Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2002, pp. 120–125.

Submitted: November 22, 2001 . Published: July 1 2002.

A COMMON FIXED POINT THEOREM FOR NEAR-CONTRACTIVE MAPPINGS

Abderrahim Mbarki

Abstract. In this work we establish a common fixed point theorem in complete metric spaces which generalizes some results in [1] and [2].

1991 A.M.S. (MOS) Subject Classification Codes. 47H10.

Key Words and Phrases. Common fixed points, complete metric speces, generalized contractive conditions.

1 Preliminaries

In 1984, M. S. khan [1] has established fixed point theorem for self-maps of complete metric spaces by altering the distances between the points with the use of a function ϕ : [0, ∞) → [0, ∞) satisfying the following properties:

(i) ϕ : [0, ∞) → [0, ∞) is continuous and stricly increasing in ℜ^+, (ii) ϕ(t) = 0 if t = 0.

They proved the following Theorem:

Theorem 1.1. Let T be a self-map of a complete metric space (X, d) and ϕ satisfying (i) and (ii). Furthermore, let a, b, c be three decreasing functions from (0, ∞) into [0, 1) such that a(t) + 2b(t) + c(t) < 1

for every t > 0.

Suppose that T satisfies the following condition: (A) ϕ(d(T x, T y)) ≤ a(d(x, y))ϕ(d(x, y)) + b(d(x, y)) [ ϕ(d(x, T x)) + ϕ(d(y, T y)) ]

+ c(d(x, y)) min { ϕ(d(x, T y)), ϕ(d(y, T x)) }

Department of Mathematics, Faculty of Science, Oujda University, Morocco E-mail: mbarki@sciences.univ-oujda.ac.ma © 2002 Cameron University

Typeset by AMS-TEX 120

where x, y ∈ X and x ≠ y. Then T has a unique fixed point.

In 1996 R.A.RASHWAN AND A.M.SADEEK [2] have established a common fixed point theorem for a apair of mappings satisfying the contractive conditions corresponding to (A). They proved the following Theorem 1.2 which generalizes Theorem 1.1 :

Theorem 1.2. Let S and T be self-mappings on a complete metric space (X, d) and ϕ stisfying the conditions (i) and (ii). Furthermore, let a, b, c be three decreasing functoins from [0, ∞) into [0, 1) such that (B.1) a(t) + 2b(t) + c(t) < 1 for every t > 0. Suppose that S and T satisfy the following condition: (B.2) ϕ(d(Sx, T y)) ≤ a(d(x, y))ϕ(d(x, y)) + b(d(x, y)) [ ϕ(d(x, Sx)) + ϕ(d(y, T y)) ]

+ c(d(x, y)) min { ϕ(d(x, T y)), ϕ(d(y, Sx)) }

where x, y ∈ X and x ≠ y. Then T and S have a unique common fixed point in X In this works we shall extend this last theorem by using a much extensive hypothesis than (B. 1) and a, b and c are three decreasing functions. We shall use the following definition Definition 1.1. A function ψ : [0, +∞[−→ [0, 1[ will be said to have property (P ) if for every t > 0, there exists η(t) > 0 such that 0 ≤ s − t < η(t) =⇒ ψ(s) ≤ γ(t) < 1. 2 Main Results Theorem 2.1. Let T and S be a self-mappings on a complete metric space (X, d) and ϕ satisfying (i) and (ii). Furthermore, let a, b and c be three functions from [0, ∞) into [0, 1) satisfying at least one of the following conditions: (D_1) a + 2b has property (P) and a + c : (0, ∞) → [0, 1) is decreasing function. (D_2) a + 2b + c : (0, ∞) → [0, 1) is decreasing function.

Suppose that T and S satisfy the condition (B.2). Then T and S have a unique common fixed point in X.

Proof. Suppose first that a, b and c satisfy the condition (D_2) then a + 2b + c has property (P) which implies a + 2b has property (P). Let x_0 be some point in X, define: x_{2n+2} = Sx_{2n+1}, n = 0, 1, 2, ... x_{2n+1} = T x_{2n}, n = 0, 1, 2, ... Let τ_n = d(x_n, x_{n+1}). We may assume that τ_n > 0 for every n. Now for an even integer n > 0, We have ϕ(τ_n) = ϕ(d(x_n, x_{n+1})) = ϕ(d(S^{n−1}x, T^nx)) ≤ A_1 + A_2 + A_3

Where A_1 = a(d(x_{n−1}, x_n))ϕ(d(x_{n−1}, x_n)), A_2 = b(d(x_{n−1}, x_n))[ϕ(d(x_{n−1} , Sx_{n−1})) + ϕ(d(x_n, T x_n))], A_3 = c(d(x_{n−1}, x_n))min{ϕ(d(x_{n−1}, T x_n)), ϕ(d(x_n , Sx_{n−1}))}. So ϕ(τ_n) ≤ a(τ_{n−1})ϕ(τ_{n−1}) + b(τ_{n−1})[ϕ(τ_{n−1}) + ϕ(τ_n)], Hence we have ϕ(τ_n) ≤ a(τ_{n−1}) + b(τ_{n−1}) 1 − b(τ_{n−1}) ϕ(τ_{n−1}) < ϕ(τ_{n−1}) (1)

Similary for an odd integer n one can show that n satisfies to (1). Then for all integer n ≥ 1 we have: ϕ(τ_n) ≤ a(τ_{n−1}) + b(τ_{n−1}) 1 − b(τ_{n−1}) ϕ(τ_{n−1}) < ϕ(τ_{n−1}) (2)

Since ϕ is incressing, {τ_n} is a decreasing sequence. Let lim_nτ_n = τ, assume that τ > 0. Since a + 2b has property (P), then for 0 ≤ s -τ < η(τ), a(s) + 2b(s) ≤ γ(τ) < 1, it follows that for these s a(s) + b(s) 1 − b(s) ≤ γ(τ) − b(s) 1 − b(s) ≤ γ(τ) (3) too

Since τ_n ≥ τ, lim_n τ_n = τ and lim_n ϕ(τ_n) ϕ(τ_{n−1}) = 1, there exists an integer p ≥ 1 such that

0 ≤ τ_{p−1} − τ < η(τ) (4) while γ(τ) < ϕ(τ_p) ϕ(τ_{p−1}) , the last inequality with (2) imply that γ(τ) < a(τ_{p−1}) + b(τ_{p−1}) 1 − b(τ_{p−1}) and (3) with (4) imply that a(τ_{p−1}) + b(τ_{p−1}) 1 − b(τ_{p−1}) ≤ γ(τ), which is a contradiction. Consequently τ = 0. Now, we wish to show that {x_n} is a cauchy sequence since τ = 0 it suffices to prove that {x_{2n}} is a cauchy sequence we proceed by contraction. Then there exists ε > 0, and two sequences of natural numbers {2m(i)}, {2n(i)} such that

2n(i) > 2m(i) ≥ 2i and d(x_{2n(i)}, x_{2m(i)}) > ε (5)

For each even integer 2i, let 2m(i) be the least even a integer exceeding 2n(i) and satisfy (5) Then.

d(x_{2n(i)}, x_{2m(i)}) > ε and d(x_{2n(i)−2}, x_{2m(i)}) ≤ ε

Then we have

ε < d_{2i} = d(x_{2n(i)}, x_{2m(i)})

≤ d(x_{2n(i)}, x_{2n(i)−1}) + d(x_{2n(i)−1}, x_{2n(i)−2}) + d(x_{2n(i)−2}, x_{m(i)}) ≤ τ_{2n(i)−1} + τ_{2n(i)−2} + ε,

since {τ_n} converges to 0, d_{2i} → ε. Futhermore, by triangler inequality, it follows that d_{2i} − τ_{2m(i)} ≤ d(x_{2n(i)}, x_{2m(i)+1}) ≤ d_{2i} + τ_{2m(i)} and therefor the sequence {d(x_{2n(i)}, x_{2m(i)+1})} converges to ε. Moreover, by triangle inquality we have:

d_{2i} − τ_{2n(i)−1} ≤ d(x_{2n(i)−1}, x_{2m(i)}) ≤ d_{2i} + τ_{2n(i)−1}

Thus d(x_{2n(i)−1}, x_{2m(i)}) → ε as i → ∞. From (B. 2), we also deduce :

ϕ(d(x_{2n(i)}, x_{2m(i)+1})) = ϕ(d(Sx_{2n(i)−1}, T x_{2m(i)})) ≤ C_1 + C_2 + C_3 ≤ C_4(D_j ) + C_5(D_j ) + C_6(D_j ) (6.j) j = 1, 2

Where

C_1 = a(d(x_{2n(i)−1}, x_{2m(i)})ϕ(d(x_{2n(i)−1} , x_{2m(i)}), C_2 = b(d(x_{2n(i)−1}, x_{2m(i)}))[ϕ(τ_{2n(i)−1}) + ϕ(τ_{2m(i)})], C_3 = c(d(x_{2n(i)−1}, x_{2m(i)}))min{ϕ(d(x_{2n(i)}, x_{2m(i)}), ϕ(d(x_{2n(i)−1} , x_{2m(i)+1}))}, C_4(D_1) = a(d(x_{2n(i)−1}, x_{2m(i)})ϕ(d_{2i} + τ_{2n(i)−1}), C_5(D_1) = [ϕ(τ_{2n(i)−1}) + ϕ(τ_{2m(i)})], C_6(D_1) = c(d(x_{2n(i)−1}, x_{2m(i)})ϕ(d_{2i} + τ_{2n(i)−1}), and C_4(D_2) = a(d(x_{2n(i)−1}, x_{2m(i)})ϕ(d_{2i} + τ_{2n(i)−1} + τ_{2m(i)}), C_5(D_2) = 2b(d(x_{2n(i)−1}, x_{2m(i)})ϕ(d_{2i} + τ_{2n(i)−1} + τ_{2m(i)}), C_6(D_2) = c(d(x_{2n(i)−1}, x_{2m(i)})(ϕ(d_{2i} + τ_{2n(i)−1}) + τ_{2m(i)}).

Since d(x_{2n(i)−1}, x_{2m(i)}) → ε as i → ∞, there exists an integer q ≥ 1 such that d(x_{2n(i)−1}, x_{2m(i)}) > ε 2 (7).

for all i ≥ q.

From (D_1), (6. 1) and (7) we have:

ϕ(d(x_{2n(i)}, x_{2m(i)+1})) ≤ [a( ε 2 ) + c( ε 2 )]ϕ(d_{2i} + τ_{2n(i)−1}) + [ϕ(τ_{2n(i)−1}) + ϕ(τ_{2m(i)})]

for all i ≥ q. As i → ∞, we have: ϕ(ε) ≤ [a( ε 2 ) + c( ε 2 )]ϕ(ε) < ϕ(ε) This is a contradiction.

From (D_2), (6. 2) and (7) we have:

ϕ(d(x_{2n(i)}, x_{2m(i)+1})) ≤ [a( ε 2 ) + c( ε 2 ) + 2b( ε 2 )]ϕ(d_{2i} + τ_{2n(i)−1} + τ_{2m(i)})

for all i ≥ q. As i → ∞, we have: ϕ(ε) ≤ [a( ε 2 ) + c( ε 2 ) + 2b( ε 2 )]ϕ(ε) < ϕ(ε) This is a contradiction.

Hence {x_n} is a cauchy sequence in a complete metric space X, then there exists a point x ∈ X such that x_n → x as n → ∞. Now we shall show that Sx = T x = x. From (B. 2), we have: ϕ(d(x_{2n+2}, T x)) = ϕ(d(Sx_{2n+1}, T x)) ≤ a(d(x_{2n+1}, x))ϕ((d(x_{2n+1} , x)) + b((d(x_{2n+1}, x)))[ϕ(d(x_{2n+1} , x_{2n+2}) + ϕ(d(T x, x))] + c((d(x_{2n+1}, x)))min{ϕ((d(x_{2n+1}, T x)), ϕ(d(x_{2n+2}, x))} (8) Using b <^1_2 and letting n → ∞ in (8), we have ϕ(d(x, T x)) ≤ 1 2 ϕ(d(x, T x)). That is ϕ(d(x, T x)) = 0 and therefore d(x, T x) = 0, i.e. x = T x. Similarly, it can be shown that Sx = x. Hence S and T have a common fixed point x ∈ X. We claim that x is the unique common fixed point of S and T . For this suppose that y (x ≠ y ) is another fixed point of T and S. Then ϕ(d(x, y)) = ϕ(δ(Sx, T y)) ≤ aϕ(d(x, y)) + b [ ϕ(δ(x, Sx)) + ϕ(δ(y, T y)) ] + + c min { ϕ(d(x, T y)), ϕ(d(y, Sx)) } ≤ (a + c)ϕ(d(x, y)) < ϕ(d(x, y)), a contradiction. This completes the proof of the theorem.

Remark 2.1. We first note that Theorem 1.2 is a special case of each results of Theorem 2.1. Also, it is obvious that in case (D_1) of Theorem 2.1 the function a + 2b + c can take values larger than 1.

References

[1] Khan M. S,, Fixed point theorem by altering distance between the points, Bull. Austral. Math.

Soc. vol 30, 1-9 (1984).

[2] Rashwan R. A. and A. M. Sadeek, A, A common fixed point theorem in complete, Southwest Journal of Pure and Applied Mathematics. vol 1, 6-10 (1996).