Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 December 2002, pp. 39 – 70 Submitted: June 11, 2001. Published: July 1, 2002

Boundary feedback stabilization of a hybrid PDE-ODE system

Boumediène CHENTOUF

Abstract

This paper deals with boundary feedback stabilization of a variant of the SCOLE model. Namely, a flexible beam clamped at one end and free at the other end where a rigid body is attached. Using the frequency domain method, we first prove that the considered system is uniformly stabilizable when control force and control moment are simultaneously applied at the free end of the beam. Secondly when only a control force is applied, we give a sufficient condition on the physical parameters of the system to guarantee the uniform stabilization. Finally it is shown that the presence of boundary control force is necessary to achieve uniform stabilization. To verify these theoretical developments, an asymptotic analysis and numerical study of the spectrum are conducted.

A.M.S. (MOS) Subject Classification Codes. 35B40, 35M10, 35P20, 47D03, 93C20, 93D15, 93D30 Key Words and Phrases. SCOLE model, infinite dimensional systems, boundary feedback control, uniform stabilization, semigroups theory, asymptotic spectral analysis.

Department of Mathematics and Statistics Sultan Qaboos University E-mail: chentouf@squ.edu.om Copyright © 2002 by Cameron University

1 Introduction

The purpose of this paper is to study the boundary feedback stabilization problem of the system presented in the figure 1. It consists of an elastic beam (P) clamped at one end and linked, at the other end, to a rigid body (A). Such systems arise in the study of large scale flexible space structures and well-known as SCOLE model [11]. The system is governed by one partial

Figure 1: SCOLE model

differential equation (Euler-Bernoulli beam equation for the vibrations of the beam) coupled with two ordinary differential equations (Newton-Euler equations for the oscillations of the rigid body) and often called in literature hybrid system: ρy_{tt} + EIy_{xxxx} = 0, y(0, t) = y_x(0, t) = 0, Jy_{xtt}(1, t) + EIy_{xx}(1, t) = Θ_1(t), my_{tt}(1, t) − EIy_{xxx}(1, t) = Θ_2(t), (1.1)

where the positive constants EI, ρ are respectively the flexual rigidity and the mass per unit length of the beam; J is the moment of inertia and m is the mass of the rigid body (A) attached at the free end of the beam. Θ_1(t) and Θ_2(t) denote respectively the linear moment control and force control acting on the free end of the beam.

The objective of the paper is to study the stabilization problem of (1.1) in the case where the dynamical term my_{tt}(1, t) is neglected. More precisely, the goal is to find simple feedback laws Θ_1(t) and Θ_2(t) such that the solutions of the following system ρy_{tt} + EIy_{xxxx} = 0, y(0, t) = y_x(0, t) = 0, Jy_{xtt}(1, t) + EIy_{xx}(1, t) = Θ_1(t), −EIy_{xxx}(1, t) = Θ_2(t), (1.2)

decay uniformly to zero in some functional space.

The stabilization problem of model (1.1) has been the subject of many studies (see [11], [17], [14], [15], [5] and [10]). Indeed, it is known that the feedback law Θ_1(t) = −y_{xt}(1, t) and Θ_2(t) = −y_t(1, t) is sufficient for obtaining the strong stability of (1.1) but not sufficient for obtaining the uniform one [11]. In the case where m = J = 1, Slemrod [17] proved the strong stabilization with a priori bounded moment control. This result has been improved by Rao [15] in the sense that the strong stability can be obtained for any length of beam L < 3. Furthermore, the strong stabilization has been obtained by a priori bounded feedback force control [15]. Using a method based on compact perturbations due to Russell [16], Rao showed the lack of uniform stabilization of (1.1) with usual feedbacks Θ_i(t) = −δ_{i1}y(1, t) − δ_{i2}y_x(1, t) − ν_{i1}y_t(1, t) − ν_{i2}y_{xt}(1, t), whatever real numbers δ_{ij} and ν_{ij} are for i, j = 1, 2 [14]. This generalizes the result of Littman- Markus [11] insofar as the feedback laws proposed in [11] is obtained by taking δ_{i1} = δ_{i2} = −ν_{ii} = 0, for i, j = 1, 2 and ν_{12} = ν_{21} = 1. Nevertheless, by means of higher order feedback such as y_{xxt}(1, t) and y_{xxxt}(1, t), uniform stabilization was obtained in [14]. By neglecting the moment of inertia J, it was shown in [5] that the system (1.1) could be exponentially stabilized by Θ_1(t) = 0 and Θ_2(t) = −αy_t(1, t) + βy_{xxxt}(1, t) (α and β are positive constants). Recently, the same result has been obtained in [10] but by using only a simple boundary control moment.

Our contribution in this article is to show that the system (1.2) is exponentially stabilizable provided that both of the two boundary controls (force and moment) are present at the free end of the beam. The proof is based on Huang’s theorem (Theorem 3, p.51, [8]) which corresponds to the frequency domain method. We have tried to use the multiplier technique without much success. Moreover, if only the control force is present, we shall show uniform stability of the closed-loop system but under a condition on the physical parameters EI, J and ρ. The proof is based on compact perturbation result (see [6] and [18]). However, it is shown that the considered system can not be uniformly stabilized by only the control moment. Finally, we give asymptotic values of eigenvalues of the controlled operator. The spectral analysis permits us to prove that the condition on the physical parameters EI, J and ρ is necessary. This is illustrated by some numerical results.

Now let us briefly outline the content of this paper. In Section 2, we propose a feedback law; then we formulate the closed loop system as a standard form of evolution equation and prove some preliminary results like wellposedness and strong stability. Section 3, containing the essential part of the paper, is devoted to establishing the uniform stability of the system. Lack of uniform stabilization is also proved when the feedback laws are composed of only control moment. By using an asymptotic analysis, the real part of the spectrum is estimated in section 4 and then we prove that the condition on the physical parameters of the system is impossible to circumvent for the stability. We also give some numerical results of the spectrum.

2 Notations and preliminary results

First of all it is easy to see that, with a suitable change of physical parameters, the system (1.2) can be written as follows: ρy_{tt} + EIy_{xxxx} = 0, y(0, t) = y_x(0, t) = 0, Jy_{xtt}(1, t) + y_{xx}(1, t) = Θ_1(t), −y_{xxx}(1, t) = Θ_2(t).

(2.1)

We propose the following linear feedback laws

Θ_1(t) = −αy_{xt}(1, t), Θ_2(t) = −βy_t(1, t), (2.2)

where α and β are positive constants. For the state space of the system, we take the space H = H^2_0 (0, 1) × L^2(0, 1) × R, equipped with the inner product ⟨(f, g, ξ), (f̃, g̃, ξ̃)⟩_H = ∫_1 0 ( ρg(x)g̃(x) + EIf_{xx}f̃_{xx} ) dx + JEIξξ̃, (2.3) where

H^n_0 (0, 1) = { f ∈ H^n(0, 1); , f(0) = f_x(0) = 0 } , for n = 2, 3, ...

Notice that the norm induced by the scalar product (2.3) is equivalent to the usual one of the space H^2(0, 1) × L^2(0, 1) × R and thus the space H is a Hilbert space. Then, the closed loop system (2.1)-(2.2) can be written on H in a standard form of evolution equation

u̇(t) = Au(t), (2.4)

where u(t) = ( y(·, t), y_t(·, t), y_{xt}(1, t) ) and A is an operator defined by D(A) = { (f, g, ξ) ∈ H^4_0 (0, 1)×H^2_0 (0, 1)×R; −f_{xxx} (1)+βg(1) = 0, ξ = g_x(1) } (2.5) and A(f, g, ξ) = ( g, − EI ρ f_{xxxx}, − 1 J [ f_{xx}(1) + αξ ]) . (2.6)

The following lemma can be proved by using the classic semigroups theory (see [2] and [13]).

Lemma 1 . i) The operator A defined by (2.5) and (2.6) generates a continuous semigroup of contractions S(t) on H.

ii) For any initial data u_0 = (y_0, z_0, ξ_0) ∈ D(A), the equation (2.4) admits a unique strong solution u(t) = (y(t), z(t), ξ(t)) = S(t)(y_0, z_0, ξ_0) ∈ D(A) for all t ≥ 0 such that u(·) ∈ C^1 (R_+ ; H) ∩C (R_+ ; D(A)). Moreover, the function t −→ ‖Au(t)‖_{D(A)} is decreasing.

iii) For any initial data u_0 = (y_0, z_0, ξ_0) ∈ H, there exists a unique weak solution u(t) = (y(t), z(t), ξ(t)) = S(t)(y_0, z_0, ξ_0) ∈ H of (2.4) such that u(·) ∈ C (R_+ ; H) .

It is not difficult to show the existence of a constant C > 0 such that ‖y‖^2_H4_{(0,1)} + ‖z‖^2_H2_{(0,1)} + |ξ|^2 ≤ C‖(y, z, ξ)‖^2_{D(A)}, ∀(y, z, ξ) ∈ D(A). Then by Sobolev embedding [1], one can establish the following elementary lemma.

Lemma 2 . The canonical embedding i : D(A) → H is compact, where D(A) is equipped with the graph norm.

Now, using LaSalle’s invariance principle [8], we will show that the semigroup S(t) is strongly stable in H.

Lemma 3 . For any initial data u_0 = (y_0, z_0, ξ_0) ∈ H, the corresponding solution u(t) = S(t)(y_0, z_0, ξ_0) of (2.4) tends strongly to zero in H as t −→ +∞.

Proof of Lemma 3. Notice that by a standard argument of density of D(A) in H and the contraction of the semigroup S(t), it suffices to prove Lemma 3 for any initial data u_0 = (y_0, z_0, ξ_0) ∈ D(A). Let u(t) = (y(t), z(t), ξ(t)) = S(t)u_0 and just take the Lyapunov function candidate

V (u) = 1 2 {∫_1 0 ( ρy^2_t + EIy^2_{xx} ) dx + JEIy^2_{xt}(1, t) } . (2.7)

Differentiating V following the trajectories of (2.4) leads us to V (u(t)) − V (u_0) = −EI ∫_t 0 ( αy^2_{xτ} (1, τ) + βy^2_τ (1, τ) ) dτ. (2.8) By lemma 1 (i), we know that the positive orbit of S(t) is a graph norm bounded and thus precompact by virtue of of Lemma 2. Moreover, the operator A being the generator of semigroup of contractions S(t) on H, one can prove that the ω-limit set ω (u_0) is also in D(A). Applying LaSalle’s principle, we deduce that ω (u_0) is non empty, compact, invariant under the semigroup S(t) and in addition S(t)u_0 −→ ω (u_0) as t → +∞ [7].

In order to prove the strong stability, it is sufficient to show that ω (u_0) reduces to zero. To this end, let ũ_0 = (ỹ_0, z̃_0, ξ̃_0) ∈ ω (u_0) and ũ(t) = (ỹ(·, t), ỹ_t(·, t), ỹ_{xt}(1, t)) = S(t)ũ_0 ∈ ω (ũ_0) the unique strong solution of (2.4). It is well-known that V (ũ(t)) is constant and thus d^Vdt (ũ(t)) = ỹ_{xt}(1, t) = ỹ_t(1, t) = 0 [8]. Hence ỹ is a solution of the following system ρỹ_{tt} + EIỹ_{xxxx} = 0, ỹ(0, t) = ỹ_x(0, t) = 0,

ỹ_{xt}(1, t) = ỹ_{xx}(1, t) = 0,

ỹ_{xxx}(1, t) = ỹ_t(1, t) = 0,

(ỹ(·, 0), ỹ_t(·, 0)) ∈ H^4_0 × H^2_0 .

It has been proved in [4] that ỹ = 0 is the unique solution of this system and thus ũ(t) = S(t)ũ_0 = 0. This completes the proof of Lemma 3. □

Remark 1 . One can check that A^{−1} exists and is a compact operator on H. Consequently, the spectrum σ(A) of A consists of only isolated eigenvalues with finite multiplicity [12]. This, together with Lemma 3, implies that the resolvent set ρ(A) of the operator A contains the set {iω; ω ∈ R}. Indeed, suppose the contrary to be true. Necessarily, there exists ω_0 ∈ R such that iω_0 ∉ ρ(A) which is equivalent to saying that iω_0 is an element of the point spectrum σ(A). This means that there exists a nontrivial element u_0 ∈ D(A) such that (iω_0I − A)u_0 = 0. Setting u(t) = e^{iω0t}u_0, one can verify that u(t) is the solution of (2.4) but ‖u(t)‖ → ‖u_0‖ ≠ 0 as t → +∞, which is inconsistent with the strong stability. We thus conclude that ρ(A) ⊃ {iω; ω ∈ R}.

3 Main results

3.1 Uniform stabilization

Theorem 1 . The semigroup S(t) generated by A is exponentially stable in H. Proof of Theorem 1. By means of Remark 1 and the contraction of S(t), we only need to prove that (see Theorem 3 p. 51, [8]) sup { ‖(iω − A)^{−1}‖; ω ∈ R } < ∞. (H) For simplicity and without loss of generality, we choose EI = ρ = 1. Consider then the resolvent equation, i.e, given λ = iω, ω ∈ R and (f, g, γ) ∈ H, find (y, z, ξ) ∈ D(A) such that (iωI − A) (y, z, ξ) = (f, g, γ). (3.1) In order to obtain (H), we shall first prove the existence of a positive constant M, independent of ω, such that ∫_1 0 ( y^2_{xx} + z^2 ) dx + Jξ^2 ≤ M ( ‖f_{xx}‖^2 + ‖g‖^2 + Jγ^2 ) , (I) which clearly gives the desired property (H). Furthermore, because the function λ −→ ‖(λ − A)^{−1}‖ is continuous for any λ ∈ ρ(A) (see [13]), it follows that it is sufficient to show the estimation (I) for |ω| large. The proof of estimation (I), inspired by the work of Chen et al. [3], is divided into two steps.

First step- The goal is to obtain the following estimation ‖y_{xx}‖^2 ≤ M_1 ( ‖f_{xx}‖^2 + ‖g‖^2 + Jγ^2 ) . (I_1)

To accomplish this, let λ = iω = iη^2, η ∈ R (the estimates for ω = −η^2 are similar). Thus the equation (3.1) is equivalent to y_{xxxx} − η^4y = iη^2f + g, y_{xx}(1) + (iαη^2 − Jη^4)y_x(1) = (iJη^2 + α)f_x(1) + γJ, iβη^2y(1) − y_{xxx}(1) = βf(1), y(0) = y_x(0) = 0, z = iη^2y − f, ξ = iη^2y_x(1) − f_x(1).

(3.2)

As in [3], we consider the following two systems of linear differential equations: { ŷ_{xxxx} − η^4ŷ = iη^2f + g, ŷ(0) = ŷ_x(0) = ŷ_{xx}(0) = ŷ_{xxx}(0) = 0,

(3.3)

and ỹ_{xxxx} − η^4ỹ = 0, ỹ_{xx}(1) + η^2(iα − Jη^2)ỹ_x(1) = l_1, iβη^2ỹ(1) − ỹ_{xxx}(1) = l_2, ỹ(0) = ỹ_x(0) = 0,

(3.4)

where { l_1 = −η^2(iα − Jη^2)ŷ_x(1) − ŷ_{xx}(1) + (iJη^2 + α)f_x(1) + γJ, l_2 = −iβη^2ŷ(1) + ŷ_{xxx}(1) + βf(1).

(3.5)

Let us observe that if ŷ(x) and ỹ(x) are the solutions of (3.3) and (3.4) respectively, then the element y(x) = ŷ(x)+ỹ(x) satisfies (3.2). Furthermore, it is a simple task to verify that the unique solution of (3.3) is

ŷ(x) = 1 2 ∫_x 0 η^{−3} [ sinh(η(x − τ)) − sin(η(x − τ)) ] ( iη^2f(τ) + g(τ) ) dτ, (3.6) In order to get the unique solution of (3.4), we set the general solution of the first equation in (3.4) as ỹ(x) = W e^{ηx} + Xe^{iηx} + Y e^{−ηx} + Ze^{−iηx}, (3.7) where, W, X, Y and Z are to be determined to satisfy the four boundary conditions of (3.4). Indeed, these boundary conditions lead us to the following linear system M W X Y Z = 0 0 l_1 l_2 , where M = (m_{ij})_{1≤i,j≤4} is a matrix whose elements are

m_{11} = 1, m_{12} = 1, m_{13} = 1, m_{14} = 1,

m_{21} = 1, m_{22} = i, m_{23} = −1, m_{24} = −i,

m_{31} = (η^2 + iαη^3 − Jη^5)e^η, m_{32} = (−η^2 − αη^3 − iJη^5)e^{iη},

m_{33} = (η^2 − iαη^3 + Jη^5)e^{−η}, m_{34} = (−η^2 + αη^3 + iJη^5)e^{−iη}, m_{41} = (iβη^2 − η^3)e^η

m_{42} = i(βη^2 + η^3)e^{iη}, m_{43} = (iβη^2 + η^3)e^{−η}, m_{44} = i(βη^2 − η^3)e^{−iη}.

Also note that for η large det M ≠ 0 (see (3.18)) and thus after a careful computation we get W X Y Z = (i + 1)η^2(det M)^{−1}

× × μ_{13} −μ_{14} × × −μ_{23} −μ_{24} × × −μ_{33} μ_{34} × × −μ_{43} −μ_{44}

0 0 l_1 l_2

, (3.8)

where × denotes the unnecessary elements for subsequent calculus and

μ_{13} = (β + η)e^{iη} + i(η − β)e^{−iη} + [(i − 1)β + (i + 1)η]e^{−η}, μ_{14} = (i + iαη − Jη^3)e^{iη} + (1 − αη − iJη^3)e^{−iη} + [(i + 1)(1 + Jη^3) + (1 − i)αη]e^{−η}, μ_{23} = (β + iη)e^η + (i + 1)(η − β)e^{−iη} + (iβ + η)e^{−η}, μ_{24} = (i − αη − iJη^3)e^η + [(i − 1)(1 − αη) + (i + 1)Jη^3]e^{−iη} − (1 − iαη + Jη^3)e^{−η}, μ_{33} = −i(β + η)e^{iη} + [(i − 1)β − (i + 1)η]e^η + (β − η)e^{−iη}, μ_{34} = (1 + αη + iJη^3)e^{iη} + [(i + 1)(1 − Jη^3) + (i − 1)αη]e^η + (i − iαη + Jη^3)e^{−iη}, μ_{43} = (i + 1)(β + η)e^{iη} + (η − iβ)e^η + (iη − β)e^{−η}, μ_{44} = [(1 − i)(1 + αη) + (i + 1)Jη^3]e^{iη} + (1 + iαη − Jη^3)e^η − (i + αη + iJη^3)e^{−η}.

¿From (3.6) and integrating twice by parts, we find

ŷ_{xx}(x) = η^{−1}e^{ηx} 4 ∫_1 0 e^{−ητ} (if_{τ τ} (τ) + g(τ)) dτ + O ( η^{−1}[‖f_{xx}‖ + ‖g‖] ) . (3.9)

Similarly we have the following estimations ŷ(x) = − i η^2 f(x) + η^{−3} 4 ∫_1 0 e^{η(x−τ )} (if_{τ τ} (τ) + g(τ)) dτ + O ( η^{−3}[‖f_{xx}‖ + ‖g‖] ) , ŷ_x(x) = − i η^2 f_x(x) + η^{−2} 4 ∫_1 0 e^{η(x−τ )} (if_{τ τ} (τ) + g(τ)) dτ + O ( η^{−2}[‖f_{xx}‖ + ‖g‖] ) , ŷ_{xxx}(x) = 1 4 ∫_1 0 e^{η(x−τ )} (if_{τ τ} (τ) + g(τ)) dτ + O (‖f_{xx}‖ + ‖g‖) . (3.10) Combining (3.5) and (3.10), we obtain after a straightforward computation

l_1 = γJ + e^η 4 (Jη^2 − iα − η^{−1}) ∫_1 0 e^{−ητ} (if_{τ τ} (τ) + g(τ))dτ + O ( η^2[‖f_{xx}‖ + ‖g‖] ) , (3.11)

l_2 = e^η 4 (1 − iβη^{−1}) ∫_1 0 e^{−ητ} (if_{τ τ} (τ) + g(τ))dτ + O (‖f_{xx}‖ + ‖g‖) .(3.12) Now let us define an element W^∗ by

W^∗ = (i + 1)η^2 [( Jη^2 − iα − η^{−1} ) μ_{13} − ( 1 − iβη^{−1} ) μ_{14} ] . (3.13)

Substituting μ_{13} and μ_{14} by their expressions in the above identity, we get

W^∗ = (i + 1) { e^{−iη}[2iJη^5 + βJ((1 − i)η^4 + 2αη^3 − η^2(i + 1)(1 + αβ) + 2iβη] +e^{iη} [2Jη^5 + βJ((1 − i)η^4 − 2iαη^3 − η^2(i + 1)(1 + αβ) − 2βη]

+e^{−η}[2(1 − i)βJη^4 + 2(αβ − 1)(i + 1)η^2] } . (3.14) Clearly, the dominant term of W^∗ is η^5 and |W^∗| is greater than O(η^4). Namely, |W^∗| = O(η^5), | W^∗ |≥ √ 2βJη^4. (3.15)

On the other hand, we get from the definition of the matrix M that its determinant is given by det M = −2η^4e^{(1−i)η} [(i − 1)Jη^4 + βJη^3 + (i + 1)αη^2 − i(1 + αβ)η + (i − 1)β] −2η^4e^{(i−1)η} [(1 − i)Jη^4 + βJη^3 − (i + 1)αη^2 − i(1 + αβ)η + (1 − i)β] −2η^4e^{(i+1)η} [(1 + i)Jη^4 + βJη^3 + (−i + 1)αη^2 − i(1 + αβ)η − (i + 1)β] −2η^4e^{−(i+1)η} [−(1 + i)Jη^4 + βJη^3 + (i − 1)αη^2 − i(1 + αβ)η + (i + 1)β] +8η^4[βJη^3 + i(1 − αβ)η]. (3.16) Factoring the first and the third line of (3.16) by −η^3e^η and using (3.14), we obtain det M = −η^3e^η ( W^∗ − e^{−η}[2(1 − i)βJη^4 + 2(αβ − 1)(i + 1)η^2] ) −2η^4e^{(i−1)η} [(1 − i)Jη^4 + βJη^3 − (i + 1)αη^2 − i(1 + αβ)η + (1 − i)β] −2η^4e^{−(i+1)η} [−(1 + i)Jη^4 + βJη^3 + (i − 1)αη^2 − i(1 + αβ)η + (i + 1)β] +8η^4[βJη^3 + i(1 − αβ)η]. (3.17) Except the first term −η^3e^ηW^∗ of (3.17), all the others terms are bounded by O(η^7). Then, the relation between W^∗ and det M is det M = −η^3e^ηW^∗ + O(η^7), (3.18) which implies, thanks to (3.15) and (3.18) that

(det M)^{−1} = −η^{−3}e^{−η}(A^∗)^{−1} + O(η^{−7}e^{−2η}) = O(η^{−7}e^{−η}). (3.19) Estimation of W:

On one hand, we have from (3.8) W = (i + 1)η^2(det M)^{−1} (μ_{13}l_1 − μ_{14}l_2) . (3.20) On the other hand, the estimations (3.11) and (3.12) yield

μ_{13}l_1 − μ_{14}l_2 = (Jη^2 − iα − η^{−1}) μ_{13} − (1 − iβη^{−1}) μ_{14}× × e^η 4 ∫_1 0 e^{−ητ} (if_{τ τ} (τ) + g(τ)) dτ +μ_{13} ( γJ + O(η^2[‖f_{xx}‖ + ‖g‖]) ) − μ_{14}O (‖f_{xx}‖ + ‖g‖) .

Because of (3.13), the above identity can be rewritten as follows

μ_{13}l_1 − μ_{14}l_2 = W^∗ (i + 1)η^2 e^η 4 ∫_1 0 e^{−ητ} (if_{τ τ} (τ) + g(τ)) dτ +μ_{13} ( γJ + O(η^2[‖f_{xx}‖ + ‖g‖]) ) − μ_{14}O (‖f_{xx}‖ + ‖g‖) . (3.21) Inserting (3.21) into (3.20) and using the first estimation of (3.19), we deduce that W = −1 4η^3

∫_1 0 e^{−ητ} [if_{τ τ} (τ) + g(τ)]dτ + e^η 4 W^∗O(η^{−7}e^{−2η})

∫_1 0 e^{−ητ} [(if_{τ τ} (τ) + g(τ)]dτ +(i + 1)η^2(det M)^{−1} [ μ_{13} (γJ + O(η^2[‖f_{xx}‖ + ‖g‖])) − μ_{14}O (‖f_{xx}‖ + ‖g‖) ] . (3.22) It is not difficult to show that μ_{13} and μ_{14} (see (3.8)) are bounded by O(η) and O(η^3) respectively. Moreover, we know from (3.19) that (det M)^{−1} = O(η^{−7}e^{−η}) and from (3.15) that |W^∗| = O(η^5). By virtue of these arguments, the estimation (3.22) becomes W = − 1 4η^3

∫_1 0 e^{−ητ} (if_{τ τ} (τ)+g(τ))dτ+O ( η^{−2}e^{−η}[‖f_{xx}‖ + ‖g‖] ) +γJO(η^{−4}e^{−η}). (3.23) Estimation of X, Y and Z :

By (3.8), we have X = −(i + 1)η^2(det M)^{−1} (μ_{23}l_1 + μ_{24}l_2). One can show from (3.11), (3.12) and the expressions of μ_{23}, μ_{24} that the coefficient of the dominant term e^{2η} , appearing in μ_{23}l_1 + μ_{24}l_2, is zero. Indeed, we have

X = (det M)^{−1} O ( η^5e^η[‖f_{xx}‖ + ‖g‖] ) + γJO(η^3e^η). Using this, it is easy to check from (3.19) that X = O ( η^{−2}[‖f_{xx}‖ + ‖g‖] ) + γJO(η^{−4}). (3.24)

Similarly, we can obtain Y = O ( η^{−2}[‖f_{xx}‖ + ‖g‖] ) + γJO(η^{−4}), (3.25) Z = O ( η^{−2}[‖f_{xx}‖ + ‖g‖] ) + γJO(η^{−4}). (3.26)

On the other hand, it follows from (3.7) and (3.9) that y_{xx}(x) = ŷ_{xx}(x) + ỹ_{xx}(x) = 1 4η e^{ηx} ∫_1 0 e^{−ητ} (if_{τ τ} (τ) + g(τ))dτ + O ( η^{−1}[‖f_{xx}‖ + ‖g‖] ) + W η^2e^{ηx} − Xη^2e^{iηx} + Y η^2e^{−ηx} − Zη^2e^{−iηx}. This implies together with (3.23)-(3.26) that ‖y_{xx}‖ | ≤ { O ( e^{−η} [‖f_{xx}‖ + ‖g‖] ) + γJO(η^{−2}e^{−η}) } (∫ 1 0 e^{2ηx}dx )_{1/2}

+ { O (‖f_{xx}‖ + ‖g‖) + γJO(η^{−2}) } (∫ 1 0 e^{−2ηx}dx )_{1/2}

+ O (‖f_{xx}‖ + ‖g‖) + γJO(η^{−2}). (3.27) Since (∫_1 0 e^{2ηx}dx )^1_2 = O ( η^{− 12} e^η ) and (∫_1 0 e^{−2ηx}dx )^1_2 = O ( η^{− 12} ) , the estimate (3.27) implies ‖y_{xx}‖ = O (‖f_{xx}‖ + ‖g‖ + J | γ |) . (3.28) This proves the estimation (I_1).

Final step- Now we shall prove that

‖z‖^2 + Jξ^2 ≤ M_2 ( ‖f_{xx}‖^2 + ‖g‖^2 + Jγ^2 ) . Since z = iη^2y − f and ξ = z_x(1) = iη^2y_x(1) − f_x(1), it is clear from (3.28) that this estimation holds if we can find a positive constant M_2 such that

η^4 ( ‖y‖^2 + J | y_x(1) |^2 ) ≤ M_2 ( ‖f_{xx}‖^2 + ‖g‖^2 + Jγ^2 ) . (I_2)

As in [3], let us multiply (3.2) by ȳ (conjugate of y) and integrate by parts twice. We obtain after using the boundary conditions in (3.2) that

η^4 (‖y‖^2 + J | y_x(1) |^2) = ‖y_{xx}‖^2 +ℜe { − ∫_1 0 (gȳ + iη^2fȳ)dx − βf(1)ȳ(1) − (iJη^2 + α)f_x(1)ȳ_x(1) − γJȳ_x(1) } .

Applying Cauchy-Schwartz inequality to all terms in braces, the above equality gives

η^4 2 ( ‖y‖^2 + J | y_x(1) |^2 ) ≤ 1 2 (3 + J + α + β) ‖y_{xx}‖^2 + 1 2 (1 + J + β + α)‖f_{xx}‖^2 + 1 2 ‖g‖^2 + J 2 γ^2.

which implies together with (3.28) that

η^4 ( ‖y‖^2 + J | y_x(1) |^2 ) ≤ M_2 ( ‖f_{xx}‖^2 + ‖g‖^2 + Jγ^2 ) , with a positive constant M_2. Thus the estimation (I_2) is proved. Combining (I_1) and (I_2), we have the estimation (I). This concludes the proof of Theorem 1. □

Let A_0 be the linear operator obtained from (2.6) by taking α = 0 in the feedback law (2.2), i.e, there is no control moment. Then it is clear that A_0 generates a continuous semigroup of contractions S_0(t). We then have the following result:

Theorem 2 . Let μ > 0 be the largest constant such that

μφ^2_{xx}(1) ≤

∫_1 0 φ^2_{xxxxx}(x)dx, (∗) for all φ ∈ {H^5(0, 1); φ(0) = φ(1) = φ_x(0) = φ_{xxx}(1) = φ_{xxxx}(0) = φ_{xxxx}(1) = 0}. Assume that 3μEIJ^2 > ρ. Then, the semigroup S_0(t) is exponentially stable in H.

Proof of Theorem 2. First, we write the operator A defined by (2.5)-(2.6) as the sum of a linear unbounded operator A_0 with D(A_0) = D(A) and a bounded compact operator B on H. In other words, for all u = (y, z, ξ) ∈ D(A_0) = D(A), A(y, z, ξ) = (A_0 + B)(y, z, ξ), where A_0(y, z, ξ) = ( z, − E ρ y_{xxxx}, − 1 J y_{xx}(1) ) , and B(y, z, ξ) = ( 0, 0, − α J ξ ) . (3.29)

Second, since B is a bounded compact operator on H and since the semigroup S(t) generated by A = A_0 + B is exponentially stable (see Theorem 1), then it is sufficient for us to prove the strong stability of S_0(t) in H (see [6] and [18]). To this end, we first establish the result for smooth initial data u_0 = (y_0, z_0, ξ_0) ∈ D(A^2) and then we can extend the result to H by denseness. Now let u(t) = (y(t), z(t), ξ(t)) be the solution stemmed from u_0 = (y_0, z_0, ξ_0) and consider the Lyapunov function V (u(t)) defined in (2.7). Since α = 0, we obtain from (2.8) that V (u(t)) − V (u_0) = −EI ∫_t 0 βy^2_τ (1, τ)dτ. Next, repeating the argument used in the proof of Lemma 2, we need to show a uniqueness result, i.e, the only solution of the system below stemmed from u_0 = (y_0, z_0, ξ_0) ∈ D(A^2) is the trivial one: ρy_{tt} + EIy_{xxxx} = 0, y(0, t) = y_x(0, t) = 0, Jy_{xtt}(1, t) + y_{xx}(1, t) = 0, y_{xxx}(1, t) = y_t(1, t) = 0.

(3.30)

For this, we will use the multiplier method as developed in [15] (p. 301-303). First multiplying the equation (3.30) by x^2(x − 3) and integrating by parts, we obtain: 6EI ∫_T 0 y(1, t)dt = ρ ∫_1 0 (x^3 − 3x^2) [y_t(x, T ) − y_t(x, 0)] dx

+ 3EIJ [y_{xt}(1, T ) − y_{xt}(1, 0)] . (3.31)

Since y_t(1, t) = 0, it follows that y(1, t) is constant. Then applying the Cauchy-Schwartz inequality in (3.31) and using the fact that the semigroup is a contraction, it follows that for all T > 0 and u_0 ∈ D(A^2), there exists a positive constant C_1 such that |y(1, t)| ≤^{C1}_T ‖u_0‖_H. Hence y(1, t) = 0. Next, multiplying (3.30) by xy_{xxx} and integrating by parts, we get 1 2 ∫_T 0 ∫_1 0 ( 3ρy^2_{xt} + EIy^2_{xxx} ) dxdt = ρ 2 ∫_T 0 y^2_{xt}(1, t)dt + ρ ∫_1 0 [xy_ty_{xxx}]^T_0 dx. (3.32)

Since y_{xxx}(1, t) = 0, it follows that ∫_1 0 xy_ty_{xxx}dx = ∫_1 0 xy_t ∫_x 1 y_{ξξξξ}dξdx ≤ C_2 ∫_1 0 ( y^2_t + y^2_{xxxx} ) dx ≤ C_2‖u_0‖^2_{D(A)}. (3.33)

Inserting (3.33) into (3.32) yields: ∫_T 0 ∫_1 0 ( 3ρy^2_{xt} + EIy^2_{xxx} ) dxdt ≤ ρ ∫_T 0 y^2_{xt}(1, t)dt + C_3‖u_0‖^2_{D(A)}. (3.34)

Now, replacing y by y_t in (3.34) and using (3.30), we obtain: ∫_T 0 ∫_1 0 ( 3EIy^2_{xxxxx} + EIy^2_{xxxt} ) dxdt ≤ ρ ∫_T 0 y^2_{xtt}(1, t)dt + C_3‖u_0‖^2_{D(A}2_) ≤ ρ J^2 ∫_T 0 y^2_{xx}(1, t)dt + C_3‖u_0‖^2_{D(A}2_).

(3.35)

Let us observe that u_0 ∈ D(A^2) implies that the corresponding solution y of (3.30) satisfies y(0, t) = y(1, t) = y_x(0, t) = y_{xxx}(1, t) = y_{xxxx}(0, t) = y_{xxxx}(1, t). We deduce thus from (3.35) and the hypothesis (∗) of Theorem 2 that for 3μEIJ^2 > ρ, we have ∫_T 0 ∫_1 0 y^2_{xxxt}dt ≤ C_3‖u_0‖^2_{D(A}2_). (3.36)

In addition, the conditions y(0, t) = y_x(0, t) = y(1, t) = 0 give us: y_{xt}(1, t) = ∫_1 0 (1 − x)xy_{xxxt}dx, y_{xx}(1, t) = ∫_1 0 x(2 − x)xy_{xxx}dx. Thus, by means of Cauchy-Schwartz inequality, we have

y^2_{xt}(1, t) ≤ C_4

∫_1 0 y^2_{xxxt}(x, t)dx, y^2_{xx}(1, t) ≤ C_5

∫_1 0 y^2_{xxx}(x, t)dx, (3.37) which, together with (3.36), implies that ∫_T 0 y^2_{xt}(1, t)dt ≤ C_6‖u_0‖^2_{D(A}2_). (3.38)

Combining (3.38) and (3.34), we obtain ∫_T 0 ∫_1 0 ( 3ρy^2_{xt} + EIy^2_{xxx} ) dxdt ≤ C_7‖u_0‖^2_{D(A}2_). (3.39)

Because y(0, t) = 0, we obtain after using the Cauchy-Schwartz inequality that ∫_1 0 y^2_t dx ≤ ∫_1 0 y^2_{xt}dx. (3.40)

Moreover, using Cauchy-Schwartz inequality and the second inequality of (3.37), a direct computation shows that

∫_1 0 y^2_{xx}(x, t)dx = ∫_1 0 (∫_x 1 y_{ξξξ}(ξ, t)dξ + y_{ξξ}(1, t) )_2 dx ≤ 2|y_{ξξ}(1, t)|^2 + 2

∫_1 0 y^2_{xxx}(x, t)dx ≤ C_8 ∫_1 0 y^2_{xxx}(x, t)dx. (3.41) Finally, putting (3.38), (3.40) and (3.41) into (3.39), we obtain ∫_T 0 ‖u(t)‖^2_Hdt = ∫_T 0 (∫_1 0 ( y^2_t + y^2_{xx} ) dx + y^2_{xt}(1, t) ) dt ≤ C_9‖u_0‖^2_{D(A}2_).

This means, since ‖u(t)‖^2_H is constant, that ‖u(t)‖^2_H ≤ C_9‖u_0‖^2_{D(A}2_) T , for all T > 0,

which gives that y = 0. We have proved that if 3μEIJ^2 > ρ, then for any u_0 = (u(·, 0), u_t(·, 0), u_{xt}(1, 0)) ∈ D(A^2_0), the corresponding solution of (3.30) is trivial. This completes the proof of Theorem 2. □

Remark 2 . It is easy to verify that the five boundary conditions of Theorem 2 yield y_{xx}(1, t) = 1 3 ∫_1 0 ( − 1 4 x^4 + x^3 ) y_{xxxxx}(x, t)dx. Then, the Cauchy-Schwartz inequality implies that y^2_{xx}(1, t) ≤ 1 9 ∫_1 0 x^6 ( − x 4 + 1 )_2 dx ∫_1 0 y^2_{xxxxx}(x, t)dx ≤ 11 1134

∫_1 0 y^2_{xxxxx}(x, t)dx. Hence we can claim that μ ≥

1134 11 in our Theorem 2.

3.2 Lack of uniform stabilization

In order to achieve our investigation concerning stabilization problem of system (2.1), it remains to see whether the system is uniformly stabilizable by control moment. For this, assume that only the moment control is present in the feedback law (2.2), i.e, β = 0 and α > 0. Hence the closed loop system is: ρy_{tt} + EIy_{xxxx} = 0, y(0, t) = y_x(0, t) = 0, Jy_{xtt}(1, t) + y_{xx}(1, t) = −αy_{xt}(1, t), y_{xxx}(1, t) = 0, y(·, 0) = y_0, y_t(·, 0) = z_0, y_t(1, 0) = ξ_0,

(3.42)

which can be written as follows { u̇(t) = (A_1 + B)u(t), u(0) = u_0, (3.43)

where u_0 = (y_0, z_0, ξ_0); B is given by (3.29) and A_1 is defined by:

D(A_1) = {(y, z, ξ) ∈ H^4_0 × H^2_0 × R; y_{xxx}(1) = 0, ξ = z_x(1)}, (3.44)

and for all (y, z, ξ) ∈ D(A_1), A_1(y, z, ξ) = ( z, − EI ρ y_{xxxx}, − 1 J y_{xx}(1) ) . (3.45)

We first state a lemma which concerns the properties of the operator A_1.

Lemma 4 . The operator A_1 defined by (3.44)-(3.45) generates an unitary group S_1(t) of isometries.

Proof of Lemma 4. Obviously, A_1 is maximal and < A_1u, u >= 0, ∀u ∈ D(A_1). This implies that < A_1(u + v), (u + v) >= 0, ∀u, v ∈ D(A_1), and < A_1u, v >= − < u, A_1v >, ∀u, v ∈ D(A_1). Thus the operator A_1 is antisymmetric. On the other hand, one can prove that D(A_1) = D(A^∗_1) and A^∗_1 = −A_1. Hence, A_1 is skew-adjoint. Finally, it follows that A_1 generates an unitary group S_1(t) of isometries [13]. □

Now, we are ready to state a result which highlights the leading role of control force.

Proposition 1 . The closed-loop system (3.42) is not uniformly stable.

Proof of Proposition 1. As in [14], the proof is based on the result of compact perturbations [16]. Let S_{A1+B} (t) and S_{A1−B}(t) denote the groups generated by A_1 + B and A_1 − B respectively. Let u(t) = (y, z, ξ)(t) be the solution of (3.43) stemmed from u_0 ∈ D(A_1), i.e, u(t) = S_{A1+B}(t)u_0. Define ũ(t) = (ỹ(t), z̃(t), ξ̃(t)) where ỹ(x, t) = y(x, −t), z̃(x, t) = −z(x, −t), ξ̃(t) = −ξ(t). It can be verified that ũ(t) = S_{A1−B}(t)ũ(0). Since B is compact, Russell’s result [16] permits us to claim that there is no positive constants 0 ≤ μ < 1 and T > 0 such that we have simultaneously ||S_{A1+B} (t)|| ≤ μ and ||S_{A1−B}(−t)|| ≤ μ, ∀t ≥ T. (3.46) Since ||ũ(−t)|| = ||ũ(t)||, for all t ∈ R, we get ||S_{A1+B} (t)|| = ||S_{A1−B} (−t)||. This, together with (3.46), completes the proof of Proposition 1. □

4 Asymptotic analysis of the real part of the spectrum

Let us consider the closed loop system (2.4). Using the results of Langer [9], we can estimate the real part of the spectrum with large module. The following theorem establishes explicitly a relation between the feedback gain β and the real part of the eigenvalues λ_k.

Theorem 3 . Let λ_k be an eigenvalue of system (2.4). Then ℜeλ_k −→ −β EI ρ , as k −→ ∞.

Proof of Theorem 3. First one can readily show that λ ∈ C \ {0} is an eigenvalue of the operator A if and only if there exists a non trivial element y ∈ H^4(0, 1) such that EI ρ y_{xxxx} + λ^2y = 0, y(0) = y_x(0) = 0, y_{xx}(1) + (αλ + Jλ^2)y_x(1) = 0, βλy(1) − y_{xxx}(1) = 0. (4.1)

Substituting λ = iω^2 √ EI ρ , (ω ∈ C \ {0}), β̃ = β √ EI ρ , α̃ = α √ EI ρ and J̃ = J EI ρ into (4.1), we obtain y_{xxxx} − ω^4y = 0, y(0) = y_x(0) = 0, y_{xx}(1) + (iα̃ω^2 − J̃ω^4)y_x(1) = 0,

iβ̃ω^2y(1) − y_{xxx}(1) = 0.

In the same way as for (3.2), one can verify that the system below has a non trivial solution if and only if ω satisfies

P (ω) = e^{(1−i)ω} [(i − 1)J̃ω^4 + β̃J̃ω^3 + (i + 1)α̃ω^2 − i(1 + α̃β̃)ω + (i − 1)β̃] +e^{(i−1)ω} [(1 − i)J̃ω^4 + β̃J̃ω^3 − (i + 1)α̃ω^2 − i(1 + α̃β̃)ω + (1 − i)β̃] +e^{(i+1)ω} [(1 + i)J̃ω^4 + β̃J̃ω^3 + (−i + 1)α̃ω^2 − i(1 + α̃β̃)ω − (i + 1)β̃] +e^{−(i+1)ω}[−(1 + i)J̃ω^4 + β̃J̃ω^3 + (i − 1)α̃ω^2 − i(1 + α̃β̃)ω + (i + 1)β̃] −4(β̃J̃ω^3 + i(1 − α̃β̃)ω) = 0. (4.2) A straightforward computation shows that P (−ω) = −P (ω) and iP (ω) = P (iω̄). Thus the solution set of (4.2) admits the two bisectors of the complex plan as symmetrical axes and the origin as a symmetrical center. It is sufficient then to seek the solutions of (4.2) in a sector S_1 defined by arg(ω) = θ with ϵ < θ < π/2 + ϵ for small ϵ. Next, following the same step as in [9] , we claim that in the sector S_1, the solutions of (4.2) are asymptotically represented by those of

P̂ (ω) = e^ωA_1(ω) + e^{−ω}A_2(ω) = 0, (4.3)

where

A_1(ω) = (i − 1)J̃ω^4 + β̃J̃ω^3 + (i + 1)α̃ω^2 − i(1 + α̃β̃)ω + (i − 1)β̃, A_2(ω) = −(1 + i)J̃ω^4 + β̃J̃ω^3 + (i − 1)α̃ω^2 − i(1 + α̃β̃)ω + (i + 1)β̃.

Because of J̃ = J EI ρ > 0, the solutions of (4.3) are themselves asymptotic to the solutions of (i − 1)e^ω − (i + 1)e^{−ω} = 0. (4.4) Obviously, the solutions of (4.4) are given by ω_k = iπ ( 3 4 + k ) , k ∈ N. Now, we seek ω_k as follows ω_k = iπ ( 3 4 + k ) + z_1 k + z_2 k^2 + z_3 k^3 + z_4 k^4 + O ( 1 k^5 ) , (4.5)

where z_i, i = 1, 2, 3, 4 are complex constants.

Next, by using (4.5), we calculate the development of e^ω, e^{−ω} and the expression of P̂ (ω) defined in (4.3). We obtain after a careful computation that

P̂ (ω) = (−1)^k √ 2 2 { 2iJ̃π^3(β̃ − 2πz_1)k^3 + J̃π^3 [ 2(β̃ − 6iπ)z_1 − 4iπz_2 + 9 2 iβ̃ ] k^2 + k [ (−6β̃J̃ + 4α̃ − 16π + iβ̃J̃πz_1)π^2z_1 + 2(β̃ − 6iπ)J̃π^3z_2 − 4iJ̃π^4z_3 − 9 8 iβ̃J̃π^3 − 27 2 iJ̃π^4 − 2π(1 + α̃β̃) ] + Z + O ( 1 k )} , where Z is a complex number depending on z_i, i = 1, 2, 3, 4. Finally, we choose the complex z_i such that each coefficient of k^{4−i} is zero for i = 1, 2, 3, 4. Next, we replace the obtained values in (4.5) to get: ω_k = iπ ( 3 4 + k ) + β̃ 2πk + β̃ 4iπ ( β̃ π − 3 2 i ) 1 k^2 + · · · ·

Since λ_k = iω^2 √_{EI} ρ , we conclude that ℜeλ_k = ℜe ( iω^2 √_{EI} ρ ) −→ −β^{EI}_ρ , as k −→ ∞. This completes the proof of Theorem 3. □

As mentioned in Remark 2, assume that the condition (∗) of Theorem 2 is satisfied with μ =^{1134}_{11} . Recall that if the feedback law consists of only a control force (α = 0) then the hybrid system (2.1) is governed by the operator A_0 which generates a semigroup S_0(t). An important consequence of the previous spectral analysis is the following proposition:

Proposition 2 . Assume that 3μEIJ^2 ≤ ρ. Then, the semigroup S_0(t) is not strongly stable in H.

Proof of Proposition 2. Consider the following physical parameters: J = sinhπ (1 + coshπ)π^3 , EI = ρ = β = 1. Then it is easy to check that 3μEIJ^2 < ρ where μ =^{1134}_{11} . Since EI = ρ = 1, we can claim from the proof of Theorem 3 that λ_k = iω^2 is an eigenvalue of A_0 of our hybrid system if and only if ω satisfies equation (4.2) with α̃ = 0 and β̃ = β, J̃ = J (recall that β̃ = β √_{EI} ρ , α̃ = α √_{EI} ρ and J̃ = J^{EI}_ρ ). This gives after straightforward computation that ω is solution of the following equation: e^ω [ cos ω (2Jω^3 − 2) + 2 sin ω + i {cos ω (2Jω^4 − 2ω) + 2Jω^4 sin ω} ] +e^{−ω} [ cos ω (2Jω^3 + 2) + 2 sin ω + i {cos ω (−2Jω^4 − 2ω) + 2Jω^4 sin ω} ] −4Jω^3 − 4iω = 0. (4.6) Since J =^{sinhπ}

(1+coshπ)π^3 , one can check that ω = π is solution of (4.6) and thus

λ = iω^2 = iπ^2 is an eigenvalue of A_0. We conclude that the semigroup S_0(t) is not stable. □

Numerical results: To see how different the eigenvalues are for the values of β and α, we shall do some computer simulations. First we know from the previous spectral study that λ is an eigenvalue if and only if ω is solution of (4.2) where λ and ω are related by λ = iω^2 √_{EI} ρ . Let ω = x + iy, with x and y being real numbers. Substituting ω into P (ω) = 0 (see (4.2)), it follows that (x, y) is solution of the equation R(x, y) + iI(x, y) = 0, where R and I are two real explicit functions. Obviously, λ is an eigenvalue if and only if R ≡ I ≡ 0. Using MAPLE V, we find the points of intersection (x, y) of the graphs of R = 0 and I = 0. Once the values of ω = x + iy are obtained, we can recover the eigenvalues λ by using the relationship λ = iω^2 √_{EI} ρ = √_{EI} ρ ( − 2xy + i(x^2 − y^2) ) . We consider three cases:

Case 1: α > 0, β > 0.

We observe that the real part of the spectrum approaches the vertical axis −β^{EI}_ρ (see fig. 2, fig.3,...fig.9). This confirms the result obtained in Theorem 3. It is also interesting to note that if we fix α = J = 1, EI = 9, ρ = 4 and we vary β then we notice two facts: On one hand, the more β increases, for β > 1, the more the spectrum moves towards the left. On the other hand, the more β decreases, for β < 1, the more the spectrum moves towards the right (fig. 2,...fig.6). In return, if we fix β = J = 1, EI = 9, ρ = 4 and α vary, then we notice that the spectrum is ”stable” (fig. 2, fig.7, fig.8, fig.9). This means that the influence of β is numerically dominant. Case 2: α = 0, β > 0 and 3μEIJ^2 > ρ.

As mentioned in Remark 2, assume that μ =^{1134}_{11} . Then, we observe that the vertical axis −β^{EI}_ρ is still an asymptote for the real part of the spectrum (see fig. 10, fig.11, fig.12). This illustrates the result of Theorem 3. Case 3: α = 0, β > 0 and 3μEIJ^2 < ρ.

As in the previous case, let μ =^{1134}_{11} . Clearly, there exists a pure imaginary eigenvalue (see fig. 13 and fig. 14) which means that the system is not even strongly stable as proved in Proposition 2.

5 Conclusion

In this article, we considered the stabilization problem of a variant of the SCOLE model. We have proposed a simple and usual stabilizing feedback law composed of control force and control moment. Then the system is uniformly stabilized by the proposed feedback law as soon as the boundary control force and control moment are present in the feedback. Nevertheless, if only the control force is applied, then the exponential stability is also obtained provided the physical parameters of the system satisfy a certain condition (see Theorem 2). We have shown that this condition is necessary to obtain uniform stabilization. An asymptotic analysis of the real part of the spectrum was also done. This spectral study establishes explicitly a relationship between the feedback gain of the control force and the eigenvalues. The theoretical results obtained in this paper have been illustrated by several numerical results.

Acknowledgements: The author expresses his Gratitude to Professor B. Rao for calling his attention to the hybrid system of the SCOLE model; and to C. Z. Xu for the helpful discussions on the numerical study of spectrum.

References

[1] Adams, R., Sobolev spaces, Academic Press, 1978. Paris: Masson, 1992.

[2] Brezis, H., Analyse Fonctionnelle, Théorie et Applications. Paris: Masson, 1992.

[3] Chen, G., Krantz, S. G., Ma, D. W., Wayne, C. E., and West, H. H., “The Euler-Bernoulli beam equation with boundary energy dissipation,” in Proc. Operator Methods for Optimal Control Problems, S. J. Lee ed., Lecture notes in pure and appl. Math. no. 108, Marcel Dekker, New York, pp. 67- 96, 1987.

[4] Conrad, F. and Pierre, M., “Stabilisation of Euler-Bernoulli beam by nonlinear boundary feedback,” Research report INRIA no. 1235, univ. of Nancy I, France, 1990.

[5] Conrad, F. and Morgül, O., “On the stabilization of a flexible beam with a tip mass,” SIAM J. Control and Optim, vol. 36, no. 6, pp. 1962-1986, 1998.

[6] Gibson, J. S., “A note on stabilization of infinite dimensional linear oscillators by compact linear feedback,” SIAM J. Control and Optim., vol. 18, no. 3, pp. 311-316, 1980.

[7] Haraux, A., Systèms Dynamique Dissipatifs et Applications . Paris: Masson, 1991.

[8] Huang, F. L., “Characteristic conditions for exponential stability of linear dynamical system in Hilbert spaces,” Ann. Diff. Eqs, vol. 1, no. 1, pp. 43-53, 1987.

[9] Langer, R.E., “On the zero of exponential sums and integrals,” Bull.

Amer. Math. Soc., pp. 213-239, 1931.

[10] Laousy, H. and Chentouf, B., “Boundary feedback stabilization of a hybrid system,” in Proc. 14th World congress of IFAC, D-2b-07-, pp. 225-229, 1999.

[11] Littmaan, W. and Markus, L., “Stabilization of a hybrid system of elasticity by feedback boundary damping,” Ann. Mat. Pura Appl. , 1522, pp. 281-30, 1988.

[12] Kato, T., Perturbation theory of linear Operators, Springer, 1976.

[13] Pazy, A., Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer-Verlag, New york 1983.

[14] Rao, B., “Uniform stabilization of a hybrid system of elasticity,” SIAM J. Control and Optim., vol. 33, no. 2 pp. 440-454, 1995.

[15] Rao, B., “Recent progress in non-uniform and uniform stabilization of the SCOLE model by boundary feedback,” Thesis, Univ. of Nancy I, France, 1994.

[16] Russell, D., “Decay rates for weakly damped systems in Hilbert space obtained with control-theoretic methods,” J. Differential. Equations, 19, pp. 344-370, 1975.

[17] Slemrod, M., “Feedback stabilization of a linear system in Hilbert space with on a priori bounded control,” Math. Contr. Signals and Systems, 2, pp. 265-285, 1989.

[18] Triggiani, R., “Lack of uniform stabilization for noncotracive semigroups under compact perturbation,” Proc. Amer. Math. Soc., vol. 105 , no. 2, pp. 375-383, 1989.

Figure 2: Spectrum for J = 1, α = 1, β = 1, EI = 9, ρ = 4

Figure 3: Spectrum for J = 1, α = 1, β = 2, EI = 9, ρ = 4

Figure 4: Spectrum for J = 1, α = 1, β = 0.5, EI = 9, ρ = 4

Figure 5: Spectrum for J = 1, α = 1, β = 0.3, EI = 9, ρ = 4

Figure 6: Spectrum for J = 1, α = 1, β = 0.1, EI = 9, ρ = 4

Figure 7: Spectrum for J = 1, α = 2, β = 1, EI = 9, ρ = 4

Figure 8: Spectrum for J = 1, α = 1.3, β = 1, EI = 9, ρ = 4

Figure 9: Spectrum for J = 1, α = 0.3, β = 1, EI = 9, ρ = 4

Figure 10: Spectrum for J = 0.1, α = 0, β = 1, EI = 8, ρ = 2

Figure 11: Spectrum for J = 0.1, α = 0, β = 1.5, EI = 8, ρ = 2

Figure 12: Spectrum for J = 0.1, α = 0, β = 2, EI = 8, ρ = 2

Figure 13: Spectrum for J = 0.0399, α = 0, β = 1.5, EI = 1.1, ρ = 2

Figure 14: Spectrum for J =^{sinhπ}_{(1+coshπ)π3} , α = 0, β = 1, EI = 1, ρ = 1