Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 2000, pp. 84 – 88 Submitted: July 17, 1999. Published: July 15, 2000

On the Solution of an Integral Equation Appearing in Displacement Problems

M.H. Fahmy, M.A. Abdou and M.A. Darwish

Abstract

In this paper we are interested in solving an integral equation appearing in the study of two kinds of displacement problems. A simple way is used to obtain a solution of this equation.

AMS Mathematics Subject Classification : 45B05 Key Words: Fredholm Integral Equations, Displacement Problems

M.H. Fahmy, Department of Mathematics, Faculty of Science, Alexandria University, Alexandria, Egypt M.A. Abdou, Darwish Department of Mathematics, Faculty of Education, Alexandria University, Alexandria, Egypt Mathematisches Seminar II, Universität Kiel, D-24098 Kiel, Deutschland, E-mail: mdh@numerik.uni-kiel.de Permanent address: Department of Mathematics, Faculty of Education, Alexandria University, Damanhour branch, 22511 Damanhour, Egypt. Copyright © 2000 by Cameron University

84

1. Introduction

It is known, in general, that a Fredholm integral equation of the first kind is difficult to solve. However, in this paper we present a simple way to solve an integral equation of the first kind arising in the study of two kinds of displacement problems. Let us consider the Fredholm integral equations of the first kind

(1.1) ∫_a −a k(x, y) ϕ(y) dy = π f(x). Here, f(x) and k(x, y) are given functions, and k(x, y) is the kernel of the integral equation (1.1) which may have a singularity while the unknown function ϕ(x) is to be determined.

Mkhitarian and Abdou, [6], applied Krein’s method to obtain the basic formula of the potential function when k(y) = − ln(|y|) and f(x) ∈ C^1[−a, a]. Also, Popov in his work [9] solved Eq. (1.1) under certain conditions on the kernel using orthogonal polynomials method. The crucial achievement in Eq.(1.1) is Muskhelishvili’s result, [7], for solving singular integral equations. Abdou [1] established Eq.(1.1) from threedimensional contact problems in the theory of elasticity with potential kernel where the coefficients bed of the compressible materials are neglected. More recently, Fahmy and others [3] obtained the solution of Eq.(1.1) with Gauss’s hypergeometric kernel in the half-plane using Abel’s theorem.

In this paper, we consider the integral equation

(1.2) − ∫_a −a K ( y − x λ ) ϕ(y) dy = π f(x), |x| < a, under the conditions

(1.3) ∫_a −a ϕ(y) dy = P < ∞, and (1.4) K(ξ) = 1 2 ∫_∞ −∞ tanh η η e^{iηξ} dη. Here, the given function f is assumed to be sufficiently smooth in order to guarantee the existence and uniqueness of a solution ϕ ∈ C[−a, a] (see [8]) and λ is a parameter.

We are interested in solving Eq.(1.2), under the conditions (1.3) and (1.4), since it arises in the study of two kinds of displacement problems, see Section 3. In [2], the solution of Eqs.(1.2)- (1.4) is given by using Krein’s method.

In the following section, we present a simple way to solve the integral equations (1.2)-(1.4).

2. Solution of the problem Firstly, the second condition, (1.4), may be written in the form, [10, p. 32],

(2.1) K(ξ) = − ln | | |tanh πξ 4 | | | . If λ → ∞ and ξ is sufficiently small, i.e., tanh θ ≈ θ, we have that

(2.2) ln | | |tanh π(y − x) 4λ | | | = ln |y − x| − c, c = ln 4λ π . Then Eq.(1.2) becomes

(2.3) ∫_a −a [c − ln |y − x|] ϕ(y) dy = −πf(x), where ϕ(y) satisfies (1.3). Secondly, rewrite Eq.(2.3) in the form

(2.4) ∫_a −a ln |y − x| ϕ(y) dy = B + πf(x), where

(2.5) B = c ∫_a −a ϕ(y) dy. But the solution of Eq.(2.4) is given by, [5, pp. 209], ϕ(x) = 1 π ∫_a −a √ a^2 − y^2 a^2 − x^2 f^′(y) y − x dy + (2.6) + 1 π ln(a/2) √ a^2 − x^2 { B + ∫_a −a f(y) √ a^2 − y^2 dy } . Now, it remains to find the unknown constant B in Eq.(2.6). Substitute Eq.(2.6) in Eq.(2.5) we obtain

(2.7) B = c ln(a/2) − c ∫_a −a f(y) √ a^2 − y^2 dy, where we used the fact that∫_α −α du √ α^2 − u^2 = π and, from the complex analysis, the fact that ∫_α −α 1 √ α^2 − u^2 du v − u = 0, |v| < 1. Finally, substituting the value of B from (2.7) into (2.6) we have the the solution of Eq.(1.2) under the conditions (1.3) and (1.4) as

(2.8) ϕ(x) = 1 π √ a^2 − x^2 ∫_a −a √ a^2 − y^2 f^′(y) y − x dy + P π √ a^2 − x^2 , |x| < a and (2.9) P = 1 ln(a/2) − c ∫_a −a f(y) √ a^2 − y^2 dy. This result is in accordance with the results obtained in [2, 6].

3. Discussion

The displacement problems of anti-plane deformation of an infinite rigid strip with width 2a, putting on an elastic layer of thickness h, can be formulated as, see [2] and and reference therein,

(3.1) − ∫_a −a ϕ(τ) ln | | |tanh π (τ − x) 4h | | | dτ = D, where ϕ(τ) is the unknown displacement stress and D is the displacement stress.

The problems of infinite rigid strip, with width 2a immersed in a viscous liquid layer of thickness h, where the strip has a velocity resulting from the impulsive force V = V_0 e^{−iωt}. Such problems are represented by the Fredholm integral equation, see [3] and reference therein,

(3.2) − ∫_a −a ϕ(τ) ln | | | |tanh π (τ − x) 4h | | | | dτ = πμ V, where V_0 is the constant velocity, ω is the angular velocity resulting from rotating the strip about z − axis and μ is the viscosity coefficient.

The depth of the liquid or the thickness of the elastic material becomes infinite as h → ∞.

References

[1] M.A. Abdou, Fredholm integral equation of the second kind with potential kernel, J. Comput. Appl. Math. 72 (1) (1996) 161-167.

[2] M.A. Abdou and N.Y. Ezzeldin, Krein’s method with certain singular kernel for solving the integral equation of the first kind, Periodica Mathematica Hungarica 28(2) (1994) 143-149.

[3] M.H. Fahmy, M.A. Abdou and M.A. Darwish, Integral equations and potential-theoretic type integrals of orthogonal polynomials, J. Comput. Appl. Math. 106 (2) (1999), 245-254.

[4] I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series and Products Fifth Edition (Academic Press, Inc., 1994).

[5] R.P. Kanwal, Linear Integral Equations, Birkhäuser, Boston, 1996. [6] S.M. Mkhitarian and M.A. Abdou, On different methods for solving the Fredholm integral equation of the first kind with logarithmic kernel, Dakl. Acad, Nauk. Armenia 90 (1989) 1-10.

[7] N.I. Muskhelishvili, Singular Integral Equations , Dover Publ., New York, 1992 (Russian edition: Moscow, 1946).

[8] A.D. Polyanin and A.V. Manzhirov, Hand Book of Integral Equations, CRC Press, 1998.

[9] G.Ya. Popov, On a method of solving axisymmetric contact problems of elasticity theory, PMM 25(1) (1961).

[10] G. Ya. Popov, Contact Problems for a Linearly Deformable Base (Kiev, Odessa, 1982).