Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 2000, pp. 74 – 81 Submitted: June 14, 1999. Published: July 15, 2000

A Generalization of 2-Periodic Trigonometric Interpolation

Tianzi Jiang

Abstract

It is well-known that the interpolation theory plays an important role in many fields of computer vision, especially in surface reconstruction and Image processing. In this paper, we introduce a new kind of 2-period interpolation of functions with period 2π at the nodes x_k = x_{k,n} = kπ/n, (k = 0, 1, · · · , 2n − 1). We find out the necessary and sufficient conditions for regularity of this new interpolation problem. Moreover, a closed form expression for the interpolation polynomial is given. Our interpolation is of more practical significance. Our results provide the theoretical basis for using our interpolation in practical problems.

A.M.S. Classification Codes: 65 Key Words: Interpolation, Trigonometric polynomial, Regularity, Computer vision

Max-Planck Institute of Cognitive Neuroscience, Signal and Image Processing Group 1 Stephanstrasse, D-04103, Leipzig, Germany and National Laboratory of Pattern Recognition, Institute of Automation Chinese Academy of Sciences, Beijing 100080, P.R. China Email: jiangtz@nlpr.ia.ac.cn This work was supported by the Chinese National Science Foundation Copyright © 2000 by Cameron University

1 Introduction

It is well-known that the interpolation theory plays an important role in many fields of computer vision, especially in surface reconstruction and Image processing. In many practical issues of computer vision, we do not know if the interpolated function is differentiable or we only know the values of the interpolated function at nodes. We often use divided difference to replace derivative because divided difference is the descretization of the derivative of functions. In this paper, we introduce a new kind of 2-periodic interpolation of functions with period 2π at the nodes x_k = x_{k,n} = kπ/n, (k = 0, 1, · · · , 2n − 1). That is, we would replace the conditions of derivatives for 2-periodic interpolation by the those of differences at the nodes. Similar idea was used by Jiang^{[1]} for Birkhoff-type interpolation.

For f ∈ C_{2π} and 0 < h < π/n, we define δ_hf(x) = δ^1_hf(x) = f(x + h) − f(x − h), δ^m_h f(x) = δ_h(δ^{m−1}_h f(x) = m∑ k=0 (−1)^k( m k )f(x + (m − 2k)h), m ≥ 2. We shall say that t(x) ∈ T_n, if t(x) is a polynomial of the form

t_n(x) = a_0 2 + n∑ k=1 (a_k cos kx + b_k sin kx). If t_n(x) = a_0 2 + n−1∑ k=1 (a_k cos kx + b_k sin kx) + a_n cos(nx + επ/2),

(ε = 0 or 1),

we shall say that t_n(x) ∈ T_{n,ε}(ε = 0 or 1).

Our problems are

P_1: For any two given sets of complex numbers {α_k}^{n−1}_0 and {β_k}^{n−1}_0 , whether or not there exists a unique trigonometric polynomial t_n(x) ∈ T_{n,ε}(ε = 0 or 1) satisfying the conditions

t_n(x_{2k}) = α_k, δ^m(t_n)(x_{2k+1})/(2h)^m = β_k, (k = 0, 1, · · · , n − 1).

P_2: If the answer of Problem P_1 is positive, usually, we say the interpolation problem is regular. Find the necessary and sufficient conditions on m and n such that Problem P_1 is regular.

P_3: Find the fundamental polynomials of the interpolation when Problem P_1 is regular.

The rest of this paper is organized as follows. Section 2 describes some lemmas needed for the subsequent parts. Section 3 is devoted to the regularity of this new interpolation. Section 4 will give the fundamental polynomials of the new interpolation. Final section is the conclusion and the future works.

2 Lemmas

In order to prove our main results we need the following lemmas. Among them, Lemma 2.1 and Lemma 2.2 come from Sharma and Sun [3]

Lemma 2.1 ([6, Lemma 2.1]) If

K_n(x) = a_0 2 + n∑ k=1 (a_k cos kx + b_k sin kx), (1)

then

(1) K_n(x_{2k}) = δ_{0,k}, (k = 0, 1, · · · , n − 1) if and only if 1 2 a_0 + a_n =^1_n a_k + a_{n−k} =^2_n b_k − b_{n−k} = 0 k = 1, · · · , n − 1. (2) K_n(x_{2k}) = 0, (k = 0, 1, · · · , n − 1) if and only if 1 2 a_0 + a_n = 0, a_k + a_{n−k} = 0, b_k − b_{n−k} = 0, k = 1, · · · , n − 1. Proof It is an easy consequence of the following two known identities.

sin^{nx}_2 n sin^x_2 = 1 n 1 + 2 (n−1)/2 ∑ j=1 cos jx , n odd, and cos^x_2 sin^{nx}_2 n sin^x_2 = 1 n 1 + 2 (n−2)/2 ∑ j=1 cos jx + cos nx 2 , n even. Lemma 2.2 ([5, Lemma 2.2]) If K_n(x) is given by (1) , then

(1) K_n(x_{2k+1}) = δ_{0,k}, (k = 0, 1, · · · , n − 1) if and only if 1 2 a_0 − a_n =^1_n a_k − a_{n−k} =^2_n cos jx_1 b_k + b_{n−k} =^2_n sin jx_1 k = 1, · · · , n − 1. (2) K_n(x_{2k+1}) = 0, (k = 0, 1, · · · , n − 1) if and only if 1 2 a_0 − a_n = 0, a_k − a_{n−k} = 0, b_k + b_{n−k} = 0, k = 1, · · · , n − 1.

The proof depends upon using Lemma 2.1 after the observation that K_n(x_{2k+1}) = K_n(x_{2k} +^π_n ) =^{a0}_2 − a_n + ∑_{n−1} j=1 (P_j cos jx_{2k} + Q_j sin jx_{2k}), (k = 0, 1, · · · , n − 1). where P_j = a_j cos jx_1 + b_j sin jx_1, and Q_j = b_j cos jx_1 − a_j sin jx_1.

Lemma 2.3 For m = 1, 2, · · ·, we have

δ^m cos jx = 2^m sin^m jh cos(jx + mπ 2 ), δ^m sin jx = 2^m sin^m jh sin(jx + mπ 2 ). Proof It is easy to prove it by induction.

3 Regularity

Theorem 3.1 (1) For ε = 0, Problem P_1 is regular if and only if m is even.

(2) For ε = 1, Problem P_1 is regular if and only if m and n are both odd.

Proof We only prove part (1) because the proof of part (2) is similar. Let Q_n(x) ∈ T_{n,0} have the form Q_n(x) = a_0 2 + n−1∑ k=1 (a_k cos kx + b_k sin kx) + a_n cos nx,

and let Q_n(x_{2k}) = 0 δ^m(Q_n)(x_{2k+1}) = 0. k = 0, 1, · · · , n − 1. Taking K_n(x) = Q_n(x) by the part (2) of Lemma 2.1, we have 1 2 a_0 + a_n = 0 a_j + a_{n−j} = 0 b_j − b_{n−j} = 0 j = 1, · · · , n − 1. (2)

Applying Lemma 2.3, we have

δ^m(Q_n)(x) = n−1∑ j=1 (a_j 2^m sin^m jh cos(jx + mπ 2 ) + b_j 2^m sin^m jh sin(jx + mπ 2 )) +a_n2^m sin^m nh cos(nx + mπ 2 )

If m = 2s, we have

δ^m(Q_n)(x) = n−1∑ j=1 (a_j (−1)^{m/2}2^m sin^m jh cos jx + b_j (−1)^{m/2}2^m sin^m jh sin jx)

+a_n(−1)^{m/2}2^m sin^m nh cos nx

Taking K_n(x) = δ^m(Q_n)(x) by the part (2) of Lemma 2.2, we have

a_n(−1)^{m/2}2^m sin^m nh = 0 a_j (−1)^{m/2}2^m sin^m jh − a_{n−j} (−1)^{m/2}2^m sin^m(n − j)h = 0 b_j (−1)^{m/2}2^m sin^m jh + b_{n−j} (−1)^{m/2}2^m sin^m(n − j)h = 0 j = 1, 2, · · · , n − 1. That is a_n sin^m nh = 0 a_j sin^m jh − a_{n−j} sin^m(n − j)h = 0 b_j sin^m jh + b_{n−j} sin^m(n − j)h = 0 j = 1, 2, · · · , n − 1. (3)

From the first equations (2) and (3) we have a_0 = a_n = 0. From other equations of (2) and (3) we have

a_j (sin^m jh + sin^m(n − j)h) = 0 b_j (sin^m jh + sin^m(n − j)h) = 0 j = 1, 2, · · · , n − 1. (4) From m = 2s we have

sin^m jh + sin^m(n − j)h > 0 (j = 1, 2, · · · , n − 1).

Hence a_j = b_j = 0 (j = 1, 2, · · · , n − 1). This implies that Problem P_1 is regular. If m = 2s + 1, we have

δ^m(Q_n)(x) = n−1∑ j=1 (b_j (−1)^{m/2}2^m sin^m jh cos jx − a_j (−1)^{m/2}2^m sin^m jh sin jx)

−a_n(−1)^{m/2}2^m sin^m nh sin nx

Taking K_n(x) = δ^m(Q_n)(x) by the part (2) of Lemma 2.2, we have

b_j sin^m jh − b_{n−j} sin^m(n − j)h = 0 a_j sin^m jh + a_{n−j} sin^m(n − j)h = 0 j = 1, 2, · · · , n − 1. (5)

It is clear that equation systems (2) and (5) does not have a unique solution. Hence, Problem P_1 is not regular. This completes the proof of Theorem 3.1.

4 Fundamental Polynomials of Interpolation

If we denote the fundamental polynomials of (0, δ^m) interpolation by r_{j,ε}(x) and ρ_{j,ε}(x), respectively, then it is clear that r_{j,ε}(x) = r_{0,ε}(x − x_j ), ρ_{j,ε}(x) = ρ_{0,ε}(x − x_j ), j = 1, 2, · · · , n − 1. We come to give the explicit forms of the fundamental polynomials r_{0,ε}(x) and ρ_{0,ε}(x). They determined by the following conditions.

r_{0,ε}(x_{2k}) = δ_{0,k}, δ^m(r_{0,ε})(x_{2k+1})/(2h)^m = 0. (6)

ρ_{0,ε}(x_{2k}) = 0, δ^m(ρ_{0,ε})(x_{2k+1})/(2h)^m = δ_{0,k}. (7) k = 1, 2, · · · , n − 1. Theorem 4.1 (1) If ε = 0 and m is even, then the fundamental polynomials are given by

r_{0,0} =^1_n +^2_n ∑_{n−1} j=1 sin^m(n−j)h cos jx sin^m(n−j)h+sin^m jh

ρ_{0,0} =^{2(−1)m/2 hm}_n { −^1_{2 sin}m_{nh} + ∑_{n−1} j=1 cos jx_1 cos jx+sin jx_1 sin jx sin^m(n−j)h+sin^m jh + sin nx sin^m nh

} (8)

(2) If ε = 1 and m and n are odd, then the fundamental polynomials are given by

r_{0,1} =^1_n +^2_n ∑_{n−1} j=1 sin^m(n−j)h cos jx sin^m(n−j)h−sin^m jh ρ_{0,1} =^{2(−1)m/2 hm}_n {∑_{n−1} j=1 cos jx_1 cos jx+sin jx_1 sin jx sin^m(n−j)h−sin^m jh − sin nx 2 sin^m nh

} (9)

Proof We only prove part (2) because the proof of part (1) is similar. For ε = 1, we denote Q_n(x) = a_0 2 + n−1∑ k=1 (a_k cos kx + b_k sin kx) + b_n sin nx. (10)

Since m is odd, we have

δ^m(Q_n)(x) = n−1∑ j=1 (b_j (−1)^{m/2}2^m sin^m jh cos jx − a_j (−1)^{m/2}2^m sin^m jh sin jx)

+b_n(−1)^{m/2}2^m sin^m nh cos nx

If Q_n(x) satisfies conditions (7), then taking K_n(x) = Q_n(x) by the part (1) of Lemma 2.1 and K_n(x) = δ^m(Q_n)(x) by the part (2) of Lemma 2.2 respectively, we have 1 2 a_0 =^1_n a_j + a_{n−j} =^2_n b_j − b_{n−j} = 0 j = 1, · · · , n − 1, (11)

and b_n sin^m nh = 0 b_j sin^m jh − b_{n−j} sin^m(n − j)h = 0 a_jsin^mjh + a_{n−j} sin^m(n − j)h = 0 j = 1, 2, · · · , n − 1. (12)

From the first equations (1) and (2) we have a_0 = 2/n and b_n = 0. From other equations of (4) and (7) we have

a_j (sin^m(n − j)h − sin^m jh) =^2_n sin^m(n − j)h b_j (sin^mjh − sin^m(n − j)h) = 0 j = 1, 2, · · · , n − 1. (13)

Since n is odd, sin^m(n − j)h − sin^m jh ≠ 0. Hence, from (14) we have

a_j =^{2 sinm(n−j)h} n(sin^m(n−j)h−sin^m jh) b_j = 0 j = 1, 2, · · · , n − 1. This implies the first equality of (10).

If Q_n(x) satisfies conditions (8), then taking K_n(x) = Q_n(x) by the part (2) of Lemma 2.1 and K_n(x) = δ^m(Q_n)(x)/(2h)^m by the part (1) of Lemma 2.2 respectively, we have 1 2 a_0 = 0 a_j + a_{n−j} = 0 b_j − b_{n−j} = 0 j = 1, · · · , n − 1, (14)

and −b_n(−1)^{m/2}2^m sin^m nh/(2h)^m =^1_n b_j (−1)^{m/2}2^m sin^m jh/(2h)^m − b_{n−j}(−1)^{m/2}2^m sin^m(n − j)h/(2h)^m =^2_n cos jx_1 a_j (−1)^{m/2}2^m sin^m jh/(2h)^m + a_{n−j}(−1)^{m/2}2^m sin^m(n − j)h/(2h)^m =^2_n sin jx_1 j = 1, 2, · · · , n − 1. (15)

From (15) and (16) we have

a_0 = 0, b_n = − (−1)^{m/2}h^m n sin^m nh

(16)

and a_j =^{2(−1)m/2 hm sin jx1} n(sin^m(n−j)h−sin^m jh) b_j =^{2(−1)m/2 hm cos jx1} n(sin^m(n−j)h−sin^m jh) j = 1, 2, · · · , n − 1. This implies the Second equality of (10).

5 Conclusion

It is well-known that interpolation theory plays an important role in many fields of computer vision, especially in surface reconstruction. In many practical issues of computer vision, we do not know if the interpolated function is differentiable or we only know the values of the interpolated function at nodes. From computational view, divided difference is a natural candidate for replacing derivative because divided difference is the descretization of the derivative of functions. In this paper, we would replace the conditions of derivatives for Hermite interpolation and Birkhoff interpolation by those of symmetric differences at the nodes. First, we introduce a new kind of 2-period interpolation of functions with period 2π. Second, we find out the necessary and sufficient conditions for regularity of this new interpolation problem. Moreover, a closed form expression for the interpolation polynomial is given. Our interpolation is of more practical significance. Our results provide the theoretical basis for using our interpolation in practical problems. Here we only consider the interpolation of 2π-periodic functions at the nodes x_k = x_{k,n} = 2kπ/n, (k = 0, 1, · · · , n − 1). In future, we will try to get the convergence of this new interpolation. We would also like to extend our idea to algebraic polynomial interpolation case and multivariate interpolation cases.

References

[1] Tianzi Jiang, On a New kind of Birkhoff Type Trigonometric Interpolation, BIT, 35(4)(1995),540-547.

[2] Yongping Liu, On the Trigonometric interpolation and the entire interpolation, Approx.

Theory and its Appl.,6:4(1990), 85-106.

[3] A. Sharma, J. Szabados, R. S. Varga, 2-periodic lacunary trigonometric interpolation:

the (0; M) case, “Constructive theory of functions”, (Varna, 1987), 420–427, Bulgar. Acad. Sci., Sofia, 1988.

[4] A. Sharma, J. Szabados, R. S. Varga, Some 2π-periodic trigonometric interpolation problems on equidistant nodes, Analysis 11 (1991), no. 2-3, 165–190.

[5] A. Sharma, J. Szabados, R. S. Varga, Some 2-periodic trigonometric interpolation problems on equidistant nodes (II): Convergence, Studia Sci. Math. Hungar. 29 (1994), no. 3-4, 415–432.

[6] A. Sharma, Xie Hua Sun, A 2-periodic trigonometric interpolation problem, Approx.

Theory Appl. 8 (1992), no. 4, 1–16.