Issue 1 JULY – DECEMBER 2003 ISSN 1083-0464

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

EDITOR IN CHIEF: IOANNIS ARGYROS MANAGING EDITOR: MOHAMMAD TABATABAI TECHNICAL EDITOR: GARY HUCKABAY

EDITORIAL BOARD

I. ARGYROS E. CǍTINAŞ D. CHEN Ş COBZAŞ J. EZQUERRO J. GUTIERREZ M. HERNADEZ D. JANKOVIC T. McKELLIPS C. MUSTǍTA I. PǍVǍLOIU F. SZIDAROVSZKY M. TABATABAI B. VASIGH

CAMERON UNIVERSITY DEPARTMENT OF MATHEMATICAL SCIENCES LAWTON, OK 73505, U.S.A

Southwest Journal of Pure and Applied Mathematics

Editor in Chief: Ioannis Argyros Managing Editor: Mohammad Tabatabai Technical Editor: Gary Huckabay

Editorial Board

I. Argyros ioannisa@cameron.edu E. Cǎtinaş ecatinas@ictp-acad.ubbcluj.ro D. Chen dchen@uafsysb.uark.edu Š. Cobzaş scobzas@math.ubbcluj.ro J. Ezquerro jezquer@siur.unirioja.es J. Gutierrez jmguti@siur.unirioja.es M. Hernadez mahernan@dmc.unirioja.es D. Jankovic draganj@cameron.edu T. McKellips terralm@cameron.edu C. Mustǎta cmustata@ictp-acad.ubbcluj.ro I. Pǎvǎloiu pavaloiu@ictp-acad.ubbcluj.ro F. Szidarovszky szidar@sie.arizona.edu M. Tabatabai mohammadt@cameron.edu B. Vasigh basighb@cts.db.erau.edu

Editorial Office Publication Program

SWJPAM 2 issues per year Cameron University July, December Department of Mathematical Sciences Lawton, OK 73505, U.S.A.

Information for Authors

Scope. SWJPAM is an electronic journal devoted to all aspects of Pure and Applied mathematics, and related topics. Authoritative expository and survey articles on subjects of special interest are also welcomed.

Since SWJPAM aims to serve not only the specialists, but also the user of mathematics (promoting, in such a way, a strong interaction between them), particular emphasis is placed on applications. Thus, SWJPAM publishes papers which, although not directly contributing to mathematics, contain, however, significant results (from any field) obtained by making an essential and well stressed use of the methods and results of mathematics.

Submission of Manuscripts. All manuscripts must be submitted in AMSTEXformat. Papers for publication should be sent as e-mail attachments to swj@rattler.cameron.edu. The articles must be placed in the ‘SWJPAM incoming’ directory. The submission should include the title of the paper, the author’s name and affiliation, and a short abstract which summarizes the paper; a list of keywords and a classification according to the Mathematical Reviews’ Subject Classification (1991). Authors are informed by e-mail of referee communication.

Key Words. Key words should be comprehensive and subject specific. It is not necessary to list the subject area of the journal’s coverage as a key word. Four key words should be sufficient to cover the major subjects off a given paper, although more can always be supplied if the author deems it necessary.

© 2003 Cameron University (continued on inside back cover)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS ISSUE 1, JULY – DECEMBER 2003 CONTENTS I. Argyros On the Convergence of Newton’s Method for Analytic Operators . . . . . . 1–9 H. Clark, J. Ferrel, M.Clark Flutter Panel Equation in Non Cylindrical Domain . . . . . . . . . . . . 10–32 G. Csordas and C. Yang On the Zeros of the Riemann ξ-function . . . . . . . . . . . . . . . . . 33–42 J. Vanualailai and B. Sharma Nonlinear Controllers for a Planar Robot Arm in a Constrained Environment 43–55 I. Argyros A Unifying Theorem on Newton’s Method in a Banach Space with a . . . . 56–65 Convergence Structure under Weak Assumptions G. Alobaidi and R. Mallier Double Barrier Options with Curved Boundaries . . . . . . . . . . . . . 66–72 F. Szidarovszky and I. Mostafa International fishing as partially cooperative game . . . . . . . . . . . . 73–81 I. Argyros Local Convergence Analysis and Applications of Newton’s Method under . . 82–87 Weak Assumptions I. Argyros Semilocal Convergence for Newton’s Method on a Banace Space with a . . . 88–95 Convergence Structure and Twice Fréchet Differentiable Operators I P. Ivanshin Algebras of functions on groupoid of some special foliations . . . . . . . . 96–108

ISSN 1083-0464

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 1–9.

Submitted: July 19, 2002. Published: July 1 2003.

ON THE CONVERGENCE OF NEWTON’S METHOD FOR ANALYTIC OPERATORS

Ioannis K. Argyros

Abstract. We approximate a solution of an operator equation using Newton’s method. The new local and semilocal convergence theorems are based on the analyticity of the operator involved.

A.M.S. (MOS) Subject Classification Codes. 65B05, 65N30, 47H17, 49M15.

Key Words and Phrases. Newton’s method, Banach space, analytic operator, majorizing sequence, Banach lemma on invertible operators.

1. Introduction

In this study we are concerned with the problem of approximating a solution x^∗ of equation

(1) F (x) = 0,

where F is an analytic operator defined on an open convex subset of a Banach space X with values in a Banach space Y .

Newton’s method

(2) x_{n+1} = x_n − F^′(x_n)^{−1}F (x_n) (x_0 ∈ D) (n ≥ 0)

has been used extensively to generate a sequence approximating x^∗. Until 1986 the domain condition in the Kantorovich theorem was used to show convergence of Newton’s method to x^∗. In 1986 S. Smale [6] and then others [5], [7] replaced the domain condition with the analytic property of F . Here moving in this direction we provide new semilocal and local convergence theorems. It turns out that in the semilocal case under our weaker conditions we provide a more precise information on the location of the solution x^∗ as well as on the distances ‖x_{n+1} −x_n‖, ‖x_n −x^∗‖ (n ≥ 0) than before [7]. In the local case we can provide a larger radius of convergence than [7]. This observation is very important in computational mathematics and finds applications in projection methods and in the selection of efficient mesh independence strategies [1], [2], [8].

Department of Mathematics, Cameron University, Lawton, OK 73505, U.S.A. E-mail Address: ioannisa@cameron.edu © 2003 Cameron University

Typeset by AMS-TEX 1

2 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

2. Semilocal Analysis of Newton’s Method We need the following result on majorizing sequences for Newton’s method.

Theorem 1. Let η, γ_i (i ≥ 2) be non-negative parameters. Suppose there exists δ ∈ [0, 1] such that

h_0 = 2

�_1 0 (1 − θ) ∞� j=0 (j + 1)(j + 2)γ_{j+2}(θη)^j dθ

+ δ ∞� j=1 (j + 1)η^j ≤ δ. (3)

Then, iteration {t_n} (n ≥ 0) given by

t_0 = 0, t_1 = η, t_{n+2} = t_{n+1} (4)

+ �_1 0 (1 − θ)^∞ � j=0 (j + 1)(j + 2)γ_{j+2}(t_n + θ(t_{n+1} − t_n))^j (t_{n+1} − t_n)dθ

1 −^∞ � j=1 (j + 1)γ_{j+1}t^j_{n+1}

is non-decreasing, bounded above by

(5) t^{∗∗} = 2η 2 − δ , and converges to some t^∗ such that (6) 0 ≤ t^∗ ≤ t^{∗∗}. Moreover, the following error bounds hold for all n ≥ 0:

(7) 0 ≤ t_{n+2} − t_{n+1} ≤ δ 2 (t_{n+1} − t_n) ≤ � δ 2 �_{n+1} η.

Proof. Set

h_n = 2

�_1 0 (1 − θ) ∞� j=0 (j + 1)(j + 2)γ_{j+2}(t_n + θ(t_{n+1} − t_n))^j (t_{n+1} − t_n)dθ (8)

+ δ ∞� j=1 (j + 1)γ_{j+1}t^j_{n+1} (n ≥ 0).

We must show using induction on the integer k ≥ 0

(9) h_k ≤ δ, t_{k+1} − t_k ≥ 0, 1 − ∞� j=1 (j + 1)γ_{j+1}t^j_{k+1} > 0.

CONVERGENCE THEOREMS FOR NEWTON-LIKE METHODS 3

Note that h_0 ≤ δ (by (3)), t_1 − t_0 ≥ 0, 1 −^∞ � j=1 (j + 1)γ_{j+1}t^j_1 > 0 (by (3)). Hence (9)

hold for k = 0. But then (4) gives

(10) 0 ≤ t_2 − t_1 ≤ δ 2 (t_1 − t_0).

Assume that (9) holds for all k ≤ n + 1. It can easily be seen that

(11) h_k ≤ h_0 (k ≥ 0),

which shows the first estimate in (9) for all k ≥ 0. The second follows from (4).

We must prove:

(12) t_k ≤ t^{∗∗} (k ≥ 0).

We get

t_0 = 0 ≤ t^{∗∗}, t_1 = η ≤ t^{∗∗} and t_2 ≤ η + δ 2 η = 2 + δ 2 η ≤ t^{∗∗}.

Assume (12) holds for all k ≤ n + 1. It follows from (7) that

t_{k+2} ≤ t_{k+1} + δ 2 (t_{k+1} − t_k)

(13)

≤ t_k + δ 2 (t_k − t_{k−1}) + δ 2 (t_{k+1} − t_k)

≤ · · · ≤ t_1 + δ 2 (t_1 − t_0) + · · · + δ 2 (t_{k−1} − t_k) + δ 2 (t_{k+1} − t_k)

≤ n + δ 2 η + � δ 2 �_2 η + · · · + � δ 2 �_{k+1} η = 1 − �_δ 2 �_{k+2}

1 −^δ_2 η ≤ 2 2 − δ η = t^{∗∗}.

Hence, iteration {t_n} (n ≥ 0) is bounded above by t^{∗∗}. The third estimate in (9) holds by (13) and (3). Moreover it follows from (4) that {t_n} (n ≥ 0) is also non-decreasing and as such it converges to some t^∗ satisfying (6).

That completes the proof of Theorem 1.

We show the semilocal convergence theorem for Newton’s method and analytic operators.

Theorem 2. Let F : D ⊆ X → Y be an analytic operator. Assume there exist a point x_0 ∈ D and parameters n ≥ 0, δ ∈ [0, 1] such that

F^′(x_0)^{−1} ∈ L(Y, X)

(14) ‖F^′(x_0)^{−1}F (x_0)‖ ≤ η,

(15) h_0 ≤ δ,

(16)

4 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

where, h_0, t^∗ are given by (3), (6) respectively

(17) γ_j = � � � � F^′(x_0)^{−1}F^{(j)}(x_0) j! � � � � (j ≥ 2) and (18) U(x_0, t^∗) = {x ∈ X | ‖x − x_0‖ ≤ t^∗} ⊆ D.

Then, Newton’s method {x_n} (n ≥ 0) generated by (2) is well defined, remains in U(x_0, t^∗) for all n ≥ 0 and converges to a solution x^∗ ∈ U(x_0, t^∗) of equation F (x) = 0.

Moreover the following error bounds hold for all n ≥ 0 (19) ‖x_{n+2} − x_{n+1}‖ ≤ t_{n+2} − t_{n+1} and (20) ‖x_n − x^∗‖ ≤ t^∗ − t_n where, iteration {t_n} (n ≥ 0) is given by (4). Proof. Let us prove (19) and (21) U(x_{n+1}, t^∗ − t_{n+1}) ≤ U(x_n, t^∗ − t_n) hold for all n ≥ 0. If z ∈ U(x_1, t^∗ − t_1), ‖z − x_0‖ ≤ ‖z − x_1‖ + ‖x_1 − x_0‖ ≤ t^∗ − t_1 + t_1 = t^∗ − t_0 implies z ∈ U(x_0, t^∗ − t_0). Since also ‖x_1 − x_0‖ = ‖F^′(x_0)^{−1}F (x_0)‖ ≤ η = t_1 (19) and (21) hold for n = 0. Given they hold for n = 0, 1, . . . , k + 1, then

‖x_{k+1} − x_0‖ ≤ k+1� i=1 ‖x_i − x_{i−1}‖ ≤ k+1� i=1 (t_i − t_{i−1}) = t_{k+1} − t_0 = t_{k+1} and ‖x_k + θ(x_{k+1} − x_k) − x_0‖ ≤ t_k + θ(t_{k+1} − t_k) < t^∗, θ ∈ [0, 1].

Suppose ‖x − x_0‖ ≤ t < t^∗

‖F^′(x_0)^{−1}[F^′(x) − F^′(x_0)]‖ ≤ ∞� j=1 ‖F^′(x_0)^{−1}F^{(j+1)}(x_0)‖ j! ‖x − x_0‖^j

(22)

≤ ∞� j=1 (j + 1)γ_{j+1}t^j < 1 (by (3)).

CONVERGENCE THEOREMS FOR NEWTON-LIKE METHODS 5

It follows by the Banach Lemma on invertible operators [4] F^′(x)^{−1} exists and

(23) ‖F^′(x)^{−1}F^′(x_0)‖ ≤ 1 1 −^∞ � j=1 (j + 1)γ_{j+1}t^j .

Moreover from (2), (17) and (19) we get

‖F^′(x_0)^{−1}F (x_{k+1})‖

(24)

= ‖F^′(x_0)^{−1}{F (x_{k+1}) − F (x_k) − F^′(x_k )(x_{k+1} − x_k)}‖ = � � � �_1 0 (1 − θ)F^′(x_0)^{−1}F^{′′}[x_k + θ(x_{k+1} − x_k)](x_{k+1} − x_k)^2dθ � � � = � � � �_1 0 (1 − θ) ∞� j=0 F^′(x_0)^{−1}F^{(j+2)}(x_0) j! · [x_k − x_0 + θ(x_{k+1} − x_k)]^j (x_{k+1} − x_k)^2dθ � � �

≤ �_1 0 (1 − θ) ∞� j=0 (j + 1)(j + 2)γ_{j+2}(t_k + θ(t_{k+1} − t_k))^j (t_{k+1} − t_k)^2dθ.

Combining (23) and (24), we get

‖x_{n+2} − x_{n+1}‖ = ‖[F^′(x_{n+1})^{−1}F^′(x_0)][F^′(x_0)^{−1}F (x_{n+1})]‖

(25) ≤ ‖F^′(x_{n+1})^{−1}F^′(x_0)‖ ‖F^′(x_0)^{−1}F (x_{n+1})‖ ≤ t_{n+2} − t_{n+1}.

This completes the induction. Theorem 1 implies that {t_n} (n ≥ 0) is a Cauchy sequence. From (19) and (21) {x_n} (n ≥ 0) becomes a Cauchy sequence too, and as such it converges to some x^∗ ∈ U(x_0, t^∗) (since U(x_0, t^∗) is a closed set) so that (20) holds.

That completes the proof of Theorem 2.

3. Local Convergence Analysis of Newton’s Method We finally provide the local convergence theorem for Newton’s method and analytic operators.

Theorem 3. Let F : D ⊆ X → Y be an analytic operator. Assume there exists a simple zero x^∗ ∈ D, a parameter δ ∈ [0, 1], and a minimum non-negative parameter r^∗ satisfying

(26) h_0 ≤ δ, and (27) U(x^∗, r^∗) ⊆ D,

6 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

where,

h_0 = h_0(r) =

�_1 0 ∞� j=0 (j + 1)(j + 2)γ_{j+2}[(1 − θ)r]^{j+1} dθ

(28)

+ δ ∞� j=1 (j + 1)γ_{j+1}r,

γ_j = � � � � F^′(x^∗)^{−1}F^{(j)}(x^∗) j! � � � � (j ≥ 2).

(29)

Then, Newton’s method {x_n} (n ≥ 0) generated by (2) is well defined, remains in

U(x^∗, r^∗) for all n ≥ 0 and converges to x^∗ provided that x_0 ∈ U(x^∗, r^∗). Moreover

the following error bounds hold for all n ≥ 0

(30) ‖x_{n+1} − x^∗‖ ≤

�_1 0 ∞� j=0 (j + 1)(j + 2)γ_{j+2}(1 − θ)^{j+1}‖x_n − x^∗‖^{j+2}dθ

1 −^∞ � j=1 (j + 1)γ_{j+1}‖x_n − x^∗‖^j .

Proof. Let x ∈ U(x^∗, r^∗). By the analyticity of F we get

‖F^′(x^∗)^{−1}[F^′(x) − F^′(x^∗)]‖

(31) = � � � � � ∞� j=1 F^′(x^∗)^{−1}F^{(j+1)}(x^∗) j! (x − x^∗)^j � � � � �

≤ ∞� j=1 (j + 1)γ_{j+1}‖x − x^∗‖^j < 1 (by (26)).

It follows by the Banach Lemma on invertible operators

(32) ‖F^′(x)^{−1}F^′(x^∗)‖ ≤ 1 1 −^∞ � j=1 (j + 1)γ_{j+1}‖x − x^∗‖^j .

Using (2) we obtain in turn the approximation

x_{n+1} − x^∗ = x_n − x^∗ − F^′(x_n)^{−1}F (x_n)

(33)

= [F^′(x_n)^{−1}F^′(x^∗)]F^′(x^∗)^{−1} · �_1 0 [F^′(x_n + θ(x^∗ − x_n)) − F^′(x_n)](x^∗ − x_n)dθ �

= [F^′(x_n)^{−1}F^′(x^∗)]F^′(x^∗)^{−1}

�_1 0 (1 − θ)F^{′′}[x_n + θ(x^∗ − x_n)]

· (x^∗ − x_n)^2dθ.

CONVERGENCE THEOREMS FOR NEWTON-LIKE METHODS 7

Moreover, by (29) we get � � � �F^′(x^∗)^{−1}

�_1 0 (1 − θ)F^{′′}[x_n + θ(x^∗ − x_n)](x^∗ − x_n)^2dθ � � � � (34)

= � � � � �_1 0 (1 − θ)

F^′(x^∗)^{−1}F^{(j+2)}(x^∗) j! [x_n − x^∗ + θ(x^∗ − x_n)]^j (x^∗ − x_n)^2dθ � � � � ≤ �_1 0 ∞� j=0 (j + 1)(j + 2)γ_{j+2}(1 − θ)^{j+1}‖x_n − x^∗‖^{j+2}dθ.

Estimate (30) follows from (2), (32), (33), and (34). Furthermore, by the choice of r^∗

(35) α ≡

�_1 0 ∞� j=0 (j + 1)(j + 2)γ_{j+2}[(1 − θ)‖x_0 − x^∗‖]^{j+1}dθ

1 −^∞ � j=1 (j + 1)γ_{j+1}‖x_0 − x^∗‖

∈ [0, 1)

and (36) ‖x_{n+1} − x^∗‖ ≤ α‖x_n − x^∗‖ ≤ α^{n+1}‖x_0 − x^∗‖,

which shows x_n ∈ U(x^∗, r^∗) and lim_{n→∞} x_n = x^∗.

That completes the proof of Theorem 3.

The results in [5] and [6] used the assumption that the sequence {γ_j } (j ≥ 2) is bounded by

(37) γ = sup_{j≥2} γ^{1j−1}_j .

This assumption is not true for many interesting types of operators [7]. In [7] they showed a semilocal result where {γ_j } (j ≥ 2) is not considered to be bounded by γ, whereas in the local case they used the bound

(38) γ^∗ = sup_{j≥2} � � � F^′(x^∗)^{−1}F^{(j)}(x^∗) j! � � � 1 j−1 . The convergence radius is given by

(39) r^∗_1 = 1 2γ^∗

(3 − 2 √ 2). Note that in our local result (Theorem 3) we do not use {γ_j } (j ≥ 2) is bounded by γ^∗.

Define functions φ, ψ by

φ(t) = η − ψ(t),

(40)

ψ(t) = t − ∞� j=2 γ_j t^j

(41)

8 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

and iteration {v_n} (n ≥ 0) by (42) v_{n+1} = v_n − φ(v_n) φ^′(v_n)

(n ≥ 0).

If φ(t) has a unique zero v^∗ in [0, +∞), i.e., if (43) max_{t>0} ψ(t) exists. they showed convergence of (2) to x^∗ and ‖x_{n+1} − x_n‖ ≤ v_{n+1} − v_n,

(44) ‖x_{n+1} − x_n‖ ≤ v^∗ − v_n.

(45) It can easily be seen that (3) implies (43) but not vice versa. Moreover using induction on n we can easily show that for all n ≥ 0 t_n ≤ v_n

(46) t_{n+1} − t_n ≤ v_{n+1} − v_n

(47) t^∗ − t_n ≤ v^∗ − v_n

(48) and (49) t^∗ ≤ v^∗, which justify the claims made at the introduction.

We complete this study with an example to show that our convergence radius r^∗ can be larger than r^∗_1 .

Example 1. Let X = Y = R, D = U(0, 1), and define function F on D by (50) F (x) = e^x − 1. By (38) we obtain γ^∗ = .5. Hence (39) gives (41) r^∗_1 = 3 − 2 √ 2 = .171572875.

Using (29) we obtain γ_j =^1_{j!} (j ≥ 2). Moreover for δ = 1 we obtain from (28)

h_0(r) =

�_1 0 ∞� j=0 (j + 1)(j + 2)

(j + 2)!

(1 − θ)^{j+1}r^{j+1}dθ

(52)

+ ∞� j=1 (j + 1) 1 (j + 1)!

r^j

= ∞� j=0 1 j! r^{j+1}

�_1 0 (1 − θ)^{j+1}dθ + ∞� j=1 r^j j! = ∞� j=0 r^{j+1} (j + 1)!

j + 1 j + 2 + ∞� j=1 r^j j! ≤ ∞� j=0 r^{j+1} (j + 1)! + ∞� j=1 r^j j! = 2(e^r − 1).

CONVERGENCE THEOREMS FOR NEWTON-LIKE METHODS 9

Solving the inequality

(53) 2(e^r − 1) ≤ 1,

we obtain

(54) r^∗ = .405465108.

That is,

(55) r^∗_1 < r^∗.

Hence, our local results provide a wider choice for x_0 than the corresponding ones in [7]. This observation is very important in computational mathematics and finds applications in projection methods and in step-length selection in predictor–corrector continuation procedures [1], [2], [8].

REFERENCES

[1] Argyros, I.K., Local convergence theorems for Newton’s method using outer or generalized inverses and m-Fréchet differentiable operators, Mathematical Sciences Research Hot-Line 4, 8 (2000), 47–56.

[2] Argyros, I.K. and Szidarovszky, F., The Theory and Application of Iteration Methods, CRC Press, Inc., Boca Raton, Florida, U.S.A., 1993.

[3] Gutiérrez, J., A new semilocal convergence theorem for Newton’s method, J. Comput. Appl. Math. 79 (1997), 131–145.

[4] Kantorovich, L.V. and Akilov, G.P., Functional Analysis in Normed Spaces, Pergamon Press, Oxford, 1982.

[5] Rheinboldt, W.C., On a theorem of S. Smale about Newton’s method for analytic mappings, Appl. Math. Lett. 1, 1 (1988), 69–72.

[6] Smale, S., Newton’s method estimates from data at one point. In The Merging of Disciplines in Pure, Applied and Computational Mathematics, Springer-Verlag, Berlin, New York, 1986, pp. 185–196.

[7] Wang, D. and Zhao, F., The theory of Smale’s point estimation and its applications, J. Comput. Appl. Math. 60 (1995), 253–269.

[8] Ypma, T.J., Local convergence of inexact Newton methods, SIAM J. Numer. Anal. 21, 3 (1984), 583–590.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 10–32.

Submitted: April 10, 2002. Published: July 1 2003.

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN

H. R. Clark^1, J. L. Ferrel, M. R. Clark^2

Abstract. The motion for small-amplitude of a thin elastic panel with both linearweak and linear-strong damping are investigated in one-dimensional domain with moving boundary. Existence and uniqueness of global solutions are shown. Asymptotic behavior of energies are also established.

A.M.S. (MOS) Subject Classification Codes. 35B40, 35G30, 35K30.

Key Words and Phrases. Flutter panel equation, non cylindrical domain, existence of solutions, uniqueness, asymptotic behavior.

1. Introduction

The one-dimensional equation of motion of a thin panel fixed at both ends and undergoing cylindrical bending can be written as

u_{tt}(x, t) − � ζ_0 + ζ_1 � Ω |u_x(t)|^2dx + σ � Ω u_x(t)u_{xt}(t)dx � u_{xx}(x, t)+

(1.1)

√ ρδu_t(x, t) + ρu_x(x, t) + u_{xxxx}(x, t) + νu_{xxxxt}(x, t) = 0 in Q,

where u is the plate transverse displacement, x is the spatial coordinate in the direction of the fluid flow, t is the time, the viscoelastic structural damping terms are denotes by ν and σ, √ ρδ represents an aerodynamic damping, ζ_1 is the nonlinear stiffness of membrane, ρ is the aerodynamic pressure, ζ_0 is an in-plane tensile load, and (x, t) belongs to Q = Ω × [0, ∞[ with Ω = (0, 1). All quantities are physically non-dimensionalized and ν, σ, δ, ζ_1 are fixed positive and ζ_0, ρ are fixed non-negative.

Universidade Federal Fluminense, IM-GAN, RJ, Brasil E-mail Address: ganhrc@vm.uff.br Universidade Federal do Piauí,DM, PI, Brasil E-mail Address: mclark@ufpi.br 1The research of this author was supported in part by CAPES grant: CDI 1179-14/2001. 2Visiting professor of State University of Piauí © 2003 Cameron University

Typeset by AMS-TEX 10

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 11

Equation (1.1) arise in a wind tunnel experiment for a panel at supersonic speeds, for a derivation of this model see, for instance, Dowell [9].

Equation (1.1) include in its mathematical formulation some special situations in elasticity. Omitting the dissipative terms and the aerodynamic pressure ρ we have the beam equation

u_{tt}(x, t) − � ζ_0 + ζ_1 � Ω |u_x(t)|^2dx � u_{xx}(x, t) + u_{xxxx}(x, t) = 0 in Q.

(1.2)

The beam equation (1.2) has been studied by several authors, among them, Ball [2], Biler [3], Brito [4], Medeiros [15] and Pereira [18].

By omission of the term u_{xxxx} in (1.2) we have the well known Kirchhoff equation

u_{tt}(x, t) − � ζ_0 + ζ_1 � Ω |u_x(t)|^2dx � u_{xx}(x, t) = 0 in Q.

(1.3)

Equation (1.3) has also been extensively studied by several authors in both {1, 2, · · · , n }- dimensional cases and general mathematical model over a Hilbert space H. Local solutions and global solutions has been shown to exist in several physicalmathematical contexts. Among them, Arosio-Spagnolo [1], Clark [5, 6], Dickey [7], Dix [8], Kirchhoff [13], Ferrel-Medeiros [10], Matos-Pereira [14], Pohozaev [19].

The historical evolution of the equation (1.3) with an excellent bibliography was presented by Medeiros at al [16], and a new model associated with Kirchhoff equation (1.3) was also deduced, which we denominate Medeiros-Kirchhoff equation, namely

u_{tt}(x, t) − � f(t) + g(t) � Ω_t

|u_x(t)|^2dx � u_{xx}(x, t) = 0 in Q.

(1.4)

where the coefficients f(t) = τ_0 m + k � γ(t) − γ_0 � mγ_0 and g(t) = k 2mγ(t) are defined in

§1 of Medeiros at al [16], Ω_t and Q_t are defined by

Ω_t = {x ∈ R : α(t) < x < β(t) and t ∈ [0, ∞[ } ,

Q_t = � (x, t) ∈ R^2 : x ∈ Ω_t and t ∈ [0, ∞[ � , α and β are real functions, γ = β − α, γ_0 = γ(0), and τ_0, m, and k are physical constants. The boundary of Q_t is defined by

Σ_t = � 0<t<∞ � α(t) × β(t), t � .

Medeiros at al [16] proved that the mixed problem associated with the equation (1.4) has local solutions. Besides, whether the equation (1.4) is considered over the action of a weak-internal damping u_t(x, t), and the initial data are bounded, then the total energy of the system is asymptotically stable. All these results were got supposing Ω_t increasing.

12 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

The goal of this paper is to establish an analysis qualitative of the solutions of the equation (1.1) inside of a non-cylindrical domain Q_t in two different contexts. In the equation (1.1) we can see two linear internal damping, that is, √ ρδu_t and νu_{xxxxt}. Motivated for this physical situation, firstly we neglect in the equation (1.1) the linear-strong damping, that is, we assume the aerodynamic constant ν is negligible. Thus, we have the weak-damped equation

u_{tt}(x, t) − � ζ_0 + ζ_1 � Ω_t

|u_x(t)|^2dx + σ � Ω_t u_x(t)u_{xt}(t)dx � u_{xx}(x, t)+

(1.5)

√ ρδu_t(x, t) + u_{xxxx}(x, t) = 0 in Q_t.

In the second situation we omit the linear-weak damping, assuming ρ is now negligible. This way, we have the strong damped equation

u_{tt}(x, t) − � ζ_0 + ζ_1 � Ω_t

|u_x(t)|^2dx + σ � Ω_t u_x(t)u_{xt}(t)dx � u_{xx}(x, t)+

(1.6)

u_{xxxx}(x, t) + νu_{xxxxt}(x, t) = 0 in Q_t.

We will make this choice to exalt the different difficulties technique caused by the effect of each damping when the equations are considerate in non-cylindrical domain Q_t. Perhaps, these difficulties happen due to the used method- Galerkin’s method. But in this case, we believe that such method is the most natural, because the equations (2.4) and (3.10) obtained from the equations (1.5) and (1.6) respectively, through the variable change (1.7) have variable coefficients.

Comparing the equations (1.5) and (1.6) with the equation (1.4) we can conclude that ζ_0 and ζ_1 depend continuously on the lenght of domain Ω_t. Therefore, depend on the variable time t. But, to simplify our analysis we will assume ζ_0 and ζ_1 constants.

It will be considerate for the equations (1.5) and (1.6) the fully clamped boundary conditions

u(x, t) = u_x(x, t) = 0 on Σ_t.

The strategy to obtain existence of solutions to the mixed problems associated with equations (1.5) and (1.6) in a non-cylindrical domain is to transform such problems into another, defined over a cylindrical domain whose sections are not time dependent. The technique that transfoms the equation from moving boundary into fixing boundary, which we will also use, was initialy utilized in nonlinear-hyperbolic equation by Ferrel-Medeiros [10] and Medeiros at al [16]. That is, we will use a suitable change of variable

v(y, t) = u(x, t),

(1.7)

where y =^{x−α(t)}_{γ(t)} . We can see from definition of Ω_t that y ∈ (0, 1).

The results of existence of solutions are obtained assuming the hypothesis

α, β belong to W^{3, 1} ([0, ∞[; R) .

(1.8)

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 13

Existence of global solutions within of fixed domain for the mixed problem associated with equation (1.1) was investigated by Hughes & Marsden [12]. With respect to asymptotic stability, Holmes & Marsden [11] supposing some restrictive hypotheses about the aerodynamic pressure ρ concluded that the derivative of solution is negative.

This paper is divided in two sections. The section 2 is devoted to investigate the existence and uniqueness of strong global solutions of the mixed problem associated with the equation (1.5). Furthermore, the asymptotic behavior of solutions is proved directly inside of non-cylindrical domain. In the section 3 we prove the existence and uniqueness of weak global solutions for a mixed problem associated with the equation (1.6), provided that the initial data are bounded. Besides, the exponential decay for energy, due to technical difficulties, initially will be shown for approximate solutions inside of the fixed domain Q. Made this, we will obtain the same result for the energy inside of the non-cylindrical domain Q_t.

2. Flutter panel with linear-weak damping

2.1 Existence and uniqueness of solutions In this section we consider the initial data- and boundary- value problem

u_{tt}(x, t) − � ζ_0 + ζ_1 � Ω_t

|u_x(t)|^2dx + σ � Ω_t u_x(t)u_{xt}(t)dx � u_{xx}(x, t)+

(2.1)

√ ρδu_t(x, t) + u_{xxxx}(x, t) = 0 in Q_t,

u(x, 0) = u_0(x) and u_t(x, 0) = u_1(x) in Ω_0,

(2.2)

u(x, t) = u_x(x, t) = 0 on Σ_t.

(2.3)

Tanking into account (1.7) into the system (2.1)-(2.3) yields

v_{tt} + a_1(y, t)v_y + a_2(y, t)v_{yt} + a_3(y, t)v_{yy}+

b_1(t) � � Ω |v_y|^2dy � v_{yy} + b_2(t) � � Ω v_yv_{yt}dy � v_{yy}+

(2.4) � � Ω a_4(y, t)v_yv_{yy}dy � v_{yy} + b_3(t)v_{yyyy} + √ ρδv_t = 0 in Q,

v(y, 0) = v_0(y), v_t(y, 0) = v_1(y) with 0 < y < 1,

(2.5)

v(0, t) = v_y(0, t) = 0, v(1, t) = v_y(1, t) = 0 for all t ≥ 0,

(2.6) where the coefficients of equation (2.4) are given by

a_1(y, t) = 1 γ^2

{(2γ^′ − √ ρδγ) (α^′ + yγ^′) − γ (α^{′′} + yγ^{′′})} ,

a_2(y, t) = − 2 γ (α^′ + yγ^′) , a_3(y, t) = 1 γ^2 � (α^′ + yγ^′)^2 − ζ_0 � , (2.7)

a_4(y, t) = σ γ^5

(α^′ + yγ^′) , b_1(t) = 1 γ^4

(σγ^′ − ζ_1γ) ,

b_2(t) = − σ γ^3

, b_3(t) = 1 γ^4 .

14 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Thanks to variable chance (1.7) the function u is a solution of the mixed problem (2.1)-(2.3) if, and only if v is a solution of the mixed problem (2.4)-(2.6). Thus, we have that the two following theorems are equivalents

Theorem 2.1. Let α and β be satisfying the hypothesis (1.8). If the initial data u_0 belongs to H^2_0 (Ω_0) ∩ H^4(Ω_0) and u_1 belongs to H^2_0 (Ω_0), then the unique strong solution u of the mixed problem (2.1)-(2.3) lies in

u ∈ L^∞ � 0, ∞; H^2_0 (Ω_t) ∩ H^4 (Ω_t) � , (2.8)

u_t ∈ L^∞ � 0, ∞; H^2_0 (Ω_t) � , (2.9)

u_{tt} ∈ L^∞ � 0, ∞; L^2 (Ω_t) � , (2.10)

and the equation (2.1) is verified in the sense of L^∞ � 0, ∞; L^2 (Ω_t) � . Theorem 2.2. We assume α and β as in the Theorem 2.1, and − 1 8 ≤ γ^′(t) γ(t)

≤ min � 1 8 , 2ζ_1 3σ � for all t ≥ 0.

(2.11)

Besides, if α^′(0) = β^′(0) = 0, then v_0 belongs to H^2_0 (Ω) ∩ H^4(Ω), v_1 belongs to H^2_0 (Ω), there exists a unique strong solution v of the mixed problem (2.4)-(2.6) lies in v ∈ L^∞ � 0, ∞; H^2_0 (Ω) ∩ H^4(Ω) � , (2.12)

v_t ∈ L^∞ � 0, ∞; H^2_0 (Ω) � , (2.13)

v_{tt} ∈ L^∞(0, ∞; L^2 (Ω)) ,

(2.14)

and the equation (2.4) is verified in the sense of L^∞(0, ∞; L^2(Ω)).

To show the existence of solutions of the problem (2.4)-(2.6) we will use the Galerkin’s methods. Thus, by V_m = [w_1, w_2, w_3, · · · , w_m] we will denote the subspace of H^2_0 (Ω) spanned by the m first vectors of (w_j )_{j∈N}, where (w_j )_{j∈N} is orthonormalized and complete in L^2(Ω). We assume that initial data in V_m satisfy

v^m_0 (y, 0) = v^m_0 −→ v_0 strongly in H^2_0 (Ω) ∩ H^4(Ω),

(2.15)

v^m_{0t} (y, 0) = v^m_1 −→ v_1 strongly in H^2_0 (Ω).

Proof of Theorem 2.2 - Existence. The approximate problem associated with (2.4)-(2.6) is given, for all ϕ ∈ V_m, by the following system of ordinary differential equations

(v^m_{tt} (t), ϕ) + � a_1(y, t)v^m_y (t), ϕ � + � a_2(y, t)v^m_{yt}(t), ϕ � + √ ρδ (v^m_t (t), ϕ) + b_3(t) � v^m_{yy}(t), ϕ_{yy} � + b_2(t) � Ω v^m_y (t)v^m_{yt}(t)dy � � v^m_{yy}(t), ϕ � + � a_3(y, t)v^m_{yy}(t), ϕ � + (2.16)

b_4(t) � Ω � �v^m_y (t) � �^2 dy � � v^m_{yy}(t), ϕ � = 0,

v^m(y, 0) = v^m_0 and v^m_t (y, 0) = v^m_1 ,

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 15

where b_4(t) =^1_{2γ5(t)} {3σγ^′(t) − 2ζ_1γ(t)} was determinate by definition of the b_1(t),

a_4(y, t) and of the identity � Ω a_4(y, t)v^m_y (t)v^m_{yy} (t)dy =^{σγ′ (t)}_{2γ5(t)} � Ω � �v^m_y (t) � �^2 dy.

Henceforth (·, ·) denotes the inner product in L^2(Ω). Note that b_4(t) is not a positive function in view of hypothesis (2.11).

Under the assumption (2.15), we have that the system (2.16) has a local solution v^m on the interval [0, t_m[. This interval will be extended to any interval [0, ∞[ thanks to estimates below. To simplify our analysis we will write, throughout this paper, v instead of v^m. Our next task is to determine estimative on v in order to take the limit in the system (2.16).

• Estimate I. Substituting ϕ by 2v_t(t) into (2.16)_1 and denoting by ^M the function ^M(ξ) =

�_ξ 0 M(τ)dτ we get d dt |v_t(t)|^2 − b_4(t) d dt ^M � |v_y (t)|^2 � + b_3(t) d dt |v_{yy}(t)|^2 + 2 √ ρδ |v_t(t)|^2 + 2 (a_2(y, t)v_{yt}(t), v_t(t)) −

(2.17)

2b_2(t) � � Ω v_y(t)v_{yt}(t)dy

�_2 = − 2 (a_1(y, t)v_y(t), v_t(t)) − 2 (a_3(y, t)v_{yy}(t), v_t(t)) ,

where | · |^2 denotes the norm in L^2(Ω). Denoting by

b_5(t) = sup_{y∈[0,1]} |a_1(y, t)|_R , b_6(t) = sup_{y∈[0,1]} |a_3(y, t)|_R ,

observing the relations

2(a_2(y, t)v_{yt}(t), v_t(t)) =

2γ^′(t) γ(t)

|v_t(t)|^2 , −2b_2(t) � Ω v_y(t)v_{yt}(t)dt

�_2 ≥ 0.

we get from (2.17) that d dt E_1(t) + 2 �√ ρδ + γ^′(t) γ(t) � |v_t(t)|^2 ≤

|b^′_4(t)| ^M � |v_y(t)|^2 � + |b^′_3(t)| |v_{yy}(t)|^2 +

(2.18)

2b_5(t) |v_y(t)| |v_t(t)| + 2b_6(t) |v_{yy}(t)| |v_t(t)| ,

where E_1 is the function

E_1(t) = |v_t(t)|^2 − b_4(t) ^M � |v_y (t)|^2 � + b_3(t) |v_{yy}(t)|^2 .

The two last terms of right-hand side of (2.18) satisfy

2b_5(t) |v_y(t)| |v_t(t)| ≤ b^2_5(t) √ ρδ |v_{yy}(t)|^2 + √ ρδ |v_t(t)|^2 ,

2b_6(t) |v_{yy}(t)| |v_t(t)| ≤ b^2_6(t) √ ρδ |v_{yy}(t)|^2 + √ ρδ |v_t(t)|^2 .

16 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Taking into account the last two inequalities into (2.18) yields d dt E_1(t) ≤ b_7(t) � |v_t(t)|^2 + ^M � |v_y(t)|^2 � + |v_{yy}(t)|^2 � , (2.19)

where b_7(t) = 2

|γ^′(t)| γ(t)

+ |b^′_4(t)| + |b^′_3(t)| + 1 √ ρδ � b^2_5(t) + b^2_6(t)) � . Integrating (2.19) from 0 to t and observing that E_1(0) is bounded, yields

E_1(t) ≤ K_0 +

�_t 0 b_7(s) � |v_s(s)|^2 + ^M � |v_y(s)|^2 � + |v_{yy}(s)|^2 � ds, (2.20)

where K_0 is a real positive constant that depends only on the initial data. Using the hypotheses (1.8), (2.11), and definition of coefficients in (2.7) we obtain from (2.20) and by using of Gronwall’s inequality that

(v^m) is bounded in L^∞ � 0, ∞; H^2_0 (Ω) � , (2.21) (v^m_t ) is bounded in L^∞ � 0, ∞; L^2(Ω) � . • Estimate II. Differentiating the equation (2.16)_1 with respect to t, replacing ϕ by 2v_{tt}(t), using the identities

2 (a_2(y, t)v_{ytt}(t), v_{tt}(t)) =

2γ^′(t) γ(t)

|v_{tt}(t)|^2 ,

2b^′_3(t) (v_{yy}(t), v_{yytt}(t)) = 2b^′_3(t) d dt (v_{yy}(t), v_{yyt}(t)) − 2b^′_3(t) |v_{yyt}(t)|^2 ,

and denoting by E_2 the function

E_2(t) = |v_{tt}(t)|^2 + 2b^′_3(t) (v_{yy}(t), v_{yyt}(t)) + b_3(t) |v_{yyt}(t)|^2 ,

we get d dt E_2(t) + 2 �√ ρδ + γ^′(t) γ(t) � |v_{tt}(t)|^2 =

2b^{′′}_3 (t) (v_{yy}(t), v_{yyt}(t)) + 3b^′_3(t) |v_{yyt}(t)|^2 −

2 (a_{1t}(y, t)v_y (t), v_{tt}(t)) − 2b_2(t) � Ω v_y (t)v_{ytt}(t)dy � (v_{yy}(t), v_{tt}(t)) −

2 (a_1(y, t)v_{yt}(t), v_{tt}(t)) − 2b_2(t) � Ω v_y (t)v_{yt}(t)dy � (v_{yyt}(t), v_{tt}(t)) −

2 (a_{2t}(y, t)v_{yt}(t), v_{tt}(t)) − 2b^′_4(t) � Ω |v_y(t)|^2 dy � (v_{yy}(t), v_{tt}(t)) −

2 (a_{3t}(y, t)v_{yy}(t), v_{tt}(t)) − 2b_4(t) � Ω |v_y(t)|^2 dy � (v_{yyt}(t), v_{tt}(t)) −

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 17

2 (a_3(y, t)v_{yyt}(t), v_{tt}(t)) − 2b_2(t) � Ω |v_{yt}(t)|^2 dy � (v_{yy}(t), v_{tt}(t)) −

2 {2b_4(t) + b^′_2(t)} � Ω v_y(t)v_{yt}(t)dy � (v_{yy}(t), v_{tt}(t)) .

Hence, proceeding as estimate I and using (2.21), hypothesis (1.8) and usual inequalities we obtain after some simplifications that d dt E_2(t) ≤ b_8(t) + b_9(t) � |v_{tt}(t)|^2 + |v_{yyt}(t)|^2 � , (2.22)

where b_8(t) and b_9(t) are L^1(0, ∞)− function defined from coefficients (2.7).

Defining by E_3 the function E_3(t) = E_1(t) + E_2(t) and using (2.19), (2.22) yields d dt E_3(t) ≤ b_8(t) + (b_7(t) + b_9(t)) � |v_t(t)|^2 + ^M � |v_y(t)|^2 � + (2.23)

|v_{yy}(t)|^2 + |v_{tt}(t)|^2 + |v_{yyt}(t)|^2 � . Integrating (2.23) from 0 to t and observing that v_{tt}(0) is bounded in L^2 (Ω) we have, thanks to Gronwall’s inequality, that there exists a real positive constant K_1 such that

E_3(t) ≤ K_1 for all t ≥ 0.

(2.24)

By usual inequality we get the following inequalities

|2b^′_3(t) (v_{yy}(t), v_{yyt}(t))| ≤

8|γ^′(t)| γ^5(t)

|v_{yy}(t)| |v_{yyt}(t)| ≤

4|γ^′(t)| γ(t) � 1 γ^4(t)

|v_{yy}(t)|^2 + 1 γ^4(t)

|v_{yyt}(t)|^2 � ≤ (2.25) 1 2 b_3(t) |v_{yy}(t)|^2 + 1 2 b_3(t) |v_{yyt}(t)|^2 ,

where we have used in the last inequality above the hypothesis (2.11), i.e.,^{4|γ′(t)|}_{γ(t)} ≤ 1 2 . From definition of E_3 and (2.25) we have

|v_t(t)|^2 + b_4(t) ^M � |v_y(t)|^2 � + |v_{tt}(t)|^2 +

(2.26) 1 2 b_3(t) |v_{yy}(t)|^2 + 1 2 b_3(t) |v_{yyt}(t)|^2 ≤ E_3(t) for all t ≥ 0.

Thus, from (2.24) and (2.26) we obtain

(v^m_t ) is bounded in L^∞ � 0, ∞; H^2_0 (Ω) � , (2.27) (v^m_{tt} ) is bounded in L^∞ � 0, ∞; L^2(Ω) � . • Limit of the approximate solutions. From estimates obtained in (2.21) and (2.27) we can take the limit in the nonlinear system (2.16). In fact, from

18 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

(2.21) and (2.27) we have, in particular, that the sequences (v^m) , (v^m_t ) and (v^m_{tt} ) are bounded in L^2 � 0, T ; H^1_0 (Ω) � , L^2 � 0, T ; H^1_0 (Ω) � and L^2 � 0, T ; L^2(Ω) � , respectively. Thus, by compact injection of H^1_0 (Ω×]0, T [) into L^2 (Ω×]0, T [) it follows by Lions-Aubin’s theorem that there exists a subsequence of (v^m)_{m∈N} , which we denote as the original sequence, such that

v^m −→ v strong in L^2 � 0, T ; H^1_0 (Ω) � as m −→ ∞,

(2.28) v^m_t −→ v_t strong in L^2 � 0, T ; H^1_0 (Ω) � as m −→ ∞.

We still can obtain from (2.21) and (2.27) the following convergence

v^m −→ v weak star in L^∞ � 0, ∞; H^2_0 (Ω) � as m −→ ∞,

v^m_t −→ v_t weak star in L^∞ � 0, ∞; H^2_0 (Ω) � as m −→ ∞,

(2.29)

v^m_{tt} −→ v_{tt} weak star in L^∞ � 0, ∞; L^2(Ω) � as m −→ ∞.

The convergence (2.28) and (2.29)_1 are sufficient to take the limit in the nonlinear terms of the approximate system (2.16). Thus, there exists a strong solution v defined on Ω × [0, ∞[ with values in R satisfying (2.4). The statements (2.13) and (2.14) are given by convergence (2.29)_{2, 3}. The regularity (2.12) is guaranteed by (2.29)_1 and by results on elliptic regularity (see, for instance, Nirenberg [17]) in view of

− v_{yyyy} = γ^4 {v^{′′} + a_1v_y + a_2v_{yt} + a_3v_{yy} + √ ρδv_t} +

γ^4 � b_1 � Ω |v_y|^2dy + b_2 � Ω v_yv_{yt}dy + � Ω a_4v_yv_{yy}dy � v_{yy},

to be obtained in the sense of L^2 � 0, ∞; L^2(Ω) � . • Uniqueness. Let w = v − ṽ be, where v and ṽ are two solutions of the problem (2.4)-(2.6) on [0, ∞[. Thus, for all ϕ ∈ H^2_0 (Ω), the solution w satisfies:

(w_{tt}(t), ϕ) + (a_1(y, t)w_y(t), ϕ) + (a_2(y, t)w_{yt}(t), ϕ) + b_3(t) (w_{yy}(t), ϕ_{yy} ) +

b_2(t) � Ω w_y (t)v_{yt}(t)dy + � Ω w_{yt}(t)ṽ_y (t)dy � (w_{yy}(t), ϕ) + √ ρδ (w_t(t), ϕ) +

(a_3(y, t)w_{yy}(t), ϕ) + b_4(t) � Ω |v_y(t) + ṽ_y(t)| |w_y(t)| dy � (w_{yy} (t), ϕ) = 0,

w(y, 0) = w_t(y, 0) = 0 for all y ∈]0, 1[, w(0, t) = w_y(0, t) = 0 for all t ≥ 0, w(1, t) = w_y(1, t) = 0 for all t ≥ 0.

Replacing ϕ by w_t in the preceding system yields 1 2 d dt |w_t(t)|^2 + 1 2 b_3(t) d dt |w_{yy} (t)|^2 + √ ρδ |w_t(t)|^2 = −

(a_1(y, t)w_y (t), w_t(t)) − (a_2(y, t)w_{yt}(t), w_t(t)) − (a_3(y, t)w_{yy}(t), w_t(t)) −

b_2(t) � Ω w_y(t)v_{yt}(t)dy + � Ω w_{yt}(t)ṽ_y (t)dy � (w_{yy}(t), w_t(t)) −

b_4(t) � Ω |v_y(t) + ṽ_y(t)| |w_y(t)| dy � (w_{yy}(t), w_t(t)) .

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 19

Applying usual inequalities and (2.21)_1 in the right-hand side of preceding identity we obtain 1 2 d dt � |w_t(t)|^2 + b_3(t) |w_{yy}(t)|^2 � + √ ρδ |w_t(t)|^2 ≤

(2.30)

|w_t(t)|^2 + b_{10}(t) |w_{yy}(t)|^2 ,

where b_{10}(t) is a positive function defined on [0, ∞[, which depends on the coefficients of the equation (2.4). Integrating (2.30) from 0 to t, using the hypothesis (1.8), the initial-boundary conditions, and Gronwall’s inequality we obtain w = 0 for all t ∈ [0, ∞[. Thus, we have concluded the proof of Theorem 2.2. Therefore, the Theorem 2.1 is got from Theorem 2.2 and (1.7) □

2.2 Asymptotic behavior Our goal is to show that the total energy of the system (2.1)-(2.3) decay exponentially as t → +∞. We will show this property directly in non-cylindrical domain Q_t. The structure of non-cylindrical domain has a particular importance in the prove of the asymptotic stability of the energy. This way, we assume that the noncylindrical Q_t is increasing. It means, the functions α and β satisfy the following properties

α, β ∈ W^{1, 1} � [0, ∞[; R � , α^′(t) < 0 and β^′(t) > 0.

(2.31)

Besides, we suppose that the non-cylindrical domain is bounded, e.g., there exist real positive constants α_0 and β_0 such that

α(t) > −α_0 and β(t) < β_0 for all t ≥ 0.

(2.32)

As u(x, t) = u_x(x, t) = 0 on Σ_t then we have, for all t ≥ 0, the following relations to be used to proceed

u_t (α(t), t) = −α^′(t)u_x (α(t), t) = 0, u_t (β(t), t) = −β^′(t)u_x (β(t), t) = 0, u_{xt} (α(t), t) = −α^′(t)u_{xx} (α(t), t) ,

(2.33) u_{xt} (β(t), t) = −β^′(t)u_{xx} (β(t), t) , � Ω_t

u_x(t)u_{xt}(t)dx

�_2 ≥ 0.

Taking the scalar product on L^2(Ω_t) of both sides of (2.1) with u_t, integrating by parts the second and third term of left-hand side, observing the identities (2.33) and the Leibnitz’s rule^1 yields d dt E(t) + 1 2 β^′(t)u^2_{xx}(β(t), t) − 1 2 α^′(t)u^2_{xx}(α(t), t) ≤ − √ ρδ |u_t(t)|^2 for all t ≥ 0, 1 d dt Z_{β(t)}

α(t)

f(x, t)dx =

Z_{β(t)}

α(t) ∂ ∂t f(x, t)dx + f(β(t), t)β^′(t) − f(α(t), t)α^′(t).

20 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

where

E(t) = 1 2 � |u_t(t)|^2 + ζ_0 |u_x(t)|^2 + ζ_1 2 |u_x(t)|^4 + |u_{xx}(t)|^2 � . (2.34)

From hypothesis (2.31)_2 we have 1 2 β^′(t)u^2_{xx}(β(t), t) − 1 2 α^′(t)u^2_{xx}(α(t), t) ≥ 0 for all t ≥ 0.

Thus, we obtain d dt E(t) ≤ − √ ρδ |u_t(t)|^2 for all t ≥ 0.

(2.35)

The asymptotic behavior of the energy is given by the following theorem Theorem 2.3. If the functions α and β satisfy the hypotheses (2.31) and (2.32), then the energy defined in (2.34) associated with the solution of the system (2.1)- (2.3) satisfies

E(t) ≤ K_2 exp(−ωt) for all t ≥ 0,

(2.36)

where ω = ϵ 2ϑ_2 is a real-positive number, ϑ_2 is defined in (2.42), K_2 = E(0) + ϵF (0), the function F (t) and the constant ϵ are defined by

F (t) = 1 4 �√ ρδ |u(t)|^2 + σ 2 |u_x(t)|^4 � , (2.37)

0 < ϵ = min � 1 √ ϑ_1 , √ ρδ � . From hypothesis (2.32) the constant ϑ_1 = max_{t≥0} γ(t) there exists and represents the real-positive constant of immersion of H^1_0 (Ω_t) into L^2(Ω_t). Note that ϑ_1 depend only of the length of the interval � α(t), β(t) � . Proof. For each ϵ > 0 we consider the auxiliary function

E_ϵ(t) = E(t) + ϵ 2 � Ω_t

u_t(t)u(t)dx for all t ≥ 0.

(2.38)

As H^1_0 (Ω_t) is continuously embedded in L^2(Ω_t) we obtain after application of usual inequalities that, there exist a constant ϑ_1 ϵ 2 � Ω_t

u_t(t)u(t)dx ≤ 1 4 |u_t(t)|^2 + ϵ^2ϑ_1 4 |u_x(t)|^2 .

(2.39)

Hence, and hypothesis (2.37)_2 we get

E_ϵ(t) ≤ 3 2 E(t) for all t ≥ 0.

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 21

On the other hand, we get from (2.38) and (2.37)_2 that

E_ϵ(t) ≥ E(t) − ϵ 2 � � � � Ω_t

u_t(t)u(t)dx � � � ≥ 1 2 E(t) for all t ≥ 0.

Thus, the function E_ϵ satisfies the both inequalities 1 2 E_ϵ(t) ≤ E(t) ≤ 3 2 E_ϵ(t) for all t ≥ 0.

(2.40)

Now, differentiating the function E_ϵ with respect to t yields

E^′_ϵ(t) = E^′(t) + ϵ 2 � Ω_t

u_{tt}(t)u(t)dx + ϵ 2 |u_t(t)|^2 for all t ≥ 0.

Replacing u_{tt} by � ζ_0 + ζ_1 � Ω_t

|u_x|^2dx + � Ω_t

u_xu_{xt}dx � u_{xx} − u_{xxxx} − √ ρδu_t in the second term of right-hand side of the last identity above and using the definition of the function F yields, for all t ≥ 0

E^′_ϵ(t) + ϵF^′(t) = E^′(t) + ϵ 2 |u_t(t)|^2 − ϵ 2 � ζ_0 |u_x(t)|^2 + ζ_1 |u_x(t)|^4 + |u_{xx}(t)|^2 � . Hence, (2.35) and (2.37)_2 we obtain

E^′_ϵ(t) + ϵF^′(t) ≤ − ϵ 2 E(t) for all t ≥ 0.

(2.41)

Using the definitions of the functions E, E_ϵ and F it is easy to see that there exists a real positive constant ϑ_2 dependent only of ϵ such that E_ϵ(t) + ϵF (t) ≤ ϑ_2E(t) for all t ≥ 0.

(2.42) Thus, from inequalities (2.41) and (2.42) there exists a suitable real positive constant ω dependent of ϵ and ϑ_2 such that E^′_ϵ(t) + ϵF^′(t) − ω {E_ϵ(t) + ϵF (t)} ≤ 0 for all t ≥ 0.

Therefore, E_ϵ(t) + ϵF (t) ≤ {E_ϵ(0) + ϵF (0)} exp (−ωt) for all t ≥ 0.

Hence, and inequality (2.40) we can conclude that the inequality (2.36) holds. Thus, the demonstration of Theorem 2.3 is completed □

3. Flutter panel with linear-strong damping

3.1 Existence and uniqueness of solutions To reach our goal mentioned previously we consider in this section the initial data- and boundary- value problem

u_{tt}(x, t) − � ζ_0 + ζ_1 � Ω_t

|u_x(t)|^2dx + σ � Ω_t u_x(t)u_{xt}(t)dx � u_{xx}(x, t)+

(3.1)

u_{xxxx}(x, t) + νu_{xxxxt}(x, t) = 0 in Q_t,

u(x, 0) = u_0(x) and u_t(x, 0) = u_1(x) in Ω_0,

(3.2)

u(x, t) = u_x(x, t) = 0 on Σ_t.

(3.3)

22 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

The global solutions of the system (3.1)-(3.3) will be obtained if the initial data are bounded. The structure of the non-cylindrical domain Q_t has an important perform in this section. We will fix to follow the hypotheses necessary to state the results associated with the problem (3.1)-(3.3). The functions α, β, γ, and its derivatives, satisfying for all t ≥ 0, the following conditions ε = max � |α^′(t)|, |α^{′′}(t)|, |β^′(t)|, |β^{′′}(t)| � . (3.4)

γ^′(t) γ(t) ≤ ζ_1 σ , γ^′(t) γ(t) ≤ 1 16ν . (3.5)

As a consequence of (3.4) we have |γ^′(t)| ≤ 2ε, |γ^{′′}(t)| ≤ 2ε.

(3.6) We also assume that there exist real constants γ_0 and K_3 such that 0 < γ_0 ≤ γ(t) ≤ K_3.

(3.7)

ζ_0K^4_3 < 1 4 . (3.8)

Finally, we choose ε small enough such that ζ_1 4 ≥ εΓ_0, 1 16 ≥ εΓ_1, ν 8 ≥ εΓ_2 and 3 8 ≥ εΓ_3,

(3.9)

where Γ_0, Γ_1, Γ_2 and Γ_3 are defined in (3.37).

As done in the subsection 2.1, the function u is a solution of the mixed problem (3.1)-(3.3) if and only if v is a solution of the mixed problem v_{tt} + c_1(y, t)v_y + c_2(y, t)v_{yt}+

c_3(y, t)(t)v_{yy} + d_1(t) � � Ω |v_y|^2dy � v_{yy}+

d_2(t) � � Ω v_yv_{yt}dy � v_{yy} + � � Ω c_4(y, t)v_y v_{yy}dy � v_{yy}+

(3.10)

d_3(t)v_{yyyy} + c_5(y, t)v_{yyyyy} + d_4(t)v_{yyyyt} = 0 in Q, v(y, 0) = v_0(y), v_t(y, 0) = v_1(y) with 0 < y < 1,

(3.11) v(0, t) = v_y(0, t) = 0 for all t ≥ 0,

(3.12) v(1, t) = v_y(1, t) = 0 for all t ≥ 0, where the coefficients of equation (3.10) are given by

c_1(y, t) = 1 γ^2

{2γ^′ (α^′ + yγ^′) − γ (α^{′′} + yγ^{′′})} ,

c_2(y, t) = − 2 γ (α^′ + yγ^′) , c_3(y, t) = 1 γ^2 � (α^′ + yγ^′)^2 − ζ_0 � ,

c_4(y, t) = σ γ^4

(α^′ + yγ^′) , c_5(y, t) = − ν γ^5

(α^′ + yγ^′) ,

(3.13)

d_1(t) = 1 γ^4

(σγ^′ − ζ_1γ) , d_2(t) = − σ γ^3 , d_3(t) = 1 γ^5

(γ − 4νγ^′) , d_4(t) = ν γ^4 . Thus, we can state the first result of this section

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 23

Theorem 3.1. Under the hypotheses (3.4)-(3.9). If the initial data u_0, u_1 belong to H^2_0 (Ω_0) ∩ H^4(Ω_0), H^2_0 (Ω_0) respectively, and

ν^2γ^4(0) 32K^4_3 � �u_{0xxxx} � �^2 + ν^2

32K^4_3 � �u_{0xx} � �^2 + σγ(0) 4 � �u_{0x} � �^4+ (3.14) 1 4 � � � � α^′(0) + γ^′(0) γ(0) � x − α(0) � u_{0x} + u_1 � � �^2 < 1 4K_4 , then the unique weak solution u of the mixed problem (3.1)-(3.3) lies in

u ∈ L^∞ � 0, ∞; H^2_0 (Ω_t) ∩ H^4 (Ω_t) � , (3.15)

u_t ∈ L^∞ � 0, ∞; H^2_0 (Ω_t) � , (3.16)

u_{tt} ∈ L^2 � 0, ∞; H^{−2} (Ω_t) � . (3.17)

The equation (3.1) is verified in the sense of L^2 � 0, ∞; H^{−2} (Ω_t) � . The real positive constant K_4 is defined in (3.40).

As done before, the Theorem 3.1 is equivalent to

Theorem 3.2. Under the assumptions of Theorem 3.1, if α^′(0) = β^′(0) = 0 then v_0, v_1 belong to H^2_0 (Ω) ∩ H^4(Ω), H^2_0 (Ω) respectively,

K_4E_5(0) < 1 4 , (3.18)

and, in these conditions there exists a unique weak solution v of the mixed problem (3.10)-(3.12) lies in

v ∈ L^∞ � 0, ∞; H^2_0 (Ω) ∩ H^4(Ω) � , (3.19)

v_t ∈ L^∞ � 0, ∞; H^2_0 (Ω) � , (3.20)

v_{tt} ∈ L^2(0, ∞; H^{−2} (Ω)) .

(3.21)

The equation (3.10) is verified in the sense of L^2(0, ∞; H^{−2} (Ω)) and E_5(t) is defined by

E_5(t) = 1 4 |v_t(t)|^2 + σ 4γ^3(t)

|v_y (t)|^4 +

(3.22)

ν^2 32K^4_3 γ^4(t)

|v_{yy}(t)|^2 + ν^2 32K^4_3 γ^4(t)

|v_{yyyy}(t)|^2 .

Proof of Theorem 3.2 - Existence. We again will use the Galerkin’s method. But, that time we are going to work with the special basis built with eigenfunctions of the operator A = ∂_y^4 defined in H^2_0 (Ω) ∩ H^4(Ω). Thus, by V_m = [w_1, w_2, w_3, · · · , w_m] we will denote the subspace of H^2_0 (Ω) spanned by the m first eigenvectors of A. We will assume the initial data in V_m satisfy

v^m(y, 0) = v^m_0 −→ v_0 strongly in H^2_0 (Ω) ∩ H^4(Ω),

(3.23)

v^m_t (y, 0) = v^m_1 −→ v_1 strongly in H^2_0 (Ω).

24 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

For v^m(t) belongs to V_m we have, for all ϕ ∈ V_m, that the system of ordinary differential equations (v^m_{tt} (t), ϕ) + � c_1(y, t)v^m_y (t), ϕ � + � c_2(y, t)v^m_{yt}(t), ϕ � + � c_3(y, t)v^m_{yy}(t), ϕ � + d_1(t) � � Ω � �v^m_y (t) � �^2 dy � � v^m_{yy}(t), ϕ � + � � Ω c_4(y, t)v^m_y (t)v^m_{yy}(t)dy � � v^m_{yy}(t), ϕ � + (3.24)

d_2(t) � � Ω v^m_y (t)v^m_{yt}(t)dy � � v^m_{yy}(t), ϕ � + d_3(t) � v^m_{yyyy}(t), ϕ � + � c_5(y, t)v^m_{yyyyy}(t), ϕ � + d_4(t) � v^m_{yyyyt}(t), ϕ � = 0, v^m(y, 0) = v^m_0 and v^m_t (y, 0) = v^m_1 , has a local solution v^m provided that the hypothesis (3.23) holds. Again, throughout this subsection, we will write v instead of v^m. Our next task is to determine estimative on v sufficient to take the limit in the system (3.24).

• Estimate I. Substituting ϕ by v_t(t) into (3.24)_1, integrating by parts from the third to the tenth terms we get the following relations

(c_2(y, t)v_{yt}(t), v_t(t)) =

2γ^′(t) γ(t)

|v_t(t)|^2 ,

(c_3(y, t)v_{yy}(t), v_t(t)) = � 1 γ^2(t) � α^′(t) + yγ^′(t)

�_2

v_{yy}(t), v_t(t) � + ζ_0 2γ^2(t) d dt |v_y(t)|^2 ,

d_1(t) � � Ω |v_y(t)|^2 dy � (v_{yy}(t), v_t(t)) + � � Ω c_4(y, t)v_y(t)v_{yy}(t)dy � (v_{yy}(t), v_t(t)) = − 1 4 � − ζ_1γ(t) γ^4(t) + σγ^′(t) 2γ^4(t) � d dt |v_y(t)|^4 ,

d_2(t) � � Ω v_y(t)v_{yt}(t)dy � (v_{yy}(t), v_t(t)) = σ γ^3(t) � � Ω v_y(t)v_{yt}(t)dy

�_2

≥ 0,

d_3(t) (v_{yyyy}(t), v_t(t)) + d_4(t) (v_{yyyyt}(t), v_t(t)) = 1 2γ^5(t) � γ(t) − 4νγ^′(t) � d dt |v_{yy}(t)|^2 + ν γ^4(t)

|v_{yyt}(t)|^2 ,

(c_5(y, t)v_{yyyyy}(t), v_t(t)) = − � v_{yyyy}(t), νγ^′(t) γ^5(t) v_t(t) + ν γ^5(t) � α^′(t) + yγ^′(t)v_{yt}(t) � � . Thus, using the six precedents relations yields 1 2 d dt |v_t(t)|^2 + ζ_0 2γ^2(t) d dt |v_y (t)|^2 + 1 4 � ζ_1

γ^3(t) − σγ^′(t) 2γ^4(t) � d dt |v_y(t)|^4 + 1 2γ^5(t) � γ(t) − 4νγ^′(t) � d dt |v_{yy}(t)|^2 + ν γ^4(t)

|v_{yyt}(t)|^2 ≤

2|γ^′(t)| γ(t)

|v_t(t)|^2 + (c_1(y, t)v_y(t), v_t(t)) +

(3.25) � 1 γ^2(t) � α^′(t) + yγ^′(t) � v_{yy}(t), v_t(t) � + � v_{yyyy}(t), νγ^′(t) γ^5(t) v_t(t) + ν γ^5(t) � α^′(t) + yγ^′(t)v_{yt}(t) � � .

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 25

Using the hypotheses (3.4), (3.5), (3.7) and usual inequalities we get estimates for the right-hand side of (3.25). Thus, denoting by E_1(t) the function

E_1(t) = 1 2 |v_t(t)|^2 + ζ_0 2γ^2(t)

|v_y(t)|^2 +

(3.26)

1 4 � ζ_1

γ^3(t) − σγ^′(t) 2γ^4(t) � |v_y(t)|^4 + 1 2γ^5(t) � γ(t) − 4νγ^′(t) � |v_{yy}(t)|^2 ,

yields d dt E_1(t) + 1 γ^4(t) � ν 2 − 4εK^3_3 � |v_{yyt}(t)|^2 ≤

(3.27)

εC_0 γ^2(t)

|v_y (t)|^4 + εC_1 γ^4(t)

|v_{yy}(t)|^2 +

10νε^2 γ^6(t)

|v_{yyyy}(t)|^2 ,

where C_0 and C_1 depends on ζ_1, K_3, σ, ϵ, γ_0 and ζ_0, K_3, ν, ϵ, γ_0, respectively.

• Estimate II. Substituting ϕ by v(t) into (3.24)_1 and proceeding as in the estimate I and denoting by E_2(t) the function

E_2(t) = (v_t(t), v(t)) + ν 2γ^4(t)

|v_{yy}(t)|^2 + σ 4γ^3(t)

|v_y(t)|^4 ,

(3.28)

we can write d dt E_2(t) + ζ_0 γ^2(t)

|v_y(t)|^2 + 1 γ^4(t)

|v_{yy}(t)|^2 + ζ_1 γ(t)

|v_y(t)|^4 =

|v_t(t)|^2 +

6νγ^′(t) γ^5(t)

|v_{yy}(t)|^2 + σγ^′(t) 4γ^4(t) � 4γ^2(t) + 1 � |v_y(t)|^4 −

(c_2(y, t)v_{yt}(t), v(t)) − � 1 γ^2(t) � α^′(t) + yγ^′(t)

�_2

v_{yy}(t), v(t) � − (3.29) � v_{yyyy}(t), νγ^′(t) γ^5(t) v(t) + ν γ^5(t) � α^′(t) + yγ^′(t) � v_y (t) � . Using the hypotheses (3.4), (3.6), (3.7) and Poincarè’s inequality we obtain estimates for the right-hand side of (3.29) yielding d dt E_2(t) + ζ_0 γ^2(t)

|v_y(t)|^2 + 1 γ(t) � ζ_1 − εC_2 � |v_y(t)|^4 + 1 γ^4(t) �1 2 − εC_3 � |v_{yy}(t)|^2 ≤

(3.30) � 1 + 2ε^2K^2_3 � |v_{yyt}(t)|^2 + 1 4γ^4(t)

|v_{yyyy}(t)|^2 .

where C_2 and C_3 depends on K_3, σ, γ_0 and K_3, ν, ϵ, γ_0, respectively.

26 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

• Estimate III. Substituting ϕ by v_{yyyy}(t) into (3.24)_1, proceeding as in the estimates I and II and denoting by E_3(t) the function

E_3(t) = (v_t(t), v_{yyyy}(t)) + ν 2γ^4(t)

|v_{yyyy}(t)|^2 ,

(3.31)

we obtain d dt E_3(t) + 1 γ^4(t)

|v_{yyyy}(t)|^2 =

|v_{yyt}(t)|^2 +

11νγ^′(t) 2γ^5(t)

|v_{yyyy}(t)|^2 − (c_1(y, t)v_y(t), v_{yyyy}(t)) −

(c_2(y, t)v_{yt}(t), v_{yyyy}(t)) − (c_3(y, t)v_{yy} (t), v_{yyyy}(t)) −

d_1(t) � � Ω |v_y(t)|^2 dy � (v_{yy}(t), v_{yyyy}(t)) −

(3.32) � � Ω c_4(y, t)v_y (t)v_{yy}(t)dy � (v_{yy}(t), v_{yyyy}(t)) −

d_2(t) � � Ω v_y(t)v_{yt}(t)dy � (v_{yy}(t), v_{yyyy}(t)) .

Again, using the hypotheses (3.4), (3.6), (3.7), Poincarè’s inequality we obtain estimates for the right-hand side of (3.34), and this way yields d dt E_3(t) + 1 γ^4(t)

|v_{yyyy}(t)|^2 ≤ � 2ε � 17ε^2 + 8εK_3 + K^2_3 + 2ζ_0 � + 2ζ^2_0 � |v_{yy}(t)|^2 + � 1 + 8ε^2K^2_3 � |v_{yyt}(t)|^2 + ε γ^4(t)

� 11ν

γ_0 + 3 4γ_0 � |v_{yyyy}(t)|^2 + 1 γ^4(t) � ε � ζ_1 + σ � |v_{yy}(t)| |v_{yyyy}(t)| + σK_3 |v_t(t)| |v_{yyyy}(t)| � |v_{yy}(t)|^2 .

Applying Cauchy-Schwartz’s inequality in the last term of precedent inequality and making some modifications yields d dt E_3(t) + 1 γ^4(t) � 1 − ε

�11ν

γ_0 + 3 4γ_0 � |v_{yyyy}(t)|^2 ≤ � εC_4 + 2ζ^2_0 � |v_{yy}(t)|^2 + � 1 + 8ε^2K^2_3 � |v_{yyt}(t)|^2 +

(3.33)

1 2γ^4(t) � |v_t(t)|^2 + ε � ζ_1 + σ � |v_{yy}(t)|^2 + C_5 |v_{yyyy}(t)|^2 � |v_{yy}(t)|^2 ,

where C_4 and C_5 depende on ζ_0, K_3, ϵ, and ζ_1, K_3, σ, ϵ, respectively.

Multiplying the inequalities (3.30) and (3.33) for ν 8K^4_3 and, to the result it is added to the (3.27) yields d dt E_4(t) + ν 8K^6_3

� ζ_1 2 − ε � C_2 +

8K^6_3 C_0

νγ^2_0 � |v_y(t)|^4 + ν 8K^4_3 1 γ^4(t) � 1 8 − 2ζ^2_0 K^4_3 + 1 8 − ε � C_3 + C_4 +

8K^4_3 C_1

νγ^4_0 � |v_{yy}(t)|^2 +

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 27 1 γ^4(t) � ν 4 − ε K^2_3 � 4K^5_3 + νε � |v_{yyt}(t)|^2 +

(3.34) ν 8K^8_3 � 3 4 − ε �11ν

γ_0 + 3 4γ_0 + 80εK^4_3 γ^6_0 � |v_{yyyy}(t)|^2 + ν 8K^4_3 1 γ^4(t) � 1 4 − Λ(t) � |v_{yy}(t)|^2 ≤ 0,

where

E_4(t) = E_1(t) + ν 8K^4_3

E_2(t) + ν 8K^4_3

E_3(t),

(3.35)

Λ(t) = 1 2 � |v_t(t)|^2 + ε γ^4_0

(ζ_1 + σ) |v_{yy}(t)|^2 + C_5 |v_{yyyy}(t)|^2 � . (3.36)

Denoting by

Γ_0 = C_2 +

8K^6_3 C_0

νγ^2_0

, Γ_1 = C_3 + C_4 +

8K^4_3 C_1

νγ^4_0

(3.37)

Γ_2 = 1 K^2_3 � 4K^5_3 + νε � , Γ_3 = 11ν γ_0 + 3 4γ_0 + 80εK^4_3 γ^6_0 , and observing the hypotheses (3.8) and (3.9) we get from (3.24) that d dt E_4(t) + ν 8K^4_3 1 γ^4(t) �1 4 − Λ(t) � |v_{yy}(t)|^2 ≤ 0.

(3.38)

Our next task is to prove that

E_4(t) ≤ E_4(0) for all t ≥ 0.

(3.39)

In fact, from (3.22), (3.35) and (3.36) is not hard to see that there exist real positive constants K_4 and K_5 such that

Λ(t) ≤ K_5E_4(t) ≤ K_4E_5(t) for all t ≥ 0.

(3.40)

From (3.18) and (3.40) yields Λ(0) < 1 4 . Hence, as Λ(t) is continuous on [0, ∞[ then there exists a positive t_m such that

Λ(t) < 1 4 for all t ∈ [0, t_m[.

(3.41)

From (3.41) we affirm that there exists t^∗ such that

Λ(t) < 1 4 for all t ∈ [0, t^∗[.

(3.42)

Besides, we suppose that

Λ(t^∗) = 1 4 . (3.43)

28 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Thus, integrating (3.38) from 0 to t^∗ and in addition observing (3.42) yields E_4(t^∗) ≤ E_4(0).

(3.44) From (3.40), (3.44) and (3.18) yields

Λ(t^∗) ≤ K_5E_4(t^∗) ≤ K_5E_4(0) ≤ K_4E_5(0) < 1 4 . (3.45)

Thus, from (3.43) and (3.45) we obtain a contradiction → � ← . Therefore, we have that (3.39) is true.

On the other hand, the constant ν 8K^4_3 is such that 1 4 |v_t(t)|^2 + ν^2 32K^4_3 γ^4(t)

|v_{yy}(t)|^2 + ν^2 32K^4_3 γ^4(t)

|v_{yyyy}(t)|^2 ≤ 1 2 |v_t(t)|^2 + ν 8K^4_3

(v_t(t), v(t)) + ν 8K^4_3

(v_t(t), v_{yyyy}(t)) +

(3.46)

ν^2 16K^4_3 γ^4(t)

|v_{yy}(t)|^2 + ν^2 16K^4_3 γ^4(t)

|v_{yyyy}(t)|^2 .

In fact, using the hypothesis (3.7), the inequality (3.46) is a consequence of ν 8K^4_3

(v_t(t), v(t)) ≥ − 1 8 |v_t(t)|^2 − ν^2 32K^4_3 γ^4(t)

|v_{yy}(t)|^2 , ν 8K^4_3

(v_t(t), v_{yyyy}(t)) ≥ − 1 8 |v_t(t)|^2 − ν^2 32K^4_3 γ^4(t)

|v_{yyyy}(t)|^2 .

Using the left-hand side of (3.46) we define the function E_6(t) by

E_6(t) = 1 4 |v_t(t)|^2 + ν^2 32K^4_3 γ^4(t)

|v_{yy}(t)|^2 + ν^2 32K^4_3 γ^4(t)

|v_{yyyy}(t)|^4 .

(3.47)

From (3.47), (3.46), (3.35), (3.22), (3.5) and neglecting some positive terms we obtain E_4(t) ≥ E_5(t) ≥ E_6(t).

(3.48) Thus, from (3.39) and (3.48) yields (v^m) is bounded in L^∞ � 0, ∞; H^4(Ω) � , (3.49) (v^m_t ) is bounded in L^∞ � 0, ∞; L^2(Ω) � . Integrating with respect to t the inequalities (3.34) we can see without difficulty that (v^m_t ) is bounded in L^2 � 0, ∞; H^2(Ω) � . (3.50)

From (3.49) and (3.50) we can take the limit in the approximate solutions of the system (3.24). It is made by a similar way of subsection 2.1, and the limit solution v is got in the weak sense of distributions. Still, from (3.49)_1 and (3.50) we can affirm that v_{yyyyy} and v_{yyyyt} belong to L^2 � 0, ∞; H^{−1}(Ω) � and L^2 � 0, ∞; H^{−2}(Ω) � respectively. Hence, we can conclude that (3.10) is verified in the sense of L^2 � 0, ∞; H^{−2}(Ω) � . Consequently (3.21) is verified, and (3.19), (3.20) are guaranteed by (3.49)_1 and (3.50) respectively.

The uniqueness is obtained by energy’s methods. This way the demonstration of Theorem 3.2 is concluded. Finally, as said before, the demonstration of Theorem 3.1 is established via Theorem 3.2 and (1.7) □

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 29

3.2 Asymptotic behavior We start this subsection pointing out the difficulty to establish the asymptotic behavior of energy directly inside of the non-cylindrical domain. In fact, taking the scalar product on L^2(Ω_t) of both sides of (3.1) with u_t, integrating by parts, assuming the hypothesis (2.31)_2, and observing the boundary conditions we get d dt E(t) ≤ u_{xxt}u_{xt} � �^{β(t)}

α(t)

− ν |u_{xxt}(t)|^2 for all t ≥ 0,

(3.51)

where

E(t) = 1 2 � |u_t(t)|^2 + ζ_0 |u_x(t)|^2 + ζ_1 2 |u_x(t)|^4 + |u_{xx}(t)|^2 � . (3.52)

Note that the term of greater order in the energy has two spacial derivatives, while the pointwise term in (3.51) has three. Thus, is not easy to build a Lyapunov functional as made in the subsection 2.2. Therefore, we initially will show the exponential decay of the energy associated with the solution v guaranteed by Theorem 3.2.

Lemma 3.1. If v is the solution of the system (3.10)-(3.12), then

E_5(t) ≤ K_6 exp � − t Υ � for all t ≥ 0,

(3.53)

where E_5(t) is defined in (3.22), K_6 = E_4(0), and Υ is real positive constant determinate in (3.61).

Proof. The inequalities (3.53) will be obtained as limit of the approximate solutions v^m. The convergence obtained in the proof of Theorem 3.2 allow us to conclude such result. Therefore, we will also denote henceforth the function v^m by v. From (3.34) and (3.9) we have for all t ≥ 0 that d dt E_4(t) + νζ_1 32K^6_3

|v_y(t)|^4 + ν 128K^4_3 γ^4(t)

|v_{yy}(t)|^2 +

(3.54) ν 8γ^4(t)

|v_{yyt}(t)|^2 + 3ν 64K^8_3

|v_{yyyy}(t)|^2 ≤ 0.

On the other hand, observing that ν 128K^4_3 γ^4(t) = ν 256K^4_3 γ^4(t) + ν 256K^4_3 γ^4(t)

, and by Poicarè’s inequality we get the following inequalities

1 2 |v_t(t)|^2 ≤ Υ_0 ν 8γ^4(t)

|v_{yyt}(t)|^2 where Υ_0 =

4K^4_3 ν . (3.55)

ζ_0 2γ^2(t)

|v_y(t)|^2 ≤ Υ_1 ν 256K^4_3 γ^4(t)

|v_{yy}(t)|^2 and Υ_1 =

128ζ_0K^6_3 ν . (3.56)

� ζ_1 4γ^3(t) − σγ^′(t) 8γ^4(t) + ν 8K^4_3 σ 4γ^3(t) � |v_y(t)|^4 ≤ Υ_2 νζ_1 32K^6_3

|v_y(t)|^4 ,

(3.57)

30 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

where Υ_2 =

K^3_3 νζ_1γ^4_0 � 8ζ_1K^4_3 + 4K^3_3 σε_0 + νσ � and ε_0 = inf_{t≥0} |γ^′(t)| .

� ν2 16K^4_3 γ^4(t) + 1 2γ^5(t) � γ(t) − 4νγ^′(t) � |v_{yy}(t)|^2 ≤

Υ_3 ν 256K^4_3 γ^4(t)

|v_{yyy}(t)|^2 where

(3.58)

Υ_3 =

K_3 νγ_0 � ν^2 + 8K^4_3 + 32νε_0K^3_3 � . From similar way we can affirm that there exist real positive constants Υ_4 and Υ_5 such that ν 8K^4_3 � (v_t(t), v(t)) + (v_t(t), v_{yyyy}(t)) + ν γ^4(t)

|v_{yyyy}(t)|^2 � ≤ (3.59)

Υ_4 |v_{yyt}(t)|^2 + Υ_5 3ν 64K^2_3

|v_{yyyy}(t)|^2

From (3.55)-(3.59) and (3.35) we can write

E_4(t) ≤ Υ νζ_1 32K^6_3

|v_y(t)|^4 + Υ ν 128K^4_3 γ^4(t)

|v_{yy}(t)|^2 +

(3.60) Υ ν 8γ^4(t)

|v_{yyt}(t)|^2 + Υ 3ν 64K^8_3

|v_{yyyy}(t)|^2 ,

where

Υ = max � Υ_0, Υ_1, Υ_2, Υ_3, Υ_4, Υ_5, � . (3.61)

From (3.54) and (3.60) we obtain d dt E_4(t) + 1 Υ E_4(t) ≤ 0 for all t ≥ 0.

It implies that

E_4(t) ≤ E_4(0) exp � − t Υ � for all t ≥ 0.

(3.65)

Using (3.46) and the definitions of E_4(t) and E_5(t) in (3.35) and (3.22) respectively, we obtain E_4(t) ≥ E_5(t) for all t ≥ 0.

Hence, we conclude (3.53) □

To conclude this subsection we will prove that the energy of the system (3.1)- (3.3) given by (3.52) has the same behavior of the function E_5(t), i.e., Theorem 3.3. If u is the solution of the system (3.1)-(3.3), then

E(t) ≤ K_7 exp � − t Υ � for all t ≥ 0,

(3.63)

FLUTTER PANEL EQUATION IN NON CYLINDRICAL DOMAIN 31

where E(t), K_7 and Υ are defined in (3.52), (3.69) and (3.61) respectively.

Proof. From (1.7) we have

u_t = v_t − 1 γ � α^′ + yγ^′ � v_y, ∂^i_xu = 1 γ^i

∂^i_yv for i ∈ N.

(3.64)

From (3.64)_1 we obtain

|u_t(x, t)|^2_R ≤ 2 |v_t(y, t)|^2_R + 2 γ^2(t) � |α^′(t)| + |γ^′(t)|

�_2 |u_y(y, t)|^2_R .

Integrating this inequalities from α(t) to β(t) and observing that y =^{x−α(t)}_{γ(t)} and dy =^1_{γ(t)} dx then we get by using (3.4), (3.6) and (3.7) that

|u_t(t)|^2_L2_{(Ωt )} ≤ 2K_3 |v_t(t)|^2_L2_{(0,1)} +

18ε^2 γ^2_0

|v_y(t)|^2_{L2(0,1)} .

(3.65)

Using (3.64)_2 and repeating the same arguments above we get � �∂^i_xu � �^2 L^2(Ω_t) ≤ 1 γ^i_0 � �∂^i_yv � �^2_{L2(0,1)} for i ∈ N.

(3.66)

From (3.5), (3.7) and definition of E_5(t) we obtain

E_5(t) ≥ 1 4 |v_t(t)|^2 + σ 4K^3_3

|v_y(t)|^2 +

(3.67)

ν^2 64K^8_3

|v_y (t)|^4 + ν^2 64K^8_3

|v_{yy}(t)|^2 .

Using (3.65), (3.66) and observing the definition of E(t) in (3.52) yields

E(t) ≤ K_3 |v_t(t)|^2 +

� 9ε2

γ^2_0 + ζ_0 2γ_0 � |v_y(t)|^2 +

(3.68)

ζ_1 4γ^3_0

|v_y(t)|^4 + 1 2γ^3_0

|v_{yy}(t)|^2 .

From (3.53), (3.67) and (3.68) we obtain (3.63) where

K_7 = K_6 � 4K_3 +

� 9ε2 γ^2_0 + ζ_0 2γ_0

� 4K4_3 σ + 16ζ_1K^5_3 ν^2 + 32K^5_3 ν^2 � . (3.69)

Thus, the proof of Theorem 3.3 is completed □ Acknowledgment. This article was ended when the first author was teacher visitor of DM-UFPI, under the sponsorship of the CAPES. He is very thankful to UFPI and the colleagues for invitation and for hospitality.

32 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

References

[1] Arosio, A., Spagnolo, S., Global solution of the Cauchy problem for a nonlinear hyperbolic equation, Nonlinear Partial Diff. Eq. and their Applications, Collège de France Seminar, (ed. by H. Breziz and J. L. Lions), Pitman, London 6 (1984).

[2] Ball, J. M., Initial-boundary value problems for an extensible beam, J. Math. Analysis and Applications 42 (1973), 61-90.

[3] Biler, P., Remark on the decay for damped string and beam equations, Nonlinear Analysis 10 (1986), 839-842.

[4] Brito, E. H., Decay estimates for generalized damped extensible string and beam equations, Nonlinear Analysis 8 (1984), 1489-1496.

[5] Clark, H. R., Global classical solutions to the Cauchy problem for a nonlinear wave equation, Internat. J. Math. & Math. Sci. 21, 3 (1998), 533-548.

[6] Clark, H. R., Asymptotic and smoothness properties of a nonlinear equation with damping, Communication and Applied Analysis 4, 3 (2000), 321-337.

[7] Dickey, R. W., The initial value problem for a nonlinear semi-infinite string, Proceeding of the Royal Society of Edinburgh 82, A (1978), 19-26.

[8] Dix, J. G., Decay of solutions of a degenerate hyperbolic equation, Electronic Journal of Differential Equations 1998 (1998), 1-10.

[9] Dowell, E. H., Aeroelasticity of plates and shells, Groninger, NL, Noordhoff Int. Publishing Co. (1975).

[10] Ferrel, J. L. & Medeiros, L. A., Kirchhoff-Carrier elastic strings in non-cylindrical domains, Portugaliae Mathematica 56, 4 (1999), 465-500.

[11] Holmes, P. & Marsden, J.E., Bifurcation to divergence and flutter flow induced oscillations; an infinite dimensional analysis, Automatica 14 (1978).

[12] Hughes, T. J. & Marsden, J.E., Mathematical foundation of elasticity, Englewood C.

Prentice-Hall (1983).

[13] Kirchhoff, G., Vorlesungen über mechanik, Tauber, Leipzig (1883). [14] Matos, M. P. & Pereira, D. C., On a hyperbolic equation with strong damping, Funkcialaj Ekvacioj 34 (1991), 303-311.

[15] Medeiros, L. A., On a new class of nonlinear wave equations, Journal of Mathematical Analysis and Applications 69, 1 (1979), 252-262.

[16] Medeiros, L. A., Ferrel, J. L. & Menezes, S. B., Vibrations of elastic strings - Mathematical aspects I and II, J. Computational Analysis and Applications (june, 2002), To appear.

[17] Nirenberg, L., Remarks on strongly elliptic partial differential equations, Comm. Pure Applied Math. 8 (1977), 648-674.

[18] Pereira, D. C., Existence, uniqueness and asymptotic behavior for solutions of the nonlinear beam equation, Nonlinear Analysis 8 (1990), 613-623.

[19] Pohozaev, S. I., On a class of quasilinear hyperbolic equations, Nonlinear Analysis 25 (Math. USSR Sbornik), 145-158.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 33–42.

Submitted: September 20, 2002. Published: July 1 2003.

ON THE ZEROS OF THE RIEMANN ξ-FUNCTION

George Csordas and Chung-Chun Yang

Abstract. Necessary and sufficient conditions for the validity of the Riemann Hypothesis are established in terms of the sum of the reciprocal squares of the zeros of the Riemann ξ-function. Numerical work, in conjunction with density estimates, involving the first 100,000 zeros of the Riemann ξ-function are presented.

A.M.S. (MOS) Subject Classification Codes. 30D10, 30D15, 30C15

Key Words and Phrases. Zeros of the Riemann ξ-function, Riemann Hypothesis

1. Introduction. This paper is motivated by a recent result of P. C. Hu dealing with the Riemann Hypothesis. After a brief review of the standard terminology and notation adopted in the theory of the Riemann zeta function (Section 2), we proffer a new proof of Hu’s theorem (Theorem 2.2). This theorem provides a necessary and sufficient condition for the validity of the Riemann Hypothesis in terms of the sum of the reciprocal squares of the zeros of the Riemann ξ-function. We also prove an analogous theorem (Theorem 2.3) using the Fourier integral representation of the Riemann ξ-function. In Section 3, we elucidate the aforementioned theoretical results by means of concrete examples involving the first 100,000 zeros the Riemann ξ-function. With the aid of a refinement of the Riemann–von Mangoldt formula (see Backlund’s density theorem, Theorem 3.1), we are able to estimate the tail end of the series of the sum of the reciprocal squares of the zeros (Lemma 3.2 and Proposition 3.3). The paper ends with an open problem pertaini! ng to the distribution of zeros of a a real entire function related to the Riemann ξ-function.

2. The zeros of the Riemann ξ-function. The function, ζ(s), is defined for σ = Re s > 1 by the simplest of Dirichlet series, the series

(2.1) ζ(s) := ∞� n=1 1 n^s

(s = σ + it).

George Csordas, Department of Mathematics, University of Hawaii, Honolulu, HI 96822 E-mail Address: george@math.hawaii.edu Chung-Chun Yang,Department of Mathematics, Hong Kong University of Science & Technology, Clear Water Bay, Kowloon, Hong Kong E-mail Address: mayang@ust.hk © 2003 Cameron University

Typeset by AMS-TEX 33

34 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

This Dirichlet series is convergent for Re s = σ > 1 and is uniformly convergent for σ ≥ σ_0 > 1. The function ζ(s) admits analytic (meromorphic) continuation to the entire complex plane where its only singularity is a simple pole at s = 1 with residue 1 ([15, p. 13]) For general information about ζ(s) we refer the reader to the excellent monographs [10], [11], [12], [14] and [15]. The functional equation (for the zeta function) can be expressed in a number of different ways (cf. [15, p. 13, p. 16] or [11, p. 8]):

(2.2) ζ(s) = 2^sπ^{s−1} sin

� πs 2 � Γ(1 − s)ζ(1 − s) (s ∈ C)

or, for example, in the symmetric form

(2.3) π^{−s/2}Γ � s 2 � ζ(s) = π^{−(1−s)/2}Γ � 1 − s 2 � ζ(1 − s).

The Riemann ξ-function defined by the formula

(2.4) ξ(s) := 1 2 s(s − 1)π^{−s/2}Γ � s 2 � ζ(s)

satisfies the relation ξ(s) = ξ(1 − s) which is equivalent to (2.3). Now it is known that ξ(s) is an entire function of order 1 and of maximal type ([15, p. 29] or [12, p. 20].

The non-real (non-trivial) zeros of ζ(s), {ρ_k}^∞_{k=1}, are the zeros of ξ(s) and these zeros all lie in the critical strip 0 ≤ σ ≤ 1. (The “trivial zeros” of ζ(s), −2, −4, −6, · · · , are not zeros of ξ(s) since they are cancelled by the poles of Γ(s/2).) Now, ζ(s) (and a fortiori ξ(s)) has an infinite number of zeros in the critical strip ([15, p. 30] and the Riemann Hypothesis is the assertion that the non-trivial zeros of ζ(s) (that is, the zeros of ξ(s)) all lie on thecritical line Re s = σ = 1/2. Since ζ(s) is real on the real axis, ξ(s) = ξ(s), and whence ρ is a zero of ξ(s) whenever ρ is. Also, by the functional equation ξ(s) = ξ(1 − s), if ρ is a zero of ξ(s), then 1 − ρ and 1 − ρ are also zeros of ξ(s). Thus, the zeros of ξ(s) are situated symmetrically with respect to the lines Im s = 0 and Re s =^1_2 .

Since ξ(s) is an entire function of order 1, and ξ(0) = −ζ(0) =^1_2 , the Hadamard factorization theorem gives (cf. [15, p. 30]) for all s ∈ C

(2.5) ξ(s) = 1 2 e^{B0 s} � ρ � 1 − s ρ � e^{s/ρ}, � � ρ 1 |ρ|^2 < ∞ � , where the product extends over all the zeros of ξ(s) and B_0 is the constant

(2.6) B_0 := 1 2 log 4π − 1 − 1 2 γ, where γ := lim_{n→∞}

�_n � k=1 1 k − log n �

and where γ is Euler’s constant (γ = −Γ^′(1) = 0.577 215 664 · · · ). Remark 2.1. In 1896, Hadamard and de la Vallée-Poussin proved independently that ζ(s) has no zeros on the line Re s = σ = 1 ( [15, p. 45] or [12, p. 25]). Moreover, Hardy proved in 1914 that ζ(s) has an infinite number of zeros on the critical line Re s = σ =^1_2 . Thus, the zeros of ξ(s) all lie in the open critical strip 0 < σ < 1 and ξ(s) has an infinite number of zeros on the critical line σ =^1_2 .

ON THE ZEROS OF THE RIEMANN ξ-FUNCTION 35

Theorem 2.2 (Hu [9, Theorem 2]). Let ρ_k =^1_2 + iγ_k, (k = 1, 2, 3 . . . ), 0 < γ_k ≤ γ_{k+1} ≤ · · · , denote the zeros of ξ(s) (that is, the nontrivial zeros of ζ(s) on the critical line in the upper half-plane Im s > 0). Then the Riemann Hypothesis is true if and only if

(2.7) ∞� k=1 1 1 4 + γ^2_k

= 1 + γ 2 − 1 2 log(4π),

where γ (without a subscript) denotes Euler’s constant.

Proof. In view of the Hadamard factorization of ξ(s) ((2.5)), logarithmic differentiation yields (2.8) ξ^′(s) ξ(s)

= B_0 + � ρ � 1 s − ρ + 1 ρ � and − ξ^′(1 − s) ξ(1 − s)

= −B_0 − � ρ � 1 1 − s − ρ + 1 ρ � ,

where B_0 is defined by (2.6), ρ extends over all the zeros of ξ(s), and the series converge uniformly on compact subsets of the plane punctured at the zeros of ξ(s). Since ξ(s) = ξ(1 − s), ξ^′(s) ξ(s) = − ξ^′(1 − s) ξ(1 − s) and so by (2.8) we have

(2.9) � ρ � 1 s − ρ + 1 ρ � + � ρ � 1 1 − s − ρ + 1 ρ � = −2B_0.

Setting s = 0 in (2.9), yields

(2.10) � ρ � 1 1 − ρ + 1 ρ � = −2B_0.

Since the zeros of ξ(s) are situated symmetrically with respect to the lines Im s = 0 and Re s = 1/2, we can express (2.10) in the form

−2B_0 = � Im ρ>0 � 1 1 − ρ + 1 ρ + 1 1 − ρ + 1 ρ � = 2 � Im ρ>0 � 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 �

=2 � Re ρ=1/2, Im ρ>0 � 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 � + 2 � Re ρ≠1/2, Im ρ>0 � 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 �

=2 ∞� k=1 1 1 4 + γ^2_k + 2 � Re ρ≠1/2, Im ρ>0 � 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 � .

Thus, if we set S := {ρ | ξ(ρ) = 0, Re ρ ≠^1_2 , Im ρ > 0}, we have (using (2.6)),

(2.11) ∞� k=1 1 1 4 + γ^2_k + � ρ∈S � 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 � = 1 + γ 2 − 1 2 log(4π),

where we adopt the usual convention that any sum over the empty set is zero. Now, if the Riemann Hypothesis is valid, then S = ∅ in (2.11) and so (2.7) holds.

36 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Conversely, suppose that (2.7) holds. If the Riemann Hypothesis is false, then S ≠ ∅. But then, since Re ρ > 0 and 1 − Re ρ > 0 for ρ ∈ S (cf. Remark 2.1), the second summand on the left-hand side of (2.11) is positive. This contradicts (2.7) and thus, if (2.7) holds, then the Riemann Hypothesis is true. □

In the foregoing proof, it was convenient to evaluate the sum in (2.9) at s = 0. We remark that any other fixed value of s could have been used to carry out the proof.

We next establish another necessary and sufficient condition, analogous to Theorem 2.2, for the validity of the Riemann Hypothesis. To this end, we recall that the Riemann Ξ-function admits the Fourier integral representation (see, for example, [15, p. 255] or [3])

(2.12) H(x) := 1 8 Ξ � x 2 � = �_∞ 0 Φ(t) cos(xt) dt

where Ξ(x) := ξ(^1_2 + ix) ([15, p. 16]) and

(2.13) Φ(t) := ∞� n=1 � 2π^2n^4e^{9t} − 3πn^2e^{5t} � exp � −πn^2e^{4t} � (t ∈ R).

The Riemann Hypothesis is the statement that all the zeros of H(x) are real. (We mention here parenthetically that Riemann stated his hypothesis in terms of the reality of the zeros of the Ξ-function, see, for example, [10, Appendix, pp 299–305] for a translation of Riemann’s famous memoir “Ueber die Anzahl der Primzahlen unter einer gegebene Grösse”.) For the various properties of Φ(t) we refer the reader to [3, Theorem A] and [7, Theorem 2.1]. Now, H(x) is an even, real entire function of order 1 (and of maximal type) all of whose zeros lie in the horizontal strip | Im z| < 1. Thus, if z = α + iβ (| Im β| < 1) is a zero of H(x), then −α + iβ, −α − iβ and α − iβ are also zeros of H(x). Since H(x) =^1_8 Ξ

�_x 2 � =^1_8 ξ(^1_2 + i^x_2 ), we

see that the zeros of ξ(s) on the critical line are precisely of the form 1 2 + i x_j 2 , where x_j is a real zero of H(x). Hence, if x_j is a real zero of H(x) in the right half-plane, then x_j = 2γ_j , where ρ_j =^1_2 + iγ_j is a zero of ξ(s) on the critical line in the upper half-plane, Im s > 0. Finally, we also note that the Taylor series expansion of H(x) about the origin can be written in the form

(2.14) H(x) = ∞� k=0 (−1)^kb_k (2k)!

x^{2k},

where the b_k’s are the moments defined by

(2.15) b_k =

�_∞ 0 t^{2k}Φ(t) dt, k = 0, 1, 2, . . . .

Preliminaries aside, we are now in position to prove the following analog of Theorem 2.2.

ON THE ZEROS OF THE RIEMANN ξ-FUNCTION 37

Theorem 2.3. Let {x_j }^∞_{j=1}, 0 < x_1 ≤ x_2 ≤ · · · , denote the real zeros of H(x) in the right half-plane. Then the Riemann Hypothesis is true if and only if

(2.16) ∞� j=1 1 x^2_j = b_1 2b_0 or ∞� j=1 1 γ^2_j = 2b_1 b_0

where b_k denotes the k^{th} moment of Φ(t) defined in (2.15) and x_j = 2γ_j (j = 1, 2, 3 · · · ).

Proof. By the Hadamard factorization theorem H(z) can be represented in the form

(2.17) H(z) = H(0) ∞� k=1 � 1 − z^2 z^2_k � , �_∞ � k=1 1 |z_k|^2 < ∞ � , where H(0) > 0 (since Φ(t) > 0 for all t ∈ R) and where the zeros of H(z) are numbered according to increasing moduli, i.e., 0 < |z_1| ≤ |z_2| ≤ · · · . Now let S := {z_k = α_k + iβ_k | H(z_k) = 0, Im β_k ≠ 0} and let {x_j }^∞_{j=1}, denote the real zeros of H(x) in the right half-plane. Then (2.17) can be expressed in the form

(2.18) H(z) = H(0) ∞� j=1 � 1 − z^2 x^2_j � � z_k ∈S � 1 − z^2 z^2_k � , where the product over the zeros in S is defined to be 1, if S is the empty set. Now using (2.18), a calculation shows that the derivative of the logarithmic derivative of H(z) is (2.19) H(z)H^{′′}(z) − (H^′(z))^2

(H(z))^2 = − ∞� j=1 � 1 (z − x_j )^2 + 1 (z + x_j )^2 � − � z_k ∈S � 1 (z − z_k)^2 + 1 (z + z_k)^2 � . Next, using (2.15), (2.19) and the fact that H(z) is an even function (so that H^′(0) = 0), we find that

(2.20) � H^′ H �_′

(0) =

H^{′′}(0) H(0) = − b_1 b_0 . On the other hand, setting z = 0 in (2.19), we obtain � H^′ H �_′ (0) = −2 ∞� j=1 1 x^2_j − 2 � α_k +iβ_k ∈S Im β_k >0

� α^2_k − β^2_k |α_k + iβ_k|^4 �

or (using (2.20))

(2.21) ∞� j=1 1 x^2_j + � α_k +iβ_k ∈S Im β_k >0

α^2_k − β^2_k |α_k + iβ_k|^4 = b_1 2b_0 .

But if S ≠ ∅, then the second summand on the left-hand side of (2.21) is positive since all the zeros of H(z) lie in the strip |Im z| < 1 and H(z) has no zeros ([15, p. 389] or see Section 3 below) in the closed unit square centered at the origin. Thus, we infer from (2.21) that the Riemann Hypothesis is true if and only if (2.16) holds. □

38 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

3. Some numerical calculations and density considerations.

With the advent of fast computers there has been a fruitful interplay between mathematical analysis and high-precision computations. In this section our goal is merely to indicate some numerical work pertaining to Theorem 2.2 and Theorem 2.3. All the calculations reported here have been carried out on a Sun Ultra 5 workstation using Mathematica 4.0.1. As before, we let 0 < γ_1 ≤ γ_2 ≤ · · · denote the ordinates of the zeros of ξ(s) on the critical line in the upper halfplane Re s > 0. Now it is known that the first 1.5 × 10^9 zeros of ξ(s) lie on the critical line [13]. Thanks to Dr. A. M. Odlyzko, the first 100, 000 zeros of the Riemann zeta function, accurate to within 3 × 10^{−9}, are available on the internet (http : //www.dtc.umn.edu/ odlyzko/zeta tables/). Also, we gratefully acknowledge Dr. H. J. J. te Riele for providing one of the authors with the first 500 moments (see the b_k’s defined by (2.15)) accurate to within 200 places. (These moments have also been calculated in the Department of Mathematical sciences at Kent State University, using extended-precision floating-point numbers and 110 digits of precision [3, Table 4.1].)

To begin with, it may be of interest to list here a few values of the γ’s: γ_1 = 14.134 725 · · · , γ_{10,000} = 9877.782 654 · · · , γ_{20,000} = 18046.464 296 · · · , γ_{100,000} = 74920.827 498 · · · . Next, set

s_n := n� k=1 1 1 4 + γ^2_k and τ_n := n� j=1 1 γ^2_j . Thus, by Theorem 2.2, if the Riemann Hypothesis is valid, then

(3.1) s_∞ = 1 + γ 2 − 1 2 log(4π) = 0.023 095 708 · · · .

Also, by Theorem 2.3, if the Riemann Hypothesis is valid, then

(3.2) τ_∞ = 4( b_1 2b_0

) = (

2b_1 b_0

) = 0.023 104 993 · · · ,

where we recall that the x_j ’s in Theorem 2.3 are related to the γ_j ’s by x_j = 2γ_j and where (cf. [5, Lemma 4.1])

b_0 = 0.023 073 645 · · · and b_1 = 0.000 717 873 · · · .

On the other hand, using the values of the γ_k’s, 1 ≤ k ≤ 100, 000, made available by Dr. Odlyzko, we find that

(3.3) s_{100,000} = 0.023 073 645 · · · and τ_{100,000} = 0.023 082 929 · · · ,

where we have used several “flags” and procedures (which we will not detail here) in an attempt to control the round-off errors. Thus, with the remainders defined by (3.4) R_n(s) := s_∞ − s_n and R_n(τ) := τ_∞ − τ_n,

we find (using (3.1), (3.2) and (3.3)) that (3.5) R_{100,000}(s) = 2.206 306 · · · × 10^{−5} and R_{100,000}(τ) = 3.134 776 · · · × 10^{−5}.

ON THE ZEROS OF THE RIEMANN ξ-FUNCTION 39

It may be of interest to combine the foregoing numerical results with certain theoretical estimates involving the density of the (non-trivial) zeros of Riemann zeta function. Let N(T ) (T > 0) denote the number of zeros of the Riemann zeta function ζ(s), where s = σ + it, in the rectangle 0 ≤ σ ≤ 1 and 0 ≤ t ≤ T . The distribution of zeros can then be studied with the aid of formulae involving N(T ). Perhaps the best known such formula is the Riemann–von Mangoldt formula, that is, N(T ) = T 2π log � T 2π � − T 2π + O(log T ) (as T → ∞). We will use the following refinement of the Riemann–von Mangoldt formula that was proved by Backlund in 1918 [10, p. 134] or [4, Theorem C].

Theorem 3.1. (Backlund’s Density Theorem, [1]) N(T ) satisfies

(3.6) N(T ) = T 2π log � T 2π � − T 2π + 7 8 + e(T ),

where

(3.7) |e(T )| < U(T ) := 0.137 log T + 0.443 log log T + 4.35 (T ≥ 2).

Lemma 3.2. Let

(3.8) q(T ) := 1 2π � (T + 1) log � 1 + 1 T � − 1 − log 2π � . Then for all T ≥ T_0 ≥ 2

(3.9) N(T + 1) − N(T ) ≤ � 1 2π + q(T_0) log T + 2U(T_0 + 1) log T_0 � log T,

where N(T ) and U(T ) are defined by (3.6) and (3.7) respectively. Proof. Let f(T ) := T 2π log � T 2π � − T 2π + 7 8 . Then algebraic simplifications yield

f(T + 1) − f(T ) = log T 2π + q(T ).

Since U(T ) > 0 and U(T ) is increasing for all T ≥ T_0 ≥ 2, we obtain the following upper estimate (with e(T ) given by (3.6)) (3.10) N(T + 1) − N(T ) = f(T + 1) − f(T ) + e(T + 1) − e(T ) ≤ log T 2π + q(T ) + 2U(T + 1).

Now elementary, albeit somewhat involved, considerations show that the function U(T + 1)/ log T is a decreasing function for T ≥ 2. Also, since q(T ) < 0 and q^′(T ) < 0, using (3.10) we obtain the desired inequality (3.9). □

40 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proposition 3.3. Let ρ_k =^1_2 + iγ_k, (k = 1, 2, 3 . . . ), 0 < γ_k ≤ γ_{k+1} ≤ · · · , denote the zeros of ξ(s) on the critical line in Im s > 0. Fix a positive integer m and let T_0 = [γ_m], where [x] denotes the greatest integer ≤ x. Then

(3.11) ∞� j=m 1 γ^2_j

≤ C_1

1 + log(T_0 − 1) T_0 − 1 + C_2 T_0 − 1 ,

where

(3.12) C_1 := C_1(T_0) = 1 2π + 2U(T_0 + 1)

log T_0 and C_2 := C_2(T_0) = q(T_0),

and the functions U and q are defined by (3.7) and (3.8), respectively. Proof. By Lemma 3.2 and the integral test, we obtain the estimates ∞� j=m 1 γ^2_j ≤ ∞� j=T_0 � j≤γ_k <j+1 1 γ^2_k ≤ ∞� j=T_0

N(j + 1) − N(j) j^2 ≤ ∞� j=T_0

log j j^2 � C_1 +

C_2 log j �

≤C_1

�_∞

T_0 −1

log v v^2 dv + C_2

�_∞

T_0 −1 dv v^2

=C_1

1 + log(T_0 − 1) T_0 − 1 + C_2 T_0 − 1 . □ In light of Theorem 2.3, it would be of interest to evaluate the sum

�_m j=1 1 γ^2_j

(3.11) for various “large” values of m, say, m = 10^6 or m = 10^8. Here, we will report the results for m = 100, 000. Referring back to the beginning of this section, we know that γ_{100,000} = 74920.827 498 · · · . Thus, with T_0 := 74920, a calculation shows that

C_1(T_0) = 1.399 142 523 · · · and C_2(T_0) = 0.292 506 157 · · ·

and so in this case the upper bound is

(3.13) C_1

1 + log(T_0 − 1) T_0 − 1 + C_2 T_0 − 1

= 0.000 224 386 · · · .

If m := 1, 048, 449, 114, then it is known that the m^{th} zero^1_2 + iγ_m has imaginary part γ_m = 3.888 588 853 · · · × 10^8 (see [4, (2.8)] or [6]). Therefore, if we set T_0 := 388, 858, 885, then the upper bound in (3.11) becomes

C_1

1 + log(T_0 − 1) T_0 − 1 + C_2 T_0 − 1

= 5.304 193 · · · × 10^{−8},

ON THE ZEROS OF THE RIEMANN ξ-FUNCTION 41

which, as expected, is a substantial improvement over the upper bound obtained in (3.13).

We conclude this paper with an open problem that bears relevance to the investigation of the distribution of zeros of H(x) defined by (2.12). For R > 0, let

(3.14) H_R(x) :=

�_R 0 Φ(t) cos(xt) dt,

where the kernel Φ(t) is defined by (2.13). Then, H_R(x) is an even, real entire function of order 1 (and of exponential type). Since the zeros of H(x) := H_∞(x) all lie in the horizontal strip | Im z| < 1, it follows from Hurwitz’ theorem that for all R, sufficiently large, the zeros of H_R(x) also lie in this strip. We can establish a result analogous to Theorem 2.3, where now the moments are

(3.15.) b_k(R) =

�_R 0 t^{2k}Φ(t) dt, k = 0, 1, 2, . . . .

It is known that the moments b_k(R) satisfy the Turán inequalities (cf. [2, Corollary 2.9] and [7]); that is,

b_k(R)^2 ≥

2k − 1 2k + 1 b_{k−1}(R)b_{k+1}(R), (k ≥ 1)

These are the simplest necessary conditions for H_R(x) to have only real zeros. If R is “small”, R ∈ (0, 0.11], then it is known that H_R(x) has only real zeros [8, Theorem 3.6]. Does H_R(x) have only real zeros for other values of R?

References

1. R. J. Backlund, Über die Nullstellen der Riemannschen Zetafunktion, Acta Math. 41 (1918), 345–375.

2. G. Csordas, Convexity and the Riemann ξ-function. Glas., Mat. Ser. III 33(53) (1998), 37–50. 3. G. Csordas, T. S. Norfolk and R. S. Varga, The Riemann hypothesis and the Turán inequalities, Trans. Amer. Math. Soc. 296 (1986), 521–541.

4. G. Csordas, A. M. Odlyzko, W. Smith and R. S. Varga, A new Lehmer pair of zeros and a new lower bound for the de Bruijn–Newman constant Λ, ETNA 1 (1993), 104–111.

5. G. Csordas, W. Smith and R. S. Varga, Lehmer pairs of zeros, the de Bruijn–Newman constant Λ, and the Riemann Hypothesis, Constr. Approx. 10 (1994), 107–129.

6. G. Csordas, W. Smith and R. S. Varga, Lehmer pairs of zeros of the Riemann ξ–function, Amer. Math. Soc. Proc. Symp. Appl. Math. 48 (1994), 553–556.

7. G. Csordas and R. S. Varga, Moment inequalities and the Riemann hypothesis, Constr. Approx. 4 (1988), 175–198.

8. G. Csordas and R. S. Varga, Necessary and sufficient conditions and the Riemann hypothesis, Adv. in Appl. Math. 11 (1990), 328–357.

9. P. C. Hu, Some properties of the distribution of the zeros of the Riemann zeta function, (Chinese. English summary) Pure Appl. Math. 6 (1990), 6–12.

10. H. M. Edwards, Riemann’s Zeta Function, Pure and Applied Mathematics, Vol. 58, Academic Press, New York, 1974.

11. A. Ivić, The Riemann Zeta-Function. The Theory of the Riemann Zeta-Function with Applications., John Wiley & Sons, Inc., New York, 1985.

12. A. A Karatsuba and S. M. Voronin, The Riemann Zeta-Function., Translated from the Russian by Neal Koblitz. Walter de Gruyter & Co., Berlin, 1992.

42 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

13. J. van de Lune, H. J. J. te Riele and D. T. Winter, On the zeros of the Riemann zeta Function in the critical strip IV, Math. of Comp. 46 (1986), 667–681.

14. S. J. Patterson, An Introduction to the Theory of the Riemann Zeta-Function, Cambridge University Press, Cambridge, 1988.

15. E. C. Titchmarsh, The Theory of the Riemann Zeta-Function., (2nd ed. Edited and with a preface by D. R. Heath-Brown) The Clarendon Press, Oxford University Press, New York, 1986.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 43–55.

Submitted: August 4, 2002. Published: July 1 2003.

NONLINEAR CONTROLLERS FOR A PLANAR ROBOT ARM IN A CONSTRAINED ENVIRONMENT

Jito Vanualailai and Bibhya Sharma

Abstract. In this article, we explore the fundamentals of an emerging technique applicable, at least, in principle, to robot navigation, or motion planning. Termed the Second Method of Lyapunov, it is currently a powerful mathematical technique used to study the qualitative behaviour of natural or man-made systems that could be modeled, in an approximate way, by differential equations. We review the Lyapunov method and then in a simple and direct way, we use it to propose a theoretical technique to control the motion of a planar arm in a constrained environment. The controllers are mathematical entities which are nonlinear in nature. Computer simulations are used to illustrate the effectiveness of the proposed controllers.

A.M.S. (MOS) Subject Classification Codes. 34D20, 37B25, 70E60

Key Words and Phrases. Lyapunov Stability, Lyapunov Function, Robot Dynamics and Control, Findpath Problem, Motion Planning

1. Introduction

In [1], Meyer cleverly brings within the grasp of mathematicians the interesting mathematical and physical concepts associated with planar robot arms or manipulators.

An interesting two-dimensional geometric problem arising from Meyer’s work is as follows: Given a robot and a description of its working space or workspace, which could be cluttered with stationary or mobile solid objects or obstacles, propose a collision-free path that will lead the robot from the desired starting point to the desired location or target. This is known as the findpath problem, the quest for the solutions of which is, at present, one of the most interesting theoretical undertakings in robotics research. For a review of various findpath schemes, see, for example, Sheu and Xue [2]. A more recent review is by Kumar et al. [3].

Meyer proposed a findpath scheme based on the velocities of the various components of the arm. In this article, we build on the work of Meyer by applying

Department of Mathematics and Computing Science, University of South Pacific, Suva, FIJI E-mail Address: vanualailai@usp.ac.fj © 2003 Cameron University

Typeset by AMS-TEX 43

44 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

a relatively new scheme that is based on acceleration. The scheme gives us the advantage of including constraints that might affect the operation of the arm. First proposed in 1990 by Stonier [4] and then elaborated on in 1995 and 1998 by Vanualailai et al. [5],[6], with follow-ups by Ha and Shim in 2000 [7] and 2001 [8], the scheme is based on elementary differentiation, and thus, is within the grasp of the college sophomore. However, at the heart of the control scheme is a powerful mathematical technique, called the Direct Method of Lyapunov [9] or simply, the method of Lyapunov, that requires some understanding of the nature of solutions of autonomous systems of first-order ordinary differential equations.

We start by re-looking at the equations used by Meyer to control the arm via velocity.

2. Velocity Control

Figure 1 shows a schematic represenation of the simplified robot arm considered by Meyer.

Figure 1: Schematic representation of the planar robot arm.

The position (x(t), y(t)) of the end-effector at time t is given by the forward kinematic equations

(1) � x(t) = l_1 cos θ_1(t) + l_2 cos(θ_1(t) + θ_2(t)) , y(t) = l_1 sin θ_1(t) + l_2 sin(θ_1(t) + θ_2(t)) .

NONLINEAR CONTROLLERS FOR A PLANAR ROBOT ARM 45

The instantaneous velocity (x^′(t), y^′(t)) can be obtained from the equations (2) � x^′(t) = −yθ^′_1(t) − l_2 sin(θ_1(t) + θ_2(t))θ^′_2(t) , y^′(t) = xθ^′_1(t) + l_2 cos(θ_1(t) + θ_2(t))θ^′_2(t) .

One way to guide the end-effector is to control the velocities, (x^′, y^′) and θ^′_1 and θ^′_2. If we want to maintain a constant velocity, say, (x^′(t), y^′(t)) = (v_1, v_2) for all time t ≥ 0, then our velocity control scheme is as follows:

Step 1. For the end-effector, fix the desired velocity, say, (x^′(t), y^′(t)) = (v_1, v_2) at all time t ≥ 0.

Step 2. Record the current position of the end-effector, say (x, y) = (p_1, p_2), with the left-hand-side of (1) and then derive the angular positions θ_1 and θ_2.

Step 3. Insert (x, y) = (p_1, p_2), (x^′, y^′) = (v_1, v_2), θ_1 and θ_2 into (2) and then derive the angular velocities θ^′_1 and θ^′_2.

The computer controlling the robot then moves the joints at the angular velocities θ^′_1 and θ^′_2 while maintaining the constant velocity (v_1, v_2) of the end-effector at the point (x, y) = (p_1, p_2).

Our scheme to be proposed essentially allows one to control the velocities θ^′_1(t) and θ^′_2(t) at every time t by controlling the instantaneous angular accelerations, θ^{′′}_1 (t) and θ^{′′}_2 (t). But, first, let us briefly look at the Direct Method of Lyapunov on which our scheme will be based.

3. The Direct Method of Lyapunov

In 1892, Lyapunov [9] established a qualitative method of analyzing solutions of autonomous systems of first-order differential equations of the form

(3) � � � � � x^′_1(t) = f_1(x_1(t), x_2(t), . . . , x_n(t)) , . . x^′_n(t) = f_n(x_1(t), x_2(t), . . . , x_n(t)) ,

with the known solution, (x_1(t_0), . . . , x_n(t_0)), at some time t = t_0 ≥ 0. This known solution is referred to as the initial state of system (3). The basic assumption is that the solutions of (3) exist at any given time t and are unique, with each solution depending on the initial state and continuable to +∞. That is, we have unique and continuous solutions of the form x_1(t) = x_1(t; t_0, x_1(t_0)), · · · , x_n(t) = x_n(t; t_0, x_n(t_0)), which may be regarded either as a curve in the space of the n + 1 variables x_1, x_2, . . . , t or as a curve in the space of n variables x_1, x_2, . . . , x_n with t regarded as a parameter. In the latter case (which will be our principal concern), the curve is called a trajectory in the phase space – the space of n variables, x_1, x_2, . . . , x_n. If at a particular point (p_1, . . . , p_n) in the phase space, we have that (f_1(p_1, . . . , p_n), . . . , f_n(p_1, . . . , p_n)) ≡ (0, . . . , 0) for all time t ≥ 0, then we say that the point is an equilibrium point of system (3). We will henceforth assume that at least one such point exists.

A question that the Lyapunov method can answer is as follows: Let (p_1, . . . , p_n) be an equilibrium point of system (3) in a region of the phase space. If we start from the initial state within the region and close to the equilibrium point, does the trajectory (x_1(t), . . . , x_n(t)) remain within the region and close to (p_1, . . . , p_n) for all time t?

If the answer is yes, then we say that the point (p_1, . . . , p_n) is stable.

46 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Precisely, if we let x(t) = (x_1(t), . . . , x_n(t)), and x^∗ = (p_1, . . . , p_n), then x^∗ is a stable equilibrium point of (3) if for all t_0 ≥ 0 and ϵ > 0, there is δ(t_0, ϵ) > 0 such that ‖x(t_0) − x^∗‖ < δ(t_0, ϵ) ,

implies ‖x(t; t_0, x(t_0)) − x^∗‖ < ϵ ,

for all t ≥ t_0. The beautiful aspect of the Lyapunov method, as revealed in the theorem below, is that we do not need the explicit form of the solutions to establish stability.

Theorem 1 (Lyapunov [9]). Let x^∗ be an equilibrium point of system (3). If, in an open neighborhood D of the equilibrium point, there exists a real scalar function V such that (a) V (x) is continuous on D and has continuous first partial derivatives with respect to x, (b) V (x^∗) = 0, x^∗ ∈ D, (c) V (x) > 0 for all x ∈ D, x ≠ x^∗, and (d) the time-derivative of V with respect to system (3) is d dt [V (x)]_{(3)} = n� i=1 ∂ ∂x_i

[V (x)] f_i(x) ≤ 0

for all x ∈ D, then x^∗ is a stable equilibrium point of system (3).

The scalar function V in Theorem 1 is called a Lyapunov function for system (3) on D. To understand therefore the behaviour of trajectories in the neighbourhood of the equilibrium hinges only on discovering a Lyapunov function without the need to find the explicit solutions, which, particularly for nonlinear systems, are usually difficult to formulate in closed form. This single aspect of the Lyapunov method makes it a powerful tool in the stability analysis of nonlinear systems. The Lyapunov method is now a critical component in specializations such as control engineering, power system engineering, robotics, neural networks, chaos and economics, to name but a few. A good review of the method, including recent advances and several applications can be found in Sastry [10].

For our application, where we desire the convergence of trajectories to equilibrium points, Theorem 1 tells us that stability ensures only boundedness of solutions in a neighbourhood of x^∗. However, it is known that if in addition f(x) = (f_1(x), . . . , f_n(x) is bounded for x bounded, then whenever d[V (x)]/dt < 0 for x ≠ x^∗ and d[V (x^∗)]/dt = 0 in Theorem 1, the equilibrium point x^∗ is not only stable, but also attracts trajectories to it. That is, x^∗ is asymptotically stable, which is clearly more desirable than stability from a practical point of view. In this paper, to simplify our discussion, it is suffice to guarantee stability. The computer is then used to find initial conditions that guarantee attractiveness.

NONLINEAR CONTROLLERS FOR A PLANAR ROBOT ARM 47

4. Acceleration Control

As mentioned earlier, we intend to control the end-effector by controlling the angular accelerations, θ^{′′}_1 (t) and θ^{′′}_2 (t). If we are to achieve this via the method of Lyapunov, then, first, we need to have a system of first-order differential equations describing the motion of the planar robot arm. Thus, if we let

x_1(t) = the x-component of the position of the end-effector, x_2(t) = the y-component of the position of the end-effector, x_3(t) = the angular position, θ_1(t), of Link 1 , x_4(t) = the angular position, θ_2(t), of Link 2 , x_5(t) = the angular velocity, θ^′_1(t), of Link 1 , x_6(t) = the angular velocity, θ^′_2(t), of Link 2 , u_1(t) = the angular acceleration, θ^{′′}_1 (t), of Link 1 , u_2(t) = the angular acceleration, θ^{′′}_2 (t), of Link 2,

at time t, then using equations (2), we have (on suppressing t), (4) � x^′_1 = −x_2x_5 − l_2 sin(x_3 + x_4)x_6 , x^′_3 = x_5 , x^′_5 = u_1 , x^′_2 = x_1x_5 + l_2 cos(x_3 + x_4)x_6 , x^′_4 = x_6 , x^′_6 = u_2 .

Before we actually start looking for a Lyapunov function for system (4), we may want to look for any difficulty inherent in the basic geometric structure of the robot. As shown by Meyer, there is indeed a problem: there exists at least one direction in which the end-effector cannot be moved no matter how we choose the joint velocities θ^′_1 and θ^′_2. This arises when θ_2 = 0, π. In our scheme, we want to avoid these singular configurations. We may also want to take into account other constraints in the system. These include, for example, the allowable space or area to work in, or the allowable velocity or acceleration of the end-effector. Hence, our acceleration control scheme via the Lyapunov method can be stated as follows:

Step 1. Let the final destination of the end-effector be (x, y) = (p_1, p_2), achieved at the angular positions x_3 = p_3 and x_4 = p_4 and let us call (p_1, p_2, p_3, p_4, 0, 0) the target.

Step 2. Identify system constraints (these include singular configurations) and appropriately construct mathematical functions to model them. Call the constraints antitargets or obstacles to be avoided.

Step 3. Construct a Lyapunov function such that u_1 and u_2 render system (4) stable, meaning that (p_1, p_2, p_3, p_4, 0, 0) is an equilibrium point of system (4) and that the trajectory (x_1, x_2, x_3, x_4, x_5, x_6) starts and remains, for all time t ≥ 0, near the target (p_1, p_2, p_3, p_4, 0, 0) while it avoids stationary and/or mobile obstacles in the workspace.

In Step 1, intuitively, we want to have a kind of a yardstick that measures, at time t, the position of the end-effector from the point (x, y) = (p_1, p_2) and the rate at which it approaches or moves away from (p_1, p_2). The following choice of probable functions accomplishes this (on suppressing t),

V_0(x_1, . . . , x_6) = 1 2 � (x_1 − p_1)^2 + (x_2 − p_2)^2) + x^2_5 + x^2_6 � ,

48 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

noting that V_0(p_1, p_2, p_3, p_4, 0, 0) = 0 , and V_0 > 0 for (x_1, x_2, x_3, x_4, x_5, x_6) ≠ (p_1, p_2, p_3, p_4, 0, 0) .

In Step 3, if a trajectory ever converges to the target, then it remains there for all time t since V_0(p_1, p_2, p_3, p_4, 0, 0) = 0. The use of V_0, together with appropriate collision avoidance schemes, should enable us to construct Lyapunov functions that ensure that trajectories remain near (p_1, p_2, p_3, p_4, 0, 0) while avoiding obstacles.

In the next section, we consider several possible avoidance scenarios, in which we use the vector notations x = (x_1, . . . , x_n) and x^∗ = (p_1, p_2, p_3, p_4, 0, 0).

5. Possible Avoidance Scenarios

5.1 Scenario 1: Avoidance of Singular Configurations.

The singular configurations occur when θ_2 = x_4 = 0, θ_2 = x_4 = π in the anticlockwise direction or θ_2 = x_4 = −π in the clockwise direction. For the configurations, consider the functions

W_1(x) = |x_4| and W_2(x) = π − |x_4| ,

for x_4 ∈ (−π, 0) ∪ (0, π). Now, let us, for the moment, consider the effect of the ratios β_1 W_1 and β_2 W_2 , for some constants β_1 and β_2. If the robot arm approaches any one of the singular configurations, it is clear that one of the ratios will increase. Hence, if the ratios form parts of a Lyapunov function for system (4), intuitively the ratios will act as avoidance functions that repel the robot arm from the singular configurations. Indeed, by the mere fact that we will have a Lyapunov function, all trajectories will converge to a neighbourhood of the target, implying therefore that we cannot have the situation where W_1 = W_2 = 0. This is in turn means that we cannot have, at any time, the angular position of Link 2 as p_4 = 0, p_4 = π or p_4 = −π. In this sense, we can think about singular configurations as mobile obstacles.

5.1.1 A Lyapunov Function.

Let us finally suggest the following function as a tentative Lyapunov function for system (4):

V (x) = V_0(x) + F (x) 2� i=1 β_i W_i(x) , where β_1 and β_2 are positive constants and

F (x) = 1 2 � (x_1 − p_1)^2 + (x_2 − p_2)^2 � . Clearly, V is continuous and positive on the domain

D(V ) = {x ∈ R^6 : W_1 > 0, W_2 > 0}

= {x ∈ R^6 : −π < x_4 < 0 or 0 < x_4 < π} ,

NONLINEAR CONTROLLERS FOR A PLANAR ROBOT ARM 49

and V (x^∗) = 0, x^∗ ∈ D(V ), so that we may take D(V ) as the neighborhood D of the equilibrium point x^∗ in Lyapunov’s Theorem 1.

Along a particular trajectory of system (4), we have (on suppressing t), d dt [V ]_{(4)} = � [(x_2 − p_2)x_1 − (x_1 − p_1)x_2] � 1 + 2� i=1 β_i W_i � + u_1 � x_5

+ � l_2 [(x_2 − p_2) cos(x_3 + x_4) − (x_1 − p_1) sin(x_3 + x_4)] � 1 + 2� i=1 β_i W_i �

−F x_4 |x_4| � β_1 W^2_1 − β_2 W^2_2 � + u_2 � x_6

def= {G_1(x) + u_1}x_5 + {G_2(x) + u_2}x_6 .

For some numbers α_1 > 0 and α_2 > 0, define

−α_1x_5 = G_1 + u_1 and − α_2x_6 = G_2 + u_1 .

Then V_{(4)}^′ = −α_1x^2_5 − α_2x^2_6 ,

provided we have the nonlinear controllers as u_1 = −α_1x_5 − G_1 and u_2 = −α_2x_6 −G_2 . Since V_{(4)}^′ nonpositive and continuous for all x ∈ D(V ), by Theorem 1, V is a Lyapunov function for system (4) on D(V ) establishing the stability of x^∗. Hence, the stable system that governs the motion of the arm is

(5) � x^′_1 = −x_2x_5 − l_2 sin(x_3 + x_4)x_6 , x^′_3 = x_5 , x^′_5 = −α_1x_5 − G_1 , x^′_2 = x_1x_5 + l_2 cos(x_3 + x_4)x_6 , x^′_4 = x_6 , x^′_6 = −α_2x_6 − G_2 .

We see that an equilibrium point is (p_1, p_2, p_3, p_4, 0, 0). Our Lyapunov function guarantees only stability of this equilibrium point. Clearly, a Lyapunov function which ensures asymptotic stability is more desirable. This is the most challenging part of the Lyapunov method, given the difficulty in constructing such a function for the pathpath problem. A new development in this direction is to guarantee stability and also prove that certain sets of initial conditions ensure asymptotic stability. This looks promising and at present is applicable to a point-mass system with one stationary obstacle and one stationary target. The interested reader can refer to the paper by Ha and Shim [8] for more details.

In this article, to simplify discussions, it is enough to consider a stable equilibrium point and then use a computer to help us decide which system parameters to use for a desirable run. These parameters are β_1 and β_2, which we shall call control parameters, and α_1 and α_2, which we shall call convergence parameters. It can be shown that the larger a control parameter is, the greater is the repulsion from the associated obstacle, and the larger a convergence parameter is, the slower is the trajectory [5].

50 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

5.1.2 A Computer Simulation.

The computer is used to numerically integrate system (5) to obtain the solution (x_1, . . . , x_6) and plot the points (x_1(t), x_2(t)) at time t in the x_1x_2-plane until the points converge to a neigborhood of (p_1, p_2) and stay there as t → ∞. For our example, Table I gives the parameters, and Figure 2 gives the trajectory of the arm. Notice the slowing down of the arm as it approaches its final configuration. This could be explained in terms of the potential energy “cup” of the Liapunov function [5]. The arm reaches its final configuration in about 15 units of time. In Figure 2, the links are drawn every 1 unit of time. Table I: A Scenario 1 example.

Lengths of Links l_1 = l_2 = 3

Initial Conditions x = � −3 √ 3/2, 3/2, π/2, 2π/3, π/90, π/90 � Planar Target (p_1, p_2) = (4, 4)

Control Parameters β_1 = β_2 = 0.01

Convergence Parameters α_1 = 110, α_2 = 20

Figure 2: The motion of the arm from an initial configuration to a final configuration as determined by system (5).

NONLINEAR CONTROLLERS FOR A PLANAR ROBOT ARM 51

5.2 Scenario 2: Movement in A Rectangle.

An interesting scene involves restricting the motion of the arm within a rectangular region in the first quadrant of the xy-plane. We place the bottom left corner of the rectangle at (0, 0) where the base of the arm is located as shown in Figure 3, in which we call the constraints or obstacles the left wall, right wall, floor and roof. These are fixed obstacles. The mobile obstacles are the singular configurations.

Figure 3: The planar robot arm in a constrained environment.

52 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

For obvious geometrical reasons, we construct the following avoidance functions that ensure that the end-effector (and, hence, Link 2), Link 1 and the joint do not collide with the fixed obstacles.

5.2.1 Avoidance Functions for the End-effector.

Table II gives the functions that will ensure that the end-effector does not collide with fixed obtacles.

Table II: Avoidance functions for the end-effector.

Obstacle Avoidance Function Sign Left wall, x_1 = 0 W_3 = x_1 W_3 > 0 for all x_1 ∈ (0, a) Right wall, x_1 = a W_4 = a − x_1 W_4 > 0 for all x_1 ∈ (0, a) Floor, x_2 = 0 W_5 = x_2 W_5 > 0 for all x_2 ∈ (0, b) Roof, x_2 = b W_6 = b − x_2 W_6 > 0 for all x_2 ∈ (0, b)

5.2.2 Avoidance Functions for Link 1.

Table III gives the functions that will ensure that Link 1 does not collide with fixed obtacles.

Table III: Avoidance functions for Link 1.

Obstacle Avoidance Function Sign Floor, x_3 = 0 W_7 = x_3 W_7 > 0 for all x_3 ∈ (0, π/2) Left wall, x_3 = π/2 W_8 = π/2 − x_3 W_8 > 0 for all x_3 ∈ (0, π/2)

5.2.3 Avoidance Functions for Elbow.

Table IV gives the functions that will ensure that the joint or elbow between Link 1 and Link 2 does not collide with fixed obtacles. Table IV: Avoidance functions for elbow.

Obstacle Avoidance Function Sign Roof, x_2 = b W_9 = b − l_1 sin x_3 W_9 > 0 in rectangle Right wall, x_1 = a W_{10} = a − l_1 cos x_3 W_{10} > 0 in rectangle

5.2.4 A Lyapunov Function.

Here, we simply provide a Lyapunov function and the controllers, the derivation of which is similar to that in Scenario 1.

For constants β_i > 0, i = 1, . . . , 10, we consider

V = V_0 + F 10� i=1 β_i W_i ,

NONLINEAR CONTROLLERS FOR A PLANAR ROBOT ARM 53

on the domain D(V ) = {x ∈ R^6 : W_i > 0, i = 1, . . . , 10}, where V_0, W_1, W_2 and F are as those in Scenario 1. Then along a trajectory of system (4) in D(V ), we have, for α_1, α_2 > 0, the time-derivative

V_{(4)}^′ = −α_1x^2_5 − α_2x^2_6 ,

if we define the controllers as

u_1 = −α_1x_5 − G_3 and u_2 = −α_2x_6 − G_4 ,

where

G_3 = G_3(x) = [(x_2 − p_2)x_1 − (x_1 − p_1)x_2] � 1 + 10� i=1 β_i W_i �

− F � − β_3 W^2_3 + β_4 W^2_4 � x_2 + � β_5 W^2_5 − β_6 W^2_6 � x_1 + β_7 W^2_7 − β_8 W^2_8 − β_9 W^2_9 l_1 cos x_3 + β_{10} W^2_{10} l_1 sin x_3 � , and G_4 = G_4(x) = l_2 [(x_2 − p_2) cos(x_3 + x_4) − (x_1 − p_1) sin(x_3 + x_4)] � 1 + 10� i=1 β_i W_i �

− F � β_1 W^2_1 − β_2 W^2_2 � x_4 |x_4| + � − β_3 W^2_3 + β_4 W^2_4 � l_2 sin(x_3 + x_4) + � β_5 W^2_5 − β_6 W^2_6 � l_2 cos(x_3 + x_4) � . These render the system (6) � x^′_1 = −x_2x_5 − l_2 sin(x_3 + x_4)x_6 , x^′_3 = x_5 , x^′_5 = −α_1x_5 − G_3 , x^′_2 = x_1x_5 + l_2 cos(x_3 + x_4)x_6 , x^′_4 = x_6 , x^′_6 = −α_2x_6 − G_4 ,

stable at the equilibrium point x^∗ = (p_1, p_2, p_3, p_4, 0, 0).

5.2.5 A Computer Simulation.

Table V shows the parameters used for a case in Scenario 2, and Figure 4 gives the motion of the arm. The arm reaches its final configuration in about 10 units of time.

54 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Table V: A Scenario 2 example.

Lengths of Links l_1 = l_2 = 3 Initial Conditions x = (2.95, 0.52, 7π/18, −2π/3, π/90, π/90) Planar Target (p_1, p_2) = (2.2, 5.2) Control Parameters β_1 = β_2 = β_3 = β_4 = β_6 = β_8 = β_9 = β_{10} = 1 , β_5 = 10, β_7 = 5 Convergence Parameters α_1 = α_2 = 100 Right wall, Roof a = 3.2, b = 5.5

Figure 4: The motion of the robot arm from an initial configuration to a final configuration as determined by system (6).

NONLINEAR CONTROLLERS FOR A PLANAR ROBOT ARM 55

6. Conclusion

A known drawback of the Lyapuov method, which is classified in the robotic literature as a potential field method, is the possibility of having collision-free paths leading not to the intended target but to “traps” outside of the target. These traps, like the target, are in fact local minima or points of zero kinetic and potential energy. As mentioned earlier, an encouraging development to deal with this problem was recently reported by Ha and Shim [8]. Another likely drawback of the Lyapunov method might well turn out to be the large amount of computation required for a multirobot environment. However, this may eventually cease to be a problem given the ever improving power of the digital computer. Hence, as far as the application of the Lyapunov method to the findpath problem is concerned, there are, at the present stage of development, some encouraging signs that could promote the wider use of the method.

References

1. Meyer, W., Moving a Planar Robot Arm, MAA Notes Number 29, The Mathematical Association of America (1993), 180–192.

2. Sheu, P. C. Y. and Xue, Q., Intelligent Robotic Planning Systems, World Scientific, Singapore, 1993.

3. Kumar, V., Z̆efran, M. and Ostrowski, J., Motion Planning and Control of Robots, Handbook of Industrial Robotics, J. Wiley and Sons, 1997.

4. Stonier, R. J., Use of Liapunov Techniques for Collision-avoidance of Robot Arms, Control and Dynamic Systems: Advances in Control Mechanics, Part 2 of 2, vol. 35, 1990, p. 185–214..

5. Vanualailai, J., Nakagiri, S. and Ha, J., Collision Avoidance in a Two-point System via Liapunov’s Second Method, Mathematics and Computers in Simulation 39 (1995), 125–141.

6. Vanualailai, J., Ha, J. and Nakagiri, S., A Solution to the Two-dimensional Findpath Problem, Dynamics and Stability of Systems 13 (1998), 373–401.

7. Ha, J. and Shim, J., A Findpath Problem in the Presence of Moving Obtacles, Korean Journal of Computational and Applied Mathematics 7 (2000), 125–137.

8. , An Asymptotic Stability Involving Collision and Avoidance, Korean Journal of Computational and Applied Mathematics 8 (2001), 605–616.

9. Lyapunov, A. M., The General Problem of the Stability of Motion, 1892; International Journal of Control: Lyapunov Centenary Issue 5 (1992).

10. Sastry, S., Nonlinear Systems: Analysis, Stability and Control, Springer-Verlag, New York, 1999.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 56–65.

Submitted: June 20, 2002. Published: July 1 2003.

A UNIFYING THEOREM ON NEWTON’S METHOD IN A BANACH SPACE WITH A CONVERGENCE STRUCTURE UNDER WEAK ASSUMPTIONS

Ioannis K. Argyros

Abstract. We provide a semilocal analysis for Newton’s method on a Banach space with a convergence structure. Our main result contains as special cases earlier results on semilocal theorems of Newton–Kantorovich-type as well as global results based on monotonicity. It turns out that under the same hypotheses our sufficient convergence conditions are weaker and the error bounds on the distances involved finer than before. Some numerical examples are provided to show that our results apply where others fail.

A.M.S. (MOS) Subject Classification Codes. 65B05, 65G99, 47H17, 49M15, CR:1.5.

Key Words and Phrases. Newton’s method, Banach space with a convergence structure, order convex operator, Newton–Kantorovich hypothesis, monotone convergence, multilinear/bounded/symmetric operator.

1. Introduction

In this study we are concerned with the problem of approximating a zero x^∗ of an operator G on a Banach space X. Our results will be in terms of the operator

(1) F (x) := AG(x_0 + x),

where x_0 is the initial guess for Newton’s method

(2) x_0 = 0, x_{n+1} = x_n + F^′(x_n)^∗(−F (x_n)) (n ≥ 0),

A is an approximation to G^′(x_0)^{−1} and F^′(x_n)^∗ is an operator to be precised later.

Semilocal convergence theorems were given in [1], [2], [4], [5] under various assumptions on a Banach space with a convergence structure. Here we introduce finer “majorizing” sequences and show that under the same hypotheses as in [5] we can obtain semilocal results under weaker assumptions and with finer error bounds.

We complete our study with some examples to justify the claims made above.

Department of Mathematics, Cameron University, Lawton, OK 73505, U.S.A. E-mail Address: ioannisa@cameron.edu © 2003 Cameron University

Typeset by AMS-TEX 56

A UNIFYING THEOREM ON NEWTON’S METHOD 57

2. Semilocal Convergence Analysis To make the study as self-contained as possible we need to state some definitions and lemmas that can also be found in [5] (see also [1], [2]).

Definition 1. A Banach space with a convergence structure is a triplet (X, V, E) such that:

(3) (X, ‖ · ‖) is a real Banach space;

(4) (V, C, ‖ · ‖_V ) is a real Banach space which is partially ordered by the closed convex cone C with the norm ‖ · ‖_V assumed to be monotone on C;

E is a closed convex cone in X × V such that (5) {0} × C ⊆ E ⊆ X × C; the operator | · |: D → C is well defined: |x| := inf{r ∈ C | (x, r) ∈ E} where

(6) x ∈ D = {x ∈ X | ∃r ∈ C: (x, r) ∈ E}; (7) ‖X‖ ≤ ‖ |x|‖_V for all x ∈ D.

The set (8) U(p) = {x ∈ X | (x, p) ∈ E} is a generalized neighborhood of zero.

The convergence analysis is based on monotonicity considerations in the space X × V .

We have (9) (x_n, r_n) ≤ (x_{n+m}, r_{n+m}) ⇒ 0 ≤ (x_{n+m} − x_n, r_{n+m} − r_n) for all increasing sequences (x_n, r_n) ∈ E^π. If (10) r_n → r we get (11) 0 ≤ (x_{n+m} − x_n, r − r_n) and by (5) of Definition 1 (12) ‖x_{n+m} − x_n‖ ≤ ‖r − r_n‖_V → 0 as n → ∞. Hence {x_n} (n ≥ 0) is a Cauchy sequence in a Banach space and as such it converges to some point x^∗ ∈ X. Let {v_n} ∈ C^π be an increasing sequence and set r_n = v_0 −v_n to obtain error estimates:

(13) 0 ≤ (x_{n+m} − x_n, v_n − v_{n+m}) ≤ (x_{n+m} − x_n, v_n). Note that if x_n → x^∗ as n → ∞ this implies (14) |x^∗ − x_n| ≤ v_n (n ≥ 0).

58 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Definition 2. An operator L ∈ C^1(V_0 → V ) on an open subset V_0 of an ordered Banach space V is called order convex on [a, b] ⊆ V_0 if (15) c, d ∈ [a, b], c ≤ d ⇒ L^′(d) − L^′(c) ∈ L_+(V ), where, (16) L_+(V^n) = {L ∈ L(V^n) | 0 ≤ x_i ⇒ 0 ≤ L(x_1, . . . , x_n)}. Definition 3. The set B(A) = � L ∈ L_+(V^n) | (x_i, r_i) ∈ E

(17) ⇒ [A(x_1, . . . , x_n), L(r_1, . . . , r_n)] ∈ E � is the set of bounds for A ∈ L(X^n).

Lemma 1. Let A: [0, 1] → L(X^n) and L: [0, 1] → L_+(V^n) be continuous operators. Then the following implication holds: (18) ∀t ∈ [0, 1]: L(t) ∈ B(A(t)) ⇒

�_1 0 L(t)dt ∈ B

�_1 0 A(t)dt � . Definition 4. Let Q: Y → Y be an operator on a subset Y of a normed space. By Q^n(x) we mean Q(Q^{n−1}(x)) and in case of convergence we write (19) Q^∞(x) = lim_{n→∞} Q^n(x). Definition 5. Let A ∈ L(X) and y ∈ X be given. Then we have A^∗y = z ⇔ z ∈ Q^∞(0), Q(x) = (I − A)(x) + y

(20) ⇔ z = ∞� i=0 (I − A)^i(y).

Lemma 2. Let L ∈ L_+(V ) and p, r ∈ C be given such that (21) L(r) + p ≤ r and L^n(r) → 0 as n → ∞. Then the operator (I − L)^∗: [0, p] → [0, p] is well defined and continuous.

Lemma 3. Let A ∈ L(X), L ∈ B(A), y ∈ D and r ∈ C be given such that: (22) L(r) + |y| ≤ r and L^n(r) → 0 as n → ∞. Then the following hold:

(23) x = (I − A)^∗(y) is well defined, x ∈ D, and (24) |x| ≤ (I − L)^∗|y| ≤ r.

We can now provide the main semilocal convergence theorem for Newton’s method (2).

A UNIFYING THEOREM ON NEWTON’S METHOD 59

Theorem 1. Assume: given a Banach space X with a convergence structure (X, V, E) with V = (V, C, ‖ · ‖_V ), an operator F ∈ C^1(X_0 ⊆ X → X), operators M, L_0, L ∈ L^1(V_0 ⊆ V → V ), and a point p ∈ C such that the following conditions hold:

(25) U(p) ⊆ X_0, [0, p] ⊆ V_0;

M, L_0, L are order convex on [0, p], and such that for x, y, z ∈ U(a) with |x| ≤ p, |y| + |z| ≤ p

L^′_0(|x|) − L^′_0(0) ∈ B(F^′(0) − F^′(x)),

(26) L^′(|y| + |z|) − L^′(|y|) ∈ B(F^′(y) − F^′(y + z)),

(27) M(p) ≤ p,

(28) L_0(p_0) ≤ M(p_0) for all p_0 ∈ [0, p],

(29) L^′_0(p_0) ≤ M^′(p_0) for all p_0 ∈ [0, p],

(30) L^′_0(0) ∈ B(I − F^′(0)), (−F (0), L_0(0)) ∈ E,

(31) M^′(p)^n(p) → 0 as n → ∞,

(32) M^′(d_n)(b − d_n) + L(d_n) ≤ M(b) for all n ≥ 0,

(33)

where,

(34) d_0 = 0, d_{n+1} = L(d_n) + L^′_0((x_n))(c_n), c_n = |x_{n+1} − x_n| (n ≥ 0) and (35) b = M^∞(0).

Then sequence {x_n} (n ≥ 0) generated by Newton’s method (2) is well defined, remains in E^π, is monotone and converges to a unique zero x^∗ in U(b), where b is the smallest fixed point of M in [0, p]. Moreover the following bounds hold for all n ≥ 0

d_n ≤ b,

(36) |x^∗ − x_n| ≤ b − d_n,

(37) |x^∗ − x_n| ≤ M^n(p) − M^n(0),

(38) c_n + d_n ≤ d_{n+1},

(39) and (40) c_n = |x_{n+1} − x_n|.

Proof. We first show that (x_n, d_n) is well defined and monotone for all n ≥ 0 using induction on n.

By (5), (22) and the order convexity of L_0 we get

(41) L^′_0(0)(b) + | − F (0)| ≤ L_0(b − 0) + L_0(0) = L_0(b) ≤ M(b) = b.

60 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Hence equation (42) r = (I − F^′(0))(r) − F (0) has a solution x_1, which is well defined, and (x_1, b) ∈ E. We also have x_1 = (I − F^′(0))(x_1) + (−F (0)),

(43) |x_1| ≤ L^′_0(0)|x_1| + L(0) = d_1,

(44) and (45) d_1 = L^′_0(0)|x_1| + L(0) ≤ M^′(0)(b) + L(0) ≤ M(b) = b. Assume (x_k, d_k) is well defined and monotone with (46) 0 ≤ (x_{n−1}, d_{k−1}) ≤ (x_k, d_k), k = 1, 2, . . . , n and (47) d_k ≤ b. We must solve (48) r = (I − F^′(x_n))(r) + (−F (x_n)). Using (26) and (31) we can have |I − F^′(x_n)| = |I − F^′(x_n) − F^′(0) + F^′(0)|

(49) = |(I − F^′(0)) + (F^′(0) − F^′(x_n))| ≤ L^′_0(0) + L^′_0(|0| + |x_n|) − L^′_0(|0|) = L^′_0(|x_n|).

That is (50) L^′_0(|x_n|) ∈ B(I − F^′(x_n)).

By the approximation (51) −F (x_n) = −F (x_n) + F (x_{n−1}) + F^′(x_{n−1})(x_1 − x_{n−1}) we can have in turn using (27), (33) and (34)

| − F (x_n)| ≤

�_1 0 [L^′(|x_{n−1}| + tc_{n−1}) − L^′(|x_{n−1}|)]c_{n−1}dt

(52) = L(|x_{n−1}| + c_{n−1}) − L(|x_{n−1}|) − L^′(|x_{n−1}|)c_{n−1} ≤ L(d_{n−1} + d_n − d_{n−1}) − L(d_{n−1}) − L^′_0(|x_{n−1}|)c_{n−1} = L(d_n) − d_n, and (53) L^′_0(|x_n|)(b − d_n) + | − F (x_n)| + d_n ≤ M^′(d_n)(b − d_n) + L(d_n) ≤ M(b) = b.

A UNIFYING THEOREM ON NEWTON’S METHOD 61

Hence we showed (54) M^′(|x_n|)(b − d_n) + | − F (x_n)| ≤ b − d_n. By Lemma 3, x_{n+1} is defined and (55) c_n ≤ b − d_n. Therefore d_{n+1} is well defined too, and we obtain:

(56) d_{n+1} ≤ L(d_n) + L^′_0(d_n)(b − d_n) ≤ L(d_n) + M^′(d_n)(b − d_n) ≤ M(b) = b. Moreover we can have:

(57) c_n + d_n ≤ L^′_0(|x_n|(c_n) + | − F (x_n)| + d_n ≤ L^′_0(|x_n|)(c_n) + L(d_n) = d_{n+1}, which shows the monotonicity (x_n, d_n) ≤ (x_{n+1}, d_{n+1}) (n ≥ 0).

Furthermore we get (58) M^n(0) ≤ d_n ≤ b, and since (59) M^n(0) → b as n → ∞ we get (60) d_n → b as n → ∞.

That is, x_n → x^∗ ∈ U(b), and F (x^∗) = 0. Clearly (y_n, M^n(0)) is monotone in X × V , and if x^{∗∗} ∈ U(p) is a solution of F , then as above we get (61) |x^{∗∗} − y_n| ≤ M^n(p) − M^n(0) ≤ M^′(p)^n(p) → 0 as n → ∞ where, (62) y_{n+1} = y_n − F (y_n). That is lim_{n→∞} y_n = x^{∗∗}, which shows the uniqueness of x^∗ in U(p).

That completes the proof of Theorem 1. □ Remark 1. Under the hypotheses of Theorem 1 define (63) R_n(r) = (I − L^′_0(|x_n|))^∗S_n(r) + c_n, where, (64) S_n(r) = L(|x_n| + r) − L(|x_n|) − L^′_0(|x_n|)(r). As in [1], [5] assume there exists r_n ∈ C such that |x_n| + r_n ≤ p, and (65) S_n(r_n) + L^′_0(|x_n|)(r_n − c_n) ≤ r_n − c_n then R_n: [0, r_n] → [0, r_n] is well defined and monotone. Since

d_n + c_n ≤ d_{n+1} ⇒ L(p) − L(d_n) − L^′_0(|x_n|)c_n

(66)

≤ p − d_n − c_n, ⇒ s_n(p − d_n) + L^′_0(|x_n|)(p − d_n − c_n) ≤ p − d_n − c_n,

(67) which implies that r_n = p − d_n is a suitable r_n. That is using solutions of (68) R_n(r) ≤ r we obtain better a posteriori error estimates than (69) |x^∗ − x_n| ≤ b − d_n ≤ r − d_n (n ≥ 0).

The proof of the following propositions can be obtained from Lemmas 10, 11, 12 in [5] by simply replacing L^′ by L^′_0 in their proofs.

62 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proposition 1. If r ∈ [0, p − |x_n|] satisfies R_n(r) ≤ r then the following holds for all n ≥ 0:

(70) c_n ≤ R_n(r) = a ≤ r and (71) R_{n+1}(a − c_n) ≤ a − c_n.

Proposition 2. Assume hypotheses of Theorem 1 hold and let r_n ∈ [0, p − |x_n|] be a solution (69). Then the following a posteriori estimates hold for all n ≥ 0: (72) |x^∗ − x_m| ≤ q_m, where, (73) q_n = r_n, q_{m+1} = R_m(q_m) − c_m (m ≥ n). Proposition 3. Under the hypotheses of Theorem 1 any solution r ∈ [0, p − |x_n|] of R_n(r) ≤ r yields the a posteriori estimate (74) |x^∗ − x_n| ≤ R^∞_n (0) ≤ r (n ≥ 0). 3. Monotone Convergence Let X be partially ordered and set (75) X = V, D = C^2 and | · | = I.

We can show:

Theorem 2. Let X be partially ordered, Y a Banach space, G ∈ C^1(X_0 ⊆ X → Y ), A ∈ L(Y → X) and x, y ∈ X such that: 1. [x, y] ∈ X_0,

(76) 2. I − AG^′(x) ∈ L_+(X),

(77) 3. z_1 ≤ z_2 ⇒ AG^′(z_1) ≤ AG^′(z_2) for all z_1, z_2 ∈ [x, y],

(78) 4. AG(x) ≤ 0, AG(y) ≥ 0,

(79) 5. (I − AG^′(y))^n(y − x) → 0 as n → ∞.

(80) Then sequence {y_n} (n ≥ 0) generated by (81) y_0 = x, y_{n+1} = y_n + AG^′(y_n)^∗[−AG(y_n)] is well defined for all n ≥ 0, monotone and converges to a unique zero y^∗ of AG in [x, y].

Proof. Define (82) F (u) = AG(x + u), M(r) = r − F (r), p = y − x. The result now follows from Theorem 1.

That completes the proof of Theorem 2. □

A UNIFYING THEOREM ON NEWTON’S METHOD 63

Remark 2. Conditions (28) and (32) can be replaced by:

(83) there exists θ ∈ (0, 1): M(p) ≤ θp.

Then there exists p^′ ∈ [0, θp] satisfying all hypotheses of Theorem 1. The solution x^∗ ∈ U(p^′) and is unique in U(p).

Remark 3. (a) If L_0 = L = M the results obtained here reduce to the corresponding ones in [5] (see also [1], [2], [4]).

(b) If L = M, condition (33) holds automatically. Inequalities (29) and (30) hold in general. However if strict inequality holds in (29) and (30) then our error bounds are finer than the ones in Lemmas 9–12 [5] in this case, and under the same sufficient convergence conditions (see, e.g. (28) and (32)). Let us demonstrate this observation with one of the error bounds. Define as in [5] sequence {q_n} (n ≥ 0) by

(84) q_0 = 0, q_{n+1} = L(q_n) + L^′(|x_n|)(c_n).

Then we get

(85) d_n < q_n (n ≥ 1).

(c) Estimate

(33’) M^′(|x_n|)(d_n) + | − F (x_n)| ≤ d_n for some 0 ≤ d_n: d_n + d_n ≤ b

or condition

(33”) x_n given by (2) is well defined for all n ≥ 1

can replace (33) in Theorem 1. Hypotheses (33)^{′′} is the weakest of the three.

(d) (M, M^′) can be replaced by a sequence of in practice more precise pairs (M_n, M^′_n) (n ≥ 0) in the hypotheses of Theorem 1 (see (e) that follows).

(e) If L ≠ M one would expect: (28) and (32) (or (83)) will be weaker than the corresponding ones in [5] given by

(86) L(p) ≤ p,

(87) L^′(p)^n(p) → 0 as n → ∞

(or L(p) ≤ θp) (because of (85)); and that (48) will be solvable in which case (33) can be dropped.

As an example of such a case we consider a Banach space X with a real norm ‖ · ‖. Assume F^′(0) = I and

‖F^′(x) − F^′(y)‖ ≤ ℓ‖x − y‖,

(88) ‖F^′(x) − F^′(0)‖ ≤ ℓ_0‖x‖

(89)

for all x, y ∈ U(r_0), and some ℓ_0, ℓ ≠ 0 where

(90) r_0 = 1 − √ 1 − 2ℓη ℓ

64 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS and (91) η ≥ ‖F (0)‖.

Define operators L_0, L by

L_0(r) = ‖F (0)‖ + 1 2 ℓ_0r^2,

(92)

L(r) = ‖F (0)‖ + 1 2 ℓr^2,

(93)

sequences α_n, β_n, γ_n by

(94) α_0 = β_0 = γ_0 = 0, α_1 = β_1 = α_1 = η,

α_{n+1} = α_n + ℓ_0α^2_n 2(1 − ℓ_0α_n) , (95)

β_{n+1} = β_n + ℓβ^2_n 2(1 − ℓ_0β_n) , (96)

γ_{n+1} = γ_n + ℓγ^2_n 2(1 − ℓγ_n) , (97)

and points α^∗, β^∗, γ^∗ by

α^∗ = 1 − √ 1 − 2ℓ_0η ℓ_0 , (98)

β^∗ = lim_{n→∞} β_n,

(99)

γ^∗ = 1 − √ 1 − 2ℓη ℓ (100)

provided that

(101) h = 2ℓη ≤ 1.

Note that (101) is the famous Newton–Kantorovich hypothesis for the convergence of Newton’s method [4], [5].

As it can easily be seen by (2), (34), (49), (52), (62), and (84) iterations (95), (96), (97) are the majorizing sequences (denoted by d_n in Theorem 1) corresponding to methods (62), (2) (via Theorem 1) and (2) (via Lemma 9 in [5] and (84)) respectively.

Condition (33)^{′′} needed to solve (48) can be dropped since iterates say β_n (i.e. d_n) can be found for all n > 0.

The pair (M_n, M^′_n) is defined “discretely” for each n ≥ 0 by sequence β_n which is monotonically convergence under (107). Therefore the verification of (28) and (32) is not needed since it is replaced by (107), which also makes the explicit construction of (M_n, M^′_n) unnecessary.

A UNIFYING THEOREM ON NEWTON’S METHOD 65

Then it can easily be seen

α^∗ = L^∞_0 (0),

(102) γ^∗ = L^∞(0),

(103) α_n ≤ β_n ≤ γ_n (n ≥ 2),

(104) and (105) α^∗ ≤ β^∗ ≤ γ^∗.

Note that in general

(106) ℓ_0 ≤ ℓ.

Moreover if strict inequality holds in (106) then so does in (105). Furthermore it can easily be seen that (96) monotonically converges to β^∗ provided that

(107) h_0 = (ℓ + ℓ_0)η ≤ 1,

which is a weaker hypothesis than (0). That is

(108) h ≤ 1 ⇒ h_0 ≤ 1

but not vice versa unless if ℓ = ℓ_0. That is in the Banach space case with real norm ‖ ‖, our Theorem 1 guarantees convergence of Newton’s method under (107), whereas Lemma 9 in [5] can only guarantee convergence under the stronger condition (101).

We complete this study with an example to show^ℓ_{ℓ0} can be arbitrarily large, which implies that (106) holds a strict inequality and that (107) may hold but not (101).

Example 1. Let X = Y = R, x_0 = 0, A = G^′(x_0)^{−1}, and define function G on R by (109) G(x) = c_0x + c_1 + c_2 sin e^{c3x},

where c_i, i = 0, 1, 2, 3 are given parameters. Using (109) it can easily be seen that for c_3 large and c_2 sufficiently small,^ℓ_{α2} may be arbitrarily large. That is (107) can be satisfied but not (101).

REFERENCES

[1] Argyros, I.K., Newton methods on Banach spaces with a convergence structure and applications, Computers and Math. with Applic. Intern. J. 40, 1 (2000), 37–48.

[2] Argyros, I.K., Advances in the Efficiency of Computational Methods and Applications, World Scientific Publ. Co., River Edge, NJ, 2000.

[3] Kantorovich, L.V. and Akilov, G.P., Functional Analysis in Normed Spaces, Pergamon Press, Oxford, 1982.

[4] Meyer, P.W., Newton’s method in generalized Banach spaces, Numer. Funct. Anal. and Optimization 9 (1987), 249–259.

[5] Meyer, P.W., A unifying theorem on Newton’s method, Numer. Funct.

Anal. and Optimization 13 (5 and 6) (1992), 463–473.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 66–72.

Submitted: June 19, 2002. Published: July 1 2003.

DOUBLE BARRIER OPTIONS WITH CURVED BOUNDARIES

Ghada Alobaidi^1 and Roland Mallier^2

Abstract. We consider a double barrier option between two generic curved boundaries and use a Green’s function analysis to reformulate the problem as a pair of coupled integral equations, and solve the integral equations for the special case of flat boundaries.

A.M.S. (MOS) Subject Classification Codes. 44A10, 45K05.

Key Words and Phrases. options, financial derivatives, Green’s function, integral equations

1. Introduction

Since the publication of the celebrated Black-Scholes option pricing formula in 1973 [2,10], there has been an explosion in the use of financial derivatives, which are instruments that derive their value from some other underlying instrument. An example of such a derivative is an option, which typically carries the right but not the obligation to either buy or sell the underlying. In addition to the publicly traded puts and call with which many investors are familiar, there are numerous other options, usually termed “exotic”, which typically are traded over-the-counter, or OTC, meaning that typically they are custom-made by financial institutions for clients. Once such exotic is the barrier option, which is is either “knocked in” or “knocked out”, depending on the flavor of the barrier, when the price of the underlying is equal to the barrier price. One reason for the existence of barrier options is that they can be cheaper than their plain vanilla counterparts because they risk either not being knocked in or being knocked out. Another reason is that they may be a part of a more complicated structured contract. Therefore, barrier options have become increasingly popular in world markets. According to

1Department of Mathematics and Statistics, University of Regina, Regina, SK, S4S 0A2, Canada E-mail Address: alobaidi@math.uregina.ca 2Department of Applied Mathematics, The University of Western Ontario, London ON N6A 5B7 Canada E-mail Address: mallier@uwo.ca © 2003 Cameron University

Typeset by AMS-TEX 66

DOUBLE BARRIER OPTIONS WITH CURVED BOUNDARIES 67

[15], barriers have been traded in the USA since at least 1967, some 6 years before the Chicago Board of Options Exchange (CBOE) opened its doors in 1973, with a typical user being a hedge fund. Like all equity options, the value V (S, t) of a barrier option is given by the Black-Scholes-Merton PDE, ∂V ∂t + σ^2S^2 2 ∂^2V ∂S^2

+ (r − D_0) S ∂V ∂S − rV 0 (1.1)

with the various options differentiated by the boundary conditions [11].

There are single barrier options and double barrier options. Closed-form solutions are available for single-barrier options in the Black-Scholes framework [10,6]. Other closed-form solutions have been found in Black-Scholes setup (e.g., [13,3]). On the other hand, no simple formula currently exists for other options with multiple barriers. Double barrier options are an ideal method for investors in particular to take advantage of markets expected to trade within a range. They are available in most underlying markets, including commodities, interest rate and equity markets and most commonly in foreign exchange. In the present study, we will consider a double barrier option, occasionally referred to as a dual barrier option, where there is both an upper boundary S_u(t) and a lower boundary S_l(t), which are typically specified in the option contract. It is possible to recover an option with a single barrier from this by either taking the limit S_u(t) → ∞, when we recover an option with a lower barrier, or the limit S_l → 0, when we recover an option with an upper barrier. Work on this problem goes back at least as far as 1965, when [4] gave a density function involving Fourier series for two flat boundaries, S_u(t) = S_{u0} and S_l(t) = S_{l0}, and also used the method of images to construct a Green’s function, and [5] revisited that problem using Laplace transforms, while [8] gave a formula for two exponentially curved boundaries, with S_u(t) = S_{u0}e^{δu(T −t)} and S_l(t) = S_{l0}e^{δl(T −t)}. [8] also listed several examples of double barrier options which were traded in Tokyo at the time of their study. Other than the papers mentioned above, other contributions to the pricing of double barrier options include the studies of [12,14], who used residue theory to invert the transforms in [5] those transforms having been inverted numerically in the original paper, and the studies of [7,1], where the connection between the solutions obtained by the different methods mentioned above was discussed, and an early numerical study by [9] who evaluated a LYON (liquid option yield note) which had curved boundaries.

While [8] considered exponentially curved boundaries, in the present work, we will consider two generic curved boundaries 0 ≤ S_l(t) < S_u(t), and also allow for the possibility of rebates when the barriers are hit, so that the pay-off for a double knock-out option is assumed to be R_u(t) on S_u(t) and R_l(t) on S_l(t), while if the barriers are never hit, and the price of the underlying is always between the two barriers, S_l(t) < S < S_u(t) for t ≤ T , the pay-off at expiry is max(S − E, 0), meaning we have a plain vanilla European call with strike price E. Similarly, we can define a double knock-in option, for which the pay-off at expiry is zero if the barriers are never hit, S_l(t) < S < S_u(t) for t ≤ T , while if we hit either of the barriers, we receive a rebate as above together with a plain vanilla European call. Since the value of a European call on the barriers, V_e(S_u(t), t) or V_e(S_l(t), t), can be readily calculated using the Black-Scholes option pricing formula, we can assume for the double knock-in option that the value of the European call is included within the rebate, so that the pay-off for a double knock-in option is assumed to be R_u(t) on S_u(t) and R_l(t) on S_l(t).

68 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

To price such options, we will use a Green’s function approach. The key to this, which we will present in the next section, is that we can write down a solution to the Black-Scholes-Merton equation of the form

V (S, t) =

�_∞ −∞ v(z, 0)G(S, z, T − t)dz, (1.2)

where v(z, 0) is related to the pay-off at expiry, and the variables in this formula are defined in the next section. If we are pricing options which have no early exercise features, such as vanilla European options, then the formula (1.2) will give us a solution. However, for problems with boundaries, such as American options where early exercise is allowed or the double barrier options considered here, the problem is that the pay-off at expiry is only defined for certain values of the underlying price. Because of this, the function v(z, 0) is only known for certain values of z, while in the formula (1.2) above, we need to know v(z, 0) for all z, −∞ < z < ∞. There are at least two possible ways to overcome this. One approach is, rather than use the solution (1.2) presented above, to instead the Green’s function for the Black-Scholes-Merton equation with boundaries present, so that the solution can be cast as V (S, t) =

�_{zu}

z_l

v(z, 0)G(S, z, T − t)dz, (1.3)

where the Green’s function G(S, z, T − t) in (1.3) differs from that in (1.2); for flat boundaries, it is possible to do this using the method of images, which was the approach used in [4]. An alternative approach, which we consider here, is to use the formula (1.2) and assign some form to the function v(z, 0) outside the barriers: in essence, we are supposing that we have a European option with some nonlinear pay-off at expiry whose value on the barriers is equal to the (known) value of the double barrier option. essentially, This second approach means that we have to find v(z, 0) outside the barriers for this new option, and then the value of our double barrier option is given by (1.2) together with the pay-off.

The remainder of the paper is as follows. In Section 2, we will introduce the Green’s function and perform our analysis, then in Section 3, we will make some concluding remarks.

2. Analysis

The value V (S, t) of an option is given by the Black-Scholes-Merton PDE, ∂V ∂t + σ^2S^2 2 ∂^2V ∂S^2

+ (r − D_0) S ∂V ∂S − rV = 0 , (2.1)

where S is the price of the underlying, and D_0, r and σ, all of which are assumed constant, are the dividend yield, risk-free interest rate, and volatility respectively. This equation was initially presented by [2] for options without dividends and extended by [10] to cover options with a continuous dividend yield. For a vanilla European option, this equation is valid for all S, 0 ≤ S < ∞, and for all times up to expiry t < T , together with the pay-off at expiry, V (S, T ).

For the double barrier options considered here, the equation (2.1) is only valid while the price of the underlying remains between the two barriers, S_l(t) < S < S_u(t) for t ≤ T , while if the underlying price hits one of the barriers, we assume

DOUBLE BARRIER OPTIONS WITH CURVED BOUNDARIES 69

that a rebate is paid, which we take to be R_u(t) on S_u(t) and R_l(t) on S_l(t). In our analysis, we require R_u and R_l both tend to 0 as t → −∞, so that the option price will also tend to 0 in that limit. Although we have the value of the option on the boundary, we do not know the delta of the option, (∂V/∂S), on the boundary; this can be contrasted with plain vanilla American options, where the delta is known but the location of the boundary is unknown. The pay-off at expiry between the barriers is V (S, T ) =max(S − E, 0) for a double knock-out option and V (S, T ) = 0 for a double knock-in option.

This problem can be recast as a more conventional diffusion problem, ∂v ∂τ = σ^2 2 ∂^2v ∂x^2

, (2.2)

by using the transformation

V (S, t) = S^{D0 −r}σ^{2 + 12} e^{−r2τ} v(x, τ), (2.3)

where x = log S and τ = T − t and r_2 =^{(r−D0)2}_{2σ2} +^{D0 +r}_2 +^{σ2}_8 . This has a solution using a Green’s function

v(x, τ) = 1 σ √ 2πτ �_∞ −∞ v(z, 0)e^{− (x−z)2}2σ^2 τ dz, (2.4)

so that in the original variables we have

V (S, t) = S^{D0−r}σ^{2 + 12} e^{−r2(T −t)} σ � 2π(T − t)

�_∞ −∞ v(z, 0)e^{− (log S−z)} 2 2σ2 (T −t) dz. (2.5)

As noted in the introduction, we only know v(z, 0) between the barriers. We require this to be equal to the rebate on the barriers, so we have a pair of twin integral equations for v(z, 0), which is unknown except between S_l(T ) ≤ S ≤ S_u(T ) or equivalently log S_l(T ) ≤ z ≤ log S_u(T ),

R_u(t) = (S_u(t))^{D0−rσ2 + 12} e^{−r2(T −t)} σ � 2π(T − t)

�_∞ −∞ v(z, 0)e^{− (log Su(t)−z)} 2 2σ2 (T −t) dz

R_l(t) = (S_l(t))^{D0−rσ2 + 12} e^{−r2(T −t)} σ � 2π(T − t)

�_∞ −∞ v(z, 0)e^{− (log Sl(t)−z)} 2 2σ2 (T −t) dz.

(2.7)

We can rewrite this so that the exponential term is the same in both integrals

R_u(t) = (S_u(t))^{D0 −rσ2 + 12} e^{−r2(T −t)} σ � 2π(T − t)

�_∞ −∞ v(z + log S_u(t), 0)e^{− z} 2 2σ2 (T −t) dz

R_l(t) = (S_l(t))^{D0−rσ2 + 12} e^{−r2(T −t)} σ � 2π(T − t)

�_∞ −∞ v(z + log S_l(t), 0)e^{− z} 2 2σ2 (T −t) dz,

(2.8)

and in (2.8) we have a pair of coupled integral equations for v(z, 0); once v(z, 0) has been determined, the price of the option can be recovered using (2.5). We can

70 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

write down an explicit solution to the equations (2.8) in some special cases. When the boundaries are flat, S_u(t) = S_{u0} and S_l(t) = S_{l0}, we have

R_u(t)e^{−r2(T −t)} = (S_{u0})^{D0 −rσ2 + 12} 1 σ � 2π(T − t)

�_∞ −∞ v(z + log S_{u0}, 0)e^{− z} 2 2σ2 (T −t) dz

R_l(t)e^{−r2(T −t)} = (S_{l0})^{D0 −rσ2 + 12} 1 σ � 2π(T − t)

�_∞ −∞ v(z + log S_{l0}, 0)e^{− z} 2 2σ2 (T −t) dz,

(2.9) We can rewrite these two equations as

R̃_u(τ)e^{−r}2^τ = (S_{u0})^{D0 −r}σ2^{+ 1}2 1 σ √ 2πτ �_∞ 0 [v_1(z) + v_2(z)] e^{− z2}2σ^2 τ dz

R̃_l(τ)e^{−r}2^τ = (S_{l0})^{D0 −r}σ2^{+ 1}2 1 σ √ 2πτ �_∞ 0 [v_3(z) + v_4(z)] e^{− z2}2σ^2 τ dz,

(2.10)

where v_1(z) = v(z + log S_{u0}, 0), v_2(z) = v(−z + log S_{u0}, 0), v_3(z) = v(z + log S_{l0}, 0) and v_4(z) = v(−z + log S_{l0}, 0), τ = T − t is the time remaining until expiry and R̃_u(τ) = R_u(T −τ), with a similar definition for R̃_l. If we apply a Laplace transform in τ to these equations, we obtain σ � 2pL � R̃_u � (p + r_2) = (S_{u0})^{D0−rσ2 + 12} � L [v_1] ( √ 2p σ ) + L [v_2] ( √ 2p σ ) �

σ � 2pL � R̃_l � (p + r_2) = (S_{l0})^{D0 −rσ2 + 12} � L [v_3] ( √ 2p σ ) + L [v_4] ( √ 2p σ ) � , (2.11)

which we can write as

L [v_1] (p) + L [v_2] (p) = (S_{u0})^{D0 −rσ2 + 12} σ^2pL � R̃_u

� � σ2p2 2 + r_2 �

L [v_3] (p) + L [v_4] (p) = (S_{l0})^{D0 −rσ2 + 12} σ^2pL � R̃_l

� � σ2p2 2 + r_2 � , (2.12)

or inverting, we get

v(z + log S_{u0}, 0) + v(−z + log S_{u0}, 0) = (S_{u0})^{D0 −rσ2 + 12} σ^2 × d dz L^{−1} � L � R̃_u

� � σ2p2 2 + r_2 � [z] v(z + log S_{l0}, 0) + v(−z + log S_{l0}, 0) = (S_{l0})^{D0 −rσ2 + 12} σ^2 × d dz L^{−1} � L � R̃_l

� � σ2p2 2 + r_2 � [z].

(2.13) Since we already know V (S, T ) for S_{l0} ≤ S ≤ S_{u0}, or equivalently v(z, 0) for log S_{l0} ≤ z ≤ log S_{u0}, for specific functions R_l and R_u, it is possible to deduce the function v(z, 0) for all z, −∞ < z < ∞ and then we can recover the value of the option from (2.5).

DOUBLE BARRIER OPTIONS WITH CURVED BOUNDARIES 71

When we have exponentially curved boundaries S_u(t) = S_{u0}e^{δu(T −t)} and S_l(t) = S_{l0}e^{δl(T −t)}, the integral equations (2.8) become

R̃_u(τ) = (S_{u0})^{D0 −r}σ2^{+ 1}2 1 σ √ 2πτ exp � −r_2 + δ_u � D_0 − r σ^2 + 1 2 � τ �

× �_∞ −∞ v(z + log S_{u0} + δ_uτ, 0)e^{− z2}2σ^2 τ dz,

R̃_l(τ) = (S_{l0})^{D0 −r}σ2^{+ 1}2 1 σ √ 2πτ exp � −r_2 + δ_l � D_0 − r σ^2 + 1 2 � τ �

× �_∞ −∞ v(z + log S_{l0} + δ_lτ, 0)e^{− z2}2σ^2 τ dz,

(2.14)

which in principal could be solved, and for the case R_l(t) = R_u(t) = 0, the formula in [8] recovered.

3. Discussion In the previous section, we used a Green’s function to consider the valuation of a double barrier option with two curved boundaries, 0 ≤ S_l(t) < S_u(t), with rebates of R_l(t) and R_u(t) when these boundaries are hit. By doing so, we were able to arrive at our main result, which was the pair of coupled integral equations, (2.8); once these equations are solved, the price of the option can be recovered using (2.5). We were able to solve (2.8) using Laplace transforms for the special case of flat boundaries, arriving at the expression (2.13). When there are no rebates, (2.13) is equivalent to the well-known expression [4] using the method of images, but one contribution of our present study is to offer a framework for pricing double barrier options with general rebates, with the other main contribution of this work being to offer a framework for pricing double barrier options with generic curved boundaries, as opposed to the exponentially curved boundaries considered by [8].

References

1. G. Alobaidi and R. Mallier, On double barrier options, submitted (2002). 2. F. Black and M. Scholes, The pricing of options and corporate liabilities, J. Political Econom 81 (1973), 637–659.

3. P. Carr, Two extensions to barrier option valuation, Applied Mathematical Finance 2 (1995), 173–209.

4. D. R. Cox and H. D. Miller, The Theory of Stochastic Processes, Wiley, New York, 1964. 5. H. Geman and M. Yor, Pricing and hedging double-barrier options: a probabilistic approach, Math. Finance 6 (1996), 365–378.

6. M. Goldman, H. Sosin and M. Gatto, Path dependent options: Buy at the low, sell at the high, J. Finance 34 (1979), 111–127.

7. C. H. Hui, C. F. Lo and P. H. Yuen, Comment on “Pricing double barrier options using Laplace transforms” by Antoon Pelsser, Finance and Stochastics 4 (2000), 105–107.

8. N. Kunitomo N. and M. Ideda, Pricing options with curved boundaries, Math. Finance 2 (1992), 275–298.

9. J. J. McConnell and E. S. Schwartz, LYON taming, J. Finance 41 (1986), 561–577. 10. R. C. Merton, The theory of rational option pricing, Bell J. Econ. and Management Science 4 (1973), 141–183.

11. R. C. Merton, On the problem of corporate debt: the risk structure of interest rates, J. Finance 29 (1974), 449–470.

12. A. Pelsser, Pricing double barrier options using Laplace transforms, Finance and Stochastics 4 (2000), 95–104.

72 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

13. M. Rubinstein and E. Reiner, Breaking down the barriers, RISK 4(8) (1991), 28–35. 14. M. Schröder, On the valuation of double-barrier options, Working Paper, Fakultat fur Mathematik und Informatik, Universitat Mannheim (1999).

15. P.G. Zhang, Exotic Options (2nd Edition), World Scientific, Singapore, 1998.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 73–81.

Submitted: November 11, 2002. Published: July 1 2003.

INTERNATIONAL FISHING AS PARTIALLY COOPERATIVE GAME

Ferenc Szidarovszky^1 and Ibrahim Abdel Rahman Mostafa^2

Abstract. A game theoretical model of international fishing is introduced under partial cooperation of the countries involved. The interior equilibrium is determined and it is shown that both increasing cooperation levels and smaller available fish stock have decreasing effects on the total fish harvest. A dynamic system model is developed for the dynamic behavior of the fish stock.

A.M.S. (MOS) Subject Classification Codes. 91-99.

Key Words and Phrases. Partial cooperation, equilibrium, international fishing, dynamic system.

1. Introduction

International fishing became the focus of many researchers of game theory during the last decade. Okuguchi [1] has introduced a fishing duopoly in which the fishing countries behave as Cournot oligopolists at each time period, so the fish harvest is determined by the Cournot -Nash equilibrium. The fishing activity changes the biological reproduction law of the fish stock, so its long term properties depend on the fishing activity. The asymptotic behavior of the fish stock was examined in this paper. This model and the asymptotic results were extended to the general n-country case in Szidarovszky and Okuguchi [2]. If the fishing countries form a coalition, then the fish harvest is always lower than that in the non-cooperative case resulting in a more stable fish-stock (Szidarovszky and Okuguchi, [3]). Entry of a new country, merging, and their effects on the fish stock and profitability were investigated in Szidarovszky et al. [4], and the effect of information delay on asymptotic behavior of the fish stock was examined by Engel et al. [5].

1Systems and Industrial Engineering Department, University of Arizona, Tucson Arizona 85721 E-mail Address: szidar@sie.arizona.edu 2Physics Department, Faculty of Science, Menofiya University, Shebin Elkom, Egypt E-mail Address: i mostafa2000@yahoo.com © 2003 Cameron University

Typeset by AMS-TEX 73

74 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

In this paper partial cooperation of the fishing countries will be considered, when the payoff of each country contains her profit and some portions of the profits of the others. After the mathematical model will be introduced, the dependence of the fish harvest on the cooperation levels of the countries as well as on the available fish stock will be investigated. And finally, dynamic models describing the long-term behavior of the fish stock will be developed.

2. The Mathematical Model

Assume that n countries or firms harvest fish of a single species in a common property fishing ground and sell the fish in m markets. Let x_{ri} denote the amount of fish harvest of country r and sold in market i. The total harvest of country r is therefore

(1) X_r = x_{r1} + x_{r2} + x_{r3} + ....... + x_{rm} ,

and the total fish supply in market i is the following:

(2) Y_i = x_{1i} + x_{2i} + ........... + x_{ni}.

The price of the fish in market i is assumed to be linear:

(3) P_i(Y_i) = a_i − b_iY_i,

and the cost function of country r is given as

(4) C_r(X_r) = c_r + γ_r

X^2_r X , here X is the available fish stock. With these price and cost functions we follow the models of the earlier studies mentioned before. The profit of country r is then

(5) Ψ_r = m� i=1 (a_i − b_iY_i)x_{ri} − (c_r + γ_r

X^2_r X ), wich is the difference of the revenue and cost of the country. Let α_{rl} ∈ [0, 1] denote the cooperation level of country r towards country l, then the payoff function of country r is

(6) π_r = Ψ_r + � l≠r

α_{rl}Ψ_l.

This payoff can be interpreted as country r takes α_{rl} percents of the interest of country l into account in addition to his own full interest in his payoff function. Using equation (5),

(7) π_r = m� i=1 (a_i − b_iY_i)x_{ri} − (c_r + γ_r

X^2_r X ) + � l≠r

α_{rl}[ m� i=1 (a_i − b_iY_i)x_{li} − (c_l + γ_l

X^2_l X )].

INTERNATIONAL FISHING AS PARTIALLY COOPERATIVE GAME 75

For all values X > 0 of the fish stock we have now defined an n-person noncooperative game with strategy sets

(8) S_r = {(x_{r1}, x_{r2}, ........, x_{rm)} | X_r = m� i=1 x_{ri} ∈ [0, X]},

and payoff functions π_r with the additional constraint: (9) n� r=1 X_r ∈ [0, X].

In the next section the interior Cournot-Nash equilibrium of this game will be determined.

The equilibrium of the game At a Cournot-Nash eqilibrium each π_r is maximal in x_{r1}, x_{r2}......, x_{rm} with fixed strategies of all other countries. Assuming interior equilibrium, the first order conditions can be written as

(10)

∂π_r ∂x_{ri}

= a_i − b_iY_i − b_ix_{ri} −

2γ_rX_r X + � l≠r

α_{rl}(−b_ix_{li}) = 0,

implying that for all r and i,

(11) x_{ri} + � l≠r

α_{rl}x_{li} = a_i b_i

− Y_i −

2γ_rX_r Xb_i .

Since π_r is concave in (x_{r1,}......., x_{rm}), the second order conditions are satisfied. For simplicity, introduce the following notations:

H = � � � 1 α_{12} ...... α_{1n} α_{21} 1 ...... α_{2n} . . . . . . . . α_{n1} α_{n2} ...... 1

� � � , Z^i = � � � x_{1i} x_{2i} . . x_{ni}

� � � , x = � � � X_1 X_2 . . X_n

� � �

1 = ( 1 1 ... .. 1 )^T , and C = diag(γ_1, γ_{2,....,}γ_n). Then (11) can be rewritten as

(12) HZ_i = ( a_i b_i

− Y_i)1 − 2 b_iX Cx, that is ,

(13) Z_i = ( a_i b_i

− Y_i)H^{−1}1 − 2 b_iX

H^{−1}Cx .

By adding these equations for all values of i we have

(14) x = (A − S)H^{−1}1 − 2B X H^{−1}Cx,

76 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

where A =^m � i=1 a_i b_i and B =^m � i=1 1 b_i

, furthermore S =^m � i=1 Y_i is the total fish harvest of all countries. From (14) we see that

(15) x = (A − S)(I + 2B X H^{−1}C)^{−1}H^{−1}1 = (A − S)(H + 2B X C)^{−1}1.

Since 1^T x = X_1 + X_2 + .... + X_n = S, we obtain a single equation for S:

(16) S = (A − S)1^T (H + 2B X C)^{−1}1

implying that

(17) S =

Af(X) 1 + f(X)

with

(18) f(X) = 1^T (H + 2B X C)^{−1}1.

Consider the special case of noncooperating countries. Then α_{rl} = 0 for all l ≠ r, so H + 2B X C is a diagonal matrix showing that

(19) f(X) = n� r=1 1 1 + 2Bγ_r X .

Notice that this result coincides with those obtained earlier in Szidarovszky and Okuguchi [2]. The completely cooperative case occurs when the firms maximize the sum of their profits, so in this case α_{rl} = 1 for all l ≠ r. Next we compute the equilibrium in a more general case, when α_{rl} = α for all l ≠ r. The case of α = 1 gives the completely cooperative case. Now we have

H + 2B X C = � � � � 1 α · · · α α 1 · · · α . . . . . . . . α α · · · 1

� � � � +

� � � � �

2Bγ_1

X 0 0 0 0^{2Bγ2}_X 0 0 0 0 .. . 0 0 0 0^{2Bγn}_X

� � � � �

(20) = D + α11^T ,

where D = diag � 1 + 2Bγ_1 X − α, ...., 1 +

2Bγ_n X − α � . Therefore

(21) � H + 2B X C �_{−1}

= D^{−1} − αD^{−1}11^T D^{−1} 1 + α1^T D^{−1}1 ,

INTERNATIONAL FISHING AS PARTIALLY COOPERATIVE GAME 77 so f(X) = 1^T D^{−1}1 − 1 1 + α1^T D^{−1}1 α � 1^T D1

�_2

(22) =

1^T D^{−1}1 1 + α1^T D^{−1}1 = �_n r=1 1 1 + 2Bγ_r X − α 1 + �_n r=1 α 1 + 2Bγ_r X − α .

In the special case of α = 1,

(23) f(X) = X 2B C 1 + X 2B C = XC 2B + CX ,

with C =^n � r=1 1 γ_r

. Notice that this result coincides with that presented earlier in Szidarovszky and Okuguchi [3].

4. Dependence on α_{rl} In this section we will investigate how the cooperation levels α_{rl} affect the total fish harvest. For this purpose we need to find the derivative of S with respect to α_{rl}. Let

(24) U = � H + 2B X C �_{−1} , then

(25) U � H + 2B X C � = I.

Differentiate both sides with respect to α_{rl} to have

(26) � ∂ ∂α_{rl} U � � H + 2B X C � + Ue_re^T_l = 0,

where e_r and e_l are the r th and l th basis vectors. So

(27) ∂ ∂α_{rl}

U = −Ue_re^T_l U = −c_rr^T_l ,

where c_r is the rth column and r^T_l is the l th row of matrix U, and therefore

78 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

(28) ∂ ∂α_{rl} f(X) = − � 1^T c_r � � r^T_l 1 � . It is reasonable to assume that α_{rl} = α_{lr} for all r ≠ l which means that any two countries cooperate with each other on equal levels. Then H is symmetric, therefore U is also symmetric showing that c_l = r_l . Then relation (28) and the fact that

(29) ∂S ∂α_{rl} = ∂ ∂α_{rl} � Af(X) 1 + f(X) � = A (1 + f(X))^2

∂f(X) ∂α_{rl} , imply that

(30) ∂S ∂α_{rl} = − A (1 + f(X))^2 � 1^T c_r � (1^T_l c_l).

Assume that the sum of the elements in each column has the same sign. Then increasing cooperation levels decrease the total fish harvest. A simple consequence of this observation is the fact that total cooperation among the countries results is the smallest total harvest. If α_{rl} = 0 for all r ≠ l, then U ¯ is diagonal with positive diagonal, so 1^T c_r > 0 for all r, so by selecting sufficiently small α_{rl} values, S still decreases in α_{rl}.

5. Dependence on X Similarly to relation (26) we now have

(31) � ∂ ∂X U � � H + 2B X C � + U � − 2B X^2 C � = 0 implying that

(32) ∂ ∂X U = 2B X^2

UCU.

Therefore

(33) f^′(X) = 2B X^2

1^T UCU1 .

Introduce matrix K = diag �√ γ_1, ..., √ γ_n � to see that in the case of

α_{rl} = α_{lr} ( r ≠ l),

(34) f^′(X) = 2B X^2

1^T UKKU1 = 2B X^2

‖ KU1 ‖^2 .

Since both K and U are invertible, KU1 ≠ 0 showing that f^′(X) > 0, and from (29) we see that S is strictly increasing in X. Therefore on any cooperation level more available fish stock results in larger total harvest.

INTERNATIONAL FISHING AS PARTIALLY COOPERATIVE GAME 79

6. The Dynamic Model Assume first that without commercial fishing the fish stock changes according to the well-known logistic equation

(35) Ẋ = X(α − βX),

(see for example, Clark, [6]). In the presence of the commercial fishing this rule becomes

(36) Ẋ = X(α − βX − g(X)),

with

(37) g(X) = S X = Af(X)) X(1 + f(X)) .

Notice that from (18) we have

(38) f(X) = 1^T (HX + 2BC)^{−1}1X, so (39) g(X) =

A1^T (HX + 2BC)^{−1}1 1 + 1^T (HX + 2BC)^{−1}1X . Therefore

(40) g(0) = A1^T (2BC)^{−1}1 = A 2B n� r=1 1 γ_r = AC 2B ,

where we use the same notation as in equation (23). Notice furthermore that f(X) −→ 1^T H^{−1}1 as X −→ ∞ implying that g(X) −→ 0. Any nonzero equilibrium of the dynamic system is the solution of equation

(41) α − βX = g(X),

and X = 0 is always an equilibrium.

In model (35) a linearly decreasing growth rate was considered. Clark [6] has suggested more advanced population rules. A straightforward generalization of the logistic equation is

(42) Ẋ = X^r(α − βX)

80 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

with some constant r > 0. Then in the presence of commercial fishing this rule becomes

(43) Ẋ = X^r(α − βX − g(X))

where now

(44) g(X) = s X^r = Af(X) X^r(1 + f(X)) . In the literature instead of equations (35) and (42) the following is used often:

(45) Ẋ = rX ln K X , which modifies as

(46) Ẋ = X(r ln K − r ln X − g(X))

in the presence of commercial fishing, where g(X) is the same as given earlier in equation (37).

More complicated model is obtained by rule

(47) Ẋ = rX( X K_0

− 1)(1 − X K ) which modifies in the presence of commercial fishing as

(48) Ẋ = X � r( X K_0

− 1)(1 − X K ) − g(X) �

where the g(X) term is the same as given in equation (37).

In the case of model (43), the eqilibrium equation is again (41) giving the intercept of the linear function α − βX and the nonlinear curve g(X). In the case of models (46) and (48) the equilibria are the solutions of the more complicated equations

(49) r ln K − r ln X − g(X) = 0 and

(50) r � X K_0 − 1 � � 1 − X K � − g(X) = 0

respectively. The dynamic behavior of the equilibria depends on the analytic properties of the functions involved. A detailed analysis will be the subject of a future paper.

INTERNATIONAL FISHING AS PARTIALLY COOPERATIVE GAME 81

References

1. Okuguchi, K.: Long- run Fish Stock and Imperfectly Cooperative Commercial Fishing. Keio Economics Studies , 35, (1998), 9-17.

2. Szidarovszky, F. and Okuguchi, K.: An Oligopoly Model of Commercial Fishing.

Seoul J. of Economics, 11(3), (1998), 321-330.

3. Szidarovszky, F. and Okuguchi, K.: A Dynamic Model of International Fishing.

Seoul J. of Economics, 13(4), (2000), 471-476.

4. Szidarovszky, F., Ilieva, V. and Okuguchi, K.: Entry and Merges in Commercial Fishing. accepted by Journal of Economics, 2002.

5. Engel, A., C Chiarella, C. and F. Szidarovszky (2000) A Game Theoretical Model of International Fishing with Time Delay. In Proceedings of the 2001 IEEE International Conference on Systems, Man and Cybernetics, Tucson, Arizona, October 7-10, 2001, pp. 2658- 2663.

6. Clark, C.W.: Mathematical Bioeconomics. J .Wiley and Sons, New York, 1976.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 82–87.

Submitted: March 19, 2002. Published: July 1 2003.

A LOCAL CONVERGENCE ANALYSIS AND APPLICATIONS OF NEWTON’S METHOD UNDER WEAK ASSUMPTIONS

Ioannis K. Argyros

Abstract. We provide a local convergence theorem for Newton’s method in a Banach space setting. We use Lipschitz, center Lipschitz conditions and small majorizing sequences. It turns out that this way our convergence radius (ball) is larger and the error bounds finer than before. This observation is very important in computational mathematics, and finds several applications such as the construction of efficient mesh independence refinement strategies.

A.M.S. (MOS) Subject Classification Codes. 65B05, 65G99, 65J15, 47H17, 49M15, CR:1.5.

Key Words and Phrases. Banach space, Newton’s method, majorizing functions, Lipschitz, center-Lipschitz conditions, radius (ball) of convergence.

1. Introduction

In this study we are concerned with the problem of approximating a locally unique solution x^∗ of equation

(1) F (x) = 0,

where, F is defined on the closed ball U(x^∗, R) = {x ∈ X | ‖x − x^∗‖ ≤ R} (R ≥ 0) which is a subset of a Banach space X with values in a Banach space Y .

The famous Newton–Kantorovich method

(2) x_{n+1} = x_n − F^′(x_n)^{−1}F (x_n) (n ≥ 0)

has been used extensively to generate a sequence converging to x^∗ under various assumptions. For a survey of such results we refer the reader to [3], [7], [8] and the references there. The assumptions used involve Lipschitz conditions on the Fréchet derivative F^′(x) of F (x), Lipschitz constants [7], [8] and or small majorizing functions [2], [3].

Department of Mathematics, Cameron University, Lawton, OK 73505, U.S.A. E-mail Address: ioannisa@cameron.edu © 2003 Cameron University

Typeset by AMS-TEX 82

LOCAL CONVERGENCE ANALYSIS OF NEWTON’S METHOD 83

Here we use Lipschitz as well as center Lipschitz conditions. The center Lipschitz conditions are used for the computation of the upper bounds on ‖F^′(x)^{−1}F^′(x^∗)‖.

This way we manage to obtain more precise error bounds and a larger convergence radius than before [8]. This observation is very important in computational mathematics, and finds many applications such as the construction of efficient mesh independence refinement strategies [1], [3], [5], [6].

Finally, we complete this study with a numerical example to show that our convergence radius (ball) and error bounds are finer than before.

2. Local Convergence Analysis of Newton’s Method We present the following local result for the convergence of Newton’s method:

Theorem 1. Let F : U(x^∗, R) ⊆ X → Y be a Fréchet-differentiable operator for some R ≥ 0, x^∗ such that F (x^∗) = 0, and F^′(x^∗)^{−1} ∈ L(Y, X). Moreover, assume: ‖F^′(x^∗)^{−1}[F^′(x) − F^′(y)]‖ ≤ w(‖x − y‖), (3) ‖F^′(x^∗)^{−1}[F^′(x) − F^′(x^∗)]‖ ≤ w_0(‖x − x^∗‖) (4) for all x, y ∈ U(x^∗, R), and (5) U(x^∗, r_0) ⊆ U(x^∗, R), where, functions w, w_0: [0, R] → [0, ∞) are monotonically increasing with (6) lim_{r→0} w(r) = 0,

(7) 0 ≤ w_0(r) ≤ w(r) (0 ≤ r ≤ R), and r_0 is the positive zero of function f given by

(8) f(r) =

�_1 0 w(tr)dt + w_0(r) − 1.

Then, Newton’s method {x_n} (n ≥ 0) generated by (2) is well defined, remains in U(x^∗, r_0) for all n ≥ 0, and converges to x^∗ provided that x_0 ∈ U(x^∗, r_0). Moreover the following error bounds hold for all n ≥ 0:

(9) ‖x_{n+1} − x^∗‖ ≤

�_1 0 w(t‖x_n − x^∗‖)dt 1 − w_0(‖x_n − x^∗‖)

‖x_n − x^∗‖.

Proof. Let x ∈ U(x^∗, r_0). It follows from (4) that

‖F^′(x^∗)^{−1}[F^′(x) − F^′(x^∗)]‖ ≤ w_0(‖x − x^∗‖)

(10) < w_0(r_0) ≤ 1 (by (4) and (8)).

It follows from (10) and the Banach Lemma on invertible operators [7] F^′(x)^{−1} F^′(x^∗) exists and (11) ‖F^′(x)^{−1}F^′(x^∗)‖ ≤ [1 − w_0(‖x − x^∗‖)]^{−1}.

84 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

In particular we have: x_0 ∈ U(x^∗, r_0). Assume x_k ∈ U(x^∗, r_0) for all k ≤ n. Using (2), (3), (8) and (11) we get in turn:

‖x_{k+1} − x^∗‖ = � � �[F^′(x^k)^{−1}F^′(x^∗)]

(12)

· � F^′(x^∗)^{−1}

�_1 0 (F^′(x_k + t(x^∗ − x_k)) − F^′(x_k ))(x^∗ − x_k)dt � �

≤ �_1 0 w(‖x_k − x^∗‖ + t‖x_k − x^∗‖ − ‖x_k − x^∗‖)dt 1 − w_0(‖x_k − x^∗‖)

‖x_k − x^∗‖ < �_1 0 w(tr_0) 1 − w_0(r_0)

‖x_k − x^∗‖ = ‖x_k − x^∗‖,

which shows (9), x_{k+1} ∈ U(x^∗, r_0), and lim_{k→∞} x_k = x^∗.

That completes the proof of Theorem 1. □ Remark 1. Condition (4) can be replaced by

(13) ‖F^′(x)^{−1}F^′(x^∗)‖ ≤ [1 − w_0(‖x − x^∗‖)]^{−1},

for all x ∈ U(x^∗, R) [2], [3]. Similarly we can show a local result using function w instead of w defined by

(14) w(r) = sup{w(v_1) + w_0(v_2): v_1 + v_2 = r}.

Theorem 2. Under the hypotheses of Theorem 1, denote by r_1 the positive zero of function g, given by

(15) g(r) =

�_1 0 [w((1 + t)r) − w_0(r)]dt + w_0(r) − 1,

and further assume:

(16) U(x^∗, r_1) ⊆ U(x^∗, R).

Then Newton’s method {x_n} (n ≥ 0) generated by (2) is well defined, remains in U(x^∗, r_1) for all n ≥ 0, and converges to x^∗ provided that x_0 ∈ U(x^∗, r_1). Moreover the following hold:

‖x_{n+1} − x^∗‖ ≤

(17)

�_1 0 [w(‖x_n − x^∗‖ + t‖x_n − x^∗‖) − w_0(‖x_n − x^∗‖)]dt 1 − w_0(‖x_n − x^∗‖)

‖x_n − x^∗‖ (n ≥ 0) and (18) r_0 ≤ r_1.

LOCAL CONVERGENCE ANALYSIS OF NEWTON’S METHOD 85

Proof. The proof is exactly the same with the corresponding one in Theorem 1 but to arrive at (12) we use

‖x_{k+1} − x^∗‖

(19) ≤ �_1 0 w(‖x_k − x^∗‖ + t‖x_k − x^∗‖ − ‖x_k − x^∗‖)dt 1 − w_0(‖x_k − x^∗‖)

‖x_k − x^∗‖ ≤ �_1 0 [w(‖x_k − x^∗‖ + t‖x_k − x^∗‖) − w_0(‖x_k − x^∗‖)]dt 1 − w_0(‖x_k − x^∗‖)

‖x_k − x^∗‖

< ‖x_k − x^∗‖.

(20)

Finally estimate (18) follows from the observation that

(21) 0 = f(r_0) ≤ g(r_0).

That completes the proof of Theorem 2. □

3. Application In order to compare Theorems 1 and 2 with earlier results we state the following theorem. The proof of the following local result can be found in [8].

Theorem 3. Let F : D ⊆ X → Y be a Fréchet-differentiable operator. Assume:

there exist a simple zero x^∗ of equation F (x) = 0, a parameter p ≥ 0 such that

(22) ‖F^′(x^∗)^{−1}[F^′(x) − F^′(y)]‖ ≤ p‖x − y‖ for all x, y ∈ D and (23) U(x^∗, q) ⊆ D,

where,

(24) q = 2 3p . Then, Newton’s method {x_n} (n ≥ 0) generated by (2) is well defined, remains in U(x^∗, q) for all n ≥ 0 and converges to x^∗, provided that x_0 ∈ U(x_0, q). Moreover the following error bounds holds for all n ≥ 0

(25) ‖x_{n+1} − x^∗‖ ≤ p‖x^∗ − x_n‖^2 2[1 − p‖x^∗ − x_n‖]

= α_n.

Remark 2. As noted in [1], [3], [5], [6], [7] the local results obtained here can be used for projection methods such as Arnoldi’s, the generalized minimum residual method (GMRES), the generalized conjugate residual method (GCR), for combined Newton/finite-difference projection methods and in connection with the mesh independence principle in order to develop the cheapest mesh refinement strategies.

86 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Remark 3. The local results obtained here can also be used to solve equations of the form F (x) = 0, where F^′ satisfies the autonomous differential equation [3], [5], [7]:

(26) F^′(x) = T (F (x)),

where, T : Y → X is a known continuous operator. Since F^′(x^∗) = T (F (x^∗)) = T (0), we can apply the results obtained here without actually knowing the solution x^∗ of equation (1).

We complete this section with a numerical example.

Example 1. Let X = Y = R, D = U(0, 1), R = 1, and define function F on D by

(27) F (x) = e^x − 1.

Set w(r) = pr, w_0(r) = p_1r, r ∈ [0, 1]. Then it can easily be seen that we can set T (x) = x + 1 in (26). Using (3), (4), (22), we get p = e. Moreover since x^∗ = 0 we obtain in turn

F^′(x) − F^′(x^∗) = e^x − 1 = x + x^2 2! + · · · + x^n n! + · · · = � 1 + x 2! + · · · + x^{n−1} n! + · · · � (x − x^∗)

and for x ∈ U(0, 1), ‖F^′(x) − F^′(x^∗)‖ ≤ (e − 1)‖x − x^∗‖. That is, p_1 = e − 1. Using (8) and (24) we obtain respectively:

(28) q = .245252961 and (29) r_0 = .254028662.

That is, our convergence radius r_0 is larger than the corresponding one q due to Rheinboldt [8]. This observation is very important in computational mathematics (see also Remark 2). Moreover the corresponding error bounds (9) (see also (25)) are given by

(30) ‖x_n − x^∗‖ ≤ β_n = p‖x_n − x^∗‖^2 2[1 − p_1‖x_n − x^∗‖]

(n ≥ 0), and (31) β_n < α_n (n ≥ 0),

since p_1 < p. Hence our claims made at the introduction are justified.

LOCAL CONVERGENCE ANALYSIS OF NEWTON’S METHOD 87

REFERENCES

[1] Allgower, F.L., Böhmer, K., Potra, F.A., and Rheinboldt, W.C., A mesh independence principle for operator equations and their discretizations, SIAM J. Numer. Anal. 23, 1 (1986), 160–169.

[2] Appel, J., DePascale, E., and Zabrejko, P.P., On the application of the Newton–Kantorovich method to nonlinear integral equations of Uryson type, Numer. Funct. Anal. and Optimiz. 12, (3 and 4) (1991), 271–283.

[3] Argyros, I.K., Advances in the Efficiency of Computational Methods and Applications, World Scientific Publ. Co., River Edge, NJ, 2000.

[4] Argyros, I.K., On the radius of convergence of Newton’s method, Intern. J.

Comput. Math. 77 (2001), 389–400.

[5] Argyros, I.K. and Szidarovszky, F., The Theory and Applications of Iteration Methods, C.R.C. Press, Boca Raton, Florida, 1993.

[6] Brown, P.N., A local convergence theory for combined inexact-Newton/finite-difference projection methods, SIAM J. Numer. Anal. 24, 2 (1987), 407–434.

[7] Kantorovich, L.V. and Akilov, G.P., Functional Analysis in Normed Spaces, Pergamon Press, Oxford, 1982.

[8] Rheinboldt, W.C., An adaptive continuation process for solving systems of nonlinear equations, Polish Academy of Science, Banach Ctr., Publ. 3 (1977), 129–142.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 88–95.

Submitted: May 19, 2002. Published: July 1 2003.

SEMILOCAL CONVERGENCE FOR NEWTON’S METHOD ON A BANACH SPACE WITH A CONVERGENCE STRUCTURE AND TWICE FRÉCHET DIFFERENTIABLE OPERATORS

Ioannis K. Argyros

Abstract. We provide a semilocal convergence theorem for Newton’s method on a Banach space with a convergence structure. The operators involved are twice Fréchet differentiable. Our result contains earlier ones as special cases, if the Banach space is equipped with a real norm. Moreover it compares favorably with earlier results involving only once Fréchet-differentiable operators, since our sufficient convergence conditions are shown that they can be weaker.

A.M.S. (MOS) Subject Classification Codes. 65G99, 65B05, 65J15, 65N30, 65N35, 47H17, 49M15, CR:1.5.

Key Words and Phrases. Newton’s method, Banach space with a convergence structure, majorizing sequence, Fréchet-differentiable operator, Newton–Kantorovich hypothesis.

1. Introduction

In this study we are concerned with the problem of approximating a locally unique solution x^∗ of the equation

(1) F (x) = 0,

where,

(2) F (x) = AG(x_0 + x).

G is a twice Fréchet differentiable operator on a Banach space X with a convergence structure and values in X, A is meant to be an approximation to G^′(x_0)^{−1} and x_0 is the initial guess for Newton’s method

(3) x_0 = 0, x_{n+1} = x_n + F^′(x_n)^∗(−F (x_n)) (n ≥ 0).

Department of Mathematics, Cameron University, Lawton, OK 73505, U.S.A. E-mail Address: ioannisa@cameron.edu © 2003 Cameron University

Typeset by AMS-TEX 88

TWICE FRÉCHET DIFFERENTIABLE OPERATORS 89

By a Banach space X with convergence structure we mean a triple (X, V, E) in the sense of Definition 1 in [3] (see also [1], [2], [6]). Operator F^′(x)^∗ has also been defined in [3].

We provide a semilocal convergence analysis for Newton’s method (2) in this general setting. In the case of a Banach space with (real) norm ‖ · ‖ our results reduce to the ones in [2], [4], [7].

Moreover our results compare favorably with earlier ones involving only once Fréchet-differentiable operators [2], [6], since our sufficient convergence conditions are shown that they can be weaker.

Finally some numerical examples are provided to show that our results can show convergence of Newton’s method to x^∗, when earlier ones fail.

2. Semilocal Convergence Analysis for Newton’s Method We provide the main semilocal convergence result for Newton’s method (2) on a Banach space with a convergence structure and twice Fréchet-differentiable operators.

Theorem 1. Let there be given a Banach space X with convergence structure (X, V, E) where V = (V, C, ‖ · ‖_V ), and operator F ∈ C^{′′}(X_0 → X) with X_0 ⊆ X, and operator M ∈ C^′(V_0 → V ) with V_0 ⊆ V , and a point p ∈ C satisfying:

(4) U(p) ⊆ X_0, [0, p] ⊆ V_0;

M is order-convex on [0, p] and for all x, y ∈ U(p) with |x| + |y| ≤ p

M^′(|x + y|) − M^′(x) ∈ B([F^{′′}(x) − F^{′′}(x + y)](y)); (5) M^′(0) ∈ B(I − F^′(0)), (−F (0), M(0)) ∈ E; (6) M(p) ≤ p; (7) and (8) M^′(p)^np → 0 as n → ∞.

Then, sequence (x_n, t_n) ∈ (X × V )^π, where {x_n} is generated by Newton’s method (3) and {t_n} (n ≥ 0) is given by

(9) t_0 = 0, t_{n+1} = M(t_n) + M^′(|x_n|)(a_n), a_n = |x_{n+1} − x_n|

is well defined for all n ≥ 0, belongs in E^π, and is monotone.

Moreover the following hold for all n ≥ 0

(10) t_n ≤ b,

where,

(11) b = M^∞(0),

is the smallest fixed point of M in [0, p].

90 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proof. We first show that (x_1, b) ∈ E. By (6) and (7) we get (for p = b) M^′(0)(b) + | − F (0)| ≤ M^′(0)(b − 0) + M(0)

(12) ≤ M(b) − M(0) + M(0) = M(b) ≤ b, which shows that equation (13) q = (I − F^′(0))(q) − F (0) has a solution q = x_1, and (x_1, b) ∈ E.

Hence by (9) and the order convexity of M we get (14) |x_1| ≤ M^′(0)|x_1| + M(0) = t_1 and (15) t_1 = M^′(0)|x_1| + M(0) ≤ M^′(0)b + M(0) ≤ M(b) ≤ b. Let us assume sequence (x_n, t_n) is well defined and monotone so that (16) 0 ≤ (x_{k−1}, t_{k−1}) ≤ (x_k, t_k) and (17) t_k ≤ b for all k = 1, 2, . . . , n.

Using (5), (6) and the approximation I − F^′(x_n) = I − F^′(x_n) − F^′(0) + F^′(0)

(18) = [I − F^′(0)] + [F^′(0) − F^′(x_n)] = [I − F^′(0)] −

�_1 0 F^{′′}(θx_n)dθ(x_n), we get

|I − F^′(x_n)| ≤ |I − F^′(0)| +

�_1 0 | − F^{′′}(θx_n)dθ(x_n)|

(19) ≤ M(0) + M^′(|x_n|) − M^′(0) = M^′(|x_n|).

That is (20) M^′(|x_n|) ∈ B(I − F^′(x_n)). Moreover using (3), (5), (9) and the approximation

| − F (x_n)| = | − F (x_n) + F (x_{n−1}) + F^′(x_{n−1})(x_n − x_{n−1})|

(21) = � � �− �_1 0 F^{′′}[x_n + θ(x_{n+1} − x_n)](1 − θ)dθ(x_{n+1} − x_n)^2 � � � ≤ �_1 0 [M^′(|x_{n−1}| + θa_{n−1}) − M^′(|x_{n−1}|)]a_{n−1}dθ = M(|x_{n−1}| + a_{n−1}) − M(|x_{n−1}|) − M^′(|x_{n−1}|)a_{n−1} ≤ M(t_{n−1} + t_n − t_{n−1}) − M(t_{n−1}) − M^′(|x_{n−1}|)a_{n−1} = M(t_n) − t_n.

(22)

TWICE FRÉCHET DIFFERENTIABLE OPERATORS 91 Let (23) q = b − t_n.

Using (20), (22) and (23) we obtain in turn

M^′(|x_n|)(q) + | − F (x_n)| ≤ M^′(t_n)(b − t_n) + M(t_n) − t_n

(24) ≤ M(b) − M(t_n) + M(t_n) − t_n ≤ b − t_n = q.

Hence equation (25) q = (I − F^′(x_n))(q) + (−F (x_n)) has a solution x_{n+1} and a_n ≤ b − t_n. We also get (26) t_{n+1} ≤ M(t_n) + M^′(t_n)(b − t_n) ≤ M(b) ≤ b, and a_n + t_n ≤ M^′(|x_n|)(a_n) + | − F (x_n)| + t_n

(27) ≤ M^′(|x_n|)(a_n) + M(t_n) = t_{n+1}.

By (9) we obtain using induction on n (28) M^n(0) ≤ t_n ≤ b.

That is t_n → b since M^n(0) → b. Hence sequence {x_n} converges to x^∗ ∈ U(b) which is a solution of F . To show uniqueness, define the modified Newton iteration (29) y_{n+1} = y_n − F (y_n), y_0 = 0.

This sequence also converges to x^∗, and (y_n, M^n(0)) is monotone in X × V . Let y^∗ ∈ U(p) be a solution of F . Then it can easily be seen (30) |y^∗ − y_n| ≤ M^n(p) − M^n(0) → 0 as n → ∞. Hence we get x^∗ = y^∗.

That completes the proof of Theorem 1. □ Remark. In order for us to obtain a posteriori estimates we define as in [3], [6] R_n(q) = (I − M^′(|x_n|)^∗S_n(q) + a_n,

(31) S_n(q) = M(|x_n| + q) − M(|x_n|) − M^′(|x_n|)(q)

(32) on interval (33) I_n = [0, p − |x_n|].

As in [3], [6] we can show the following Propositions but for twice Fréchet-differ-entiable operators F .

92 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proposition 1. If q ∈ I_n satisfies (34) R_n(q) ≤ q, then the following error bounds hold for all n ≥ 0: (35) a_n ≤ R_n(q) = d ≤ q and (36) R_{n+1}(d − a_n) ≤ d − a_n.

Proposition 2. Assume hypotheses of Theorem 1 hold and there exists q_n ∈ I_n satisfying (34). Then the following hold: (37) |x^∗ − x_m| ≤ t_m, where sequence {t_n} (n ≥ 0) is defined by (38) t_n = q_n, t_{m+1} = R_m(t_m) − a_m (m ≥ n). Proposition 3. Let q ∈ I_n be any solution of (34), and assume hypotheses of Theorem 1 hold. Then the following error bounds hold for all n ≥ 0: (39) |x^∗ − x_n| ≤ R^∞_n (0) ≤ q.

Remark 2. In order for us to consider monotone convergence for method (3) as in [3], [6] we assume X is as partially ordered. Set (40) X = V, D = C^2 and | · | = I.

Then we obtain the result:

Proposition 4. Let Y be a Banach space, G ∈ C^{′′}(V_0 → Y ), A ∈ L(Y → X), and x, y ∈ V be such that [x, y] ∈ V_0;

(41) I − AG^′(x) ∈ L_+(V );

(42) for all (43) z_1, z_2 ∈ [x, y], z_1 ≤ z_2 ⇒ AG^′(z_1) ≥ AG^′(z_2); (44) AG(x) ≤ 0, AG(y) ≥ 0 and (45) (I − AG^′(y))^n(y − x) → 0 as n → ∞. Then Newton’s method {z_n} (n ≥ 0) given by (46) z_0 = x, z_{n+1} = z_n + [AG^′(z_n)]^∗[−AG(z_n)] is well defined for all n ≥ 0, and monotone. Moreover it converges to the unique solution x^∗ of AG in [x, y]. Proof. Define (47) F (z) = AG(x + z), M(q) = q − F (q), p = y − x. Then the results follow as special cases of Theorem 1.

That completes the proof of Proposition 4. □

TWICE FRÉCHET DIFFERENTIABLE OPERATORS 93

Remark 3. It turns out that the error bounds obtained here can be improved under the same hypotheses of Theorem 1.

Indeed let us assume that there exists M_0 ∈ C^′(V_0 → V ) which is order convex on [0, p] and for all x ∈ U(p) with |x| ≤ p

(48) M^′_0(|x|) − M^′_0(0) ∈ B([F^{′′}(0) − F^{′′}(x)](x)),

(49) M^′_0(0) ∈ B(I − F^′(0)), (−F (0), M_0(0)) ∈ E,

and define sequence {r_n} by

(50) r_0 = 0, r_{n+1} = M(r_n) + M^′_0(|x_n|)(a_n).

Furthermore assume:

(51) M_0(p_0) ≤ M(p_0) and (52) M^′_0(p_0) ≤ M^′(p_0)

for all p_0 ∈ [0, p].

It can then easily be seen from the proof of Theorem 1 that sequence (x_n, r_n) ∈ (X × V )^π is well defined for all n ≥ 0, monotone and satisfies

r_n ≤ t_n,

(53) r^∗ = lim_{n→∞} r_n ≤ b.

(54)

Note also that M^′ must be replaced by M^′_0 in the definition of operator R_n and S_n. Conditions (51) and (52) hold in general. Moreover if strict inequality holds in (51) or (52) then so does in (53) say. That is under the same hypotheses as in Theorem 1 and Propositions 1–3 we can improve on the error bounds. Moreover one hopes that sequence {r_n} must converge under conditions weaker than (7), (8) corresponding to {t_n}. If we can show the convergence of {r_n} without using (7) and (8), then one hopes that the new sufficient convergent conditions must be indeed weaker than (7) and (8) because of (51) and (52).

In the next section we justify these claims.

3. Applications As an application let us discuss the case of a Banach space with a (real) norm ‖ · ‖. To check the conditions of Theorem 1 and also compare it with earlier ones assume there exist parameters ℓ, ℓ_0, ℓ_1 and ℓ_2 such that for F^′(0) = I

‖F^{′′}(x) − F^{′′}(y)‖ ≤ ℓ‖x − y‖,

(55) ‖F^{′′}(x) − F^{′′}(x_0)‖ ≤ ℓ_0‖x − x_0‖,

(56) ‖F^{′′}(x_0)‖ ≤ ℓ_1,

(57) ‖F (x_0)‖ ≤ ℓ_2,

(58)

94 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS and (59) ‖F (x) − F^′(y)‖ ≤ ℓ_3‖x − y‖.

Define sequences {α_n}, {β_n}, {γ_n}, (n ≥ 0) by

α_0 = 0, α_1 = ℓ_2,

(60)

α_{n+2} = α_{n+1} + ℓ 2 [α^2_n +^1_3 (α_{n+1} − α_n)] + ℓ_1 1 − ℓ_1α_{n+1} −^1_2 ℓt^2_{n+1}

(α_{n+1} − α_n)^2

β_0 = 0, β_1 = ℓ_2,

(61)

β_{n+2} = β_{n+1} + ℓ 2 [β^2_n +^1_3 (β_{n+1} − β_n)] + ℓ_1 1 − ℓ_1β_{n+1} −^1_2 ℓ_0β^2_{n+1}

(β_{n+1} − β_n)^2 and (62) γ_0 = 0, γ_1 = ℓ_2, γ_{n+2} = γ_{n+1} + ℓ_3(γ_{n+1} − γ_n)^2 2(1 − ℓ_3γ_{n+1}) . In general we have:

(63) ℓ_0 ≤ ℓ.

Note that if equality holds in (62) then α_n = β_n for all n ≥ 0.

It was shown in [2], [4], [7] that if (64) 3ℓ_2ℓ^2 + 3ℓ_1ℓ + ℓ^3_1 ≤ [ℓ^2_1 + 2ℓ]^{3/2} then {α_n} (n ≥ 0) is monotonically convergent to some α^∗ and majorizes sequence {x_n} (n ≥ 0). Moreover sequence {x_n} (n ≥ 0) has a solution x^∗. If strict inequality holds in (63) then under (64) sequence {β_n} (n ≥ 0) is also monotonically convergent to some β^∗ and majorizes sequence {x_n}, with β_n < α_n,

(65) β_{n+1} − β_n < α_{n+1} − α_n

(66) and (67) β^∗ ≤ α^∗ for all n > 1.

That is the error bounds are finer and the information on the location of the solution at least as precise. It can also easily be seen that in the case when strict inequality holds in (63) then sequence {β_n} must hold, be monotonically convergent under sufficient conditions at least as weak as (64).

Furthermore sequences {α_n}, {β_n} correspond to {t_n} and {r_n} respectively in the (real) norm case ‖ · ‖. All the above justify the claims made in Remark 3.

In order for us to compare our Theorem 1 with earlier ones [2], [6] we note that {γ_n} is monotonically convergent to some γ^∗ and majorizes sequence {x_n} if the famous Newton–Kantorovich hypothesis (68) 2ℓ_3ℓ_2 ≤ 1 holds [2], [5]. However condition (64) can be weaker than (68), which implies that our Theorem 1 can guarantee convergence of sequence x_n to x^∗ but the corresponding Theorem 5 in [6] cannot (note that γ_n corresponds to d_n there).

We complete this study by providing such a case considered also in [2], [4], [7]:

TWICE FRÉCHET DIFFERENTIABLE OPERATORS 95

Example 1. Let X = [−1, 1], x_0 = 0 and define G on X by

(69) G(x) = 1 6 x^3 + 1 6 x^2 − 5 6 x + 1 3 . Choose A = G^′(x_0)^{−1}. Then using (55)–(59) and (60) we get

(70) ℓ = ℓ_0 = 6 5 , ℓ_1 = 2 5 , ℓ_2 = 2 5 and ℓ_3 = 8 5 . Then we get

(71) 2ℓ_2ℓ_3 = 32 25 > 1.

Therefore, the Newton–Kantorovich hypothesis fails. Hence Theorem 5 in [6] cannot guarantee the convergence of Newton’s method (3) starting at x_0 = 0. However condition (64) becomes 404 125 < 512 125 . That is (64) holds in this case, which guarantees the convergence of sequence x_n to x^∗.

REFERENCES

[1] Argyros, I.K., Newton methods on Banach spaces with a convergence structure and applications, Computers and Math. with Applic. Intern. J. 40, 1 (2000), 37–48.

[2] Argyros, I.K., Advances in the Efficiency of Computational Methods and Applications, World Scientific Publ. Co., River Edge, NJ, 2000.

[3] Argyros, I.K., A unifying theorem on Newton’s method in a Banach space with a convergence structure under weak assumptions, Southwest J. Pure Appl. Math. 2 (2003).

[4] Kantorovich, L.V. and Akilov, G.P., Functional Analysis in Normed Spaces, Pergamon Press, Oxford, 1982.

[5] Gutierrez, J.M., A new semilocal convergence theorem for Newton’s method, J. Comp. Appl. Math. 79 (1997), 131–145.

[6] Meyer, P.W., Newton’s method in generalized Banach spaces, Numer. Funct. Anal. and Optimization 9 (1987), 249–259.

[7] Zhengda, Huang, A note on the Kantorivich theorem for Newton iteration, J. Comp. Appl. Math. 47 (1993), 211–217.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 96–108.

Submitted: January 31, 2003. Published: July 1 2003.

ALGEBRAS OF FUNCTIONS ON GROUPOID OF SOME SPECIAL FOLIATIONS

Pyotr N. Ivanshin

Abstract. Here we study foliated manifold M, F . We assume that foliation F is given by locally free action of the commutative Lie group H. We also assume that M possess Ehresmann connection (i.e. a full connection transversal to the leaves of the foliation F ).

A.M.S. (MOS) Subject Classification Codes. 55,57,86,20,22.

Key Words and Phrases. Foliated manifold, holonomy groupoid, Lie Groupoid, Seifert manifold, Ehresman connection

Introduction.

We obtain here certain invariants of functional algebras describing general properties of leaves and their mutual location on the manifold.

As soon as action of the commutative group H on M induces action of the universal covering ~H of H, say g̃p = ρ(g̃)p, here g̃ ∈ ~H, p ∈ M, ρ : ~H → H being the universal cover, we can let H be simply-connected, even R^n.

Let us point out some crucial definitions and facts.

We can associate groupoid of homotopy classes of paths to any leaf L ⊂ M with fixed range and source. Let us denote its total space by G(L). Projections on the beginning and the end are denoted respectfully s and r : G(L) → L. There are certain spaces G^x = {γ ∈ G|r(γ) = x}, G_y = {γ ∈ G|s(γ) = y}, G^x_y = {γ ∈ G|r(γ) = x, s(γ) = y}.

Now we can associate holonomy groupoid to the foliated manifold M as in the Section 2 of [7].

Kazan State University, SRIMM, Russia E-mail Address: Pyotr.Ivanshin@ksu.ru © 2003 Cameron University

Typeset by AMS-TEX 96

ALGEBRAS OF FUNCTIONS ON GROUPOID OF SOME SPECIAL FOLIATIONS 97

1. [1], [7] Groupoid G with base X is called Lie groupoid in case the following conditions are met:

1) G is a manifold, 2)s and r : G → X are surjective submersions, 3)multiplication of paths and embedding ι : X → G are smooth functions.

Groupoids considered in this article are Lie groupoids due to the results from [8]. It is proved there that groupoid of the foliation generated by group action is in fact fibre bundle.

2. [1], [7] Left Haar system on locally compact groupoid G is the family of measures (λ^x)_{x∈L} on G, such that

1) Support of λ^x is precisely G^x, 2) System of measures is invariant with respect to the action L_γ : G^{s(γ)} → G^{r(γ)} for any γ ∈ G_x = {γ ∈ G(L)|r(γ) = x}, peculiarly G^x

3) For all ϕ ∈ C_c(G(L)) (C_c(G(L)) being variety of complex-valued functions with compact support) map

x → λ(ϕ)(x) = � ϕdλ^x

defines continuous function on L.

The equivalence relation on groupoid G^x given by: γ_1 ≡ γ_2 ⇔ ∃γ ∈ G^xγ_1 = γ_2γ is measurable [5] since groupoids under consideration are Lie groupoids, moreover its factor space G^x/ ≡ is precisely space of units of G(L) being L itself. Hence we can define measure λ^{x′} (called tangential measure) on the set of equivalence classes as factor-measure of the λ^x .

Thus we can associate algebra F (L) of measurable functions for any leaf L of the foliation F .

We also assume the existence of so called invariant transverse measure ν [7] defined on the set of leaves of the foliated manifold M. One then can form measure μ on M with the help of the transversal and tangential measures given above.

Let us first take into consideration the following set of functions on groupoid G:

C(G) = {f : G → C| � M � G^x

f(γ)f(γ)dλ^{x′} dμ < ∞}

3. Let us consider variety of continuous, infinitely differentiable functions with compact on the total space of the groupoid G C^∞_c (G).

Let us define multiplication and involution on this set as follows:

f ∗ g = � G^{s(γ)}

f(γ_1γ)g(γ^{−1}_1 )dλ^{s(γ)}(γ_1);

f^∗(γ) = f(γ^{−1}).

Let us define ‖f‖_x = ‖f‖_{L2(G}s(γ) and ‖f‖ = sup_{x∈M} ‖f‖_x

Closure of C^∞_c (G) in this norm is C^∗-algebra which we will denote C^∗_r (G).

One can show that C^∗ algebra C^∗_r (G) can be represented as subalgebra of the algebra of bounded operators acting on H B(H)

98 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Common algebra.

Let us take into consideration a manifold M with foliation F , generated by action of the commutative Lie group H. We suppose that there is also an integrable Ehresmann connection on (M, F ).

Let L_1, L_2 be two (maybe the same) leaves of the foliation F and γ be a horizontal curve such that x = γ(0) ∈ L_1, y = γ(1) ∈ L_2.Then there is an isomorphism A : G^x ↔ G^y, which is given by Ehresmann connection. Namely, let δ be a representative of α ∈ G^x. then by definition of the connection γ and δ give rise to rectangle Π : [0, 1] × [0, 1] → M, Π(t, 0) = γ(t),Π(0, s) = δ(t). Let us define A([δ]) = [Π(1, s) : [0, 1] → L_2]. This definition is correct due to the properties of the Ehresmann connection.

Now we can define multivalent correspondence between two groupoids in the following way. Group action on any fixed leaf L_1 can be extended to the action of H on G(L_1), h([β]) = [hβ]. Let us denote by H_1 isotropy subgroup of the element α ∈ G^x (from the commutativity of H we infer that H_1 is isotropy subgroup for any element of G(L_1)). Thus we put in correspondence for any α ∈ G^x a subset T (α) = {hA(α)|h ∈ H_1}. Similarly for any β ∈ G^y we take T^′(β) = {hA^{−1}(β)|h ∈ H_2}, here H_2 is an isotropy subgroup for β ∈ G^x.

Let us introduce certain equivalence relation ∼ on the groupoid G(L_1), generated by the relation ≡, here α_1 ≡ α_2 in case α_1, α_2 ∈ T^′(β) for some β. The same relation maybe introduced on the G(L_2).

We consider map B : G(L_1)/∼ → G(L_2)/∼. For α ∈ G(L_1), r(α) = x_1 we take B[α] = [A(h^{−1}α)], with hx = x_1.

Statement1. The map B : G(L_1)/∼ → G(L_2)/∼ is an isomorphism. • It is enough to show injectivity of B. Let [α] ≠ [α^′], but β_0 = A([α]) = B([α^′]).

Then there ∃β_i, i = 1, k, β_0 = B([α]), β_k = B([α^′]), β_0 ≡ . . . ≡ β_k, β_i, β_{i−1} ∈ T (α_i). But in this case α ≡ α_1 ≡ . . . ≡ α_k ∼ α^′ hence α ∼ α^′, what contradicts to the assumption. □

There is a subalgebra of A_1, let us denote it A_{12} consisting of functions constant on classes of the introduced equivalence relation, the same subalgebra may be considered in A_{21} ⊂ A_2. Clearly A_{12} ∼= A_{21}.

Let L_1 be a fixed leaf. For any leaf L we can find subalgebra A(L) ⊂ A_1 in the given above way. Let A_E = ∩A(L) (we take intersection over all leaves L).

A. Let foliation F be foliated bundle and horizontal curve γ be contractible. In this case algebra A_E = A(F ), F being standard leaf.

B. Foliation of the parallels on torus T^2 = R^2/Z × Z with the Ehresmann connection given by the vector fields tangent to the constant vector field V_{(x,y)} = (a, b) a/b ∈ R \ Q. Factor of any leaf by equivalence relation from 1) won’t be Hausdorff variety hence equivalence relation is not measurable.

C. For Seifert manifold M with standard leaf T^k [9] and Ehresmann connection compatible with group action. Let F be standard foliation on M. Then the following holds true:

1) Let foliation F have codimension 1 and singular leaves have Z_2 as isotropy subgroup. Then M is not oriented and A_E ∼= A_t/Z_2, here A_t is algebra of measurable functions on the standart leaf T^k.

2) Let group T^k act locally free on M. Then in case A_E = A_t/Z_3 we have codimension of foliation greater than 1.

ALGEBRAS OF FUNCTIONS ON GROUPOID OF SOME SPECIAL FOLIATIONS 99

It is important to note that in case F being of codimension greater than 1 it is impossible to state that A_E ∼= A/Z_p for some p in general case [6].

3) R × C. We can identify (t, z) ≡ (t + m, e^{2πimq} z). Horizontal distribution is given by the condition dt = 0 with t coordinate on [0, 1]. Group S^1 = R/Z acts on this manifold in natural way. α(t, z) = (t + α, ze^{2πiαq} ).

We get maps B_1 : S^1 × R → S^1 × R, ϕ(α, x) = (qα, qx) from groupoid of the typical leaf on the groupoid of the leaf which is q times covered by typical ones and B_2 : S^1 × R → S^1 × R vice versa. We have for ϕ ∈ A(F ), with F being typical leaf, ϕ(α, x) = (^α_q +^{2iπ}_q ,^x_q +^{2iπ}_q ), i = 0, q − 1 from the groupoid of typical leaf onto groupoid of the singular one and back.

Thus in this case common subalgebra A = A(S^1) coincides with algebra of the singular leaf and is subalgebra of^{2π}_q -periodic functions on typical leaves.

D. Foliation on R × S^1 given by integral curves of the vector field (x, 1). Let us denote algebra on the leaves laying on the ”left” side of the circle S^1 (let us denote them S_e) and on the ”right” side by (S_i). We introduce Ehresmann connection E on R^2 \ {0}, in polar coordinates (ρ, φ) by equation dφ = 0. On R^2 \ {0} acts S^1, ϕ(ρ, α) = (ρ(α + ϕ), α + ϕ). Let us note that algebras of measured functions for two spirals inside S_i and outside S_e of the circle are isomorphic. Here A^E (F ) = A(S^1) (cm. Th. 1 [2]).

Note1. 1) We can extend equivalence relation to the abstract groupoids. At first we construct map from G^x to G^y then we slide along paths corresponding one to another at the first stage.

2) (Partial case of given before equivalence relation in case Ehresmann connection is compatible with group action.) Let us build translation of one point x → y, then we map path γ : [0, 1] → Gπ_{L1} −→L_1 to γ^′ : [0, 1] → Gπ_{L2} −→L_2, here first arrows coincide.

Statement2. Let (M, F ) be foliated manifold with Ehresmann connection, and L_1, L_2 be some leaves of F . In case A_{12} = A_1, A_{21} = A_2 we have L_1 diffeomorphic to L_2, moreover this diffeomorphism is compatible with group action. Inverse statement is clearly true as well the direct one.

• Let us construct map f : L_1 → L_2. Let x_0 ∈ L_1, y_0 ∈ L_2 be points and γ be horizontal path, connecting x_0 and y_0, by which we construct algebra A_{12}.

For arbitrary x = hx_0 we define f(x) = hy_0. Let us show that f is diffeomorphism. By assumption A_{12} = A_1, A_{21} = A_2 and some properties of measurable functions we have in case α ∼ β α = β. Thus multivalent map T is here univalent moreover T^′ is also univalent and is inverse to T . Hence T : G(L_1) → G(L_2) is bijection of groupoids (T is isomorphism of groupoids only if Ehresmann connection is invariant with respect to the group action).

Then if γ : [0, 1] → L, γ(0) = x_0, γ(1) = hx_0, there is T (hx_0) = s(T (γ)) = hT (x_0) = hy_0.

Differentiability of the map, induced by connection is due to the properties of the given connection. ▷

Conditions of this statement are met for example in partial case of foliations with Lie groupoids of leaves with system of smooth Haar measures.

Now let A_1 ≠ A_{12} or A_2 ≠ A_{21}. For measures on each of the leaves L_1, L_2 induced by measures on groupoids G(L_1) and G(L_2) the following is true. Let us consider variety of equivalence classes on the groupoid G(L_i). We can construct

100 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

an equivalence relation on the leaf L_i itself in the way parallel to the way given on groupoids. Now let equivalence class of any point [x], x ∈ L_i, i = 1, 2 is at most countable. We can define Borel maps T : L_1 → L_2/∼, T^′ : L_2 → L_1/∼. It is possible to take families of varieties K_1, K_2 consisting of points on leaves which belong to all different equivalence classes with measures and topologies, inherited from factors of leaves in case the latter have good structure and to consider maps of leaves to this varieties.

Corollary. There exists Borel measurable bijection (not a homeomorphism in general) of the elements from families k_1 ∈ K_1, k_2 ∈ K_2, T : k_1 ↔ k_2.

• By Theorem 4.5 from [7] there exists such a division of every leaf L_i, i = 1, 2 on Borel measurable subsets U^j_i that induced maps T and T^′ restricted to U^j_i are bijections. □

Statement3. Invariant subalgebra with respect to Ehresmann connection A_{12} does not depend on Ehresmann connection. This means that for any Ehresmann connection invariant subalgebras coincide up to isomorphism.

• Let there exist two points on the second leaf y_1, y_2 ∈ L_2. Then it is enough to take into consideration that G^x ≈ G^{y1} G^x ≈ G^{y2} , hence G^{y1} ≈ G^{y2} . The rest part of proof is true because of dependence of the last part of the construction only on the group action. □

Let us take into consideration partial case of manifold M with foliation induced by locally free action of the commutative group H and Ehresmann connection compatible with the group action.

Let L_1, L_2 ∈ M be two leaves of the foliation. We define covering subgroup of L_2 by L_1 H_{12} ≡ H_1/H_1 � H_2, with H_i being isotropy subgroup of the leaf L_i, i = 1, 2.

The same construction gives us H_{21}.

Statement4. Covering subgroup H_{12} is factor-group of the holonomy group J for the Ehresmann connection.

• Let us take the horizontal curve γ : [0, 1] → M, γ(0) = x ∈ L_1, γ(1) = y ∈ L_2. It is enough to build surjective homomorphism ρ : J → H_{12}.

Let α ∈ J, ∃a ∈ π_1(x, L_1), [a] = α. There is a covering ψ : H → L_1, ψ(e) = x. We will consider lift f̃ : [0, 1] → H, f̃(0) = e of the path a. Let us define g = f̃(1). Due to a(0) = a(1) we have g ∈ H_1 and let ϕ ∈ H_{12} be its’ equivalence class in H_1/H_1 � H_2. Now we define ρ(α) = ϕ.

If h(t), h(0) = e is some path in H, then thanks to invariance property of the Ehresmann connection we have a rectangle h(t)δ(s) for any horizontal curve δ(s). Thus parallel translation of the path γ along loop a is f̃(t)γ. So, if the loop a translate into itself every horizontal curve beginning in x and consequently γ then f̃(1)γ(0) = γ(0) and f̃(1)γ(1) = γ(1) or f̃(1) ∈ H_1 � H_2. That’s because ρ is correctly defined

Surjectivity of the map is an immediate consequence of its construction. □ Corollary. For A_{12} isomorphic to A_1 but not isomorphic (by means of the connection) to A_2 leaf L_2 covers L_1 with covering group H_{21} and ”standard fiber” from Corollary 2.1.

Structure of C^∞_c (G)

Lemma1. Let M be a manifold with foliation given by action of the commutative group H. Let P be variety of points which can be connected with the given one point x_0 ∈ M by the horizontal curve. [3]

ALGEBRAS OF FUNCTIONS ON GROUPOID OF SOME SPECIAL FOLIATIONS 101

Let P satisfy the following properties: 1) P is a manifold.

2) dim P = n − p with n − p being codimension of the foliation. 3) There exists leaf S which has only one common point with P . Then S = H/span( � y∈M H_y), where H_y is isotropy subgroup of the leaf L_y passing

through y. By span we mean that generators of this group are nothing more but union of generators for H_y. Use of span is correct due to the fact that H_y ⊂ R^n and group, generated by elements from the groups H_y can be considered as span_Z H_y Let S^′ be connected subset of H such that universal cover p : H → S, with p(e) = x_0 maps S^′ bijectively onto S being at the same time homeomorphism when restricted to the inner part of S^′. Then there exists almost everywhere continuous bijection ϕ : M → P × S^′, ϕ(x) = (π(x), π^′(x))

• Let us show that for h ∈ H_y, h ∈ H_{x0} . Due to S ∩ P = {x_0} and the property of h to map horizontal curve to horizontal one we can say that h maps horizontal curve connecting x_0 with y to horizontal curve connecting y with hx_0 but then hx_0 belongs to P . Thus hx_0 = x_0 and h is an element of the isotropy subgroup of the leaf S.

Without any loss in generality we can assume that x_0 ∈ S. Let us define projections π_P : M → P , π_S : M → S as follows.

Let x ∈ M. Let us consider some curve connecting x_0 with x. It defines a rectangle lower side of which is a curve on P with the end point y and left side of which is a curve on S defining some point s on the universal covering space H.

Let S^′ be a connected subset of H such that universal cover p : H → S, p(e) = x_0 maps S^′ bijectively onto S being at the same time homeomorphism restricted to the internal part of S^′. Then there is in S^′ the only element s^′ with the property s = s^′h_0 where h_0 ∈ H_{x0} .

We define π_P (x) = yh^{−1}_0 , π_S (x) = s^′.

Let us take two curves γ_1, γ_2 : [0, 1] → M, γ_1(0) = γ_2(0) = x_0, γ_1(1) = γ_2(1) = x. They define two rectangles with lower sides g^P_1 (t) g^P_2 (t) and left sides g^S_1 (t)x_0 and g^S_2 (t)x_0 where g^S_1 , g^S_2 : [0, 1] → H, such that g^P_1 (0) = g^P_2 (0) = x_0, g^S_1 (0) = g^S_2 (0) = e, where e is unit element of H, g^P_1 (1) = y_1, g^P_2 (1) = y_2. Thanks to the uniqueness of the rectangle with given vertical and horizontal sides we have the following upper sides of them: g^′_1 = g^P_1 g^S_1 (1) and g^′_2 = g^P_2 g^S_2 (1) and we have g^′_1(1) = g^′_2(1) = x. So we get horizontal curve with the beginning in g^′_1(0) and end point in g^′_2(0) lying in S. After the action of (g^S_1 (1))^{−1}, we get horizontal curve connecting x_0 with some point x_1 ∈ S. Due to 3) x_1 = x_0 henceforth g^′_1(0) = g^′_2(0).

Thus g^S_1 (1)x_0 = g^S_1 (1)g^P_1 (0) = g^′_1(0) = g^′_2(0) = g^S_2 (1)g^P_2 (0) = g^S_2 (1)x_0 but then g^S_1 (1)^{−1}g^S_2 (1) is an element of H_{x0} . That is y_1 = g^P_1 (1) = g^′_1(1)g^S_1 (1)^{−1} = xg^S_1 (1)^{−1} = g^′_2(1)g^S_1 (1)^{−1} = g^P_2 (1)g^S_2 (1)g^S_1 (1)^{−1} = y_2g^S_2 (1)g^S_1 (1)^{−1}, or y_1g^S_1 (1) = y_2g^S_2 (1).

So now we have a map ϕ : M → P × S^′ Continuity of this map almost everywhere is the consequence of bifoliated structure on M defined by P and F .

Really, let us show that inverse image of U × V U = ∘U ⊂ S^′, V = ∘V ⊂ P is open on the manifold M (∘V is an interior part of some set V ).

It is enough to mention that for any cylinder B_r(s)×B_r′ (p), B_r′ (p) ⊂ ∘S^′, p ∈ P , s ∈ S^′, where B_r(x) is an open ball of the radius r with the center in x there exists open ball B_{min{r,r}′_}(ϕ^{−1}(p, s)) in the inverse image of the cylinder.

102 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

There is no continuity only on the variety ∂S^′ ⊂ S^′ × P which is the border of S^′. □

Corollary. Let M be a manifold with foliation given by action of the commutative group H. Let P be a variety of points which can be connected to the the given one x_0 ∈ L_0 ⊂ M by horizontal curve. Let P satisfy the following conditions:

1) P is a manifold.

2)dim P = n − p n − p being codimension of foliation. Then P × L_0 covers M with covering group L_0/S, S = H/span( � y∈M H_y), here

H_y is isotropy group of the leaf L_y passing through the point y.

• It is clear that L_0 covers S and the action of L_0 on S meets S(L_0/S) = L_0. There exists variety of points |L_0/S| from P × L_0 defining the same point on M as defined in the beginning of the proof of the Lemma 1 as pairs (hs, h^{−1}p), s ∈ S, p ∈ P , h ∈ L_0/S represent different points from P × L_0 but define the same curve on M. □

E. Seifert manifold with the group S^1. Any manifold of this type bijectively corresponds to C × [0, 1).

F. Let us take ordinary torus T^2 with irrational foliation and connection given by parallels. Then we have covering ϕ : S^1 × R → T^2

G. Spirals and circle on R^2 \0 = S^1 ×R given by integral curves of the distribution v_{r,α} = (r, 1) in polar coordinate system. We can introduce connection E with lines α = const as horizontal curves. With the help of this construction we obtain isomorphism of algebras on external and internal spirals. Here everything depends on the leaf on which we choose point x if it lies on the circle we have a bijection ϕ : R × [0, 1) → S^1 × R or in any other case covering ϕ : R × R → S^1 × R.

Statement5. Let all conditions of the previous Lemma be satisfied. Then algebra C^∞_c (G) can be embedded into C(S^′) ⊗ C(P ) ⊗ L_2(H).

• Let us mention that topology of the foliated bundle G over M with fiber H is weaker than the topology of the trivial bundle P × S^′ × H. It holds true because as it is shown in Lemma 2 M bijectively corresponds to P × S^′ and topology on M is stronger than that on P × S^′.

The rest is simple consequence of the results from [R]. □ Let us consider algebra of functions C^∞_{r,e} from Definition 2. Lemma2. Let all the conditions from Lemma 1 be satisfied. Algebra C(G^P ) can be embedded into C^∞_{r,e}.

• Since all paths from G^P are images of some paths on S, we can say that functions on them are elements from C^∞_{r,e}. □

We have T M = F^′ ⊕ F , where F^′ is a transversal distribution. Let us take into consideration set Ω consisting of differential forms on M, then the ordinary differential operator d = d^′ +d^{′′} +∂. Here the members of the sum are the operators of the type (1, 0), (0, 1), (2, −1), respectively.

4. Let us denote H^{0,i}_F =^{Ker(d′′ :Ω0,i →Ω0,i+1 )}

Im(d^{′′}:Ω^{0,i−1} →Ω^{0,i} ) — leaf cohomologies [10].

Now we can formulate the following Corollary. Let all the conditions of the Lemma 1 be met.

Group H^{0,1}_F can be embedded into C^∗_{r,e} in case of the finite dimensional H_1(L) ∀L ∈ F .

ALGEBRAS OF FUNCTIONS ON GROUPOID OF SOME SPECIAL FOLIATIONS 103

• Since all loops on each leaf are elements from isotropy subgroup of the leaf all homologies are described by loops on S in terms of Lemma 1. This means that all possible functions on homology group of any leaf are embedded into the set of functions on homology group of S.

It is enough to mention now, that for full description of the function from H^{0,1}_F , which is an ordinary commutative function on the homotopy class of the loops f(γ_1γ_2) = f(γ_2γ_1) it is enough to find its’ values on the generators, but for compactness of the latter set we must suppose to be finite. We will define function outside of this set by continuity in the way, which provides compact support. □ We have now as a consequence from Theorem 6.14 of [7] and Lemma 2 Statement6. C^∗_r (G) ⊂ C(π_1(S)) ⊗ C(P ) ⊗ L_2(H)

Structure of the C^∗_r (G) with respect to the local convergence.

General notes.

5. Let L_1 ⊂ M be some fixed leaf. Let us take restriction C^∗_r (L_1) (≠ C^∗_r (G(L_1)) in general case) of the algebra C^∗_r (G) to this leaf. We can construct subalgebra A(L_2) = A_{12} ⊂ C^∗_r (L_1) for any other leaf L_2 by means of the equivalence relation given above. Let C^∗_{r,e}(L_1) = � i∈I A(L_i) (intersection over all leaves of the foliation).

This subalgebra is the first nontrivial invariant, defined for foliated manifold M and Ehresmann connection on the space of functions.

Of course here we do not suppose that the measure on the groupoids of the leaves is Haar one. This is a necessary condition for the non-triviality of the objects defined in this section.

H. Let us take into consideration the most trivial case of the foliations generated by product of manifolds. Then C^∗_{r,e}(M × N) is C^∗_r (G). Here G is groupoid of any leaf N.

Let P be a manifold, defined as in the second section of this paper. Let us fix some so-called bifoliated metric g[Zh] on M which will generate one on P . Let us denote distance between points x, y ∈ M as d(x, y).

Now we can construct nondecreasing sequence of subalgebras of the algebra C^∗_r (G). Let us cover P by open balls of ε radii. So we can say that P = � x ∈ P B_ε(x). We define algebra C^∗_{r,e}(B_ε(x)) in any ball B_ε(x) as above C^∗_{ε,r} for the entire P . The equivalence relation for any ball B_ε(x) we define as equivalence relation on the manifold sat(B_ε(x)) with horizontal curves laying only in P � B_ε(x).

6. Let us define algebra of functions C^∗_ε = {f ∈ C^∗_r (G)|∀x ∈ P, f|_{Bε(x)} ∈ C^∗_{r,e,i}}.

It is easy to point out that lim_{ε−→∞} C^∗_ε = C^∗_{r,e}. Here lim means direct limit of algebras.

Now let us find necessary and sufficient conditions for the lim_{ε−→0} C^∗_ε to be C^∗_{r,e}. We formulate them in two subsequent statements.

Statement7. Let foliated manifold M satisfy all the conditions from the introduction. lim_{ε−→0} C^∗_ε = C^∗_r (G) in case the following conditions holds true:

1) ∀x, y ∈ P d(hx, hy) < const (action of H doesn’t change distance between points on P ).

104 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

2) there are only finitely many singular points on P . 3) All leaves of the foliation are closed.

• We can say that in this case set of functions f_h : P → P represented by isotropy group of P H(P ) = {h ∈ H|hP = P } is uniform continuous.

It holds true that ∀ε > ε^′ C^∗_ε ⊂ C^∗_ε′ . This is due to satB_ε′ � P ⊂ satB_ε(x) � P for any x ∈ P which holds true by assumption.

This statement splits into two different cases. ∃ε^′ > 0 ∀ε < ε^′ L(x) � B_ε(x) = x In this case it is enough to prove statement locally. Let x ∈ P be some point lying on the singular leaf. Then ∃ε^′ > 0 ∀ε < ε^′ L(x) � B_ε(x) = x. Let B_ε(x) be some open ball which contains x. Now we can construct sequence of functions (f_n) such that f_n(x) → f(x) (n → ∞), f_n ∈ C^∞_ε . Let us define this sequence as follows:

At first we must introduce two varieties U_1(ε) = {y ∈ P |∃z ∈ B_ε(x)L(z) = L(y)}, U_2(ε) = {y ∈ P |∃z ∈ P \ B_ε(x)L(z) = L(y)}. We have ∀ε_1 ∃ε_2(ε_1) U_2(ε_1) � U_1(ε_2) = ∅ by assumption, moreover distance between these varieties is not 0.

So we define sequence (f_n)_{n∈N} as follows:

f_n(γ) := 0

for γ ∈ G(L(y)) ∃z ∈ P L(y) = L(z), z ∈ P \ B_{1/n}(x)

f_n(γ) := f(γ^′)

whenever γ ∈ G(L(y)) ≃ γ^′ ∈ G(L(x)) for y ∈ B_{ε2(1/n)}(x).

f_n(γ) = nρf(γ^′)

for γ ∈ G(L(y)) ρ = min{d(z, x)|L(y) = L(z)}.

Then we pass to the partition of unity defined by balls B_{1/n}(x) x ∈ P on the whole manifold M. □

I. Seifert manifold [6]. Partial case with R^2 as the base and S^1 as leaf, passing through points ze^{iπ/n} in success. This is the example for the first case of the theorem.

J. Foliation on the cylinder S^1 × R given by circles up to some moment and spirals from that moment i.e. by vector field which has the following coordinates in natural coordinate chart v_{(α,x)} = (1, 0) for x ≤ 0 v_{(α,x)} = (1, x) x ≥ 0. This is a situation in which theorem doesn’t hold true.

Statement8. Condition from the previous statement is satisfied for h ∈ � x∈P H_x

in case lim_{ε−→0} C^∗_{ε,x} = C^∗_r (G)

• Let us suppose the contrary, that is the condition of the above statement is violated.

Then there exist x ∈ P and ε > 0 such that ∀δ > 0 ∃h(δ) ∈ H ∃y(δ) ∈ B_δ (x) d(h(δ)x, h(δ), y) ≥ ε. This means that any function from C^∗_{ε,x} must take same values on the γ s(γ) = y and γ^′ s(γ^′) = hy but since for some relatively close to the unit e of H element h^′ ∈ H (it exists due to the fact that action of H is locally free ) and map g : [0, 1] → H with g(0) = e, g(1) = h^′ we have different elements of

ALGEBRAS OF FUNCTIONS ON GROUPOID OF SOME SPECIAL FOLIATIONS 105

G given by the maps g(t)x, g(t)y and hg(t)y for every y. By general assumption G is Hausdorff so there exists an element from C^∗_r (G) corresponding to g(t)x namely δ-function of g(t)x. Evidently, all the elements from C^∗_{ε,x} can’t represent sequence converging to this characteristic function. □

The last example from above doesn’t answer this condition.

7. It is also natural to introduce algebras C^∗_{ε,x} = {f ∈ C^∗_r (G)|f|_{Bε (x)} ∈ C^∗_{r,e}(B_ε(x))} Let us call them algebras of ε-neighborhood of the point x.

Of course we can apply aforesaid statements for this algebras C^∗_{ε,x} to converge to C^∗_r (G) by considering only local problem. So the statement can be reformulated in the following way:

d(hx, hy) = o(1)(ε → 0), y ∈ B_ε(x)

Recent statements then holds true in case ∀x ∈ P lim_{ε−→0} C^∗_{ε,x} = C^∗_r (G) It is therefore interesting to find out what happens to foliated manifold in case the behavior of these algebras C^∗_{ε,x} is predictable.

It is easily seen that in case isotropy groups of all the leaves, passing through some ε^′-neighborhood of some fixed point x coincide we will have sort of stability C^∗_{ε,x} = C^∗_r (G).

The situation in which isotropy group of the leaf L(x) is less than that of all the leaves, passing through the points in some neighborhood of x is impossible, since action of the group is assumed to be continuous.

So the most interesting situation is the situation for which we have sort of discontinuity in the point. This means that in any neighborhood of the point x there exists point y isotropy group of the leaf, passing through it is not equal to the isotropy group of the leaf

Statement9. If for almost all x ∈ P ∃ε > 0 C^∗_{ε,x} stabilize to C^∗_r then variety of points for which this convergence doesn’t take place is nowhere dense or, equivalently, closure of this last variety of points in P doesn’t contain subsets of dimension greater than k − 1, k = dim P .

• The question can be reduced to the investigation of the properties of the set T^′, consisting of points x in any neighborhood of which there exist points lying on the leaves with isotropy group different from one of the leaf, passing through x.

Reductio ad absurdum. Let us assume the contrary, then we take set of points T^′ ⊂ P defined above such that T^′ contains at least one connected subset of the topological dimension k. Then by assumption we have in some neighborhood of any point from T^′ there exist points for which stabilization assumption is true. Then from the closed set T^′ we can extract nonsingular varieties, namely B_ε(x) for some x. Of course, standard Borel measure of this closed set which clearly contains all points from the T^′ is less than measure of the T^′ so since this process can be extended to infinity and that it won’t stop in case measure of the still decreasing set T^′ is greater than 0 we conclude that the rest of T^′ must be closed null set, which contradicts the assumption above. □

Now it is useful to describe most suspicious subset of the set of points in which we won’t have convergence of algebras C^∗_{ε,r}.

Statement10. Set of points in every neighborhood of which we have points laying on leaves with different group of isotropy is at most k − 1-dimensional (here k is dimension of P ) in case P = P .

106 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

• Let us take some subset U ⊂ P then since action of the group H is free and P = P then group, generated by � x∈U H_x (sort of maximum group) must be

discreet, or equivalently, finitely generated. Then there are only finalely many (say n) groups H_i, i = 1, n of leaves with different isotropy groups. Now we can represent

U =^n � i=1 T_i, here T_i = {x ∈ U|H_x = H_i}. Now by Baire theorem we have at least

one T_j such that there exists some ball B_ε(x) ⊂ T_j . If some other set T_i is dense in this ball then since it must be invariant under isotropy group H_j then H_j ⊂ H_i and since inverse must be true then H_i = H_j this contradicts the assumption that these sets are different. So ∀i ∈ 1, n \ j T_i is nowhere dense in T_i. Thus the set

B_ε(x) \^n � i=1,i≠j

T_i satisfies condition of the above statement. □

Let us denote set of points, in which convergence doesn’t take place P_s. Corollary. If H is compact group then set P_s is nowhere dense. • In this case there exists K ∈ R^+ such that ∀h ∈ H ∀x, y ∈ P d(hx, hy) ≤ Kd(x, y). Now we can apply statement 4.1 to some neighborhood of almost any point of P . □

Construction of functions describing behavior of C^∗_ε .

In this section we construct and consider the behavior of certain functions, which correspond to algebras C^∗_ε and C^∗_{ε,x} in some cases. This can help one to estimate ”speed” of convergence of algebras C^∗_{ε,x} to C^∗_r if there is one. Here we must assume that dim P_s ≤ k − 1.

The first variant.

Let us take into consideration space of functions C(G) from the introductory section, Let us recall that norm in this space is given by scalar product as follows:

(f, g) = � M � G^y

f(γ)g(γ)dλ^y dμ

Now we can apply here method used for construction of C^∗_ε as in the beginning of the preceding section.

8. As above we can define subspaces of C(G) and F (G(L)) = {f : G → C|f is measurable }, C_{12} ⊂ F (G(L_1)), C_{r,e}(B_ε(x)) ⊂ C(G), C_ε(G) = {f ∈ C(G)|∀x ∈ P f|_{Bε(x)} ∈ C_{r,e}(B_ε(x))} ⊂ C(G), C_{ε,x}(G) ⊂ C(G). Let us also consider subspaces of C(G) defined as

Since space C(G) is Hilbert one can construct orthoprojectors onto the spaces defined above. Let us denote them P_ε (projector onto C_ε), P_{ε,x} (projector onto C_{ε,x}). By corollary 10.1 we have P_{0,x} = Id for almost all x ∈ P .

Here we assume that these projectors commute. Later we will find the condition that is enough to ensure it at least in some cases.

Specter of the algebra generated by projectors from above is at most P/ ≃ (note that topology on specter doesn’t coincide with one on factor-manifold) due to invariance of the projectors under action of the group H. Here the equivalence relation ≃ is defined as follows:

p, q ∈ P, p ≃ q ⇔ ∃L(leafofthefoliation)p, q ∈ L

ALGEBRAS OF FUNCTIONS ON GROUPOID OF SOME SPECIAL FOLIATIONS 107

Now we are in situation described by Gelfand-Naimark theorem [4]. We can consider projectors as functions on the specter of this algebra. Let us denote isomorphism built in this theorem by U. Since it can be embedded into P we can use functions defined in Gelfand-Naimark theorem functions with P as domain.

Now we can define functions f_{ε,x} : P → R, corresponding to projectors P_{ε,x} as f_{ε,x}(y) = U(P ()).

Statement11. lim_{ε−→0} C_ε = C(G) ⇔ images under Gelfand isomorphism U of the projectors P_{ε,x} converge to identity (pointwise convergence). ∀x ∈ P/ ≃.

• ⇒ Let us assume that on the contrary. ∃x ∈ P/ ≃ and ∃ε^′ > 0 ∀ε < ε^′ ∃y ∈ B_ε(x) U(P_ε)(y) = U(P_ε)(x) = 0.

Now we must consider subspaces of C_(G) which contain functions, that separate some neighborhood B_δ (x) of x for δ < ε^′ from any y. Since images of projectors doesn’t separate points in which functions from the given spaces may take different values then the projectors which can be represented also as multiplicators by characteristic functions of the varieties P_{Bε(x)/≃} � P \ B/ ≃ won’t contain in their image spaces defined in the beginning of this paragraph.

⇐ Is evident. □ Statement12. In case x ∈ P is a singular point and C_∞ ≠ 0 then function U(P_{∞,x}) = U(P_∞) must be characteristic function of the set of singular points.

• Since in any ε-neighborhood of this point we can find B_ε′_{(ε,x)}(x^′(ε, x)) for which we have ∀y ∈ B_ε′ (x^′) P_{0,y} = Id then by structure of the projectors this function U(P_{∞,x}) must satisfy U(P_{∞,x}) = (U(P_{∞,x}))^2 = U(P_{∞,x})U(P_{0,x}′ ) ≠ 1 then it can be only 0 whenever x ∉ P_s. Since it can’t vanish by assumption then there is only one possibility left. □

K. Fibre bundles. Function f_0 which corresponds to lim_{ε−→0} C_ε is constant and equals 1. L. Seifert manifold described in example H. Function f_∞(z) = χ_0, z ∈ C.

M. Spirals and circle given by vector field (|x|, 1) as in Example 10. f_0(x) = f_∞(x) = 0, x ∈ R.

Note2. In case projectors, constructed above don’t generate commutative algebra we can consider only local problem.

Particularly the following holds true Statement13. If singular point x ∈ P is an isolated one and again all leaves of the foliation are proper then we can again formulate and prove previous statements in some neighborhood of x.

• Let ε be such that P_s � B_ε(x) = {x} then we can take projectors P_ε′_{,y} for y ∈ B_ε(x) ε^′ ≤ ε − d(x, y). □

Second variant. Here we introduce structure of Hilbert space on subset of C^∗_r (G).

Let us consider subset R_ε of algebra C^∗_ε (G) consisting of f ∈ C^∗_ε (G) f ∗ f ≥ 0. It will consist only of functions, depending only on the range of the γ since f(γγ_1) = f(γ^{−1}_1 ). Now we define scalar product as (f, g) = � M f ∗ g.

Under these assumptions we can prove all the statements from the first subsection.

Also we obviously can reformulate the first one as Statement14. lim_{ε−→0} R^∗_ε = R^∗_r (G) ⇔ P_ε is a decomposition of unity for D_0.

108 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

References

[1] Landsman N.P., Ramazan B., Quantization of Poisson algebras associated to Lie algebroids, math-ph/0001005 (1999).

[2] Blumenthal R.A., Hebda J.J., Complementary distributions which preserve the leaf geometry and applications to totally geodesic foliations, Quart. J. Math. Oxford 35 (1984), 383–392.

[3] Blumenthal R.A., Hebda J.J., An analogue of the holonomy bundle for a foliated manifold, Tohoku math. Journal 40 (1988), 595–607.

[4] Dixmier J., C^∗-algébres et leurs représentations Paris, Gauthier-Villars Éditeur, Paris, 1969. [R] G. de Rham, Variétés différentiables, Hermann & C^{ie}, Paris, 1955. [5] Bourbaki N., Éléments de mathématique. Livre VI. Intégration, Hermann, Paris, 1965. [6] Arnold V.I., Geometricheskiye metodi v teorii obiknovennih differencial’nih uravnenii Izhevsk, RHD, Izhevsk, 2000. (russian) [7] Moore C. C., Schochet C., Global analysis on foliated spaces, Springer-Verlag, Berlin, 1988. [8] Malahaltsev M.A., (X, G)-Sloyeniya, Izv. VUZov Matematika 7 (1996), 55–65. [9] Lee K. B., F. Raymond, Seifert manifolds, math-ph/0108188 (1999). [10] Molino P., Riemannian foliations, Birkhäuser, Boston, 1988.

Information for Authors cont.

Copyright. Authors will be asked, upon acceptance of an article, to transfer copyright of the article to the publisher. This will ensure the widest possible dissemination of information under copyright laws. Preprints are available via web page at http://rattler.cameron.edu/SWJPAM. Authorization to copy is granted provided that the SWJPAM copyright symbol is not removed.

Tables. Tables must be numbered consecutively with roman numerals and have titles. They should be prepared in such a manner that no break is necessary.

Figures. All graphs and diagrams should be referred to as ‘figure’ (not abbreviated) in the text. A detailed caption should be provided for each figure, and figures should be numbered consecutively.

Footnotes. The use of footnotes should be minimized.

Notification. The author will be notified of the posting of his/her work and the time of release for SWJPAM.

References. References should be listed at the end of each paper. They should be numbered consecutively using arabic numbers between square brackets in the text. In the list of references, the numbers should appear without square brackets. A journal reference should comprise of name(s) and initial(s) of author(s), title of article, abbreviated name of journal (following the style of ‘Abbreviations of Names of Serials reviewed in Mathematical Reviews’), volume number, year of publication (within parentheses), and full page numbers, e.g.

1. Argyros, I.K. and Szidarovszky, F.: On the Monotone Convergence of Algorithmic Models, Appl. Math. Com. 48, (1992), 167–176.

A book reference should comprise of name(s) and initial(s) of author(s), title of book, publisher, town, year of publication, e.g.

11. Ortega, J.M. and Rheinboldt, W.C.: Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970

An edited volume reference should comprise of name(s) and initial(s) of author(s), title of paper, name(s) of editor(s), title of book, publisher, town, year, inclusive page numbers, e.g.

12. Prenter, P.: On Polynomial Operators and Equations, L.B. Rall (ed), Computational Solution of nonlinear operator equations, Johy Wiley Publisher, New York, 1971, pp. 361–398.

Indexing and Abstracting services. Articles published in SWJPAM are selectively indexed or abstracted in: Mathematical Reviews of A.M.S., Zentralblatt für Mathematik, European Mathematical Society (EMIS).