Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 2004, pp. 1 – 9 Submitted: October 21, 2003. Published: July 1, 2004

ON THE APPROXIMATE SOLUTION OF SOME FREDHOLM INTEGRAL EQUATIONS BY NEWTON’S METHOD

J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

Abstract. The aim of this paper is to apply Newton’s method to solve a kind of nonlinear integral equations of Fredholm type. The study follows two directions: firstly we give a theoretical result on existence and uniqueness of solution. Secondly we illustrate with an example the technique for constructing the functional sequence that approaches the solution.

A.M.S. (MOS) Subject Classification Codes. 45B05,47H15, 65J15 Key Words and Phrases. Fredholm integral equations, Newton’s method.

1. Introduction

In this paper we give an existence and uniqueness of solution result for a nonlinear integral equation of Fredholm type:

(1) ϕ(x) = f(x) + λ

∫_b a K(x, t)ϕ(t)^p dt, x ∈ [a, b], p ≥ 2,

where λ is a real number, the kernel K(x, t) is a continuous function in [a, b] × [a, b] and f(x) is a given continuous function defined in [a, b].

University of La Rioja, Department of Mathematics and Computation E-mail: jmguti@dmc.unirioja.es,mahernan@dmc.unirioja.es C/ Luis de Ulloa s/n. 26006 Logroño, Spain. masalano@dmc.unirioja.es, Supported in part by a grant of the Spanish Ministry of Science and Technology (ref. BFM2002-00222) and a grant of the University of La Rioja (ref. API-02-98). Copyright © 2004 by Cameron University 1

2 J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

There exist various results about Fredholm integral equations of second kind

ϕ(x) = f(x) + λ

∫_b a K(x, t, ϕ(t)) dt, x ∈ [a, b]

when the kernel K(x, t, ϕ(t)) is linear in ϕ or it is of Lipschitz type in the third component. These two points have been considered, for instance, in [7] or [3] respectively. However the above equation (1) does not satisfy either of these two conditions.

In [3] we can also find a particular case of (1), for f(x) = 0 and K(x, t) a degenerate kernel. In this paper we study the general case. The technique will consist in writing equation (1) in the form:

(2) F (ϕ) = 0,

where F : Ω ⊆ X → Y is a nonlinear operator defined by

F (ϕ)(x) = ϕ(x) − f(x) − λ

∫_b a K(x, t)ϕ(t)^p dt, p ≥ 2,

and X = Y = C([a, b]) is the space of continuous functions on the interval [a, b], equipped with the max-norm

‖ϕ‖ = max_{x∈[0,1]} |ϕ(x)|, ϕ ∈ X.

In addition, Ω = X if p ∈ N, p ≥ 2, and when it will be necessary, Ω = C_+([a, b]) = {ϕ ∈ C([a, b]); ϕ(t) > 0, t ∈ [a, b]} for p ∈ R, with p > 2.

The aim of this paper is to apply Newton’s method to equation (2) in order to obtain a result on the existence and unicity of solution for such equation. This idea has been considered previously in different situations [1], [2], [4], [6].

At it is well known, Newton’s iteration is defined by

(3) ϕ_{n+1} = ϕ_n − Γ_nF (ϕ_n), n ≥ 0,

where Γ_n is the inverse of the linear operator F^′_{ϕn} . Notice that for each ϕ ∈ Ω, the first derivative F^′_ϕ is a linear operator defined from X to Y by the following formula: (4) F^′_ϕ[ψ](x) = ψ(x) − λp

∫_b a K(x, t)ϕ(t)^{p−1}ψ(t) dt, x ∈ [a, b], ψ ∈ X.

In the second section we establish two main theorems, one about the existence of solution for (2) and other about the unicity of solution for the same equation. In the third section we illustrate these theoretical

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 3

results with an example. For this particular case, we construct some iterates of Newton’s sequence.

2. The main result

Let us denote N = max_{x∈[a,b]}

∫_b a |K(x, t)| dt. Let ϕ_0 be a function in Ω such that Γ_0 = [F^′_{ϕ0} ]^{−1} exists and ‖Γ_0F (ϕ_0)‖ ≤ η. We consider the following auxiliary scalar function (5) f(t) = 2(η − t) + M(‖ϕ_0‖ + t)^{p−2} [(p − 1)ηt − 2(η − t)(‖ϕ_0‖ + t)] , where, M = |λ|pN. Let us note that if p ∈ N, with p ≥ 2, f(t) is a polynomial of degree p − 2. Firstly, we establish the following two technical lemmas:

Lemma 2.1. Let us assume that the equation f(t) = 0 has at least

a positive real solution and let us denote by R the smaller one. Then we have the following relations:

i) η < R.

ii) a = M(‖ϕ_0‖ + R)^{p−1} < 1. iii) If we denote b =

(p − 1)η 2(‖ϕ_0‖ + R) and h(t) = 1 1 − t

, then, abh(a) < 1. iv) R = η 1 − abh(a) . Proof: First, notice that iv) follows from the relation f(R) = 0. So, as R > 0, we deduce that abh(a) < 1, and iii) holds. Moreover, 1 > 1 − abh(a) > 0, then 1 < 1 1 − abh(a)

, so η < R, and i) also holds.

To prove ii), we consider the relation f(R) = 0 that can be written in the form: 2(η − R) [ 1 − M(‖ϕ_0‖ + R)^{p−1} ] = −Mη(p − 1)R(‖ϕ_0‖ + R)^{p−2} < 0.

As η − R < 0, 1 − M(‖ϕ_0‖ + R)^{p−1} = 1 − a > 0, and therefore a < 1.

Let us denote B(ϕ_0, R) = {ϕ ∈ X; ‖ϕ − ϕ_0‖ < R} and B(ϕ_0, R) = {ϕ ∈ X; ‖ϕ − ϕ_0‖ ≤ R}.

Lemma 2.2. If B(ϕ_0, R) ⊆ Ω, the following conditions hold

i) For all ϕ ∈ B(ϕ_0, R) there exists [F^′_ϕ]^{−1} and ‖[F^′_ϕ]^{−1}‖ ≤ h(a).

4 J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

ii) If ϕ_n, ϕ_{n−1} ∈ B(ϕ_0, R), then

‖F (ϕ_n)‖ ≤

(p − 1)a 2(‖ϕ_0‖ + R)

‖ϕ_n − ϕ_{n−1}‖^2.

Proof: To prove i) we apply the Banach lemma on invertible operators [5]. Taking into account

(I − F^′_ϕ)ψ(x) = λp

∫_b a K(x, t)ϕ(t)^{p−1}ψ(t) dt, then

‖I − F^′_ϕ‖ ≤ |λ|pN‖ϕ‖^{p−1} ≤ M(‖ϕ_0‖ + R)^{p−1} = a < 1,

therefore, there exists [F^′_ϕ]^{−1} and ‖[F^′_ϕ]^{−1}‖ ≤ 1 1 − a

= h(a).

To prove ii), using Taylor’s formula, we have

F (ϕ_n)(x) =

∫_1 0 [F^′_{ϕn−1+s(ϕn−ϕn−1)} − F^′_{ϕn−1} ](ϕ_n − ϕ_{n−1})(x) ds

= −λp

∫_1 0 ∫_b a K(x, t) [ ρ_n(s, t)^{p−1} − ϕ_{n−1}(t)^{p−1} ] (ϕ_n(t) − ϕ_{n−1}(t)) dt ds, −λp ∫_1 0 ∫_b a K(x, t)

[_{p−2} ∑ j=0 ρ_n(s, t)^{p−2−j}ϕ_{n−1}(t)^j ] [ϕ_n(t) − ϕ_{n−1}(t)]^2s dt ds,

where ρ_n(s, t) = ϕ_{n−1}(t) + s(ϕ_n − ϕ_{n−1}) and we have considered the equality

x^{p−1} − y^{p−1} =

(_{p−2} ∑ j=0 x^{p−2−j} y^j ) (x − y), x, y ∈ R.

As ϕ_{n−1}, ϕ_n ∈ B(ϕ_0, R), for each s ∈ [0, 1], ρ_n(s, ·) ∈ B(ϕ_0, R), then ‖ρ_n(s, ·)‖ ≤ ‖ϕ_0‖ + R. Consequently

‖F (ϕ_n)‖ ≤

|λ|pN 2 (_{p−2} ∑ j=0 (‖ϕ_0‖ + R))^{p−2−j}‖ϕ_{n−1}‖^j ) ‖ϕ_n − ϕ_{n−1}‖^2

≤ |λ| p(p − 1)N 2 [‖ϕ_0‖+R]^{p−2}‖ϕ_n −ϕ_{n−1}‖^2 =

(p − 1)a 2(‖ϕ_0‖ + R)

‖ϕ_n −ϕ_{n−1}‖^2, and the proof is complete.

Next, we give the following results on existence and uniqueness of solutions for the equation (2). Besides, we obtain that the sequence given by Newton’s method has R-order two.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 5

Theorem 2.3. Let us assume that equation f(t) = 0, with f defined

in (5) has at least a positive solution and let R be the smaller one. If B(ϕ_0, R) ⊆ Ω, then there exists at least a solution ϕ^∗ of (2) in B(ϕ_0, R). In addition, the Newton’s sequence (3) converges to ϕ^∗ with at least Rorder two.

Proof: Firstly, as ‖ϕ_1 −ϕ_0‖ ≤ η < R, we have ϕ_1 ∈ B(ϕ_0, R). Then, Γ_1 exists and ‖Γ_1‖ ≤ h(a). In addition,

‖F (ϕ_1)‖ ≤

(p − 1)a 2(‖ϕ_0‖ + R)

‖ϕ_1 − ϕ_0‖^2 = abη

and therefore ‖ϕ_2 − ϕ_1‖ ≤ abh(a)η.

Then, applying iv) from Lemma 2.1,

‖ϕ_2 − ϕ_0‖ ≤ ‖ϕ_2 − ϕ_1‖ + ‖ϕ_1 − ϕ_0‖ ≤ (1 − (abh(a))^2)R < R, and we have that x_2 ∈ B(ϕ_0, R). By induction is easy to prove that

(6) ‖ϕ_n − ϕ_{n−1}‖ ≤ (abh(a))^{2n−1 −1}‖ϕ_1 − ϕ_0‖. In addition, taking into account Bernoulli’s inequality, we also have:

‖ϕ_n − ϕ_0‖ ≤

(_{n−1} ∑ j=0 (abh(a))^{2j −1} ) ‖ϕ_1 − ϕ_0‖ <

(_∞ ∑ j=0 (abh(a))^{2j −1} ) η

< (_∞ ∑ j=0 (abh(a))^j ) η = R

Consequently, ϕ_n ∈ B(ϕ_0, R) for all n ≥ 0.

Next, we prove that {ϕ_n} is a Cauchy sequence. From (6), Lemma 2.1 and Bernouilli’s inequality, we deduce ‖ϕ_{n+m}−ϕ_n‖ ≤ ‖ϕ_{n+m}−ϕ_{n+m−1}‖+‖ϕ_{n+m−1}−ϕ_{n+m−2}‖+· · ·+‖ϕ_n−ϕ_{n−1}‖ ≤ [ (abh(a))^{2n+m−1 −1} + (abh(a))^{2n+m−2 −1} + · · · + (abh(a))^{2n −1} ] ‖ϕ_1−ϕ_0‖

≤ (abh(a))^{2n−1} [ (abh(a))^{2n (2m−1 −1)} + (abh(a))^{2n(2m−2 −1)} + · · · + (abh(a))^{2n} + 1 ] η < (abh(a))^{2n −1} [ (abh(a))^{2n (m−1)} + (abh(a))^{2n(m−2)} + · · · + (abh(a))^{2n} + 1 ] η = (abh(a))^{2n −1}

1 − (abh(a))^{2nm} 1 − (abh(a))^{2n} η.

6 J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

But this last quantity goes to zero when n → ∞. Let ϕ^∗ = lim_{n→∞} ϕ_n, then, by letting m → ∞, we have ‖ϕ^∗−ϕ_n‖ ≤ (abh(a))^{2n −1} η 1 − (abh(a))^{2n} = η (1 − (abh(a))^{2n} )(abh(a))

(abh(a))^{2n} ≤ η (1 − (abh(a)))(abh(a))

(abh(a))^{2n} = Cγ^{2n}

with C > 0 and γ = abh(a) < 1. This inequality guarantees that {ϕ_n} has at least R-order of convergence two [8].

Finally, for n = 0, we obtain ‖ϕ^∗ − ϕ_0‖ < η 1 − abh(a) = R then, ϕ^∗ ∈ B(ϕ_0, R). Moreover, as

‖F (ϕ_n)‖ ≤ 1 2 M(p − 1)(‖ϕ_0‖ + R)^{p−2}‖ϕ_n − ϕ_{n−1}‖^2,

when n → ∞ we obtain F (ϕ^∗) = 0, and ϕ^∗ is a solution of F (x) = 0.

Now we give a uniqueness result:

Theorem 2.4. Let ‖Γ_0‖ ≤ β, then the solution of (2) is unique in

B(ϕ_0, R) ⋂ Ω, with R is the bigger positive solution of the equation (7) Mβ(p − 1) 2 (2‖ϕ_0‖ + R + x)^{p−2}(R + x) = 1.

Proof: To show the uniqueness, we suppose that γ^∗ ∈ B(ϕ_0, R) ⋂ Ω is another solution of (2). Then

0 = Γ_0F (γ^∗) − Γ_0F (ϕ^∗) =

∫_1 0 Γ_0F^′_ϕ∗_{+s(γ}∗_{−ϕ}∗_) ds(γ^∗ − ϕ^∗).

We are going to prove that A^{−1} exists, where A is a linear operator defined by A = ∫_1 0 Γ_0F^′_ϕ∗_{+s(γ}∗_{−ϕ}∗_) ds,

then γ^∗ = ϕ^∗. For this, notice that for each ψ ∈ X and x ∈ [a, b], we have

(A − I)(ψ)(x) =

∫_1 0 Γ_0[F^′_ϕ∗_{+s(γ}∗_{−ϕ}∗_) − F^′_{ϕ0} ]ψ(x) ds,

= −λp

∫_1 0 Γ_0

∫_b a K(x, t) [ ρ^∗(s, t)^{p−1} − ϕ_0(t)^{p−1} ] ψ(t) dt ds

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 7

= −λp

∫_1 0 Γ_0

∫_b a K(x, t)

[_{p−2} ∑ j=0 ρ^∗(s, t)^{p−2−j}ϕ_0(t)^j ] (ρ^∗(s, t)−ϕ_0(t))ψ(t) dt ds,

where ρ^∗(s, t) = ϕ^∗(t) + s(γ^∗(t) − ϕ^∗(t)).

Taking into account that |ρ^∗(s, t)−ϕ_0(t)| ≤ ‖ϕ^∗−ϕ_0+s(γ^∗−ϕ^∗)‖ ≤ (1−s)‖ϕ^∗−ϕ_0‖+s‖γ^∗−ϕ_0‖ < (1−s)R+sR, we obtain

‖(A−I)ψ‖ ≤ |λ|pN‖Γ_0‖ [∫_1 0 (_{p−2} ∑ j=0 ‖ρ^∗(s, ·)‖^{p−2−j}‖ϕ_0‖^j ) ((1 − s)R + sR) ds ] ‖ψ‖.

Therefore, as ‖ρ^∗(s, ·)‖ ≤ (1−s)‖ϕ^∗‖+s‖γ^∗‖ ≤ (1−s)(‖ϕ_0‖+R)+s(‖ϕ_0‖+R) ≤ 2‖ϕ_0‖+R+R, we have, from (7),

‖A−I‖ ≤

‖Γ_0‖M 2 (R+R)

[_{p−2} ∑ j=0 ( ‖ϕ_0‖ 2‖ϕ_0‖ + R + R

)_j ]

(2‖ϕ_0‖+R+R)^{p−2}

< Mβ 2 (R + R)(p − 1)(2‖ϕ_0‖ + R + R)^{p−2} = 1.

So, the operator

∫_1 0 F^′(ϕ^∗ + t(γ^∗ − ϕ^∗)) dt has an inverse and consequently, γ^∗ = ϕ^∗. Then, the proof is complete.

3. An example To illustrate the above theoretical results, we consider the following example

(8) ϕ(x) = sin(πx) + 1 5 ∫_1 0 cos(πx) sin(πt)ϕ(t)^3 dt, x ∈ [0, 1].

Let X = C[0, 1] be the space of continuous functions defined on the interval [0, 1], with the max-norm and let F : X → X be the operator given by (9) F (ϕ)(x) = ϕ(x) − sin(πx) − 1 5 ∫_1 0 cos(πx) sin(πt)ϕ((t)^3 dt, x ∈ [0, 1].

By differentiating (9) we have:

(10) F^′_ϕ[u](x) = u(x) − 3 5 cos(πx)

∫_1 0 sin(πt)ϕ(t)^2u(t) dt.

8 J. M. GUTIÉRREZ, M. A. HERNÁNDEZ AND M. A. SALANOVA

With the notation of section 2, λ = 1 5 , N = max_{x∈[0,1]}

∫_1 0 | sin(πt)| dt = 1 and M = |λ|pN = 3 5 . We take as starting-point ϕ_0(x) = sin(πx), then we obtain from (10)

F^′_{ϕ0} [u](x) = u(x) − 3 5 cos(πx)

∫_1 0 sin^3(πt)u(t) dt

If F^′_ϕ[u](x) = ω(x), then [F^′_ϕ]^{−1}[ω](x) = u(x) and u(x) = ω(x) + 3 5 cos(πx)J_u, where

J_u =

∫_1 0 sin(πt)ϕ(t)^2u(t) dt.

Therefore the inverse of F^′_{ϕ0} is given by

[F^′_{ϕ0} ]^{−1}[ω](x) = ω(x) + 3 5 ∫_1 0 sin^3(πt)w(t) dt 1 −^3_5

∫_1 0 cos(πt) sin^3(πt) dt cos(πx).

Then ‖Γ_0‖ ≤ ‖I + 4 5π cos(πx)‖ ≤ 1.25468 · · · = β,

and ‖F (ϕ_0)‖ ≤^3_{40} = 0.075. Consequently ‖Γ_0F (ϕ_0)‖ ≤ 0.094098 · · · = η. The equation f(t) = 0, with f given by (5) is now 1.2t^3 + 2.4t^2 − 0.912918t + 0.0752789 = 0.

This equation has two positive solutions. The smaller one is R = 0.129115 . . . . Then, by Theorem 2.3, we know there exists a solution of (8) in B(ϕ_0, R). To obtain the uniqueness domain we consider the equation (7) whose positive solution is the uniqueness ratio. In this case, the solution is unique in B(ϕ_0, 0.396793 . . . ).

Finally, we are going to deal with the computational aspects to solve (8) applying Newton’s method (3). To calculate the iterations ϕ_{n+1}(x) = ϕ_n(x)−[F^′_{ϕn} ]^{−1}[F (ϕ_n)](x) with the function ϕ_0(x) as startingpoint, we proceed in the following way:

(1) First we compute the integrals

A_n =

∫_1 0 sin(πt)ϕ_n(t)^3 dt; B_n =

∫_1 0 sin(πt)^2ϕ_n(t)^2 dt;

C_n =

∫_1 0 cos(πt) sin(πt)ϕ_n(t)^2 dt.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 9

(2) Next we define

ϕ_{n+1}(x) = sin(πx) + 1 5 −2A_n + 3B_n 1 −^3_5 C_n cos(πx).

So we obtain the following approximations

ϕ_0(x) = sin πx, ϕ_1(x) = sin πx + 0.075 cos πx, ϕ_2(x) = sin πx + 0.07542667509481667 cos πx, ϕ_3(x) = sin πx + 0.07542668890493719 cos πx, ϕ_4(x) = sin πx + 0.07542668890493714 cos πx, ϕ_5(x) = sin πx + 0.07542668890493713 cos πx, As we can see, in this case Newton’s method converges to the solution

ϕ^∗(x) = sin πx +

20 − √ 391 3 cos πx.

References

[1] I. K. Argyros and F. Szidarovszky, Theory and applications of iteration methods, CRC-Press Inc., Boca Raton, Florida, USA, 1993.

[2] I. K. Argyros, Advances in the Efficiency of Computational Methods and Applications, World Scientific, Singapore, 2000.

[3] H. T. Davis, Introduction to nonlinear differential and integral equations, Dover, Nueva York, 1962.

[4] J. M. Gutiérrez and M. A. Hernández, “An application of Newton’s method to differential and integral equations”, ANZIAM J., 42, no. 3, (2001), 372–386.

[5] L.V. Kantorovich and G.P. Akilov, Functional Analysis, Pergamon, 1982. [6] R. H. Moore, “Newton’s method and variations”, in Nonlinear integral equations, Proceedings of an advanced seminar conducted by the Mathematics Research Center, United States Army. Editor: P. M. Anselone, Universidad de Wisconsin (Madison), (1963), 65–98.

[7] D. Porter and D. S. G. Stirling, Integral equations, a practical treatment, from spectral theory to applications, Cambridge University Press, Cambridge, 1990.

[8] F. A. Potra and V.Pták, Nondiscrete Induction and Iterative Processes, Pitman, New York, 1984.