {μ_n} be such subsequence that is convergent to μ ∈ M. We want to show that {L(f_n)} has a convergent subsequence in F_α.

First, let us assume that dμ_n (x) >> 0 for all n, and let w_n(t) = � g_x (e^{it}) dμ_n (x) and w(t) = � g_x (e^{it}) dμ (x) ,then we know from the previous lemma that w_n(t), w(t) ∈ L^1 for all n, and w_n(t) → w(t) in L^1. Now since g_x (e^{it}) is a nonnegative continuous function in x and

64 Y. ABU MUHANNA AND YUSUF ABU MUHANNA

{μ_n} is weak star convergent to μ, then

L(f_n(z)) = � g_x (e^{it}) d(t) (1 − e^{−it}z)^α dμ_n (x) = � w_n(t) (1 − e^{−it}z)^α dt L(f(z)) = � g_x (e^{it}) d(t) (1 − e^{−it}z)^α dμ (x) = � w(t) (1 − e^{−it}z)^α dt Furthermore because w_n(t) is nonnegative then ‖L(f_n)‖_{Fα} = ‖w_n‖_L1 ‖L(f)‖_{Fα} = ‖w‖_L1 Now since‖w_n − w‖_L1 → 0 then ‖L(f_n) − L(f)‖_{Fα} → 0 which shows that {L(f_n)} has convergent subsequence in F_α and thus L is a compact operator for the case where μ is a positive measure.

In the case where μ is complex measure we write dμ_n (x) = (dμ^1_n (x) − dμ^2_n (x)) + i(dμ^3_n (x) − dμ^4_n (x)), where each dμ^j_n (x) >> 0 and define w^j_n(t) = � g_x (e^{it}) dμ^j_n (x) then w_n(t) = � g_x (e^{it}) dμ_n (x) = (w^1_n(t) − w^2_n(t)) + i (w^3_n(t) − w^4_n(t)) .

Using an argument similar to the one above we get that w^j_n(t), w^j(t) ∈ L^1, and ‖w^j_n − w^j‖_L1 −→ 0. Consequently, ‖w_n − w‖_L1 −→ 0, where w(t) = (w^1(t) − w^2(t)) + i (w^3(t) − w^4(t)) = � g_x (e^{it}) dμ (x) .

Hence, ‖L(f_n) − L(f)‖_{Fα} ≤ ‖w_n − w‖_L1 −→ 0.

Finally, we conclude that the operator is compact. □ The following is the converse of Theorem 1.

Theorem 2. For a holomorphic self-map φ of the unit disc D, if 1 (1 − xφ(z))^α = � g_x (e^{it}) (1 − e^{−it}z)^α dt where g_x ∈ L^1, nonnegative, ‖g_x‖_L1 ≤ a < ∞ for all x ∈ T and g_x is an L^1continuous function of x , then C_φ is compact on F_α. Proof. We want to show that C_φ is compact on F_α. Let f(z) ∈ F_α then there exists a measure μ in M such that for every z in D

f(z) = � 1 (1 − xz)^α dμ(x)

Using the assumption of the theorem we get that

(f ∘ φ)(z) = � 1 (1 − xφ(z))^α dμ_n (x) = � g_x (e^{it}) (1 − e^{−it}z)^α dtdμ_n (x)

which by the previous lemma was shown to be compact on F_α. □ Now we give some examples:

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 65

Corollary 2. Let φ ∈ H(D), with ‖φ‖_∞ < 1. Then C_φ is compact on F_α, α ≥ 1.

Proof. (C_φ ∘ K^α_x )(z) = 1 (1 − xφ(z))^α

∈ H^∞ ∩ F_α ⊂ F_{αa} and is subordi-

nate to 1 (1 − z)^α

, hence

(C_φ ∘ K^α_x )(z) = � K^α_x (z)g_x � e^{it} � dt with g_x (e^{it}) ≥ 0 and since 1 = (C_φ ∘ K^α_x )(0) = � g_x (e^{it}) dt we get that ‖g_x (e^{it})‖_1 = 1. □ Remark 1. In fact one can show that C_φ, as in the above corollary, is compact from F_α, α ≥ 1 into F_1. In other words a contraction. Corollary 3. If C_φ is compact on F_α, α ≥ 1 and lim_{r→1} � �φ(reiθ) � � = 1

then � � � 1 φ^′(e^{iθ}) � � � = 0.

Proof. If C_φ is compact then

(C_φ ∘ K^α_x )(z) = � K^α_x (z)g_x � e^{it} � dt Hence, if z = e^{iθ} and φ(e^{iθ}) = x then

lim_{r→1}

(e^{iθ} − re^{iθ})^α (1 − xφ(re^{iθ}))^α

= 0. □ Corollary 4. If C_φ ∈ K(F_α, F_α) for α ≥ 1, then C_φ is contraction.

4. Miscellaneous Results We first start by giving another characterization of compactness on F_α. Lemma 4. Let φ ∈ C(F_α, F_α), α > 0 then φ ∈ K(F_α, F_α) if and only if for any bounded sequence (f_n) in F_α with f_n → 0 uniformly on compact subsets of D as n → ∞, ‖C_φ(f_n)‖_{Fα} → 0 as n → ∞. Proof. Suppose C_φ ∈ K(F_α, F_α) and let (f_n) be a bounded sequence (f_n) in F_α with lim_{n→∞} f_n → 0 uniformly on compact subsets of D. If the conclusion is false then there exists an ϵ > 0 and a subsequence n_1 < n_2 < n_3 < · · · such that � �C_φ(f_{nj} ) � �_{Fα} ≥ ϵ, for all j = 1, 2, 3, . . .

66 Y. ABU MUHANNA AND YUSUF ABU MUHANNA

Since (f_n) is bounded and C_φ is compact, one can find a another subsequence n_{j1} < n_{j2} < n_{j3} < · · · and f in F_α such that

lim_{k→∞} � � �Cφ(fn_{jk} ) − f � � �_{Fα} = 0

Since point functional evaluation are continuous in F_α then for any z ∈ D there exist A > 0 such that � �C_φ(f_{njk} ) − f� (z) � � ≤ A � �C_φ(f_{njk} ) − f � � F_α

→ 0 as k → ∞

Hence lim_{k→∞} � C_φ(f_{njk} ) − f � → 0 uniformly on compact subsets of D. Moreover since f_{njk} → 0 uniformly on compact subsets of D, then f = 0 i.e. C_φ(f_{njk} ) → 0 on compact subsets of F_α. Hence

lim_{k→∞} � � �Cφ(fn_{jk} ) � � �_{Fα} = 0

which contradicts our assumption. Thus we must have

lim_{n→∞} ‖C_φ(f_n)‖_{Fα} = 0.

Conversely, let (f_n) be a bounded sequence in the closed unit ball of F_α. We want to show that C_φ(f_n) has a norm convergent subsequence. The closed unit ball of F_α is compact subset of F_α in the topology of uniform convergence on compact subsets of D. Therefore there is a subsequence (f_{nk} ) such that

f_{nk} → f

uniformly on compact subsets of D. Hence by hypothesis

‖C_φ(f_{nk} ) − C_φ(f)‖_{Fα} → 0 as k → ∞

which completes the proof. □

Proposition 2. If C_φ ∈ C(F_α, F_α) then C_φ ∈ K(F_α, F_β) for all β > α > 0.

Proof. Let (f_n) be a bounded sequence in the closed unit ball of F_α. Then (f_n ∘φ) is bounded in F_α and since the inclusion map i : F_α → F_{βa} is compact, (f_n ∘ φ) has a convergent subsequence in F_β . □

Proposition 3. C_φ(f) = (f ∘ φ) is compact on F_α if and only if the operator φ^′C_φ(g) = φ^′(g ∘ φ) is compact on F_{α+1}.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 67

Proof. Suppose that C_φ(f) = (f ∘ φ) is compact on F_α. It is known from [6] that φ^′C_φ(g) = φ^′(g ∘ φ) is bounded on F_{α+1}. Let (g_n) be a bounded sequence in F_{α+1} with g_n → 0 uniformly on compact subsets of D as n → ∞. We want to show that lim_{n→∞} ‖φ^′(g_n ∘ φ)‖_{Fα+1} = 0 . Let (f_n) be the sequence defined by f_n(z) =

�_z 0 g_n(w)dw. Then f_n ∈ F_α and ‖f_n‖_{Fα} ≤^2_α ‖g_n‖_{Fα+1} , thus (f_n) is a bounded sequence in F_α. Furthermore, using the Lebesgue dominated convergence theorem we get that f_n → 0 uniformly on compact subsets of D. Thus

‖φ^′(g_n ∘ φ)‖_{Fα+1} = ‖φ^′(f^′_n ∘ φ)‖_{Fα+1} = ‖(f_n ∘ φ)^′‖_{Fα+1} ≤ α ‖(f_n ∘ φ)‖_{Fα} → 0 as n → ∞

which shows that φ^′C_φ(g) = φ^′(g ∘ φ) is compact on F_{α+1}. Conversely, assume that φ^′C_φ(g) = φ^′(g ∘ φ) is compact on F_{α+1}. Then in particular φ^′C_φ(f^′) = φ^′(f^′ ∘ φ) = (f ∘ φ)^′ is a compact for every f ∈ F_α. Now since ‖(f ∘ φ)‖_{Fα} ≤^2_α ‖(f ∘ φ)^′‖_{Fα+1} . Let (f_n) be a bounded sequence in F_α with f_n → 0 uniformly on compact subsets of D as n → ∞. We want to show that lim_{n→∞} ‖(f_n ∘ φ)‖_{Fα} = 0. Since any bounded sequence of F_α is also a bounded sequence of F_{α+1}, then ‖(f_n ∘ φ)‖_{Fα} ≤ 2 α ‖(f_n ∘ φ)^′‖_{Fα+1} → 0 as n → ∞ and the proof is complete. □

References

[1] Joseph A. Cima and Alec Matheson, Cauchy transforms and composition operators, Illinois J. Math. Vol. 42, No.1, (1998), 58-69.

[2] J. Garnett, Bounded Analytic Functions, Academic Press, New York 1980. [3] D. J. Hallenbeck and K. Samotij, On Cauchy integrals of

logarithmic potentials and their multipliers, J. Math. Anal. Appl., 174 (1993), 614-634.

[4] D. J. Hallenbeck, T. H. MacGregor and K. Samotij, Fractional Cauchy transforms, inner functions and multipliers, Proc. London Math. Soc. (3) 72 (1996) 157-187.

[5] R. A. Hibschweiler and T. H. MacGregor, Closure properties of families of Cauchy-Stieltjes transforms, Proc. Amer. Math. Soc. Vol. 105, No. 3 (1989), 615-621.

[6] R. A. Hibschweiler, Composition Operators on Spaces of Cauchy transforms, Contemporary Mathematics Vol. 213, (1998), 57-63.

[7] R. A. Hibschweiler and E. Nordgren, Cauchy transforms of measures and weighted shift operators on the disc algebra, Rock. Mt. J. Vol(26), 2, (1996), 627-654.

[8] T. H. MacGregor, Analytic and univalent functions with integral representations involving complex measures, Indiana Univ. J. 36, (1987), 109-130 [9] S. V. Hruscev and S. A. Vinogradov, Inner functions and multipliers of Cauchy type integrals, Arkiv Mat. 19(1981), 23-42.

Information for Authors cont.

Submission of Manuscripts. All manuscripts must be submitted in AMSTEXformat. Papers for publication should be sent as e-mail attachments to swjrattler.cameron.edu. The articles must be placed in the ‘SWJPAM incoming’ directory. The submission should include the title of the paper, the author’s name and affiliation, and a short abstract which summarizes the paper; a list of keywords and a classification according to the Mathematical Reviews’ Subject Classification (1991). Authors are informed by e-mail of referee communication.

Key Words. Key words should be comprehensive and subject specific. It is not necessary to list the subject area of the journal’s coverage as a key word. Four key words should be sufficient to cover the major subjects off a given paper, although more can always be supplied if the author deems it necessary. Copyright. Authors will be asked, upon acceptance of an article, to transfer copyright of the article to the publisher. This will ensure the widest possible dissemination of information under copyright laws. Preprints are available via web page at http://rattler.cameron.edu/SWJPAM. Authorization to copy is granted provided that the SWJPAM copyright symbol is not removed. Tables. Tables must be numbered consecutively with roman numerals and have titles. They should be prepared in such a manner that no break is necessary. Figures. All graphs and diagrams should be referred to as ‘figure’ (not abbreviated) in the text. A detailed caption should be provided for each figure, and figures should be numbered consecutively.

Footnotes. The use of footnotes should be minimized.

Notification. The author will be notified of the posting of his/her work and the time of release for SWJPAM.

References. References should be listed at the end of each paper. They should be numbered consecutively using arabic numbers between square brackets in the text. In the list of references, the numbers should appear without square brackets. A journal reference should comprise of name(s) and initial(s) of author(s), title of article, abbreviated name of journal (following the style of ‘Abbreviations of Names of Serials reviewed in Mathematical Reviews’), volume number, year of publication (within parentheses), and full page numbers, e.g.

1. Argyros, I.K. and Szidarovszky, F.: On the Monotone Convergence of Algorithmic Models, Appl. Math. Com. 48, (1992), 167–176.

A book reference should comprise of name(s) and initial(s) of author(s), title of book, publisher, town, year of publication, e.g.

11. Ortega, J.M. and Rheinboldt, W.C.: Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970 An edited volume reference should comprise of name(s) and initial(s) of author(s), title of paper, name(s) of editor(s), title of book, publisher, town, year, inclusive page numbers, e.g.

12. Prenter, P.: On Polynomial Operators and Equations, L.B. Rall (ed), Computational Solution of nonlinear operator equations, Johy Wiley Publisher, New York, 1971, pp. 361–398.

Indexing and Abstracting services. Articles published in SWJPAM are selectively indexed or abstracted in: Mathematical Reviews of A.M.S., Zentralblatt für Mathematik, European Mathematical Society (EMIS).