Issue 1 JULY–DECEMBER 1999 ISSN 1083-0464

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

EDITOR IN CHIEF: IOANNIS ARGYROS MANAGING EDITOR: MOHAMMAD TABATABAI TECHNICAL EDITOR: GARY HUCKABAY

EDITORIAL BOARD

G. ANASTASSIOU I. ARGYROS E. CǍTINAŞ D. CHEN Ş COBZAŞ P. VAN FLEET D. JANKOVIC T. McKELLIPS C. MUSTǍTA I. PǍVǍLOIU D. RUCH F. SZIDAROVSZKY M. TABATABAI

CAMERON UNIVERSITY DEPARTMENT OF MATHEMATICAL SCIENCES LAWTON, OK 73505, U.S.A

Southwest Journal of Pure and Applied Mathematics

Editor in Chief: Ioannis Argyros Managing Editor: Mohammad Tabatabai Technical Editor: Gary Huckabay

Editorial Board

G. Anastassiou anastasg@msci.memphis.edu I. Argyros ioannisa@cameron.edu E. Cǎtinaş ecatinas@hera.ubbcluj.ro D. Chen dchen@uafsysb.uark.edu Š. Cobzaş scobzas@hera.ubbcluj.ro P. Van Fleet mth pvf@shsu.edu D. Jankovic draganj@cameron.edu T. McKellips terralm@cameron.edu C. Mustǎta cmustata@hera.ubbcluj.ro I. Pǎvǎloiu pavaloiu@hera.ubbcluj.ro D. Ruch mth dkr@shsu.edu F. Szidarovszky szidar@sie.arizona.edu M. Tabatabai mohammadt@cameron.edu

Editorial Office Publication Program

SWJPAM 2 issues per year Cameron University July, December Department of Mathematical Sciences Lawton, OK 73505, U.S.A.

Information for Authors

Scope. SWJPAM is an electronic journal devoted to all aspects of Pure and Applied mathematics, and related topics. Authoritative expository and survey articles on subjects of special interest are also welcomed.

Since SWJPAM aims to serve not only the specialists, but also the user of mathematics (promoting, in such a way, a strong interaction between them), particular emphasis is placed on applications. Thus, SWJPAM publishes papers which, although not directly contributing to mathematics, contain, however, significant results (from any field) obtained by making an essential and well stressed use of the methods and results of mathematics.

Submission of Manuscripts. Since SWJPAM is a completely electronic journal, all manuscripts must be submitted in either AMSTEX, LaTEX, or TEXform. Papers for publication should be submitted to ftp://rattler.cameron.edu/SWJPAM incoming by anonymous ftp. The articles must be placed in the ‘SWJ- PAM incoming’ directory. The submission should include the title of the paper, the author’s name and affiliation, and a short abstract which summarizes the paper; a list of keywords and a classification according to the Mathematical Reviews’ Subject Classification (1991). Authors are informed by e-mail of referee communication.

Key Words. Key words should be comprehensive and subject specific. It is not necessary to list the subject area of the journal’s coverage as a key word. Four key words should be sufficient to cover the major subjects off a given paper, although more can always be supplied if the author deems it necessary.

© 1999 Cameron University (continued on inside back cover)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS ISSUE 1, JULY–DECEMBER 1999

CONTENTS

Weiye Li and Ferenc Szidarovszky The Stability of Nash-Cournot Equilibria in Labor Managed Oligopolies 1–12

Ice B. Risteski Reduction of the Modified Poincaré Differential Equation to Birkhoff Matrix Form . . . . . . . . . . . . . . . . . . . . . . . . . 13–22

Mihaela D. Iftime Space-time Distributions . . . . . . . . . . . . . . . . . . . 23–28

M. A. Hernández and M. A. Salanova Sufficient Conditions for Semilocal Convergence of a Fourth Order Multipoint Iterative Method for Solving Equations in Banach Spaces 29–40

W. T. Mahavier Weighted Sobolev Descent for Singular First Order Partial Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 41–50

Ioannis K. Argyros A Monotone Convergence Theorem for Newton-Like Methods using Hypotheses on Divided Differences of Order Two . . . . . . . . . 51–57

ISSN 1083-0464

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 1999, pp. 1 – 12 Submitted: April 4, 1998. Published: July 1, 1999

The Stability of Nash-Cournot Equilibria in Labor Managed Oligopolies

Weiye Li Ferenc Szidarovszky

Abstract

This paper examines the asymptotical stability of equilibria in discrete dynamic labormanaged oligopolies. First the equivalence of the equilibrium problem of a large class of nonlinear games and the equilibrium problem of a class of discrete dynamic systems is verified. Stability conditions are then derived for a certain class of dynamic models, and these results are finally applied to labor-managed oligopolies. The economic interpretation of the stability conditions are also presented.

1991 A.M.S. Subject Classification Codes. 90,93 Key Words and Phrases: Oligopoly, asymptotic Stability, Stability Theory, Labor Managed Oligopoly

Weiye Li, Department of Mathematics, University of Arizona Tucson, Arizona, 85721 Ferenc Szidarovszky, Systems and Industrial Engineering Department, University of Arizona, Tucson, Arizona, 85721 Email: szidar@sie.arizona.edu

Copyright © 1998 by Cameron University

1 Introduction

The stability of dynamic economic systems is one of the most frequently discussed problem areas in the modern economic literature. Stability conditions are usually obtained by using the stability theory of linear or nonlinear differential and difference equations.

One of the most important model classes consists of the different variants of the Cournot oligopoly model. A comprehensive summary of such models and stability results in both continuous and discrete cases is presented in Okuguchi [1], and Okuguchi and Szidarovszky [2].

In this paper the stability of labor-managed dynamic oligopolies will be examined. General stability conditions will be first introduced, and will be then applied to special models.

The paper is organized as follows. In Section 2 some general results are presented, and in Section 3, these results are applied to a special class of dynamic models, and in Section 4 the further special case of labor-managed oligopolies will be analyzed. Section 5 concludes the paper.

2 Nash-Cournot Equilibria and Fixed Points of Dynamic Systems

Oligopoly is a state of industry where a small N number of firms produce M homogeneous goods or close substitutes competitively. The multiproduct Cournot Oligopoly is an N-person noncooperative game defined as follows. Let x^{(m)}_k denote the output of firm k of product m, then the output of the firm can be characterized by output vector x_k = (x^{(1)}_k , ..., x^{(M)}_k ). Let s =

∑_N

k=1 x_k denote the output vector of the industry, and assume that the price vector depends on s: p = p(s). If c_k (k = 1, 2, ..., N) denotes the cost function of firm k, then its profit can be expressed as

φ_k(x_1, ..., x_N) = x^T_k p(s) − c_k(x_k). (2.1)

If X_k ⊂ R^M_+ denotes the set of all feasible outputs for firm k, then the resulting game can be given in strategic form as Γ = (N; X_1, ..., X_N ; φ_1, ..., φ_N ). In the single product case, M = 1, and we may select X_k = [0, L_k], where L_k is the capacity limit of firm k.

A vector x^∗ = (x^∗_1, x^∗_2, ..., x^∗_N) ∈ X = X_1 ⊕ X_2 ⊕ ... ⊕ X_N is called a Nash-Cournot equilibrium point of game Γ, if for k = 1, 2, ..., N,

1. x^∗_k ∈ X_k;

2. For arbitrary x_k ∈ X_k,

φ_k(x^∗_1, ..., x^∗_{k−1}, x^∗_k, x^∗_{k+1}, ..., x^∗_N) ≥ φ_k(x^∗_1, ..., x^∗_{k−1}, x_k, x^∗_{k+1}, ..., x^∗_N).

In other words, the Nash-Cournot equilibrium is an N-tuple of strategies at which each player maximizes his own payoff with respect to his own strategy selection, given the strategy choices of all other players. If a Nash-Cournot equilibrium x^∗ exists and is an interior point of X, and all φ_k are continuously differentiable in X_k, then for k = 1, 2, ..., N and m = 1, 2, ..., M, ∂φ_k ∂x^{(m)}_k = 0, (2.2)

where the partial derivatives are taken with respect to each component.

In the continuous case, it is natural to assume that the rate of change of the k-th player’s strategy selection with respect to time is positively proportional to his marginal payoff with respect to his strategy, namely,

ẋ_k = C_k∇_kφ_k(x), k = 1, 2, ..., N, (2.3) where ∇_kφ_k denotes the gradient of φ_k with respect to x_k, and C_k is a diagonal constant matrix with positive diagonal elements. It is obvious that the interior Nash-Cournot equilibrium is a fixed point of the dynamical system (2.3).

In the discrete case, each player maximizes his payoff in every time period based on his knowledge on the strategies expected from the other players. Such expectations rely in general on the actual and the expected strategies taken in the last time periods.

Assume that equation (2.2) has a unique soloution x_k in terms of variables x_1, ..., x_{k−1}, x_{k+1}, ..., x_N as x_k = f_k(x_1, ..., x_{k−1}, x_{k+1}, ..., x_N).

Besides, let x_k(t) be the actual strategy of player k and x̃^k_i (t) his expectation on the strategy of player i at time t (i ≠ k). Assume x̃^k_i (t + 1) is a function of only x_i(t) and x̃^k_i (t), that is,

x̃^k_i (t + 1) = g^k_i (x_i(t), x̃^k_i (t)). (2.4)

In addition, we assume that

g^k_i (a, a) = a (2.5)

for any vector a and k ≠ i, for which the reason is obvious.

As a special case, if g^k_i is a convex linear combination, i.e.,

g^k_i (a, b) = D^k_i a + (I − D^k_i ) b, (2.6)

where D^k_i is a diagonal matrix with entries in (0, 1]. This scheme is called the adaptive expectation. Obviously, any adaptive expectation satisfies the natural assumption (2.5).

Due to the fact that each player maximizes his payoff based on the expected strategies of the others, and assuming interior optimum throughout, it is easy to see that for all k,

x_k(t) = f_k(x̃^k_1(t), ..., x̃^k_{−1}(t), x̃^k_{+1}(t), ..., x̃^k_N(t)). (2.7)

The dynamical system with state variables

{x_k(t), x̃^k_i (t) | | | k ≠ i; k, i = 1, ..., N} (2.8) is well determined by relations (2.4), (2.5), (2.7) and the choice of the initial expectations {x̃^k_i (0) | | | k ≠ i; k, i = 1, ..., N}. If we start the process at the Nash-Cournot equilibrium by setting the initial expectations x̃^k_i (0) = x^∗_k for all k ≠ i, then x_k(0) = x^∗_k by (2.7) and (2.2), x̃^k_i (1) = x^∗_k by the assumption of g_k, etc. Inductively, we have x̃^k_i (t) = x_k(t) = x^∗_k for all t. Thus the N copies of the Nash-Cournot equilibrium is the fixed point of the dynamical system (2.8) when the order of variables in the system is arraged properly.

The above results can be summarized in the following theorem.

Theorem 2.1 Assume that for all k, φ_k is continuously differentiable as an MN variable function. Then the interior Nash-Cournot equilibrium of the above N-person game corresponds to some fixed point of the dynamical system governed by (2.3) (when the system is continuous), or (2.2), (2.4), (2.5) and (2.7) (when the system is discrete).

It is also easy to see that any fixed point is an interior equilibrium if φ_k is concave in x_k for all k. Therefore a corollary is derived.

Corollary 2.2 In addition to the assumption of Theorem 2.1, assume that φ_k is concave in x_k for all k. Then the interior Nash-Cournot equilibrium problem of the above N-person game is equivalent to the fixed point problem of the dynamical system governed by (2.3) (when the system is continuous), or (2.2), (2.4), (2.5) and (2.7) (when the system is discrete).

The stability or asymptotical stability of the Nash-Cournot equilibrium is of great interest in economic theory. It is well known that the eigenvalues of the Jacobian matrix of the transition function of a dynamical system at the fixed point can determine the stability and asymptotical stability in most cases. See for example, Bellman [3], and Li and Szidarovszky [4]. For instance, for a continuous system, if all eigenvalues have negative real parts, then the fixed point is asymptotically stable; for a discrete system, if all eigenvalues are inside the unit circle, then this fixed point is asymptotically stable. It is also known from the theory of differential and difference equations that if at least one eigenvalue of the Jacobian matrix at the equilibrium has positive real parts then the equilibrium of the continuous system is unstable; and if at least one eigenvalue is outside the unit circle, then the equilibrium of the discret system is unstable. These sufficient conditions are easy to be applied to the continuous system (2.3) by considering the eigenvalues of the Jacobian matrix

∂(C_1^{∂φ1}_{∂x1} ..., C_N^{∂φN}_{∂xN} )

∂(x_1, ..., x_N) .

In the rest of this paper the discrete case will be analysed. Introduced first the notations

x = (x_1, x_2, ... , x_N)^T ∈ R^{NM} ,

x̃ = (x̃^1_2, x̃^1_3, ..., x̃^1_N ; x̃^2_1, x̃^2_3, ..., x̃^2_N , ...; x̃^N_1 , x̃^N_2 , ..., x̃^N_{−1})^T ∈ R^{(N−⊮)NM} .

Accordingly, denote g, a mapping from (X_1 ⊕ X_2 ⊕ · · · ⊕ X_N ) ⊕ (X_2 ⊕ · · · ⊕ X_N ) ⊕ (X_1 ⊕ X_3 ⊕ · · · ⊕ X_N ) ⊕ · · · ⊕ (X_1 ⊕ · · · ⊕ X_{N−1}) into (X_2 ⊕ · · · ⊕ X_N ) ⊕ (X_1 ⊕ X_3 ⊕ · · · ⊕ X_N ) ⊕ · · · ⊕ (X_1 ⊕ · · · ⊕ X_{N−1}), by g(x, x̃) = (g^k_i (x_i, x̃^k_i ) | | | i ≠ k; k, i = 1, 2, ..., N).

Denote f, a mapping from (X_2 ⊕ · · · ⊕ X_N ) ⊕ (X_1 ⊕ X_3 ⊕ · · · ⊕ X_N ) ⊕ · · · ⊕ (X_1 ⊕ · · · ⊕ X_{N−1}) into (X_1 ⊕ X_2 ⊕ · · · ⊕ X_N ), by

f(x̃) = (f_k(x̃^k_i , ..., x̃^k_{−1}, x̃^k_{+1}, ..., x̃^k_N) | | | k = 1, 2, ..., N). Then system (2.8) is described by the following simple equalities

x(t) = f(x̃(t)) (2.9) x̃(t + 1) = g(x(t), x̃(t)),

which can be rewritten as

x(t + 1) = f(g(x(t), x̃(t)) (2.10) x̃(t + 1) = g(x(t), x̃(t)).

The N-direct sum of the Nash-Cournot equilibrium up to some permutation of the components is a fixed point of system (2.9) or (2.10). The Jacobian matrix of the transition function is

∂(x(t + 1), x̃(t + 1))

∂(x(t), x̃(t)) = ( Df(g(x(t), x̃(t))) · D_1g(x(t), x̃(t)) Df(g(x(t), x̃(t))) · D_2g(x(t), x̃(t)) D_1g(x(t), x̃(t)) D_2g(x(t), x̃(t)) ) , where D, D_1, and D_2 are differential operations with respect to g, x, x̃, respectively. That is, Df, D_1g, and D_2g are the Jacobian matrices of f and g with respect to these variables. For simplicity, let us denote the Jacobian matrix of (2.10) at the fixed point as J = ( Df · D_1g Df · D_2g

D_1g D_2g ) . Let (u, v)^T be an eigenvector associated to an eigenvalue λ of J. Then

Df(D_1g u + D_2g v) = λu D_1g u + D_2g v = λv.

Simple substitution derives either λ = 0 or u = Df v. A zero eigenvalue does not distroy stability and asymptotical stability. If λ ≠ 0, then

(D_1g Df + D_2g) v = λv.

That is, any nonzero eigenvalue of J must be an eigenvalue of matrix

D_1g Df + D_2g, (2.11)

whose size is only (N − 1)NM × (N − 1)NM. If this matrix has all eigenvalues inside the unit circle, then the Nash-Cournot equilibrium is asymptotically stable.

3 Stability in Single-product Oligopolies with Payoff Fuctions φ_k(x_k,^∑_{i≠k} x_i) and Adapted Expectations

The general approach outlined above requires a tedious computation in manipulating with matrix (2.11). In practice, this approach can be handled tackfully. The main idea is to reduce the number of variables in the dynamical system. This idea can be realized when the firms form expectations on the output of the rest of the industry, since the N(M − 1)-dimensional expectation variable becomes only M-dimensional. Another case, when reduction in the dimension is possible, especially when the M goods are mutaually independent, i.e., the payoff function of each player is the sum of M functions where each of them is a payoff corresponding to a single good. Thus system (2.9) can be decomposed into M equivalent smaller dimensional subsystems.

Consider next a special single product case Γ = (N; X_1, ..., X_N ; φ_1, ..., φ_N), where X_k = [0, L_k], φ_k(x_1, x_2, ..., x_N ) = ϕ(x_k, ∑ i≠k xi). For example, in the case of single product

oligopolies without product differentiation, φ_k(x_k, ∑ i≠k xi) = xk p(xk + ∑ i≠k xi) − ck(xk).

If adaptive expectations are assumed, it coincides with g^k_i (a, b) = d_ka + (1 − d_k)b for all i ≠ k, and thus

s̃_k(t + 1) = d_ks_k(t) + (1 − d_k)s̃_k(t)

with s_k(t) = ∑ i≠k xi(t) and s̃k(t) = ∑ i≠k x̃i(t). This gives us

x_k(t) = f_k(s̃_k(t)), and s̃_k(t + 1) = g_k(s_k(t), s̃_k(t)).

Thus system (2.9) can be reduced to

x(t) = f(s̃(t)) (3.1) s̃(t + 1) = g(s(t),s̃(t))

In this case, matrix (2.11) becomes

D_1g Df + D_2g

= 0 d_1 · · · d_1 d_2 0 · · · d_2 . . . . . . d_N d_N · · · d_N

Df_1 Df_2 .. . Df_N + 1 − d_1 1 − d_2 ... 1 − d_N = Λ + a b^T,

with

Λ = 1 − d_1 − d_1Df_1 1 − d_2 − d_2Df_2 ... 1 − d_N − d_N Df_N ,

a = d_1 d_2 . . d_N , and b = Df_1 Df_2 . . Df_N .

The characteristic polynomial of this matrix is given as

ϕ(λ) = det(Λ − λI + ab^T ) = det(Λ − λI) · det(I + (Λ − λI)^{−1}ab^T ) .

It is well known that if I is the n × n identity matrix, and u and v are n-dimensional real (or complex) vectors, then

det(I + uv^T ) = 1 + v^T u, which can be proved easily by using finite induction with respect to n. Therefore

ϕ(λ) = det(Λ − λI) · [1 + b^T (Λ − λI)^{−1}a] (3.2) = N∏ k=1 (1 − d_k − d_k Df_k − λ) ( 1 + N∑ k=1 d_k Df_k 1 − d_k − d_k Df_k − λ ) .

Introduce the notation γ_k = 1−d_k−d_k Df_k, ξ_k = d_k Df_k, and denote by η_1 < η_2 < · · · < η_s the distinct γ_k values with multiplicities r_1, r_2, ..., r_s. Let I_j = {i | | γ_i = η_j }, and θ_j = ∑ i∈I_j ξi for j = 1, 2, ..., s. Then solving for the roots of (3.2) becomes finding the solution to equation s∏ j=1 (λ − η_j)^{rj} s∑ j=1 θ_j λ − η_j − 1 = 0. (3.3)

The left hand side is an Nth-degree polynomial with roots η_j with multiplicities r_j − 1 when θ_j ≠ 0, or with multiplicities r_j when θ_j = 0. All other roots of (3.3) are the roots of function

G(λ) = s∑ j=1 θ_j λ − η_j − 1. (3.4)

Finding the roots of this function is equivalent to finding the solution of a polynomial equation of degree which equals the number of nonzero θ_j . It is easy to see that if all roots of G(·) are real, then (3.3) has N real roots.

The following result gives a characterization of the roots of G(·).

Lemma 3.1 Assume that all θ_j ≠ 0, and the number of sign changes of sequence {θ_1, θ_2, ..., θ_s} is at most 1 in such a way that when the sign change occurs, it is from^{′′}−^{′′} to^{′′}+^{′′}. Then (3.4) has exactly s real roots. If there is one sign change, then s − 2 roots are in (η_1, η_s), one is in (−∞, η_1) and one is in (η_s, ∞). If there is no sign change, then s − 1 roots are in (η_1, η_s), and the last root is in (−∞, η_1) when all θ_j < 0, or in (η_s, ∞) when all θ_j > 0.

Proof: Under the assumption of the lemma, G(·) has the following properties.

(a) G(−∞) = G(∞) = −1.

(b) If all θ_j < 0, then G(λ) > −1 for any λ < η_1; G(λ) < −1 for any λ > η_s. Furthermore, lim_{λ→ηj −0} G(λ) = +∞, lim_{λ→ηj +0} G(λ) = −∞ .

(c) If all θ_j > 0, then G(λ) < −1 for any λ < η_1; G(λ) > −1 for any λ > η_s. Furthermore, lim_{λ→ηj −0} G(λ) = −∞, lim_{λ→ηj +0} G(λ) = +∞.

(d) If the only sign change is at l and θ_l < 0 and θ_{l+1} > 0, then G(λ) < −1 for any λ ∈ (η_l, η_{l+1}). Furthermore, lim_{λ→ηj −0} G(λ) = +∞, lim_{λ→ηj +0} G(λ) = −∞ for j ≤ l; lim_{λ→ηj −0} G(λ) = −∞, lim_{λ→ηj +0} G(λ) = +∞ for j > l.

Using the Intermediate Value Theorem and the above properties of G(·), it is easy to see that the graph of G(·) has only three patterns which correspond to the three cases as given before, and the graph intersects the horizontal axis exactly s times in all cases.

All θ_j < 0 All θ_j > 0 One sign change □ From the above discussion, we know that the characteristic equation of matrix (2.11) has at most N − 2 roots in the closed interval [η_1, η_s]. To ensure that all the eigenvalues have absolute values less than 1, we need that all |η_j| < 1 plus either G(−1) < 0 or G(1) < 0, or both G(−1) < 0 and G(1) < 0, fully depending whether there are either all θ_j ≤ 0 or all θ_j ≥ 0, or there is one sign change occuring in the way as stated in Lemma 3.1.

Theorem 3.2 Assume that system (3.1) has an interior Nash-Cournot equilibrium and all conditions of Lemma 3.1 are met. Then any one of the following three cases ensures that the Nash-Cournot equilibrium is asymptotically stable:

1. All |η_j | < 1, all θ_j ≤ 0 , and G(−1) < 0. 2. All |η_j | < 1, all θ_j ≥ 0, and G(1) < 0.

3. All |η_j | < 1, θ_j ≤ 0 for j < l, θ_l < 0, θ_{l+1} > 0, θ_j ≥ 0 for j > l + 1 and G(−1) < 0, G(1) < 0.

As a special case, assume that all Df_k ∈ (−1, 0]. Then all γ_k = 1−m_k −m_k Df_k ∈ [0, 1), and all ξ_k = m_k Df_k ≤ 0. So all |η_j| < 1, and all θ_j = ∑ i∈I_j ξi ≤ 0. Therefore, we have

Corollary 3.3 Assume that system (3.1) has an interior Nash-Cournot equilibrium. If for all k, −1 < Df_k ≤ 0, and G(−1) < 0, then the equilibrium is asymptotically stable.

Similarly to Theorem 3.2, one can prove the following necessary stability conditions.

Theorem 3.4 Assume that system (3.1) has an interior stable Nash-Cournot equilibrium, all conditions of Lemma 3.1 are met, and s ≥ 2.

1. If all θ_j ≤ 0, then |η_j| < 1 for j = 1, 2, ..., s − 1. Furthermore, either η_s ≤ 1 and G(−1) ≤ 0 or η_s > 1 and G(−1) ≤ 0 and G(1) ≥ 0;

2. If all θ_j ≥ 0, then |η_j | < 1 for j = 2, ..., s. Furthermore, either η_1 ≥ −1 and G(1) ≤ 0 or η_1 < −1 and G(−1) ≥ 0 and G(1) ≤ 0;

3. If θ_j ≥ 0 for j < l, θ_l < 0, θ_{l+1} > 0, θ_j ≥ 0 for j > l+1, then |η_j | < 1 for j = 1, 2, ..., s. Furthermore,G(−1) ≤ 0 and G(1) ≤ 0.

4 Stability in Labor Managed Oligopolies

As a particular example, we will discuss the asymptotical stability of the Nash-Cournot equilibrium of the single product case of labor managed oligopolies. Assume now that N firms produce a single good and the payoff function of each firm is the surplus per labor of the firm. Let p be the price (or inverse demand) function which is assumed to be a function of the total production of the industry. Let w be the competitive wage rate, and c_k the fixed cost of firm k. Let h_k be the number of labors in firm k as a function of the production level of firm k. Then the payoff function of firm k is given as φ_k(x_1, ..., x_N ) = x_k p(s) − w h_k(x_k) − c_k h_k(x_k)

(4.1)

with s = ∑_N i=1 x_i. Assuming interior equilibrium, we have ∂φ_k ∂x_k = (p(s) + x_k p^′(s)) h_k(x_k) − (x_k p(s) − c_k) h^′_k(x_k) h^2_k(x_k)

= 0. (4.2)

The existence of the Nash-Cournot equilibrium has been proved under realistic conditions in Okuguchi [5]. From (4.2), we get

(p(s) + x_k p^′(s)) h_k(x_k) − (x_k p(s) − c_k) h^′_k(x_k) = 0. (4.3)

Assume that for each s_k = ∑ i≠k xi, there is a unique solution for xk, xk = fk(sk). Using the

chain rule to differentiate both sides of equality (4.3) with respect to s_k, we get

[p^′(s) (1 + Df_k) + Df_k p^′(s) + x_k p^{′′}(s) (1 + Df_k)] h_k(x_k) + [p(s) + x_k p^′(s)] h^′_k(x_k) Df_k −[Df_k p(s) + x_kp^′(s)(1 + Df_k)] h^′_k(x_k) − [x_k p(s) − c_k] h^{′′}_k Df_k = 0.

Solve for Df_k to get Df_k = x_k p^′(s) h^′_k(x_k) − [p^′(s) + x_k p^{′′}(s)] h_k(x_k) [2p^′(s) + x_k p^{′′}(s)] h_k(x_k) − [x_k p(s) − c_k] h^{′′}_k(x_k)

(4.4) = p^′(s) [x_k h_k(x_k)]^′ − [x_k p(x_k)]^{′′} h_k(x_k) [x_k p(x_k)]^{′′} h_k(x_k) − [x_k p(s) − c_k] h^{′′}_k(x_k) . We can study the magnitudes of Df_k to draw conclusions on the stability or asymptotical stability of the labor-managed oligopoly by using the results in Section 3. As a special case, consider the linear case, when p(s) = As + b with A < 0, b > 0, and h_k(x_k) = a_kx_k + b_k, with a_k > 0, b_k ≥ 0 for all k. From (4.4), Df_k = −^{bk}_{2hk} ∈ (−1, 0]. Thus Corollary 3.3 implies the following result:

Corollary 4.1 Assume that a linear labor managed oligopoly has an interior Nash-Cournot equilibrium, and assume that G(−1) = ∑_N k=1 dkbk 2hk 2−d_k ( 1−^{bk}_{2hk} ) − 1 < 0 at the equilibrium. Then

the equilibrium is asymptotically stable. If G(−1) > 0, then the equilibrium is unstable.

5 Economic Interpretation

Notice that the stability condition can be rewritten as N∑ k=1 d_kb_k 2h_k 2 − d_k ( 1 −^{bk}_{2hk} ) < 1. (5.1)

Here d_k ∈ (0, 1], h_k > 0, b_k ≥ 0. This condition holds if all the numbers^{dkbk}_{2hk} are sufficiently small. It happens if for all k, either d_k or b_k is small enough, or h_k is sufficiently large. That is, either the speed of adjustment is small requiring slow speed in following the actual data in the adaptive expectation, or the labor requirement for producing zero output is small, or the labor requirement for producing equilibrium output is large enough. As a further special case assume symmetry, that is, assume that d_k ≡ d, b_k ≡ b, and h_k ≡ h. Then (5.1) reduces to the following: dbN 2h 2 − d ( 1 −^b_{2h} ) < 1, which can be further simplified as follows: db 2h (N − 1) + d < 2. (5.2)

If b and h are given, then (5.2) is equivalent to the relation d < 2 1 +^{b(N−1)}_{2h}

. (5.3)

If d and h are fixed, then (5.2) can be rewritten as b < 2 − d d(N−1) 2h , (5.4)

and if b and d are given, then h > db(N − 1) 2(2 − d)

, (5.5)

given actual upper bounds for the different variables. In the literature of labor managed oligopolies several authors assume that h_k(0) = 0 for all k. In this case b_k = 0, and therefore condition (5.1) is always satisfied showing that the interior equilibrium is always asymptotically stable.

6 Conclusions

In this paper dynamic labor managed oligopolies were examined with discrete time scales. In addition to deriving general stability conditions for the nonlinear case, the special case of linear price and labor functions was investigated in details. We have shown that the interior equilibrium is asymptotically stable if for all firms, either the speed of adjustment, or the labor requirement for zero output is sufficiently small, or the labor needed to produce the equilibrium output is large enough. Particular bounds have been derived for the relevant parameters.

References

[1] Okuguchi, K., “Expectations and Stability in Oligopoly Models”, Springer-Verlag, Berlin, New York, 1976.

[2] Okuguchi, K. and F. Szidarovszky, “The Theory of Oligopoly with Multi-Product Firms”, Springer-Verlag, Berlin, New York, 1990.

[3] Bellman, R., “Stability Theory of Differential Equations”, Dover Publications, Inc., New York, 1969.

[4] Li, W. and F. Szidarovszky, An Elementary Result in the Stability Theory of Time- Invariant Nonlinear Discrete Dynamical Systems, accepted by Applied Mathematics and Computation, 1998.

[5] Okuguchi, K., Cournot Oligopoly with Profit-Maximizing and Labor-Managed Firms, Keio Economic Studies, Volume XXX, No. 1, pp 27–38, 1993.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue No. 1, 1999, pp. 13–22.

Submitted: August 2, 1998. Published: July 1, 1999.

REDUCTION OF THE MODIFIED POINCARÉ DIFFERENTIAL EQUATION TO BIRKHOFF MATRIX FORM

Ice B. Risteski

In this paper is given the reduction of the modified Poincaré linear differential equation with one n-tiple regular singularity to the Birkhoff canonical matrix form.

1991 A.M.S (MOS) Subject Classification Codes. Primary 34A30, Secondary 15A18. Key words and phrases. Reduction, Modified Poincaré differential equation, Birkhoff matrix form.

1. Introduction In the previous paper [1] is shown that the general Poincaré linear differential equation reduces to the following Cauchy matrix form (xI − D)^{dY}_{dx} = QY , where I is n × n unit matrix, Q is n × n matrix of transformation, D = diag(d_1, d_2, · · · , d_n) and d_i, (1 ≤ i ≤ n) a distinct regular singularities. If we substitute d_i = 0, (1 ≤ i ≤ n) into the last equality, then very easy we find that the modified Poincaré linear differential equation with one n-tiple regular singularity reduces to the following Birkhoff matrix form xI^{dY}_{dx} = QY , which means that Birkhoff canonical matrix system is a special case of the Cauchy matrix system. Just, this type of the reduction will be an object of investigation in the present paper.

2. Main Results Now we will prove the following result.

Theorem. The modified Poincaré differential equation

x^ny^{(n)} = n∑ i=1 (^{ri}∑ j=0 a_{ij} x^j ) x^{n−i}y^{(n−i)}, (1)

reduces to the Birkhoff matrix form xI dU dx = Q(x)U. (2) Bratfordska 2/3-9, 91000 Skopje, Macedonia © 1999 Cameron University by the linear transformation with polynomials in x^{−1} as its coefficients

Q(x) = q_{11}(x) x^r 0 · · · 0 0 q_{21}(x) q_{22}(x) x^r · · · 0 0 · · · q_{n−1,1}(x) q_{n−1,2}(x) q_{n−1,3}(x) · · · q_{n−1,n−1}(x) x^r q_{n1}(x) q_{n2}(x) q_{n3}(x) · · · q_{n,n−1}(x) q_{nn}(x)

, (3)

where q_{ii}(x) = ρ_i − (i − 1)r + q^1_{ii}x + · · · + q^{r−1}_{ii} x^{r−1}, (i ≠ n) q_{ij} (x) = q^0_{ij} + q^1_{ij} x + · · · + q^{r−1}_{ij} x^{r−1}, (i > j; i ≠ n) (4) q_{nj} (x) = q^0_{nj} + q^1_{nj} x + · · · + q^{r−1}_{nj} x^{r−1} + a_{n+1−j,r(n+1−j)}x^r, q_{nn}(x) = ρ_n − (n − 1)r + q^1_{nn}x + · · · + q^{r−1}_{nn} x^{r−1} + a_{1r}x^r .

Proof. For the equation (1) the characteristic constants ρ_i, (1 ≤ i ≤ n) of the regular singularity at the coordinate origin x = 0, are given as roots of the equation I(ρ) ≡ [ρ]_n − n∑ i=1 a_{i0}[ρ]_{n−i} = 0, [ρ]_k = ρ(ρ − 1) · · · (ρ − k + 1), [ρ]_0 = 1

such that ρ_i ≠ ρ_j (mod1), (i ≠ j; 1 ≤ i, j ≤ n) and the principal characteristic constants λ_i, (1 ≤ i ≤ n) of the irregular singularity of rank 1 at infinity x = ∞, are given as roots of the equation J(λ) ≡ λ^n − n∑ i=1 a_{i,ri}λ^{n−i} = 0. ¿From the equality y_p(x) = x^{−(r−1)p}y^{(p)}, (5) after differentiation yields to xy^′_p + (r − 1)py_p = x^ry_{p+1}, (0 ≤ p ≤ n − 1). (6) If we multiply the equation (1) by x^{−rn}, then it obtains the form

y_n = n∑ i=1 F_i(x)y_{n−i}, (7) where F_i(x) = ri∑ j=0 a_{ij} x^{j−ri}, (1 ≤ i ≤ n). (8)

Now according to (6) and (7), we obtain

DY = D y_0 y_1 · · · y_{n−2} y_{n−1}

=

= s_1 x^r 0 · · · 0 0 0 s_2 x^r · · · 0 0 · · · 0 0 0 · · · s_{n−1} x^r x^rF_n(x) x^rF_{n−1}(x) x^rF_{n−2}(x) · · · x^rF_2(x) s_n + x^rF_1(x)

· y_0 y_1 · · · y_{n−2} y_{n−1}

=

= L(x)Y, (D ≡ x d dx ; s_i = −(i − 1)(r − 1); 1 ≤ i ≤ n). (9)

By the substitution of Turrittin [2],

U = C(x)Y, C(x) =

1 0 0 · · · 0 0 c_{21}(x) 1 0 · · · 0 0 c_{31}(x) c_{32}(x) 1 · · · 0 0 · · · c_{n1}(x) c_{n2}(x) c_{n3}(x) · · · c_{n,n−1}(x) 1

(10)

we obtain the equality DU = [DC(x) + C(x)L(x)]C^{−1} (x)U = Q(x)U, (11) and hence it follows that DC(x) + C(x)L(x) = Q(x)C(x). (12) From (12) can be determined only c_{ij} (x), (i > j) such that all elements of the matrix Q(x) are polynomials of the required form (4).

If we substitute C(x)L(x) = [ p_{ij} (x) ] n×n and Q(x)C(x) = [ t_{ij} (x) ] n×n , then we obtain p_{ij} (x) = x^rc_{i,j−1}(x) + s_j c_{ij} , (1 ≤ i ≤ n − 1) (13) p_{nj} (x) = x^rc_{n,j−1}(x) + s_j c_{nj} (x) + x^rF_{n−j+1}(x) and t_{ij} (x) = q_{ij} (x) + i∑ ν=j+1 q_{iν} (x)c_{νj} (x) + x^rc_{i+1,j} (x), (14)

where it is c_{ii}(x) = 1; c_{ij} (x) = 0, (j > i); c_{i0}(x) = 0.

¿From (12) it also follows that Dc_{ij} (x) + p_{ij} (x) = t_{ij} (x), (j < i + 2). (15) These relations are identically satisfied for the elements over the diagonal, because it is p_{i,i+1}(x) = x^r and t_{i,i+1} = x^r .

For the diagonal elements p_{ii}(x) = t_{ii}(x), it follows that x^rc_{i,i−1}(x) + s_i = q_{ii}(x) + x^rc_{i+1,i}(x), (1 ≤ i ≤ n − 1) (16) x^rc_{n,n−1}(x) + s_n + x^rF_1(x) = q_{nn}(x), (17) and for the j-th subdiagonal elements we obtain Dc_{i,i−j} (x) + x^r c_{i,i−j−1}(x) + s_{i−j} c_{i,i−j} (x) =

= q_{i,i−j} (x) + j−1∑ ν=0 q_{i,i−ν} (x)c_{i−ν,i−j} (x) + x^r c_{i+1,i−j} (x), (2 ≤ i ≤ n − 1) (18) Dc_{n,n−j} (x) + x^rc_{n,n−j−1}(x) + s_{n−j} c_{n,n−j} (x) + x^rF_{j+1}(x) = = q_{n,n−j} (x) + j−1∑ ν=0 q_{n,n−ν} (x)c_{n−ν,n−j} (x), (1 ≤ j ≤ n − 1). (19) ¿From the equalities (16) - (19) can be considered the subdiagonal elements of C(x) which can be determined as polynomials of the same degree. Now we will substitute c_{i,i−j} (x) = x^{−r}c^1_{i,i−j} (x) + x^{−2r}c^2_{i,i−j} (x) + · · · + x^{−jr} c^j_{i,i−j} (x) (20) (2 ≤ i ≤ n; 1 ≤ j ≤ i − 1) where c^m_{i,i−j} (x), (1 ≤ m ≤ j) are polynomials of x of degree in the best case r − 1. The coefficients F_i(x), (1 ≤ i ≤ n) can be represented in the form F_i(x) = a_{i,ri} + x^{−r} F^1_i (x) + x^{−2r}F^2_i (x) + · · · + x^{−ir} F^i_i (x), (1 ≤ i ≤ n) (21) where F^m_i (x), (1 ≤ m ≤ i) are polynomials of degree r − 1, i.e. F^m_i (x) = F^m_i (0) + F^m_i (1)x + · · · + F^m_i (r − 1)x^{r−1}. (22)

Particularly, it is F^i_i (0) = a_{i0}, (1 ≤ i ≤ n). Now we will introduce the following remarks

D [ x^{−mr}c^m(x) ] = D ( x^{−mr} r−1∑ j=0 μ_j x^j ) =

= x^{−mr} [^{r−1}∑ j=0 μ_j (−mr + j)x^j ] ≡ x^{−mr}D_{mr}c^m(x),

q(x)c(x) = (^r∑ j=0 t_j x^j )(^{r−1}∑ j=0 μ_j x^j ) =

= x^r [ (t_rμ_0 + t_{r−1}μ_1 + · · · + t_1μ_{r−1}) + (t_rμ_1 + t_{r−1}μ_2 + · · · + t_2μ_{r−1})x + · · · + (t_rμ_{r−1})x^{r−1} ] + + [ (t_0μ_0) + (t_0μ_1 + t_1μ_0)x + · · · + (t_0μ_{r−1} + t_1μ_{r−2} + · · · + t_{r−1}μ_0)x^{r−1} ] ≡ ≡ x^r[q(x)c(x)]^0 + [q(x)c(x)]^1.

Substituting (20) and (21) into (18) and (19), we obtain D_{mr}c^m_{i,i−j} + s_{i−j} c^m_{i,i−j} + c^{m+1}_{i,i−j−1} =

= r−1∑ ν=0 {[ q_{i,i−ν} c^m_{i−ν,i−j} ]_1 + [q_{i,i−ν} c^{m+1}_{i−ν,i−j} ]_0}

+ c^{m+1}_{i+1,i−j} , (23)

q_{i,i−j} = c^1_{i,i−j−1} − j−1∑ ν=0 [ q_{i,i−ν} c^1_{i−ν,i−j} ]_0 − c^1_{i+1,i−j} , (24) D_{mr}c^m_{n,n−j} + s_{n−j} c^m_{n,n−j} + c^{m−1}_{n,n−j−1} + F^{m+1}_{j+1} =

= r−1∑ ν=0 {[ q_{n,n−ν} c^m_{n−ν,n−j} ]_1 + [ q_{n,n−ν} c^{m+1}_{n−ν,n−j} ]_0} , (25)

q_{n,n−j} = c^1_{n,n−j−1} + F^1_{j+1} + a_{j+1,r(j+1)}x^r − j−1∑ ν=0 [ q_{n,n−ν} c^1_{n−ν,n−j} ]_0

, (1 ≤ m ≤ j) (26)

where c^m_{i−ν,i−j} = 0, (m > j − ν). ¿From (26) it just follows that q_{n,n−j} = a_{j+1,r(j+1)}x^r + · · · , (0 ≤ j ≤ n − 1). (27)

Now we are able to determine all coefficients of the polynomials c^m_{ij} (x) and q_{ij} (x). So, suppose that ξ^1_0 , ξ^2_0 , · · · , ξ^n_0 are constants, such that holds the following equality

[ρ]_n + ξ^1_0 [ρ]_{n−1} + · · · + ξ^n_0 = n∏ ν=1 (ρ − ρ_ν ). (28)

Now we choose an unknown variable ζ which satisfies the following equalities

ξ^1_0 + [ζ − (n − 1)] = μ^1_0

ξ^j_0 + [ζ − (n − j)]μ^{j−1}_0 = μ^j_0, (2 ≤ j ≤ n − 1) (29)

ζμ^{n−1}_0 + ξ^n_0 = 0.

Let ζ be one of the values of ρ_ν , for example let ρ = ρ_n, such that it holds | | | | | | | | | | μ^1_0 + ρ − (n − 2) −1 0 · · · 0

μ^2_0 ρ − (n − 3) −1 · · · 0 · · · μ^{n−2}_0 0 0 · · · −1 μ^{n−1}_0 0 0 · · · ρ

| | | | | | | | | | =

= [ρ]_{n−1} + μ^1_0[ρ]_{n−2} + · · · + μ^{n−1}_0 = n∏ ν=1 (ρ − ρ_ν ). (30)

It is easy to verify the validity of (28). Since | | | | | | | | | | | μ^1_0 + y_1 −1 0 · · · 0

μ^2_0 y_2 −1 · · · 0 · · · μ^{n−2}_0 0 0 · · · −1 μ^{n−1}_0 0 0 · · · y_{n−1}

| | | | | | | | | | | =

= y_1y_2 · · · y_{n−1} + μ^1_0y_2y_3 · · · y_{n−1} + μ^2_0y_3y_4 · · · y_{n−1} + · · · + μ^{n−1}_0 ,

the determinant can be denoted by f(ρ),

f(ρ) = [ρ]_{n−1} + μ^1_0[ρ]_{n−2} + · · · + μ^{n−1}_0 and (ρ−ρ_n)f(ρ) = [ρ]_n −(ρ_n −n+1)[ρ]_{n−1} +μ^1_0[ρ]_{n−1} −(ρ_n −n+2)μ^1_0[ρ]_{n−2} +· · ·+μ^{n−1}_0 [ρ]_1 −ρ_nμ^{n−1}_0 =

= [ρ]_n + ξ^1_0 [ρ]_{n−1} + · · · + ξ^n_0 = n∏ ν=1 (ρ − ρ_ν ) = (ρ − ρ_n) n−1∏ ν=1 (ρ − ρ_ν ). Now we will start by determination of c^j_{n,n−j} (x), (1 ≤ j ≤ n − 1) and q_{nn}(x). From (17) and (25) we obtain c^1_{n,n−1} + s_n + F^1_1 = q_{nn} − a_{1r}x^r, D_{jr}c^j_{n,n−j} + s_{n−j} c^j_{n,n−j} + c^{j+1}_{n,n−j−1} + F^{j+1}_{j+1} = [q_{nn}c^j_{n,n−j} ]^1, (1 ≤ j ≤ n − 1). (31) If we substitute

c^j_{n,n−j} = (μ^j_0 + μ^j_1x + · · · + μ^j_{r−1}x^{r−1}), (1 ≤ j ≤ n − 1)

q_{nn} − a_{1r}x^r = t_0 + t_1x + · · · + t_{r−1}x^{r−1},

then from (31) it follows that

μ^1_0 = t_0 − s_n − a_{10} = t_0 + (n − 1)r − (n − 1) − a_{10}, (32)

μ^1_m = t_m − F^1_1 (m), (1 ≤ m ≤ r − 1) (33)

μ^{j+1}_0 = (t_0 + jr − s_{n−j} )μ^j_0 − a_{j+1,0} =

= [t_0 + (n − 1)r − (n − r − 1)]μ^j_0 − a_{j+1,0}, (34)

μ^{j+1}_m = [t_0 + (n − 1)r − m − (n − j − 1)]μ^j_m + t_mμ^j_0+

+(t_1μ^j_{m−1} + · · · + t_{m−1}μ^j_1) − F^{j+1}_{j+1} (m) (35) (1 ≤ j ≤ n − 1; 1 ≤ m ≤ r − 1), where μ^n_m = 0. By application of (28),(29) and (30) into (32) and (34), then it just follows that t_0 + (n − 1)r is one of the roots of ρ_i, (1 ≤ i ≤ n) of the equation

[ρ]_n − n∑ i=1 a_{i0}[ρ]_{n−i} = 0.

By substitution t_0 + (n − 1)r = ρ_n, (36)

can be determined μ^j_0, (1 ≤ j ≤ n − 1). Using (33) and (35) we will determine μ^j_m, (1 ≤ j ≤ n − 1) and successively t_m. According to the equation (30), the determinant | | | | | | | | | | | μ^1_0 + ρ_n − m − (n − 2) −1 0 · · · 0 μ^2_0 ρ_n − m − (n − 3) −1 · · · 0 · · · μ^{n−2}_0 0 0 · · · −1 μ^{n−1}_0 0 0 · · · ρ_n − m

| | | | | | | | | | | =

= [ρ_n − m]_{n−1} + μ^1_0[ρ_n − m]_{n−2} + · · · + μ^{n−1}_0 = n−1∏ ν=1 (ρ_n − m − ρ_ν )

is again different from zero, which means that only the coefficients c^j_{n,n−j} (x) and q_{nn}(x) can be determined.

Further successively will be determined the coefficients c^j_{i,i−j} (x), (1 ≤ j ≤ i − 1) and q_{ii}(x). ¿From (16) and (23), it follows that c^1_{i,i−1} + s_i = q_{ii} + c^1_{i+1,i} (37) D_{jr}c^j_{i,i−j} + s_{i−j} c^j_{i,i−j} + c^{j+1}_{i,i−j−1} = [q_{ii}c^j_{i,i−j} ]^1 + c^{j+1}_{i+1,i−j} , (1 ≤ j ≤ i − 1). Further we apply the mathematical induction. Let c^{j+1}_{i+1,i−j} (x) = ξ^{j+1}_0 + ξ^{j+1}_1 x + · · · + ξ^{j+1}_{r−1}x^{r−1}, (0 ≤ j ≤ i − 1)

be polynomials and let the constants ξ^j_0, (1 ≤ j ≤ i) satisfy the equation

[ρ]_i + ξ^1_0 [ρ]_{i−1} + · · · + ξ^i_0 = i∏ ν=1 (ρ − ρ_ν ). (38)

By the changes c^j_{i,i−j} = (μ^j_0 + μ^j_1x + · · · + μ^j_{r−1}x^{r−1}), (1 ≤ j ≤ i − 1) q_{ii} = (t_0 + t_1x + · · · + t_{r−1}x^{r−1}), we obtain μ^1_0 = t_0 + (i − 1)r − (i − 1) + ξ^1_0 , (39) μ^1_m = t_m + ξ^1_m, (1 ≤ m ≤ r − 1) (40) μ^{j+1}_0 = [t_0 + (i − 1)r − (i − j − 1)]μ^j_0 + ξ^{j+1}_0 , (41) μ^{j+1}_m = [t_0 + (i − 1)r − m − (i − j − 1)]μ^j_m + t_mμ^j_0 + (t_1μ^j_{m−1} + · · · + t_{m−1}μ^j_1) + ξ^{j+1}_m (42) (1 ≤ j ≤ i − 1; 1 ≤ m ≤ r − 1) where μ^i_m = 0. Applying the equation (28)-(30) to the equations (39)-(40), it follows t_0 + (i − 1)r = ρ_i (43) and [ρ]_{i−1} + μ^1_0[ρ]_{i−2} + · · · + μ^{i−1}_0 = i−1∏ ν=1 (ρ − ρ_ν ). (44)

Again, assuming that (3) and (4) hold, can be determined c^j_{i,i−j} (x), (1 ≤ j ≤ i−1) and q_{ii}(x). Thus by mathematical induction we proved that for each i, (1 ≤ i ≤ n), can be determined c^j_{i,i−j} (x), (1 ≤ j ≤ i − 1) and q_{ii}(x). By using of (36), (38) (43) and (44), it obtains also that q_{ii}(x) has the form q_{ii}(x) = ρ_i − (i − 1)r + q^1_{ii}x + · · · + q^{r−1}_{ii} x^{r−1} + q^r_{ii}x^r, (1 ≤ i ≤ n) where q^r_{ii} = 0, (i ≠ n) and q^r_{nn} = a_{1r}.

Finally, we will prove that the sets of polynomials {q_{n,n−j} (x), c^m_{n−j−m}(x); 1 ≤ m ≤ n − j − 1} and {q_{i,i−j} (x), c^m_{i,i−j−m}(x); 1 ≤ m ≤ i − j − 1}, (n − 1 ≥ i ≥ 1) can be determined successively for values n and (1 ≤ j ≤ n − 1). It will be proven by induction. Let the sets {q_{n,n−ν} , c^m_{n−ν−m}} and {q_{i,i−ν} , c^m_{i−ν−m}}, (1 ≤ i ≤ n − 1) are known for 0 ≤ ν ≤ j − 1. Then from (25) we obtain D_{mr}c^m_{n,n−j−m} + s_{n−j−m}c^m_{n,n−j−m} + c^{m+1}_{n,n−j−m−1} = = [q_{nn}c^m_{n,n−j−m}]^1 + [q_{n,n−j} c^m_{n−j,n−j−m}]^1+ + j−1∑ ν=1 [q_{n,n−ν} c^m_{n−ν,n−j−m}]^1 + j−1∑ ν=1 [q_{n,n−ν} c^{m+1}_{n−ν,n−j−m}]^0 − F^{m+1}_{j+m+1}, (1 ≤ m ≤ n − j − 1). (45) By the change c^j_{n−j,n−j−m} = ξ^m_0 + ξ^m_1 x + · · · + ξ^m_{r−1}x^{r−1}, (1 ≤ m ≤ n − j − 1) and using (38) and (44), we obtain

[ρ]_{n−j−1} + ξ^1_0 [ρ]_{n−j−2} + · · · + ξ^{n−j−1}_0 = n−j−1∏

i=1 (ρ − ρ_i). (46)

If we substitute q_{n,n−j} = t_0 + t_1x + · · · + t_{r−1}x^{r−1}, c^m_{n,n−j−m} = μ^m_0 + μ^m_1 x + · · · + μ^m_{r−1}x^{r−1}, (1 ≤ m ≤ n − j − 1) then from (26) follow the equalities t_r = a_{j+1,r(j+1)}, (47) t_ν = μ^1_ν + · · · , (0 ≤ ν ≤ r − 1) (48) and from (45) we obtain (−mr + ν + s_{n−j−m})μ^m_ν + μ^{m+1}_ν = = (p_0μ^m_ν + · · · + p_ν μ^m_0 ) + (t_0ξ^m_ν + · · · + t_ν ξ^m_0 ) + · · · (49)

(1 ≤ m ≤ n − j − 1; 0 ≤ ν ≤ r − 1) where we can substitute

q_{nn} = p_0 + p_1x + · · · + p_{r−1}x^{r−1} + p_rx^r, (p_0 = ρ_n − (n − 1)r).

The equation (49) can be represented in the following form

μ^{m+1}_ν = [ρ_n − jr − ν − (n − j − m − 1)]μ^m_ν + t_ν ξ^m_0 +

+(p_1μ^m_{ν−1} + · · · + p_ν μ^m_0 ) + (t_0ξ^m_ν + · · · + t_{ν−1}ξ^m_1 ) + · · · (50)

and hence we obtain the determinant | | | | | | | | | | | | ξ^1_0 + ρ_n − jr − ν − (n − j − 2) −1 0 · · · 0 ξ^2_0 ρ_n − jr − ν − (n − j − 3) −1 · · · 0 · · · ξ^{n−j−2} 0 0 0 · · · −1 ξ^{n−j−1} 0 0 0 · · · ρ_n − jr − ν

| | | | | | | | | | | |

=

= [ρ_n − jr − ν]_{n−j−1} + ξ^1_0 [ρ_n − jr − ν]_{n−j−2} + · · · + ξ^{n−j−1}_0 = = n−j−1∏

i=1 (ρ_n − rj − ν − ρ_i) ≠ 0. Thus, the set {q_{n,n−j} , c^m_{n,n−j−m}} is determined uniquely. In order to prove that the sets {q_{i,i−ν} , c^m_{i,i−ν−m}}, (1 ≤ i ≤ n − 1) can uniquely be determined, we apply again mathematical induction. The evaluation of their proof is not need here, since such sets of polynomials are just the same as the previous.

R E F E R E N C E S

[1] I.B.Risteski: A Simple Reduction of the Poincaré Differential Equation to Cauchy Matrix Form, Missouri J. Math. Sci., 10 (1998) (to appear).

[2] H.L.Turrittin: Reduction of Ordinary Differential Equation to Birkhoff Canonical Form, Trans. Amer. Math. Soc., 107 (1963), 485-507.

*Bratfordska 2/3-9, 91000 Skopje, Macedonia

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 1999, pp. 23 – 28 Submitted: October 2, 1998. Published: July 1, 1999

Space-time distributions

Mihaela D. Iftime

Abstract

The space-time foliation Σ compatible with the gravitational field g on a 4-manifold M determines a fibration π of M, π : M −→ N is surjective submersion over the 1-dimensional leaves space N . M is then written as a disjoint union of the leaves of Σ, which are 3-dimensional spacelike surfaces on M.

The decomposition, T M = Σ ⊕ T^0M, also implies that we can define a lift of the curves on N to curves (non-spacelike) on M.

The stable causality condition holds on M [2] means that Σ is a causal space-time distribution, generated by an exact timelike 1-form ω^0 = dt where t is some real function on M. In this case M is written as a disjoint union of a family of spacelike 3-surfaces of constant t, which cover D^+(S) of a initial 3-surface S of M.

A.M.S. Classification Code. Primary: 83C99, Secondary: 53B30 53C50 53C12 57R30 Keywords. space-time distribution, 4-manifold

Suceava, 5800 Romania E-mail: mtime@warpnet.ro Copyright © 1999 by Cameron University

1 Introduction

Note: We will denote by small Latin indices a, b, . . . numbers ranging from 0 to 3 and the small Greek indices α, β, . . . numbers ranging from 1 to 3.

The space-time structure on a 4-dimentional manifold M is a uniquely defined by a triplet (g^R, g, Σ), where g and g^R represent a Riemannian, respectively a Lorentzian metric on M and Σ ⊂ τ_M , the space-time distribution on M compatible with the gravitational field g, is a 3-dimentional spatial tangent subbundle on M orthocomplement (with respect both g and g^R) of the 1-dimentional timelike subbundle T^0M generated by the timelike globally defined vector field h^0 ∈ X (M), g^R(h^0 , h^0) = −g(h^0 , h^0) = 1 which indicates the time orientation (locally) at every point of M.

If g^R is a Riemannian metric on M (which exists on every paracompact space) and a time-orientation defined by h^0 ∈ X (M) then we have a Lorentz metric on M determined by the expression : g(X, Y ) = g^R(X, Y ) − 2g^R(X, h^0)g^R(Y, h^0) ∀X, Y ∈ X (M) (1) Locally, relating to an orthonormal frame {e_a} = {h^α, h^0} we find:

g_{ab} = g^R_{ab} − 2ω^0_aω^0_b , (2) where ω^0 = g^R(h^0, ·) is the unitary timelike 1-form.

The Pfaff equation ω^0 = 0 generates the 3-dimensional spatial spaces Σ_p in each fibre T_pM of the tangent bundle τ_M and these subspaces are orthogonal to the timelike field h^0 in p ∈ M.

The tensor

h_{ab} = g_{ab} + ω^0_aω^0_b (3) defines a Riemannian metric on the tangent subbundle Σ.

We have the following decomposition of tangent bundle:

T M = Σ ⊕ T^0M (4) So, given a Riemannian metric g^R_{ab} on M, each 3-dimensional distribution Σ on M generated by a nonzero 1-form σ on M represents a space-time distribution compatible with a gravitational field g defined by the expression (2), where we take ω^0 = −^σ_{gR(σ, σ)} .

Inverse, given a gravitational field g on M we find a spacetime distribution Σ compatible with g and a Riemannian metric g^R which satisfy the expression (2).

Two such different triplets (g_i, g^R_i , Σ_i), i = 1, 2 will describe the same space-time structure on M if the space-time distributions coincide, Σ_1 = Σ_2.

The geometric equivalence principle — which states that we may introduce an orthonormal tetrad field {h^α, h^0} at each point of M — is also sufficient for defining the space-time structure on a 4-manifold M.

The metric g_{ab} can be transformed to g_{ab} = η_{ab} = diag(1, 1, 1, −1) (5) at any point of M.

Also for any point p ∈ M and its normal convex neighbourhood U_p ⊂ M, U_p = exp_p W_0, where W_0 ⊂ T_pM is an open neighbourhood of the origin of T_pM, we can have a causal structure; all events q in U_p are divided into three groups according whether the causal relation to p is timelike, null or spacelike and these relations are independent of the choice of coordinate system. But we don’t know how to split an arbitrary space-time in space and time globally.

An integrable distribution Σ = ⋃ p∈M Σ_p

is a spacetime foliation of spatial hypersurfaces S of M; Σ_p = T_pS, ∀p ∈ S.

In this case, at every point p ∈ M we can define a local coordinate neighbourhood U_i ⊂ M with local adapted coordinates (x^a) so that the spacelike vector fields {^∂_{∂xα} } generate Σ locally.

The Pfaff equation x^0 = const. locally defines the spatial hypersurfaces S of M (i.e. the maximal integral manifolds or the leaves of Σ).

We have, U = {U_i, t_i : τ^{−1}_M (U_i) −→ U_i × R^4} a bundle atlas on T M which is compatible with the subbundle Σ ⊂ τ_M , so that U^Σ = {U_i, t^{−1}_i : τ^{−1}_M (U_i) ∩ Σ −→ U_i × R^3} is a bundle atlas on Σ, t_i(τ^{−1}_M (U_i) ∩ Σ) = U_i × R^3.

We can have directly: for any adapted local coordinate system (U_i, (x^a)), then (x^a, ẋ^a) are local bundle coordinates on T M and {^∂_{∂xa} } are the dual sections. Then, from the local trivialisation of τ_M

t_i = (τ_M

|τ^{−1}_M (U_i)

, ẋ^a) : τ^{−1}_M (U_i) −→ U_i × R^4 (6) we obtain a local trivialisation on subbundle Σ

t^Σ_i = (τ_M

|τ^{−1}_M (U_i)∩Σ

, ẋ^α) : τ^{−1}_M (U_i) ∩ Σ −→ U_i × R^3. (7)

2 Family of spatial hypersurfaces of spacetime

A space-time foliation Σ on M generates a fibration π as follows: we define an equivalence relation on M, x, y ∈ M, x ∼ y if x, y are in the same leaf of the foliation.

We denote by N = M_{|∼} the space of leaves which has the natural quotient structure of 1-dimensional differentiable manifold, so that π : M −→ N is a surjective submersion. The leaves of the foliation Σ coincide with the fibres of π, π^{−1}(ν) = S_ν and Σ = Kerπ_∗ . We also may suppose that the fibres of π are simply connected even if it is not a necessary condition.

We can define an vertical lift of the tangent vectors on N to tangent vectors on M which belong to Σ.

For X̄ ∈ T_ν N its vertical lift is X^v ∈ T_pM, X^{va} = h^a_b (p)X^b, ∀X ∈ T_pM, where π_∗X = X̄.

Here h = (h^a_b ) : T M −→ T M (8) h^a_b = g^{ac}h_{cb} is an endomorphism on τ_M , a projection operator, i.e. h^a_b h^b_c = h^a_c , which projects any vector X ∈ T_pM into its part lying in the subspace Σ_p,

X^a = h^a_b X^b − h^{0a}ω^0_b X^b (9) and any X ∈ X (N ) then X^v ∈ V(Σ) defined by X^v = h(X) for any X ∈ X (M) so that π_∗X = X̄. Here V(Σ) = {X ∈ X_{loc}(M) / X_p ∈ Σ_p, ∀p}. The Lorentzian (metric) connection ∇ on M induces by restriction a connection ∇^S on each leaf of Σ ,

∇_Xv Y^v = ∇^S_Xv h(Y ) = h(∇_Xv Y ) ∈ Σ.

(10)

We used 0 = (∇_Xv h)Y = ∇_Xv h(Y ) − h(∇_Xv Y ) (11) and h_{ab;c} = (g_{ab} + ω^0_aω^0_b )_{;c} = 0

(12)

It is worth notice that the space-time is a disjoint union of the leaves of the foliation Σ, i.e. M = ⋃ ν∈N S_ν where S_ν = π^{−1}(ν) represents a family of spatial hypersurfaces of M. From decomposition (4) we can define a transport of the those fibres S_ν along the curves γ(τ) on N . That is to say, a curve γ(τ) : [0, 1] −→ N , γ(0) = ν_0, γ(1) = ν_1 could be lifted on M from each point of the fibre x_i ∈ π^{−1}(ν_0) = S to a nonspatial future directed curve on M of end-point y_i ∈ π^{−1}(ν_1) = S_{ν1} .

This way we obtain an 1:1 correspondence between S and S_{ν1} . Then we have a family of maps (homeomorphisms)

α_γ : S_{γ(0)} −→ S_{γ(1)}, α_γ : x_i −→ y_i

(13)

satisfying natural conditions: α_{γ1γ2} = α_{γ1} α_{γ2} , α_γ−1 = (α_γ )^{−1}, α_γ = id for γ = const., α_γ is independent of the choice of the parameter τ on γ.

On the other hand N is 1-dimensional (connected) manifold. This implies that N must be diffeomorphic with an interval [0, 1] or with circle S^1.

Supposing N has a fixed orientation given by the unique unitary X̄ ∈ X (N ), then N = γ¯_X ([0, 1]), where γ¯_X : [0, 1] −→ N is the integral curve of X̄. We will have the two cases: when γ¯_X is an injective integral curve, N = [0, 1] and when γ¯_X admits cross-points (i. e. γ¯_X may intersect itself), N = S^1.

Lifting γ¯_X from each point x_i ∈ π^{−1}(ν_0) = S we obtain a family of timelike future directed curves γ̃¯_X : [0, 1] −→ M, ˙γ̃¯_X (τ) ∈ T^0_p M, π(p) = ν which start on S and intersect each leaf S_ν orthogonally.

The stable causality condition holds on M^1 means that the space-time foliation Σ is causal, being generated by a globally defined timelike 1-form ω^0 ∈ ∧^1M which is exact, i.e. ω^0 = dt where t is some real function on M.

In this case, the leaves of Σ are spatial hypersurfaces of M of constant t, and M = ⋃ ν∈N S_ν is the disjoint union of a family of spatial hypersurfaces S_ν of constant t on M. If we suppose that the initial surface S is a partial Cauchy surface of M we obtain M as a disjoint union of such homeomorphic partial Cauchy surfaces S_ν , which in addition satisfy the following conditions: for ν_i < ν_j then S_{νj} lies to the future of S_{νi} and they cover D^+(S).

1This condition of stability is equivalent to the existence of a function f on M, whose ∇f is everywhere timelike.

In the case when N is diffeomorphic with S^1, provided that S is a partial Cauchy surface on M, a curve γ¯_X : [0, 1] −→ N , γ¯_X (0) = γ¯_X (1) ∈ S^1 is lifted from a point x_i of S to a closed timelike curve γ̃ on M with γ̃(0) = x_i = γ̃(1).

3 Some discussion

Physically, it seems more convenient to choose the surfaces S_ν so that they intersect I^+ [2]. This means that every S_ν tend asymptotically to null surfaces.

Also by assumption of strong asymptotic predictability (i.e. there exists a partial Cauchy surface S of M such that (a) I^+ lies in the boundary of D^+(S) and (b) J^+(S) ∩ ∂J^−(I^+) lies in D^+(S) ) for some ν, the surfaces S_{νi} for ν_i > ν will intersect the event horizon ∂J^−(I^+). Then a connected component of the nonempty set S_{νi} \J^−(I^+) will represent a black hole on the surface S_{νi} .

References

[1] Berger, B.K., Chru’sciel, P.T., Isenberg, J., Moncrief, V., Global foliations of vacuum spacetimes with T2 isometry, Ann. Phys. (N. Y.), 260, 117-148, (1997)

[2] Hawking, S.W., Hawking on the Big Bang and Black Holes, World Scientific (1993)

[3] Iriondo, M., Leguizam’on, E., and Reula, O., The Newtonian Limit on Asymptotically Null Foliations, Online Los Alamos Archive Preprint (1997)

[4] Rendall, A.D., Existence and non-existence results for global constant mean curvature foliations, Online Los Alamos Archive Preprint, (1996)

[5] Sardanashvily, G., Zakharov, O., Gauge gravitation theory, World Scientific (1992)

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 1999, pp. 29 – 40 Submitted: February 28, 1999. Published: July 1, 1999

Sufficient conditions for semilocal convergence of

a fourth order multipoint iterative method for solving equations in Banach Spaces

M. A. Hernández and M. A. Salanova

Abstract

We present sufficient conditions on the initial pivot for local convergence of a fourth order multipoint iterative method for solving nonlinear systems of equations. We do this by means of a system of majorizing real sequences, each one controlling either the norm of the operators involved or the error estimation. We use a technique similar to the one introduced in [2] from the reference list.

Keywords: Jarratt Method, multipoint method, nonlinear equations in Banach spaces, fourth-order method, recurrence relations, a priori error bounds.

Classification A.M.S. 1991: 47H17, 65J15.

Supported in part by the University of La Rioja (grant: API-99/B14) and DGES (grant: PB96-0120-C03-02).

University of La Rioja, Department of Mathematics and Computation. C/ Luis de Ulloa s/n. 26004 Logroño. Spain.

E-mail: mahernan@dmc.unirioja.es; masalano@dmc.unirioja.es Copyright © 1998 by Cameron University

1 Introduction

Consider the equation F (x) = 0 (1)

where F is a nonlinear operator from a Banach space X in a Banach space Y . We consider the following two-step iteration

y_n = x_n − [F^′(x_n)]^{−1}F (x_n) = x_n − Γ_nF (x_n),

z_n = x_n + 2 3 (y_n − x_n) = x_n − 2 3 Γ_nF (x_n)

H(x_n, y_n) = Γ_n [F^′(z_n) − F^′(x_n)] ,

x_{n+1} = y_n − 3 4 [ I + 3 2 H(x_n, y_n) ]_{−1} H(x_n, y_n)(y_n − x_n) (2)

for generating approximate solutions to (1).

We study the convergence of the above two-step iteration to a solution of (1). This method was introduced by Jarratt [8], [9] following the basic idea of increasing the order of convergence and avoiding the computation of the second Fréchet derivative in Newton’s method, so that a two-point scheme is applied. (This idea was first found and developed by Ostrowski [11] and Traub [12] for functions of one variable).

Observe that (2) can be viewed as an extension of the classical Newton method. This method is computationally competitive for scalar equations and for systems of very few equations, which was Jarratt’s original purpose (see[8],[9],[12]).

For this study, we use the technique considered in [2],[3] for one-point iterative processes that consists of constructing a system of real sequences, such that the convergence of the iterative process in Banach spaces follows from the analysis of these real sequences. The use of real sequences simplifies the study of iterations in Banach spaces by means of the majorizing principle [10], [1].

In Section 2, we construct a system of real sequences which are analysed and some properties are given. Next, in Section 3, we establish a convergence theorem and also give an explicit expression for the error bound of the method (2). Finally, a well-known integral equation is considered and we reach better error bounds than the ones obtained by other authors.

2 General Recurrence Relations

Let F be a nonlinear three times Fréchet-differentiable operator defined on some open convex subset Ω of a Banach space X with values in another Banach space Y . Let x_0 ∈ Ω and suppose that Γ_0 = F^′(x_0)^{−1} ∈ L(Y, X) exists, where L(Y, X) is the set of bounded linear operators from Y into X.

Let us assume that

(c_1) ‖Γ_0‖ ≤ α,

(c_2) ‖Γ_0F (x_0)‖ ≤ β,

(c_3) ‖F^{′′}(x)‖ ≤ M, x ∈ Ω, (c_4) ‖F^{′′′}(x)‖ ≤ N, x ∈ Ω, (c_5) ‖F^{′′′}(x) − F^{′′′}(y)‖ ≤ K‖x − y‖, x, y ∈ Ω, K ≥ 0. Let us denote θ = Mαβ, ω = Nαβ^2 and δ = Kαβ^3. We define the sequences a_0 = 1 = c_0, b_0 = 2 3 θ, d_0 = 2 − θ 2(1 − θ) and a_{n+1} = a_n 1 − θa_nd_n , b_{n+1} = 2 3 θa_{n+1}c_{n+1}, c_{n+1} =

2^3(2 − 3b_n)^4 (4 − 3b_n)^4 [ a^2_n (2 − 3b_n)^2 θ^3 + 17 108 δ + ωa_n 3(2 − 3b_n) θ ] a_{n+1} d^4_n,

d_{n+1} =

4 − 3b_{n+1} 4 − 6b_{n+1} c_{n+1}, for all n ≥ 0.

We then prove the following statements:

[I_n] ‖Γ_n‖ = ‖F^′(x_n)^{−1}‖ ≤ a_nα,

[II_n] ‖H(x_n, y_n)‖ ≤ b_n,

[III_n] ‖Γ_nF (x_n)‖ ≤ c_nβ,

[IV_n] ‖x_{n+1} − x_n‖ ≤ d_nβ, for all n ≥ 0. We assume for all n ≥ 0 that x_n, y_n ∈ Ω, θa_nd_n < 1 and θ < 1 2 , and use mathematical induction on n. It is easy to check the case when n = 0 by initial hypothesis. We assume that [I_n]–[IV_n] are true for a fixed n ≥ 1. [I_{n+1}]: Under the above hypotheses, we have: ‖I−Γ_nF^′(x_{n+1})‖ ≤ ‖Γ_n‖‖F^′(x_n)−F^′(x_{n+1})‖ ≤ a_nαM‖x_{n+1}−x_n‖ ≤ θa_nd_n < 1 and, by the Banach lemma [10], Γ_{n+1} exists and ‖Γ_{n+1}‖ ≤ ‖Γ_n‖ 1 − ‖I − Γ_nF^′(x_{n+1})‖ ≤ a_nα 1 − θa_nd_n = a_{n+1}α. [II_{n+1}]:

‖H(x_{n+1}, y_{n+1})‖ ≤ ‖Γ_{n+1}‖‖F^′(x_{n+1} + 2 3 (y_{n+1} − x_{n+1})) − F^′(x_{n+1})‖ ≤ 2θ 3 a_{n+1}c_{n+1} = b_{n+1}.

[III_{n+1}]: By means of Taylor’s theorem, we have

F (x_{n+1}) =

∫_1 0 F^{′′}(y_n + t(x_{n+1} − y_n))(1 − t)dt(x_{n+1} − y_n)^2 + ∫_1 0 [F^{′′}(x_n + t(y_n − x_n))(1 − t) − 1 2 F^{′′}(x_n + 2 3 t(y_n − x_n))]dt(y_n − x_n)^2 + 1 2 ∫_1 0 [ F^{′′}(x_n + 2 3 t(y_n − x_n)) − F^{′′}(x_n + t(y_n − x_n)) ] dt(y_n − x_n) ∗ [ I + 3 2 H(x_n, y_n) ]_{−1} Γ_n

∫_1 0 F^{′′}(x_n + 2 3 t(y_n − x_n))dt(y_n − x_n)^2 and ‖ ‖ ‖ ‖ ∫_1 0 [ F^{′′}(x_n + t(y_n − x_n))(1 − t) − 1 2 F^{′′}(x_n + 2 3 t(y_n − x_n)) ] dt ‖ ‖ ‖ ‖ ≤ ‖ ‖ ‖ ∫_1 0 ∫_1 0 [F^{′′′}(x_n + st(y_n − x_n)) − F^{′′′}(x_n)] ds t (1 − t) dt(y_n − x_n) ‖ ‖ ‖

+ 1 3 ‖ ‖ ‖ ‖ ∫_1 0 ∫_1 0 [F^{′′′}(x_n + 2 3 st(y_n − x_n)) − F^{′′′}(x_n)]ds t dt(y_n − x_n) ‖ ‖ ‖ ‖ ≤ 17 216 K‖y_n − x_n‖^2. Hence ‖Γ_{n+1}F (x_{n+1})‖ ≤ ‖Γ_{n+1}‖‖F (x_{n+1})‖ ≤ 1 2 a_{n+1}α [ M‖x_{n+1} − y_n‖^2 + ( 17 108 K + MN 3(2 − 3b_n) ‖Γ_n‖ ) ‖Γ_nF (x_n)‖^4 ]

≤ a_{n+1} 2 [ a^2_n (2 − 3b_n)^2 θ^3 + 17 108 δ + a_nω 3(2 − 3b_n) θ ] c^4_nβ = 8(2 − 3b_n)^4 (4 − 3b_n)^4 [ a^2_n (2 − 3b_n)^2 θ^3 + 17 108 δ + a_nω 3(2 − 3b_n) θ ] a_{n+1}d^4_nβ = c_{n+1}β. (3)

[IV_{n+1}]: ‖x_{n+2} − x_{n+1}‖ ≤ ‖ 3 4 [ I + 3 2 H(x_{n+1}, y_{n+1}) ]_{−1} H(x_{n+1}, y_{n+1})‖‖y_{n+1} − x_{n+1}‖ ≤ 4 − 3b_{n+1} 4 − 6b_{n+1} c_{n+1}β = d_{n+1}β.

This completes the induction and shows that the previous statements [I_n]– [IV_n] hold for all n ∈ N .

3 Semilocal convergence analysis

We now prove the convergence of sequence (2) from an analysis of the sequences {a_n}, {b_n}, {c_n} and {d_n}. We first need the following technical lemma, whose proof is trivial.

Lemma 3.1 Let us define the following real functions: f(x) = 27x^4(2 − 3x)^2 [9x^2 − 24x + 8]^2 ,

g(x, y) = f(x) [ 1 (2 − 3x)^2 + 17 108 A y^2 + 1 3 B y(2 − 3x) ] , (4) where A, B ∈ R_+, and q(x) = (2 − 3x)^2 [9x^2 − 24x + 8]^2 ,

p(x) = (3x − 1)(27x^3 − 144x^2 + 192x − 64) 9x^3(2 − 3x)^2

. (5) Then (i) f : [0,^1_3 ] → R is an increasing function and f(0) = 0, (ii) f^′ is increasing and f^′(0) = 0, (iii) g(x, y) < g(x, 1) for y ≥ 1 and x ∈ [ 0,^1_3 ) , (iv) the function g_0(x) = g(x, 1) is increasing for x ∈ [ 0,^1_3 ) , (v) the function p(x) is decreasing for x ∈ [ 0,^1_3 ) , (vi) the function q(x) is increasing for x ∈ [ 0,^1_3 ) . With these notations, we can write b_{n+1} = g(b_n, a_n), n ≥ 0, (6) where g is defined in (4). Next, we give some properties for the sequences {a_n}, {b_n}, {c_n} and {d_n}. Theorem 3.2 Let θ ∈ (0, 1/2), and 0 ≤ δ < 27(2θ − 1)(θ^3 − 8θ^2 + 16θ − 8)

17(1 − θ)^2 ,

0 ≤ ω < 3(2θ − 1)(θ^3 − 8θ^2 + 16θ − 8) 4θ(1 − θ)^2 − 17δ 36θ . (7) Then (i) the sequence {b_n} is decreasing,

(ii) θa_nd_n < 1 for all n ≥ 0, (iii) a_n ≥ 1 for all n ≥ 0, (iv) the sequence {a_n} is increasing.

Proof. We prove for all n ≥ 0: (i_n) b_n ≥ b_{n+1}, (ii_n) θa_nd_n < 1, (iii_n) a_n ≥ 1, (iv_n) a_n ≤ a_{n+1}.

We use induction on n. For n = 0, taking into account (4), (i_0) is equivalent to 17 36 δ θ^3 + ω θ^2 < (3b_0 − 1)(27b^3_0 − 144b^2_0 + 192b_0 − 64) 9b^3_0(2 − 3b_0)^2

= p(b_0).

This follows from (6). As θ < 1/2, a_0 = 1 and d_0 < 2, (ii_0) is trivial and (iii_0) and (iv_0) follow immediately. We now suppose that (i_k)–(iv_k) hold for k = 1, . . . , n − 1. By (5), lemma 3.1 (v), (i_{n−1}) and (iv_{n−1}) we obtain (i_n).

(ii_n) is immediate from θa_nd_n = 3b_n(4 − 3b_n) 4(2 − 3b_n) and b_n ≤ 1/3. Finally, (iii_n) and (iv_n) follow by recurrence and the induction is concluded.

Theorem 3.3 Under the assumptions of theorem 3.2, if we denote γ =

b_1/b_0, then γ < 1, b_n ≤ γ^{4n+1}3 γ^{1/3} b_0, n ≥ 1. (9)

In addition, lim_n b_n = 0 and ∞∑ n=0 b_n < +∞.

Proof. By conditions (7) and (8), b_1 < b_0 and γ = b_1/b_0 < 1. In addition, as b_1 = γb_0 < b_0, and by Lemma 3.1 (v) and (vi) it follows that b_2 = g(b_1, a_1) ≤ γ^4b_1, since a_1 ≥ a_0. Next, by recurrence, we infer that b_n ≤ γ^4b_{n−1} and consequently (9) is satisfied for all n ≥ 1. It is then clear that lim_n b_n = 0. Finally, ∞∑ n=0 b_n < +∞ as a consequence of ∞∑ n=0 b_n ≤ b_0 γ^13 ∞∑ n=0 γ^{4n+13} .

Theorem 3.4 Under the assumptions of theorem 3.2, there exists an L ∈

R, L ≥ 1, such that a_n ≤ L for all n ≥ 0.

Proof. We can write a_{n+1} = n∏ i=0 [ 1 + 3b_i(4 − 3b_i) 9b^2_i − 24b_i + 8 ]

from the definition of the sequence {a_n}. Taking into account that u(x) = (4 − 3x) 9x^2 − 24x + 8 is an increasing function for x ∈ [0,^1_3 ), we obtain that 3b_iu(0) ≤ 3b_iu(b_i) ≤ 9b_i

for all i ≥ 0. Then, as a consequence of the fact that ∞∑ n=0 b_n < +∞, it follows that_∞ ∏ n=0 (1 + 3b_nu(b_n)) < +∞ and the proof is concluded.

Theorem 3.5 Under the assumptions of theorem 3.2, we have d_n ≤ 3(2 − θ) 4θ(1 − θ) γ^{4n+1}3 γ^{1/3} b_0

for all n ≥ 0 and γ = b_1/b_0.

Proof. Note that d_n = 3b_n 4θa_n 4 − 3b_n 2 − 3b_n . As the function r(x) = (4 − 3x)/(2 − 3x) is increasing for all x, we get 2 = r(0) ≤ r(b_n) ≤ r(b_0) = (2 − θ)/(1 − θ). Hence d_n ≤ 3(2 − θ) 4θ(1 − θ) b_n since a_n ≥ 1 for all n ≥ 0.

The proof is completed by theorem 3.3.

Remark. Note that ∞∑ n=0 d_n < +∞ follows from the previous theorem and

from taking into account that 6 4θL b_n ≤ d_n ≤ 3(2 − θ) 4θ(1 − θ) b_n since 1 ≤ a_n ≤ L for all n ≥ 0.

We are now ready to prove the main convergence theorem. Let us denote B(x, r) = {y ∈ X; ‖y − x‖ ≤ r} and B(x, r) = {y ∈ X; ‖y − x‖ < r}. Theorem 3.6 Let F be a nonlinear operator which is three times Fréchet

differentiable in an open convex domain Ω of a Banach space X with values in another Banach space Y . Let us suppose that Γ_0 = F (x_0)^{−1} exists at some x_0 ∈ Ω. Assume (c_1) − (c_5) and B(x_0, Rβ) ⊂ Ω where R = lim_n n∑ i=0 d_i.

Let us denote θ = Mαβ, ω = Nαβ^2 and δ = Kαβ^3. If θ ∈ (0, 1/2), and the conditions in (7) are verified, then the sequence {x_n} given by (2) is well-defined, x_n, y_n ∈ B(x_0, Rβ) for all n ≥ 0, and converges to a solution x^∗ ∈ B(x_0, Rβ) of equation (1). Moreover, the solution x^∗ is unique in B(x_0,^2_{αM} − Rβ). Furthermore, we also have the following error estimates: ‖x^∗ − x_n‖ ≤ ∑ i≥n d_iβ ≤ β (2 − θ) 2(1 − θ) 1 γ^{1/3} ∑ i≥n γ^{4i+1/3} (10)

where γ = b_1/b_0.

Proof. Under the assumptions mentioned above, it follows immediately from the previous theorems that sequence (2) is convergent. We also have ‖x_n − x_0‖ ≤ ‖x_n − x_{n−1}‖ + ‖x_{n−1} − x_{n−2}‖ + · · · + ‖x_1 − x_0‖ ≤ n−1∑ i=0 d_iβ < Rβ. Following a similar method, we obtain that ‖y_n − x_0‖ < Rβ and since z_n = x_n +^2_3 (y_n − x_n), then x_n, y_n, z_n ∈ B(x_0, Rβ) ⊂ Ω_0.

If x^∗ is the limit of the sequence (2), taking into account (3) and the continuity of F , we get that F (x^∗) = 0.

In addition, we have ‖x_{n+1} − x_n‖ ≤ d_nβ and consequently, for p ≥ 0, ‖x_p − x_0‖ ≤ ‖x_p − x_{p−1}‖ + ‖x_{p−1} − x_{p−2}‖ + · · · + ‖x_1 − x_0‖ ≤ (d_{p−1} + d_{p−2} + · · · d_0)β.

By letting p → ∞, we obtain ‖x^∗ − x_0‖ ≤ Rβ and the error estimates given in (10).

Finally, to show the uniqueness, let us assume that y^∗ ∈ B(x_0,^2_{Mα} − Rβ) is another solution of F (x) = 0. According to [7]

0 = Γ_0[F (y^∗) − F (x^∗)] = Γ_0

∫_1 0 F^′(x^∗ + t(y^∗ − x^∗)) dt (y^∗ − x^∗).

Then we only have to prove that the operator [∫_1 0 F^′(x^∗ + t(y^∗ − x^∗)) dt ]_{−1} exists and therefore y^∗ = x^∗.

Example. Let X = C[0, 1] be the space of continuous functions defined on the interval [0, 1], with the max-norm and consider the integral equation F (x) = 0, where F (x)(s) = x(s) − 1 − λx(s) ∫_1 0 s s + t x(t) dt, with s ∈ [0, 1], x ∈ C[0, 1] and 0 < λ ≤ 2. Integral equations of this kind (called Chandrasekhar equations) arise in elasticity or neutron transport problems [4].

For λ = 1/4, it is easy to prove that

[F^′(x)(y)](s) = y(s) − 1 4 x(s) ∫_1 0 s s + t y(t) dt − 1 4 y(s) ∫_1 0 s s + t x(t) dt, [F^{′′}(x)(yz)](s) = − 1 4 [ z(s) ∫_1 0 s s + t .y(t) dt + y(s) ∫_1 0 s s + t .z(t) dt ] . and [F^{′′′}(x)(yzu)](s) = 0 and starting at x_0 = x_0(s) = s, we have

F (x_0)(s) = − s 4 log s + 1 s , ‖F (x_0)(s)‖ = log 2 4 . The existence of Γ_0 will now be proved and we will calculate the parameters appearing in Theorem 3.6

‖[I − F^′(x_0)]‖ = max_{s∈[0,1]} |y(s) − F^′(x_0)y(s)| ≤ log 2 2 = 0.3465 . . . < 1.

The Banach lemma gives the existence of Γ_0 and we obtain:

‖Γ_0‖ ≤ 1 1 − (log 2/2)

= α = 1.5303 . . .

‖Γ_0F (x_0)‖ ≤

(log 2/4) (log 2/2)

= β = 0.2651 . . . , ‖F^{′′}(x)‖ ≤ 0.3465 . . . = M, N = K = 0. So θ = Mαβ = 0.1406312 . . . and ω = δ = 0, and the conditions of Theorem 3.6 are fulfilled.

To compare the super-Halley and the Jarratt methods, we give an upper bound C to the number 10^{16}‖x^∗ − x_2‖, where x_2 is the second iterate obtained by using these methods. We have that C is 31 for the super-Halley method and 0.143799 for the Jarratt method. Notice that the above operator is quadratic and the super-Halley method has order four for this kind of operators [5], [6].

Conclusion: The Jarratt and super-Halley methods both have order four as we can see. However, the error bound that we have for the Jarratt method is much better than the one obtained for the super-Halley method.

References

[1] I.K. Argyros, D. Chen and Q. Qian, The Jarratt method in Banach Space setting, J. Comput. Appl. Math., 51, (1994), pp. 103–106.

[2] V. Candela and A. Marquina, Recurrence Relations for Rational Cubic Methods I: The Halley Method, Computing, 44 (1990), pp. 169– 184.

[3] V. Candela and A. Marquina, Recurrence Relations for Rational Cubic Methods II: The Chebyshev Method, Computing, 45 (1990), pp. 355–367.

[4] S. Chandrasekhar, Radiative Transfer, (Dover, New York,1960).

[5] D. Chen,I.K.Argyros and Q.S.Qian, A Local Convergence Theorem for the Super-Halley Method, App. Math. Lett., 7,5 (1994), pp. 49–52.

[6] J.M.Gutiérrez and M.A.Hernández, Recurrence Relations for the Super-Halley Method, Computers Math. Applic., Vol 36, n. 7, (1998), pp. 1–8.

[7] M.A.Hernández and M.A.Salanova, A Family of Chebyshev type methods in Banach spaces, Intern. J. Computer Math., Vol 61, (1996), pp. 145–154.

[8] P.Jarratt, Some fourth order multipoint iterative methods for solving equations, Math. Comp. (1966), pp. 434-437.

[9] P.Jarratt, Some efficient pourth order multipoint methods for solving equations, BIT. 9, (1969), pp. 119-124.

[10] L.V. Kantorovich and G.P. Akilov, Functional analysis, Pergamon Press, Oxford, 1982.

[11] A.M. Ostrowski, Solution of Equations in Euclidean and Banach Spaces, Academic Press, New York, 3rd ed., 1973.

[12] J.F. Traub, Iterative Methods for the Solution of Equations, Prentice Hall, Englewood Cliffs, N.J., 1964.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 1999, pp. 41 – 50 Submitted: January 11, 1999. Published: July 1, 1999

Weighted Sobolev Descent for Singular First Order Partial Differential Equations

W. T. Mahavier

Abstract

The author’s work on solving singular ordinary differential equations via steepest descent based on weighted Sobolev gradients is extended to first order partial differential equations with linear singularities. Results are presented which demonstrate the improvements obtained by computing based on weighted Sobolev gradients.

Keywords: Sobolev descent, weighted Sobolev space, PDE, finite difference, numerical, pre-conditioning, least squares. AMS subject classifications: 65N06, 65N22

1 Introduction

A general discussion of optimization techniques is given in [9] and [15]. Applying steepest descent to solve differential equations was first introduced by Cauchy in [2] and modifications such as conjugate gradient and variable metric methods, [6], were later introduced to speed up the convergence of numerical implementations. Sobolev descent is a systematic preconditioning technique where gradients are based on Sobolev spaces determined by the problem at hand rather than on Euclidean space.

W. T. Mahavier. math-wtm@nich-nsunet.nich.edu Copyright © 1999 by Cameron University

The method was introduced by J. W. Neuberger in [13] along with sufficient conditions for convergence and a complete discussion of Soblev descent may be found in [14]. The extension of the technique to singular ordinary differential equations by utilizing weighted Sobolev spaces based on the problem at hand, [11], compliments and extends his work. In [10] a convergence proof is given for discrete spaces such as those in this paper. Existence and uniqueness arguments for singular problems in Sobolev spaces are given in [18] and [3]. For a paper concerning Sobolev gradients which are constructed based on the problem at hand, consider [16]. Problem specific applications of Sobolev descent are given in, [4], [5], [7], [12] and [17]. General references for Sobolev spaces are [1] and [8].

2 Preliminaries

Let I = [0, 1], Ω ⊂ ℜ^2, and L = ( L^2_Ω, ⟨·, ·⟩_L ) . Define π_1, π_2 : ℜ × ℜ → ℜ by

π_1 ( α β ) = α and π_2 ( α β ) = β. Suppose a, b ∈ C^1_Ω vanish at only finitely many

points in Ω, u ∈ C^1_Ω, and ⃗v = (v_1, v_2) is a vector valued function on ℜ^2. We make the following definitions:

∇u = (u_x, u_y) = (_{∂u} ∂x ,^{∂u}_{∂y} ) ∇ · ⃗v = (v_1)_x + (v_2)_y ∇_wu = (au_x, bu_y) ∇_w · ⃗v = a(v_1)_x + b(v_2)_y Δu = ∇^2u = ∇ · ∇u = u_{xx} + u_{yy} Δ_wu = ∇^2_wu = ∇_w · ∇_wu = a(au_x)_x + b(bu_y)_y

(1)

G_w = {( u ∇_wu ) : u ∈ C^1_Ω }L×(L×L) . Definition 1 H_w is the collection of functions which appear as first coordinates of elements of G_w.

Theorem 1 If a, b ∈ C^1_Ω and a, b vanish at only finitely many points in Ω then G_w is a function.

Proof. Let P denote the polynomials on Ω. Suppose ( u v ) , ( u w ) ∈ G_w. The linearity of G_w implies that ( 0 v − w ) ∈ G_w. Since there exists a sequence,

(u_k)_{k∈N} ∈ C^1_Ω such that ( u_k ∇_wu_k ) → ( 0 v − w ) , it suffices to show that given

( 0( f g ) ) ∈ G_w, we have ( f g ) = 0 in L × L. Let ( f g ) ∈ G_w and (u_k)_{k∈N}

such that ( u_k ∇_wu_k ) → ( 0( f g ) ) . Let p, q ∈ P, F = ( p q ) , and F_w = ( ap bq ) .

| ⟨( f g ) , ( p q )⟩ L×L | ≤ | ⟨( f g ) − ( a(u_k)x b(u_k)y ) , ( p q )⟩ L×L | + | ⟨( a(u_k)x b(u_k )y ) , ( p q )⟩ L×L | ≤ ‖ ( f g ) − ( a(u_k)x b(u_k)y ) ‖L×L ‖F ‖L + | ∫ Ω ∇w u_k · F | = ‖ ( f g ) − ( a(u_k)x b(u_k)y ) ‖L×L ‖F ‖L + | ∫ Ω ∇u_k · Fw | ≤ ‖ ( f g ) − ( a(u_k)x b(u_k)y ) ‖L×L ‖F ‖L + | ∫ ∂Ω u_k(Fw · N)| + | ∫ Ω u_k (∇ · Fw )| ≤ ‖ ( f g ) − ( a(u_k)x b(u_k)y ) ‖L×L ‖F ‖L + | ∫ ∂Ω u_k(Fw · N)| + ‖u_k‖L ‖∇ · Fw ‖L As k → ∞, all three summands tend to zero, from which it follows that ⟨( f g ) , ( p q )⟩ L×L = 0 for all p, q ∈ P, a dense subset of L. q.e.d.

Define three operators on H_w by

E_0(u) = u E^a_1 (u) = π_1G_wu E^b_2(u) = π_2G_wu.

Thus, G_wu = ( E^a_1 u, E^b_2u ) is the generalized weighted gradient. If u ∈ C^1_Ω then G_wu = ∇_wu. Define an inner product on H_w by ⟨u, v⟩_{Hw} = ⟨u, v⟩_L + ⟨E^a_1 (u), E^a_1 (v)⟩_L + ⟨ E^b_2(u), E^b_2(v) ⟩ L The case a ≡ 1 ≡ b has been studied, [14]. Without regard to boundary conditions, the spaces under consideration are H and H_w where H represents the unweighted Sobolev space obtained when a ≡ 1 ≡ b.

Theorem 2 G_w is a closed, bounded, non-expansive, densely defined operator on H_w.

Proof. G_w is closed by definition. Let P denote the polynomials on Ω. Since, P is dense in L, and P ⊂ G_w ⊂ L, G_w is densely defined. For any u ∈ H_w, ‖G_wu‖_L ‖u‖_{Hw} = ‖G_wu‖_L ‖u‖_L + ‖G_wu‖_L ≤ 1, thus G_w is bounded and non-expansive from H_w to L. q.e.d.

Theorem 3 H_w is a Hilbert space.

Proof. Let (u_n)_{n∈N} be a Cauchy sequence in H_w. Thus ( u_n G_wu_n ) n∈N is a Cauchy sequence in G_w which is complete as a closed subspace of the

complete space, L × L. Let ( f g ) ∈ G_w such that ( u_n G_wu_n ) n∈N → ( f g ) . Now, (u_n)_{n∈N} → f in H_w. q.e.d.

In order to develop gradients depending on the constraints we define the following spaces dependent upon the boundary conditions.

Definition 2 Suppose B is a linear operator representing the boundary conditions and put L^0 = {u ∈ L : Bu = 0} and H^0_w = H_w ∩ L^0.

Denote by π_L : L → L^0 the orthogonal projection under ⟨·, ·⟩_L and denote by π_{Hw} : H_w → H^0_w the orthogonal projection under ⟨·, ·⟩_{Hw} .

The next definition is used to define gradients based on L, L^0, H, H^0, H_w, andH^0_w.

Definition 3 If S is any Hilbert space, J : S → ℜ is a bounded linear functional, and s ∈ S, define ∇_S J(s) to be the unique element in S such that J^′(s)(r) = ⟨∇_sJ(s), r⟩_S for all s ∈ S. The following theorem, [12], guarantees convergence in the continuous setting. Related convergence results for the discrete case are offered in [9] and [13].

Theorem 4 (J. W. Neuberger) Suppose H and K are Hilbert spaces and G ∈ L(H, K). Suppose g ∈ K, v ∈ H, Gv = g, and ϕ(u) =^1_2 ‖Gu − g‖^2 for every u ∈ H. If x ∈ H and z is the function on [0, ∞) so that z(0) = x, z^′(t) = −(∇ϕ)(z(t)), t ≥ 0 then u = lim_{n→∞}z(t) exists and Gu = g.

3 An Example

Consider the class of problems, a, b ∈ C^2_Ω Ω = [0, 1] × [0, 1] au_x + bu_y = 0 u(x, x) = 2x^2 ∀ x ∈ [0, 1]. (2)

Define the functional, J(u) = 1 2 ∫ Ω (au_x + bu_y)^2 dΩ.

The gradient on which descent is denoted by ∇_H0_w J and is the unique element in the Hilbert space H^0_w which satisfies, J^′(u)(h) = ⟨( ∇_H0_w J ) (u), h ⟩ for all u, h ∈ H^0_w as constructed via Definition 3. For all u ∈ H_w, h ∈ H^0_w we have, J^′(u)(h) = ⟨(∇_H J) (u), h⟩ = ⟨(∇_H J) (u), π_{Hw} h⟩ = ⟨π_{Hw} (∇_H J) (u), h⟩ Hence for all u, h ∈ H^0_w, ⟨( ∇_H0_w J ) (u), h ⟩ = ⟨π_{Hw} (∇_H J) (u), h⟩ and ( ∇_H0_w J ) (u) = π_{Hw} (∇_H J) (u). For u ∈ H_w define J(u) = 1 2 ∫ Ω (E^a_1 u + E^b_2u)^2 dΩ.

The iteration is now,

u^{k+1} = u^k − δ_k ( ∇_H0_w J ) (u^k)

where δ_k is given by the smallest positive real number that minimizes α(δ_k) = J ( u^k − δ_k (∇_{Hw} J) (u^k) ) . Setting α^′(δ_k) = 0 and solving yields the optimal step size,

δ_k = ‖ (∇_{Hw} J) (u^k)‖^2_{Hw} ⟨ (∇_{Hw} J)^2(u^k), (∇_{Hw} J) (u^k) ⟩ H_w .

3.1 Numerical Considerations

Subdivide Ω into n pieces along each axis. Order the grid starting in the lower left hand corner at (0, 0) so that u_{i,j} = u(^1_n (i − 1),^1_n (j − 1)).

Discrete versions of u, E_0(u), E^a_1 (u), and E^b_2(u) are subscripted as matrices, but are treated as vectors. Their definitions follow:

u = u_{1,1} u_{2,1} . . u_{n+1,n+1} , E^0(u) =

{E_0(u)}_{1,1} {E_0(u)}_{2,1} . . {E_0(u)}_{n+1,n+1} , E_w (u) =

E_0(u) E^a_1 (u) E^b_2(u) .

E_0 u_{1,1} u_{2,1} . . u_{n+1,n+1} i,j = 1 4 (u_{i,j} + u_{i+1,j} + u_{i,j+1} + u_{i+1,j+1})

E^a_1 u_{1,1} u_{2,1} . . u_{n+1,n+1} i,j = n 4 (a_{i,j} + a_{i+1,j} )(−u_{i,j} + u_{i+1,j} − u_{i,j+1} + u_{i+1,j+1})

E^b_2 u_{1,1} u_{2,1} . . u_{n+1,n+1} i,j = n 4 (b_{i,j} + b_{i,j+1})(−u_{i,j} − u_{i+1,j} + u_{i,j+1} + u_{i+1,j+1})

The discretized versions of the spaces L and H_w are ( ℜ^{(n+1)2} , ⟨·, ·⟩_L ) , and ( ℜ^{(n+1)2} , ⟨·, ·⟩_{Hw} ) where ⟨·, ·⟩_L denotes the Euclidean inner product and ⟨u, v⟩_{Hw} = ⟨E_0u, E_0v⟩_L + ⟨E^a_1 u, E^a_1 v⟩_L + ⟨ E^b_2u, E^b_2v ⟩ L . Discretizing our functional yields, J(u) = 1 2 ∫ Ω (au_x + bu_y)^2 dΩ = 1 2 ∫ Ω (E^a_1 u + E^b_2u)^2 dΩ

∼= 1 2n^2 n∑ i,j ({E^a_1 u}_{i,j} + {E^b_2u}_{i,j} )^2

The discrete analog to (∇_LJ) is ∇J = ∂J ∂u_{1,1} ∂J ∂u_{2,1} . ._{∂J} ∂u_{n+1,n+1} . Four summands from

our functional, J, contribute to^{∂J}_{∂up,q} . ∂J ∂up,q = 1 2n^2 ∂ ∂up,q { [ (E^a_1 u)_{p−1,q−1} + ( E^b_2 u ) p−1,q−1 ]_2

+ [ (E^a_1 u)_{p, q−1} + ( E^b_2u ) p, q−1 ]_2

+ [ (E^a_1 u)_{p−1,q} + ( E^b_2u ) p−1,q ]_2

+ [ (E^a_1 u)_{p, q} + ( E^b_2u ) p, q ]_2 }

= 1 n^2 {[ (E^a_1 u)_{p−1,q−1} + ( E^b_2u ) p−1,q−1 ][ n 4 (ap−1,q−1 + ap,q−1) + n 4 (bp−1,q−1 + bp−1,q ) ] + [ (E^a_1 u)_{p, q−1} + ( E^b_2u ) p, q−1 ][ − n 4 (ap,q−1 + ap+1,q−1) + n 4 (bp,q−1 + bp,q ) ] +

[ (E^a_1 u)_{p−1,q} + ( E^b_2u ) p−1,q ][ n 4 (ap−1,q + ap,q ) − n 4 (bp−1,q + bp−1,q+1) ] + [ (E^a_1 u)_{p−1,q} + ( E^b_2u ) p−1,q ][ − n 4 (ap,q + ap+1,q ) − n 4 (bp,q + bp,q+1) ] }

The two inner products are related by, ⟨u, v⟩_{Hw} = ⟨Au, v⟩_L where A = (E_0)^tE_0 + (E^a_1 )^tE^a_1 + (E^b_2)^tE^b_2.

The canonical perturbation space will be ℜ^{(n+1)2}_0 = { x ∈ ℜ^{(n+1)2} |Bx = 0 } where B is the linear operator representing our boundary conditions. Let π_{Hw} : ℜ^{(n+1)2} → ℜ^{(n+1)2}_0 denote the orthogonal projection under ⟨·, ·⟩_{Hw} and π_L : ℜ^{(n+1)2} → ℜ^{(n+1)2}_0 denote the orthogonal projection under ⟨·, ·⟩_{L.} Applying the Reisz Representation Theorem twice and using the self-adjoint property of projections repeatedly we have for every u ∈ ℜ^{(n+1)2} , h ∈ ℜ^{(n+1)2}_0 , ⟨π_L(∇J)(u), h⟩_L = ⟨(∇J)(u), π_Lh⟩_L = ⟨(∇J)(u), h⟩_L = J^′(u)(h) = ⟨(∇_{Hw} J) (u), h⟩_{Hw} = ⟨(∇_{Hw} J) (u), π_{Hw} h⟩_{Hw} = ⟨π_{Hw} (∇_{Hw} J) (u), h⟩_{Hw} = ⟨( ∇_H0_w J ) (u), h ⟩ H_w = ⟨ A ( ∇_H0_w J ) (u), h ⟩ L = ⟨ A ( ∇_H0_w J ) (u), π_Lh ⟩ L = ⟨ π_LA ( ∇_H0_w J ) (u), h ⟩ L Consequently, π_LA ( ∇_H0_w J ) (u) = π_L (∇_LJ) (u) is valid for every u ∈ ℜ^{(n+1)2} and provides a linear system allowing us to solve for ( ∇_H0_w J ) (u). Solving for x_{i,j} = {( ∇_H0_w J ) (u) } i,j indicates that x_{i,j} receives contributions from eight of the nine non-zero bands of A that correspond to the eight “neighbors” of x_{i,j} , (i.e.x_{i−1,j−1}, x_{i−1,j} , ..., x_{i+1,j+1}). We solve the system via SOR.

3.2 Results

The results in this section are for the equation, yu_x − xu_y = 0 u(x, x) = 2x^2 ∀ x ∈ I (3)

which has solution u(x, y) = x^2 + y^2. Tables 1 and 2 demonstrate two features of the algorithm. First observe the significant improvements in the obtainable

Table 1: Singular Partial Differential Equation

yu1 − xu2 = 0 u(x, x) = 2x^2 Grid = 10 × 10 Gradient Iterations Seconds Div. Dif. Err. Avg. Abs. Err. Max. Abs. Err.

L 3, 031 0 : 10 10^{−5} 10^{−4} 7.1 × 10^{−4} H 1, 315 0 : 18 10^{−5} 10^{−4} 6.6 × 10^{−4} Hw 25 0 : 1 10^{−4} 10^{−4} 4.2 × 10^{−4}

Table 2: Singular Partial Differential Equation

yu1 − xu2 = 0 u(x, x) = 2x^2 Grid = 50 × 50 Gradient Iterations Min:Sec Div. Dif. Err. Avg. Abs. Err. Max. Abs. Err.

L 46, 282 62 : 20 10^{−5} 10^{−4} 2.1 × 10^{−3} H 1, 334 10 : 23 10^{−4} 10^{−4} 2.1 × 10^{−3} Hw 25 5 : 04 10^{−4} 10^{−5} 7.6 × 10^{−4}

accuracy by utilizing the weighted steepest descent. Second observe that the results in Table 1 are based on a 10 x 10 grid and yet are representative of the results (except for run time) in Table 2 which are based on a 50 x 50 grid.

The three rows represent descent based on the Eucliden, the non-weighted and the weighted gradients respectively. The three columns represent the divided difference error, the average absolute error, and the maximum absolute error. If u represents the computed solution, then the divided difference error is given by,_n ∑ i,j |{E^a_1 u}_{i,j} + {E^b_2u}_{i,j} |/(n + 1)^2, while the average absolute error is given by, n∑ i,j |u_{i,j} − 2 1 n (i − 1) 1 n (j − 1)|/(n + 1)^2.

4 Conclusions

The algorithm gives good results on a small number of divisions making the algorithm a candidate for multi-grid methods.

Improvements to the algorithm as presented would be to incorporate multigrid techniques, appropriate SOR constants, and conjugate gradient technology.

A “C” code for the algorithm may be obtained from the author along with a Mathematica code for computation of the matrices involved.

Preliminary investigations indicate that the method extends to second order equations such as:

f(u) = λu + u^3 Ω = Cl(B[0, 1]) Δu + f(u) = 0 u|_{∂Ω} = 0. (4)

1. Adams, R. A.: Sobolev Spaces, Academic Press, 1975.

2. Cauchy, P. L.: Méthode générale pour la résolution des systemes d’équations simultanées, C. R. Acad. Sci. Paris, 25 (1847).

3. Canic, S. and Keyfitz, B. L.: An elliptic problem arising from the unsteady transonic small disturbance equation, J. of Differential Equations, to appear.

4. Dix, J. G. and McCabe, T. W.: On finding equilibria for isotropic hyperelastic materials, Nonlinear Analysis 15 (1990) 437-444.

5. Garza, J.: Using steepest descent to find energy-minimizing maps satisfying nonlinear constraints, Dissertation, University of North Texas (1994).

6. Hestenes, M. R.: Conjugate Direction Methods in Optimization, Springer- Verlag, New York, NY, 1980.

7. Kim, K.: Steepest descent for partial differential equations of mixed type, Dissertation, University of North Texas (1992).

8. Kufner, A.: Weighted Sobolev Spaces, John Wiley & Sons, New York, NY, 1985.

9. Luenberger, D. G.: Linear and Nonlinear Programming, Addison Wesley, Reading Massachusetts, 1989.

10. Mahavier, W. T.: A convergence result for discrete steepest descent in weighted Sobolev spaces, J. of Applied and Abstract Analysis, Vol. 2, No. 1-2. (1997) 67-72.

11. : A numerical method utilizing weighted Sobolev descent to solve singular differential equations, Nonlinear World, Vol 4, No. 4, (1997) 435-456.

12. : Solving boundary value problems numerically using steepest descent in Sobolev spaces, to appear, Missouri J. of Math. Sci.

13. Neuberger, J. W.: Steepest descent and differential equations, J. Math.

Soc. Japan, 37 (1985) 187-195.

14. : Sobolev Gradients and Differential Equations, Springer-Verlag, Lecture Notes in Mathematics, Vol. 1670 (1997).

15. Ortega, J. M., and Rheinboldt, W. C.: Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970.

16. Renka, R. J. and Neuberger, J. W: Minimal surfaces and Sobolev gradients, to appear, SIAM J. of Sci. Comput.

17. Richardson, W.: Sobolev preconditioning for the Poisson-Boltzman Equation, to appear, Computer Methods in Applied Mechanics and Engineering.

18. Schuchman, V.: On behavior of nonlinear differential equations in Hilbert space, Internat. J. of Math. Math. Sci., 11 (1988) 143-165.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 1999, pp. 51–57.

Submitted: July 19, 1998. Published: July 1 1999.

A MONOTONE CONVERGENCE THEOREM FOR NEWTON-LIKE METHODS USING HYPOTHESES ON DIVIDED DIFFERENCES OF ORDER TWO

Ioannis K. Argyros

Abstract. In this study we approximate a solution of a nonlinear operator equation on a partially ordered topological space by enclosing it by two monotonically convergent Newton-like sequences. In contrast to earlier results we use hypotheses on bilinear instead of on linear operators. This way we establish different sufficient convergence conditions for Newton-like methods than before. Hence, our results have theoretical and practical value.

1991 A.M.S. (MOS) Subject Classification Codes. 65J15, 47H17, 49D15.

Key Words and Phrases. Newton-like method, monotone convergence, partially ordered topological space, linear-bilinear operator.

1. Introduction

In this study we are concerned with the problem of approximating a solution x^∗ of the equation

(1) F (x) = 0,

where F is a nonlinear operator defined on a closed convex subset D of a partially ordered topological space E_1 (POTL-space) with values in a (POTL-space) E_2. We refer the reader to [5], [10] for definitions of the concepts introduced here.

So far Newton-like methods have been used to enclose monotonically x^∗, under hypotheses on linear operators (see (20) and (21)). For a survey of such results we refer the reader to [5].

Here, we provide new sufficient convergence conditions for the monotone convergence of Newton-like methods, but we use hypotheses on bilinear (see (3) and (4)) as well as linear operators. This way our convergence conditions differ from earlier ones [1]–[8], [10]. Hence, our results have theoretical and practical value.

Department of Mathematics, Cameron University, Lawton, OK 73505, U.S.A. E-mail Address: ioannisa@cameron.edu © 1999 Cameron University

Typeset by AMS-TEX 51

Theorem 1. Consider an operator F : D ⊂ E_1 → E_2, where E_1 is a regular POTLspace, and E_2 is a POTL-space. Let x_0, y_0, y_{−1} be three points of D such that (2) x_0 ≤ y_0 ≤ y_{−1}, [x_0, y_{−1}] ⊆ D, F (x_0) ≤ 0 ≤ F (y_0). Denote by D_1, D_2, D_3 the sets D_1 = {(x, y) ∈ E^2_1 ; x_0 ≤ x ≤ y ≤ y_0}, D_2 = {(z, y_{−1}) ∈ E^2_1 ; x_0 ≤ z ≤ y_0}, and D_3 = D_1 ∪ D_2.

Assume:

(a) operator F has nonnegative, symmetric, and continuous divided differences of order one and two, denoted by [x, y; F ] ∈ L(E_1, E_2) and [x, y, z; F ] ∈ L(E_1, L(E_1, E_2)) at the points (x, y) and (x, y, z) (x, y, z ∈ D_3) respectively;

(b) there exists operator A: D_3 → L(E_1, E_2) having a continuous nonsingular nonnegative left subinverse for all (x, y) ∈ D_3; and an operator B ∈ L(E_2, L(E_1, E_2)) such that (3) 0 ≤ B ≤ [x, y, z; F ] and (4) [y, z; F ] − B(z − x) − A(y, w) ≤ 0 for all x, y, z, w ∈ D_3 with x ≤ y ≤ z ≤ w. Then, there exist two sequences {x_n} (n ≥ 1), {y_n} (n ≥ 1), and two points x^∗, y^∗ ∈ E_2 such that for all n ≥ 0, and for A_n := A(y_n, y_{n−1}) (n ≥ 0): F (y_n) + A_n(y_{n+1} − y_n) = 0, (5) F (x_n) + A_n(x_{n+1} − x_n) = 0, (6) F (x_n) ≤ 0 ≤ F (y_n), (7)

(8) x_0 ≤ x_1 ≤ · · · ≤ x_n ≤ x_{n+1} ≤ y_{n+1} ≤ y_n ≤ · · · ≤ y_1 ≤ y_0, and (9) lim_{n→∞} x_n = x^∗, lim_{n→∞} y_n = y^∗,

with (10) x^∗ ≤ y^∗.

Moreover, if operators A_n (n ≥ 0) are inverse nonnegative, then any solution of the equation F (x) = 0 from the interval [x_0, y_0] belongs to the interval [x^∗, y^∗]. Proof. Let L_0 be a continuous nonsingular nonnegative left subinverse of A_0. Define operator P : [0, y_0 − x_0] → E_1 by (11) P (x) = x − L_0(F (x_0) + A_0(x)). 52

Since L_0, F and A_0 are continuous, so is operator P . From x ≤ y, and L_0A_0 ≤ I, we can get (I − L_0A_0)(y − x) ≥ 0, which shows P (x) ≤ P (y). That is operator P is also isotone. By (2) and (5) we have respectively:

P (0) = −L_0F (x_0) ≥ 0,

(12)

P (y_0 − x_0) = y_0 − x_0 − L_0F (y_0) + L_0(F (y_0) − F (x_0) − A_0(y_0 − x_0)).

But using (3) and (4), we get

F (y_0) − F (x_0) − A_0(y_0 − x_0)

(13) = F (y_0) − F (x_0) − [y_{−1}, y_0; F ](y_0 − x_0) + [y_{−1}, y_0; F ](y_0 − x_0) − A_0(y_0 − x_0) = ([x_0, y_0; F ] − [y_{−1}, y_0; F ])(y_0 − x_0) + ([y_{−1}, y_0] − A_0)(y_0 − x_0) = −([y_{−1}, y_0, x_0; F ] − B)(y_{−1} − x_0)(y_0 − x_0) + [[y_{−1}, y_0; F ] − A_0 − B(y_{−1} − x_0)] (y_0 − x_0) ≤ 0.

Approximation (12) because of (2) and (12) gives

P (y_0 − x_0) ≤ y_0 − x_0.

According to the famous Kantorovich theorem concerning fixed points on regular POTL-spaces [5], [6], operator P has a fixed point w ∈ [0, y_0 − x_0]. Set x_1 = x_0 + w to obtain

(14) F (x_0) + A_0(x_1 − x_0) = 0, x_0 ≤ x_1 ≤ y_0.

Using (5), (6) and (14) we obtain

F (x_1) = F (x_1) − F (x_0) − A_0(x_1 − x_0)

(15)

= ([x_0, x_1; F ] − A_0)(x_1 − x_0) = ([x_1, x_0; F ] − [y_0, x_1; F ])(x_1 − x_0) + ([x_1, y_0; F ] − A_0)(x_1 − x_0) = ([y_0, x_1, x_0; F ] − B)(x_0 − y_0)(x_1 − x_0)

+ [[x_1, y_0; F ] − A_0 − B(y_0 − x_0)] (x_1 − x_0) ≤ 0.

Similarly, we define operator Q: [0, y_0 − x_1] → E_1 by

Q(x) = x + L_0(F (y_0) − A_0(x)).

Arguing as above we conclude that Q is continuous and isotone.

By (2) and (6) we have respectively,

Q(0) = L_0F (y_0) ≥ 0,

(16)

Q(y_0 − x_1) = y_0 − x_1 + L_0F (x_1) + L_0(F (y_0) − F (x_1) − A_0(y_0 − x_1)). 53

But using (3) and (4) we get

F (y_0) − F (x_1) − A_0(y_0 − x_1) = [[y_0, x_1; F ] − [y_{−1}, y_0; F ]] (y_0 − x_1)

(17) + ([y_{−1}, y_0; F ] − A_0)(y_0 − x_1) = ([y_{−1}, y_0, x_1; F ] − B)(x_1 − y_{−1})(y_0 − x_1) + [[y_0, y_{−1}; F ] − A_0 − B(y_{−1} − x_1)] (y_0 − x_1) ≤ 0.

Using (2) and (16), approximation (17) gives

Q(y_0 − x_1) ≤ y_0 − x_1.

By Kantorovich’s theorem we deduce the existence of a point z ∈ [0, y_0 − x_1] such that z = Q(z). Set y_1 = y_0 − z to obtain

(18) F (y_0) + A_0(y_1 − y_0) = 0, x_1 ≤ y_1 ≤ y_0.

Using (18) and (9) we get

F (y_1) = F (y_1) − F (y_0) − A_0(y_1 − y_0)

(19) = ([y_0, y_1; F ] − A_0)(y_1 − y_0) = [y_{−1}, y_0, y_1; F ](y_1 − y_{−1})(y_1 − y_0) ≥ 0.

Proceeding by induction on n ≥ 0, we can show that there exist two sequences {x_n} (n ≥ 1) and {y_n} (n ≥ 1) satisfying (5)–(8), in a regular space E_1. It follows that there exist x^∗, y^∗ ∈ E_1 such that x^∗ = lim_{n→∞} x_n, and y^∗ = lim_{n→∞} y_n. We obviously have x^∗ ≤ y^∗.

If x_0 ≤ u ≤ y_0 and F (u) = 0, we can have

A_0(y_1 − u) = A_0(y_0) − F (y_0) − A_0(u) = A_0(y_0 − u) − (F (y_0) − F (u)) = [[y_0, y_{−1}; F ] − [u, y_0; F ]] (y_0 − u) = [u, y_0, y_{−1}; F ](y_{−1} − u)(y_0 − u) ≥ 0, and A_0(x_1 − u) = A_0(x_0) − F (x_0) − A_0(u) = A_0(x_0 − u) − (F (x_0) − F (u)) = [([y_0, y_{−1}; F ] − [y_0, x_0; F ]) + ([y_0, x_0; F ] − [x_0, u; F ])] (x_0 − u) = [[x_0, y_0, y_{−1}; F ](y_{−1} − x_0) + [u, x_0, y_0; F ](y_0 − u)] (x_0 − u) ≤ 0.

Hence, if operator A_0 is inverse nonnegative it follows x_1 ≤ u ≤ y_1. Proceeding by induction, we deduce x_n ≤ u ≤ y_n (n ≥ 0). Hence, we conclude, x^∗ ≤ u ≤ y^∗.

That completes the proof of the Theorem. □ Remark 1. A possible choice for operator B can be B = [x, y, z; F ], in which case (3) is satisfied, whereas (4) can give [y, z; F ] ≤ [x, y, z; F ](z − x) + A(y, w) = [y, z; F ] − [x, y; F ] + A(y, w), 54

or (20) [x, y; F ] ≤ A(y, w). In the special case, when A(y, w) = [y, w; F ] (y, w ∈ D_3) (secant method), it follows from (20) that (4) is satisfied if

(21) [x, y; F ] ≤ [w, y; F ] for all x, y, w ∈ D_1 with x ≤ y ≤ w.

Monotone convergence results have been proved in [1]–[8], [10] for Newton-like methods based on the assumption [x, y; F ] ≤ A(w, z) for all (x, y), (y, w) ∈ D_1, (w, z) ∈ D_3, which is condition (20), in this case.

Natural conditions and their proofs under which the points x^∗ and y^∗ are solutions of the equation F (x) = 0 can be found in [1]–[8], [10]. However, here for completion we list some of them.

Proposition. Assume:

(a) hypotheses of Theorem 1 hold; (b) operator F is continuous at x^∗ and y^∗. If, one of the following conditions hold: (i) x^∗ = y^∗, (ii) E_1 is normal and there exists an operator H: E_1 → E_2, with H(0) = 0 having an isotone continuous inverse at the origin such that A_n ≤ H for sufficiently large n; (iii) operators A_n (n ≥ 0) are equicontinuous;

(iv) E_2 is normal and there exists an operator G: E_1 → E_2 with G(0) = 0, continuous at the origin with A_n ≤ G for sufficiently large n.

Then, we deduce F (x^∗) = F (y^∗) = 0.

The regularity of the space E_1 assumed in Theorem 1 is essentially used to show sequences {x_n}, {y_n} (n ≥ 0) are well defined and convergence can be dropped. Instead of iterative procedure (5)–(6) consider the explicit form of it

y_{n+1} = y_n − L_nF (y_n), (n ≥ 0),

(22) x_{n+1} = x_n − L^′_nF (x_n), (n ≥ 0),

(23)

where L_n and L^′_n are nonnegative subinverses of A_n (n ≥ 0). By dropping the regularity assumption on E_1 we cannot prove convergence. However, we can prove in the theorem that follows that for any solution u ∈ [x_0, y_0] of equation F (u) = 0, the following enclosure estimates hold for all n ≥ 0:

x_n ≤ x_{n+1} ≤ u ≤ y_{n+1} ≤ y_n (n ≥ 0).

Such a result is important in cases where the existence of the solution can be proved by other means and we just want to enclose it monotonically [1], [2]–[5], [7]. 55

Theorem 2. Let F : D ⊆ E_1 → E_2 be an operator between two POL-spaces E_1 and E_2. Assume:

(a) there exist points x_0, y_0, y_{−1} ∈ D satisfying (2); (b) hypotheses (a) of Theorem 1 hold;

(c) define D_1, D_2, D_3 by Theorem 1 and assume there exists an operator A: D_3 → L(E_1, E_2) having a nonnegative subinverse for any (v, w) ∈ D_3; and an operator B ∈ L(E_1, L(E_1, E_2)) such that hypotheses (3) and (4) hold.

Then, iterative algorithm (22)–(23) generates two sequences having properties (5)–(18).

Moreover for any solution u ∈ [x_0, y_0] of the equation F (x) = 0, we have

(24) x_n ≤ u ≤ y_n (n ≥ 0).

Proof. We show that (24) is true using induction on n ≥ 0. First for n = 0, we have x_0 ≤ y_0, F (x_0) ≤ 0 ≤ F (y_0),

L_0 ≥ 0, L^′_0 ≥ 0, I ≥ A_0L_0, I ≥ L_0A_0,

(25) I ≥ A_0L^′_0, and I ≥ L^′_0A_0.

We can write in turn

y_0 − y_1 = L_0F (y_0) ≥ 0, y_1 − x_0 = y_0 − x_0 − L_0F (y_0) ≥ y_0 − x_0 − L_0(F (y_0) − F (x_0)) ≥ L_0(A_0(y_0 − x_0) − (F (y_0) − F (x_0))) ≥ 0, (by (13)), x_1 − x_0 = −L^′_0F (x_0) ≥ 0, y_0 − x_1 = y_0 − x_0 + L^′_0F (x_0) ≥ y_0 − x_0 − L^′_0(F (y_0) − F (x_0)) ≥ L^′_0[A_0(y_0 − x_0) − (F (y_0) − F (x_0))] ≥ 0, (by (13)).

That is points x_1, y_1 ∈ [x_0, y_0]. Moreover using (3), (4), (22), (23), (25) and the proof of Theorem 1 we can also have in turn

F (y_1) = F (y_1) + A_0(y_0 − y_1 − L_0F (y_0)) = F (y_1) − A_0L_0F (y_0) + A_0(y_0 − y_1) ≥ F (y_1) − F (y_0) + A_0(y_0 − y_1) ≥ 0, (by (19)), F (x_1) = F (x_1) − A_0(x_1 − x_0 + L^′_0F (x_0)) = F (x_1) − A_0L^′_0F (x_0) − A_0(x_1 − x_0) ≤ F (x_1) − F (x_0) − A_0(x_1 − x_0) ≤ 0, (by (15)), y_1 − x_1 ≥ y_1 − x_1 + L_0F (x_1) = y_0 − x_1 − L_0(F (y_0) − F (x_1))

≥ L_0(A_0(y_0 − x_1) − (F (y_0) − F (x_1)) ≥ 0, (by (19)).

Hence, we obtain x_0 ≤ x_1 ≤ y_1 ≤ y_0, and F (x_1) ≤ 0 ≤ F (y_1).

Let u ∈ [x_0, y_0] with F (u) = 0. We get

y_1 − u = y_0 − u − L_0F (y_0) + L_0F (u) ≥ L_0(A_0(y_0 − u) − (F (y_0) − F (u))) ≥ 0, u − x_1 = u − x_0 + L^′_0F (x_0) − L^′_0F (u) ≥ L^′_0(A_0(u − x_0) − (F (u) − F (x_0)) ≥ 0. 56

That is, we get x_1 ≤ u ≤ y_1. Proceeding by induction it follows that x_n ≤ u ≤ y_n.

That completes the proof of the Theorem. □ We state the following proposition for completion whose proof can be found in [5], [7], [10].

Proposition 2. Under the hypotheses of Theorem 2, assume:

(a) E_2 is a POTL-space and E_1 is a normal POTL-space; (b) lim_{n→∞} x_n = x^∗, and lim_{n→∞} y_n = y^∗; (c) F is continuous at x^∗ and y^∗, and (d) there exist two continuous, nonnegative, nonsingular operators L and L^′ such that L_n ≥ L and L^′_n ≥ L^′ for sufficiently large n. Then, we deduce F (x^∗) = F (y^∗) = 0.

REFERENCES

[1] Alefeld, G., Monotone regula-falsi-ähnliche verfahren bei nichtkonvexen operator gleichungen, Beiträge zur Numerischen Mathematik 8 (1980), 15–39.

[2] Argyros, I.K. and Szidarovszky, F., Comparison theorems for algorithmic models, Appl. Math. Comp. 40, 2 (1990), 179–187.

[3] Argyros, I.K. and Szidarovszky, F., On time dependent multistep dynamic processes with set valued iteration functions on partially ordered topological spaces, Bull. Austral. Math. Soc. 14 (1991), 51–61.

[4] Argyros, I.K. and Szidarovszky, F., Convergence of general iteration schemes, J. Math. Anal. Applic. 168, 1 (1992), 42–62.

[5] Argyros, I.K. and Szidarovszky, F., The Theory and Applications of Iteration Methods, CRC Press, Inc. Boca Raton, Florida, U.S.A., 1993.

[6] Krasnosel’skii, M.A., Positive Solution of Operator Equations, Noordhoff, Groningen, 1964.

[7] Potra, F.A., Newton like methods with monotone convergence for solving nonlinear operator equations, Nonlinear Analysis, Th. Meth. Applic. 11, 6 (1987), 697–717.

[8] Potra, F.A., On a monotone Newton-like method, Computing 39 (1987), 233–246.

[9] Potra, F.A. and Ptǎk, V., Nondiscrete induction and iterative processes, Research Notes in Mathematics, 103, Pitman Publ., Boston, 1984.

[10] Vandergraft, J.S. Newton’s method for convex operators in partially ordered spaces, SIAM J. Numer. Anal. 4 (1967), 402–432.

Information for Authors cont.

Copyright. Authors will be asked, upon acceptance of an article, to transfer copyright of the article to the publisher. This will ensure the widest possible dissemination of information under copyright laws. Preprints are available via web page at http://rattler.cameron.edu/SWJPAM. Authorization to copy is granted provided that the SWJPAM copyright symbol is not removed.

Tables. Tables must be numbered consecutively with roman numerals and have titles. They should be prepared in such a manner that no break is necessary.

Figures. All graphs and diagrams should be referred to as ‘figure’ (not abbreviated) in the text. A detailed caption should be provided for each figure, and figures should be numbered consecutively.

Footnotes. The use of footnotes should be minimized.

Notification. The author will be notified of the posting of his/her work and the time of release for SWJPAM.

References. References should be listed at the end of each paper. They should be numbered consecutively using arabic numbers between square brackets in the text. In the list of references, the numbers should appear without square brackets. A journal reference should comprise of name(s) and initial(s) of author(s), title of article, abbreviated name of journal (following the style of ‘Abbreviations of Names of Serials reviewed in Mathematical Reviews’), volume number, year of publication (within parentheses), and full page numbers, e.g.

1. Argyros, I.K. and Szidarovszky, F.: On the Monotone Convergence of Algorithmic Models, Appl. Math. Com. 48, (1992), 167–176.

A book reference should comprise of name(s) and initial(s) of author(s), title of book, publisher, town, year of publication, e.g.

11. Ortega, J.M. and Rheinboldt, W.C.: Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970

An edited volume reference should comprise of name(s) and initial(s) of author(s), title of paper, name(s) of editor(s), title of book, publisher, town, year, inclusive page numbers, e.g.

12. Prenter, P.: On Polynomial Operators and Equations, L.B. Rall (ed), Computational Solution of nonlinear operator equations, Johy Wiley Publisher, New York, 1971, pp. 361–398.

Indexing and Abstracting services. Articles published in SWJPAM are selectively indexed or abstracted in: Mathematical Reviews of A.M.S., Zentralblatt für Mathematik, European Mathematical Society (EMIS).