Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2003, pp. 33–42.

Submitted: September 20, 2002. Published: July 1 2003.

ON THE ZEROS OF THE RIEMANN ξ-FUNCTION

George Csordas and Chung-Chun Yang

Abstract. Necessary and sufficient conditions for the validity of the Riemann Hypothesis are established in terms of the sum of the reciprocal squares of the zeros of the Riemann ξ-function. Numerical work, in conjunction with density estimates, involving the first 100,000 zeros of the Riemann ξ-function are presented.

A.M.S. (MOS) Subject Classification Codes. 30D10, 30D15, 30C15

Key Words and Phrases. Zeros of the Riemann ξ-function, Riemann Hypothesis

1. Introduction. This paper is motivated by a recent result of P. C. Hu dealing with the Riemann Hypothesis. After a brief review of the standard terminology and notation adopted in the theory of the Riemann zeta function (Section 2), we proffer a new proof of Hu’s theorem (Theorem 2.2). This theorem provides a necessary and sufficient condition for the validity of the Riemann Hypothesis in terms of the sum of the reciprocal squares of the zeros of the Riemann ξ-function. We also prove an analogous theorem (Theorem 2.3) using the Fourier integral representation of the Riemann ξ-function. In Section 3, we elucidate the aforementioned theoretical results by means of concrete examples involving the first 100,000 zeros the Riemann ξ-function. With the aid of a refinement of the Riemann–von Mangoldt formula (see Backlund’s density theorem, Theorem 3.1), we are able to estimate the tail end of the series of the sum of the reciprocal squares of the zeros (Lemma 3.2 and Proposition 3.3). The paper ends with an open problem pertaini! ng to the distribution of zeros of a a real entire function related to the Riemann ξ-function.

2. The zeros of the Riemann ξ-function. The function, ζ(s), is defined for σ = Re s > 1 by the simplest of Dirichlet series, the series

(2.1) ζ(s) := ∞∑ n=1 1 n^s

(s = σ + it).

George Csordas, Department of Mathematics, University of Hawaii, Honolulu, HI 96822 E-mail Address: george@math.hawaii.edu Chung-Chun Yang,Department of Mathematics, Hong Kong University of Science & Technology, Clear Water Bay, Kowloon, Hong Kong E-mail Address: mayang@ust.hk © 2003 Cameron University

Typeset by AMS-TEX 33

This Dirichlet series is convergent for Re s = σ > 1 and is uniformly convergent for σ ≥ σ_0 > 1. The function ζ(s) admits analytic (meromorphic) continuation to the entire complex plane where its only singularity is a simple pole at s = 1 with residue 1 ([15, p. 13]) For general information about ζ(s) we refer the reader to the excellent monographs [10], [11], [12], [14] and [15]. The functional equation (for the zeta function) can be expressed in a number of different ways (cf. [15, p. 13, p. 16] or [11, p. 8]):

(2.2) ζ(s) = 2^sπ^{s−1} sin

( πs 2 ) Γ(1 − s)ζ(1 − s) (s ∈ C)

or, for example, in the symmetric form

(2.3) π^{−s/2}Γ ( s 2 ) ζ(s) = π^{−(1−s)/2}Γ ( 1 − s 2 ) ζ(1 − s).

The Riemann ξ-function defined by the formula

(2.4) ξ(s) := 1 2 s(s − 1)π^{−s/2}Γ ( s 2 ) ζ(s)

satisfies the relation ξ(s) = ξ(1 − s) which is equivalent to (2.3). Now it is known that ξ(s) is an entire function of order 1 and of maximal type ([15, p. 29] or [12, p. 20].

The non-real (non-trivial) zeros of ζ(s), {ρ_k}^∞_{k=1}, are the zeros of ξ(s) and these zeros all lie in the critical strip 0 ≤ σ ≤ 1. (The “trivial zeros” of ζ(s), −2, −4, −6, · · · , are not zeros of ξ(s) since they are cancelled by the poles of Γ(s/2).) Now, ζ(s) (and a fortiori ξ(s)) has an infinite number of zeros in the critical strip ([15, p. 30] and the Riemann Hypothesis is the assertion that the non-trivial zeros of ζ(s) (that is, the zeros of ξ(s)) all lie on thecritical line Re s = σ = 1/2. Since ζ(s) is real on the real axis, ξ(s) = ξ(s), and whence ρ is a zero of ξ(s) whenever ρ is. Also, by the functional equation ξ(s) = ξ(1 − s), if ρ is a zero of ξ(s), then 1 − ρ and 1 − ρ are also zeros of ξ(s). Thus, the zeros of ξ(s) are situated symmetrically with respect to the lines Im s = 0 and Re s =^1_2 .

Since ξ(s) is an entire function of order 1, and ξ(0) = −ζ(0) =^1_2 , the Hadamard factorization theorem gives (cf. [15, p. 30]) for all s ∈ C

(2.5) ξ(s) = 1 2 e^{B0 s} ∏ ρ ( 1 − s ρ ) e^{s/ρ}, ( ∑ ρ 1 |ρ|^2 < ∞ ) , where the product extends over all the zeros of ξ(s) and B_0 is the constant

(2.6) B_0 := 1 2 log 4π − 1 − 1 2 γ, where γ := lim_{n→∞}

(_n ∑ k=1 1 k − log n )

and where γ is Euler’s constant (γ = −Γ^′(1) = 0.577 215 664 · · · ). Remark 2.1. In 1896, Hadamard and de la Vallée-Poussin proved independently that ζ(s) has no zeros on the line Re s = σ = 1 ( [15, p. 45] or [12, p. 25]). Moreover, Hardy proved in 1914 that ζ(s) has an infinite number of zeros on the critical line Re s = σ =^1_2 . Thus, the zeros of ξ(s) all lie in the open critical strip 0 < σ < 1 and ξ(s) has an infinite number of zeros on the critical line σ =^1_2 .

Theorem 2.2 (Hu [9, Theorem 2]). Let ρ_k =^1_2 + iγ_k, (k = 1, 2, 3 . . . ), 0 < γ_k ≤ γ_{k+1} ≤ · · · , denote the zeros of ξ(s) (that is, the nontrivial zeros of ζ(s) on the critical line in the upper half-plane Im s > 0). Then the Riemann Hypothesis is true if and only if

(2.7) ∞∑ k=1 1 1 4 + γ^2_k

= 1 + γ 2 − 1 2 log(4π),

where γ (without a subscript) denotes Euler’s constant.

Proof. In view of the Hadamard factorization of ξ(s) ((2.5)), logarithmic differentiation yields (2.8) ξ^′(s) ξ(s)

= B_0 + ∑ ρ ( 1 s − ρ + 1 ρ ) and − ξ^′(1 − s) ξ(1 − s)

= −B_0 − ∑ ρ ( 1 1 − s − ρ + 1 ρ ) ,

where B_0 is defined by (2.6), ρ extends over all the zeros of ξ(s), and the series converge uniformly on compact subsets of the plane punctured at the zeros of ξ(s). Since ξ(s) = ξ(1 − s), ξ^′(s) ξ(s) = − ξ^′(1 − s) ξ(1 − s) and so by (2.8) we have

(2.9) ∑ ρ ( 1 s − ρ + 1 ρ ) + ∑ ρ ( 1 1 − s − ρ + 1 ρ ) = −2B_0.

Setting s = 0 in (2.9), yields

(2.10) ∑ ρ ( 1 1 − ρ + 1 ρ ) = −2B_0.

Since the zeros of ξ(s) are situated symmetrically with respect to the lines Im s = 0 and Re s = 1/2, we can express (2.10) in the form

−2B_0 = ∑ Im ρ>0 ( 1 1 − ρ + 1 ρ + 1 1 − ρ + 1 ρ ) = 2 ∑ Im ρ>0 ( 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 )

=2 ∑ Re ρ=1/2, Im ρ>0 ( 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 ) + 2 ∑ Re ρ≠1/2, Im ρ>0 ( 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 )

=2 ∞∑ k=1 1 1 4 + γ^2_k + 2 ∑ Re ρ≠1/2, Im ρ>0 ( 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 ) .

Thus, if we set S := {ρ | ξ(ρ) = 0, Re ρ ≠^1_2 , Im ρ > 0}, we have (using (2.6)),

(2.11) ∞∑ k=1 1 1 4 + γ^2_k + ∑ ρ∈S ( 1 − Re ρ |1 − ρ|^2 + Re ρ |ρ|^2 ) = 1 + γ 2 − 1 2 log(4π),

where we adopt the usual convention that any sum over the empty set is zero. Now, if the Riemann Hypothesis is valid, then S = ∅ in (2.11) and so (2.7) holds.

Conversely, suppose that (2.7) holds. If the Riemann Hypothesis is false, then S ≠ ∅. But then, since Re ρ > 0 and 1 − Re ρ > 0 for ρ ∈ S (cf. Remark 2.1), the second summand on the left-hand side of (2.11) is positive. This contradicts (2.7) and thus, if (2.7) holds, then the Riemann Hypothesis is true. □

In the foregoing proof, it was convenient to evaluate the sum in (2.9) at s = 0. We remark that any other fixed value of s could have been used to carry out the proof.

We next establish another necessary and sufficient condition, analogous to Theorem 2.2, for the validity of the Riemann Hypothesis. To this end, we recall that the Riemann Ξ-function admits the Fourier integral representation (see, for example, [15, p. 255] or [3])

(2.12) H(x) := 1 8 Ξ ( x 2 ) = ∫_∞ 0 Φ(t) cos(xt) dt

where Ξ(x) := ξ(^1_2 + ix) ([15, p. 16]) and

(2.13) Φ(t) := ∞∑ n=1 ( 2π^2n^4e^{9t} − 3πn^2e^{5t} ) exp ( −πn^2e^{4t} ) (t ∈ R).

The Riemann Hypothesis is the statement that all the zeros of H(x) are real. (We mention here parenthetically that Riemann stated his hypothesis in terms of the reality of the zeros of the Ξ-function, see, for example, [10, Appendix, pp 299–305] for a translation of Riemann’s famous memoir “Ueber die Anzahl der Primzahlen unter einer gegebene Grösse”.) For the various properties of Φ(t) we refer the reader to [3, Theorem A] and [7, Theorem 2.1]. Now, H(x) is an even, real entire function of order 1 (and of maximal type) all of whose zeros lie in the horizontal strip | Im z| < 1. Thus, if z = α + iβ (| Im β| < 1) is a zero of H(x), then −α + iβ, −α − iβ and α − iβ are also zeros of H(x). Since H(x) =^1_8 Ξ

(_x 2 ) =^1_8 ξ(^1_2 + i^x_2 ), we

see that the zeros of ξ(s) on the critical line are precisely of the form 1 2 + i x_j 2 , where x_j is a real zero of H(x). Hence, if x_j is a real zero of H(x) in the right half-plane, then x_j = 2γ_j , where ρ_j =^1_2 + iγ_j is a zero of ξ(s) on the critical line in the upper half-plane, Im s > 0. Finally, we also note that the Taylor series expansion of H(x) about the origin can be written in the form

(2.14) H(x) = ∞∑ k=0 (−1)^kb_k (2k)!

x^{2k},

where the b_k’s are the moments defined by

(2.15) b_k =

∫_∞ 0 t^{2k}Φ(t) dt, k = 0, 1, 2, . . . .

Preliminaries aside, we are now in position to prove the following analog of Theorem 2.2.

Theorem 2.3. Let {x_j }^∞_{j=1}, 0 < x_1 ≤ x_2 ≤ · · · , denote the real zeros of H(x) in the right half-plane. Then the Riemann Hypothesis is true if and only if

(2.16) ∞∑ j=1 1 x^2_j = b_1 2b_0 or ∞∑ j=1 1 γ^2_j = 2b_1 b_0

where b_k denotes the k^{th} moment of Φ(t) defined in (2.15) and x_j = 2γ_j (j = 1, 2, 3 · · · ).

Proof. By the Hadamard factorization theorem H(z) can be represented in the form

(2.17) H(z) = H(0) ∞∏ k=1 ( 1 − z^2 z^2_k ) , (_∞ ∑ k=1 1 |z_k|^2 < ∞ ) , where H(0) > 0 (since Φ(t) > 0 for all t ∈ R) and where the zeros of H(z) are numbered according to increasing moduli, i.e., 0 < |z_1| ≤ |z_2| ≤ · · · . Now let S := {z_k = α_k + iβ_k | H(z_k) = 0, Im β_k ≠ 0} and let {x_j }^∞_{j=1}, denote the real zeros of H(x) in the right half-plane. Then (2.17) can be expressed in the form

(2.18) H(z) = H(0) ∞∏ j=1 ( 1 − z^2 x^2_j ) ∏ z_k ∈S ( 1 − z^2 z^2_k ) , where the product over the zeros in S is defined to be 1, if S is the empty set. Now using (2.18), a calculation shows that the derivative of the logarithmic derivative of H(z) is (2.19) H(z)H^{′′}(z) − (H^′(z))^2

(H(z))^2 = − ∞∑ j=1 ( 1 (z − x_j )^2 + 1 (z + x_j )^2 ) − ∑ z_k ∈S ( 1 (z − z_k)^2 + 1 (z + z_k)^2 ) . Next, using (2.15), (2.19) and the fact that H(z) is an even function (so that H^′(0) = 0), we find that

(2.20) ( H^′ H )_′

(0) =

H^{′′}(0) H(0) = − b_1 b_0 . On the other hand, setting z = 0 in (2.19), we obtain ( H^′ H )_′ (0) = −2 ∞∑ j=1 1 x^2_j − 2 ∑ α_k +iβ_k ∈S Im β_k >0

( α^2_k − β^2_k |α_k + iβ_k|^4 )

or (using (2.20))

(2.21) ∞∑ j=1 1 x^2_j + ∑ α_k +iβ_k ∈S Im β_k >0

α^2_k − β^2_k |α_k + iβ_k|^4 = b_1 2b_0 .

But if S ≠ ∅, then the second summand on the left-hand side of (2.21) is positive since all the zeros of H(z) lie in the strip |Im z| < 1 and H(z) has no zeros ([15, p. 389] or see Section 3 below) in the closed unit square centered at the origin. Thus, we infer from (2.21) that the Riemann Hypothesis is true if and only if (2.16) holds. □

3. Some numerical calculations and density considerations.

With the advent of fast computers there has been a fruitful interplay between mathematical analysis and high-precision computations. In this section our goal is merely to indicate some numerical work pertaining to Theorem 2.2 and Theorem 2.3. All the calculations reported here have been carried out on a Sun Ultra 5 workstation using Mathematica 4.0.1. As before, we let 0 < γ_1 ≤ γ_2 ≤ · · · denote the ordinates of the zeros of ξ(s) on the critical line in the upper halfplane Re s > 0. Now it is known that the first 1.5 × 10^9 zeros of ξ(s) lie on the critical line [13]. Thanks to Dr. A. M. Odlyzko, the first 100, 000 zeros of the Riemann zeta function, accurate to within 3 × 10^{−9}, are available on the internet (http : //www.dtc.umn.edu/ odlyzko/zeta tables/). Also, we gratefully acknowledge Dr. H. J. J. te Riele for providing one of the authors with the first 500 moments (see the b_k’s defined by (2.15)) accurate to within 200 places. (These moments have also been calculated in the Department of Mathematical sciences at Kent State University, using extended-precision floating-point numbers and 110 digits of precision [3, Table 4.1].)

To begin with, it may be of interest to list here a few values of the γ’s: γ_1 = 14.134 725 · · · , γ_{10,000} = 9877.782 654 · · · , γ_{20,000} = 18046.464 296 · · · , γ_{100,000} = 74920.827 498 · · · . Next, set

s_n := n∑ k=1 1 1 4 + γ^2_k and τ_n := n∑ j=1 1 γ^2_j . Thus, by Theorem 2.2, if the Riemann Hypothesis is valid, then

(3.1) s_∞ = 1 + γ 2 − 1 2 log(4π) = 0.023 095 708 · · · .

Also, by Theorem 2.3, if the Riemann Hypothesis is valid, then

(3.2) τ_∞ = 4( b_1 2b_0

) = (

2b_1 b_0

) = 0.023 104 993 · · · ,

where we recall that the x_j ’s in Theorem 2.3 are related to the γ_j ’s by x_j = 2γ_j and where (cf. [5, Lemma 4.1])

b_0 = 0.023 073 645 · · · and b_1 = 0.000 717 873 · · · .

On the other hand, using the values of the γ_k’s, 1 ≤ k ≤ 100, 000, made available by Dr. Odlyzko, we find that

(3.3) s_{100,000} = 0.023 073 645 · · · and τ_{100,000} = 0.023 082 929 · · · ,

where we have used several “flags” and procedures (which we will not detail here) in an attempt to control the round-off errors. Thus, with the remainders defined by (3.4) R_n(s) := s_∞ − s_n and R_n(τ) := τ_∞ − τ_n,

we find (using (3.1), (3.2) and (3.3)) that (3.5) R_{100,000}(s) = 2.206 306 · · · × 10^{−5} and R_{100,000}(τ) = 3.134 776 · · · × 10^{−5}.

It may be of interest to combine the foregoing numerical results with certain theoretical estimates involving the density of the (non-trivial) zeros of Riemann zeta function. Let N(T ) (T > 0) denote the number of zeros of the Riemann zeta function ζ(s), where s = σ + it, in the rectangle 0 ≤ σ ≤ 1 and 0 ≤ t ≤ T . The distribution of zeros can then be studied with the aid of formulae involving N(T ). Perhaps the best known such formula is the Riemann–von Mangoldt formula, that is, N(T ) = T 2π log ( T 2π ) − T 2π + O(log T ) (as T → ∞). We will use the following refinement of the Riemann–von Mangoldt formula that was proved by Backlund in 1918 [10, p. 134] or [4, Theorem C].

Theorem 3.1. (Backlund’s Density Theorem, [1]) N(T ) satisfies

(3.6) N(T ) = T 2π log ( T 2π ) − T 2π + 7 8 + e(T ),

where

(3.7) |e(T )| < U(T ) := 0.137 log T + 0.443 log log T + 4.35 (T ≥ 2).

Lemma 3.2. Let

(3.8) q(T ) := 1 2π [ (T + 1) log ( 1 + 1 T ) − 1 − log 2π ] . Then for all T ≥ T_0 ≥ 2

(3.9) N(T + 1) − N(T ) ≤ [ 1 2π + q(T_0) log T + 2U(T_0 + 1) log T_0 ] log T,

where N(T ) and U(T ) are defined by (3.6) and (3.7) respectively. Proof. Let f(T ) := T 2π log ( T 2π ) − T 2π + 7 8 . Then algebraic simplifications yield

f(T + 1) − f(T ) = log T 2π + q(T ).

Since U(T ) > 0 and U(T ) is increasing for all T ≥ T_0 ≥ 2, we obtain the following upper estimate (with e(T ) given by (3.6)) (3.10) N(T + 1) − N(T ) = f(T + 1) − f(T ) + e(T + 1) − e(T ) ≤ log T 2π + q(T ) + 2U(T + 1).

Now elementary, albeit somewhat involved, considerations show that the function U(T + 1)/ log T is a decreasing function for T ≥ 2. Also, since q(T ) < 0 and q^′(T ) < 0, using (3.10) we obtain the desired inequality (3.9). □

Proposition 3.3. Let ρ_k =^1_2 + iγ_k, (k = 1, 2, 3 . . . ), 0 < γ_k ≤ γ_{k+1} ≤ · · · , denote the zeros of ξ(s) on the critical line in Im s > 0. Fix a positive integer m and let T_0 = [γ_m], where [x] denotes the greatest integer ≤ x. Then

(3.11) ∞∑ j=m 1 γ^2_j

≤ C_1

1 + log(T_0 − 1) T_0 − 1 + C_2 T_0 − 1 ,

where

(3.12) C_1 := C_1(T_0) = 1 2π + 2U(T_0 + 1)

log T_0 and C_2 := C_2(T_0) = q(T_0),

and the functions U and q are defined by (3.7) and (3.8), respectively. Proof. By Lemma 3.2 and the integral test, we obtain the estimates ∞∑ j=m 1 γ^2_j ≤ ∞∑ j=T_0 ∑ j≤γ_k <j+1 1 γ^2_k ≤ ∞∑ j=T_0

N(j + 1) − N(j) j^2 ≤ ∞∑ j=T_0

log j j^2 ( C_1 +

C_2 log j )

≤C_1

∫_∞

T_0 −1

log v v^2 dv + C_2

∫_∞

T_0 −1 dv v^2

=C_1

1 + log(T_0 − 1) T_0 − 1 + C_2 T_0 − 1 . □ In light of Theorem 2.3, it would be of interest to evaluate the sum

∑_m j=1 1 γ^2_j

(3.11) for various “large” values of m, say, m = 10^6 or m = 10^8. Here, we will report the results for m = 100, 000. Referring back to the beginning of this section, we know that γ_{100,000} = 74920.827 498 · · · . Thus, with T_0 := 74920, a calculation shows that

C_1(T_0) = 1.399 142 523 · · · and C_2(T_0) = 0.292 506 157 · · ·

and so in this case the upper bound is

(3.13) C_1

1 + log(T_0 − 1) T_0 − 1 + C_2 T_0 − 1

= 0.000 224 386 · · · .

If m := 1, 048, 449, 114, then it is known that the m^{th} zero^1_2 + iγ_m has imaginary part γ_m = 3.888 588 853 · · · × 10^8 (see [4, (2.8)] or [6]). Therefore, if we set T_0 := 388, 858, 885, then the upper bound in (3.11) becomes

C_1

1 + log(T_0 − 1) T_0 − 1 + C_2 T_0 − 1

= 5.304 193 · · · × 10^{−8}, which, as expected, is a substantial improvement over the upper bound obtained in (3.13).

We conclude this paper with an open problem that bears relevance to the investigation of the distribution of zeros of H(x) defined by (2.12). For R > 0, let

(3.14) H_R(x) :=

∫_R 0 Φ(t) cos(xt) dt,

where the kernel Φ(t) is defined by (2.13). Then, H_R(x) is an even, real entire function of order 1 (and of exponential type). Since the zeros of H(x) := H_∞(x) all lie in the horizontal strip | Im z| < 1, it follows from Hurwitz’ theorem that for all R, sufficiently large, the zeros of H_R(x) also lie in this strip. We can establish a result analogous to Theorem 2.3, where now the moments are

(3.15.) b_k(R) =

∫_R 0 t^{2k}Φ(t) dt, k = 0, 1, 2, . . . .

It is known that the moments b_k(R) satisfy the Turán inequalities (cf. [2, Corollary 2.9] and [7]); that is,

b_k(R)^2 ≥

2k − 1 2k + 1 b_{k−1}(R)b_{k+1}(R), (k ≥ 1)

These are the simplest necessary conditions for H_R(x) to have only real zeros. If R is “small”, R ∈ (0, 0.11], then it is known that H_R(x) has only real zeros [8, Theorem 3.6]. Does H_R(x) have only real zeros for other values of R?

References

1. R. J. Backlund, Über die Nullstellen der Riemannschen Zetafunktion, Acta Math. 41 (1918), 345–375.

2. G. Csordas, Convexity and the Riemann ξ-function. Glas., Mat. Ser. III 33(53) (1998), 37–50. 3. G. Csordas, T. S. Norfolk and R. S. Varga, The Riemann hypothesis and the Turán inequalities, Trans. Amer. Math. Soc. 296 (1986), 521–541.

4. G. Csordas, A. M. Odlyzko, W. Smith and R. S. Varga, A new Lehmer pair of zeros and a new lower bound for the de Bruijn–Newman constant Λ, ETNA 1 (1993), 104–111.

5. G. Csordas, W. Smith and R. S. Varga, Lehmer pairs of zeros, the de Bruijn–Newman constant Λ, and the Riemann Hypothesis, Constr. Approx. 10 (1994), 107–129.

6. G. Csordas, W. Smith and R. S. Varga, Lehmer pairs of zeros of the Riemann ξ–function, Amer. Math. Soc. Proc. Symp. Appl. Math. 48 (1994), 553–556.

7. G. Csordas and R. S. Varga, Moment inequalities and the Riemann hypothesis, Constr. Approx. 4 (1988), 175–198.

8. G. Csordas and R. S. Varga, Necessary and sufficient conditions and the Riemann hypothesis, Adv. in Appl. Math. 11 (1990), 328–357.

9. P. C. Hu, Some properties of the distribution of the zeros of the Riemann zeta function, (Chinese. English summary) Pure Appl. Math. 6 (1990), 6–12.

10. H. M. Edwards, Riemann’s Zeta Function, Pure and Applied Mathematics, Vol. 58, Academic Press, New York, 1974.

11. A. Ivić, The Riemann Zeta-Function. The Theory of the Riemann Zeta-Function with Applications., John Wiley & Sons, Inc., New York, 1985.

12. A. A Karatsuba and S. M. Voronin, The Riemann Zeta-Function., Translated from the Russian by Neal Koblitz. Walter de Gruyter & Co., Berlin, 1992.

13. J. van de Lune, H. J. J. te Riele and D. T. Winter, On the zeros of the Riemann zeta Function in the critical strip IV, Math. of Comp. 46 (1986), 667–681.

14. S. J. Patterson, An Introduction to the Theory of the Riemann Zeta-Function, Cambridge University Press, Cambridge, 1988.

15. E. C. Titchmarsh, The Theory of the Riemann Zeta-Function., (2nd ed. Edited and with a preface by D. R. Heath-Brown) The Clarendon Press, Oxford University Press, New York, 1986.