Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 July 1998, pp. 56 – 63 Submitted: November 10, 1998. Published: July 31, 1998

Helly property associated with the discrete planes.

A. Bretto and B. Laget

Abstract

Discrete planes are basic concepts in discrete geometry and digital topology. In this note we introduce a discrete version of the Helly theorem, and we show that only 8-connected grids have the Helly property.

AMS subject classification: A. M. S. (MOS) Subject Classification Codes 05, 94.

Keywords: Digital topology; discrete geometry; hypergraph; Helly property; grids graph.

Université Jean Monnet Equipe d’ingénierie de la vision (UMR 5512 ) Groupe de Combinatoire et Traitement d’Images. Site G.I.A.T Industries 3, rue Javelin Pagnon BP 505 42007 Saint-Etienne cedex 1 FRANCE E-mail: bretto@univ-st-etienne.fr

Copyright © 1998 by Cameron University

Figure 1: Example of a graph

1 Introduction

The growth of computer sciences has highlighted discrete mathematics. Discrete geometry and digital topology which are derived from classical mathematical fields, are the focus of much research works. These fields are crucial to image analysis. One major concept of discrete geometry and digital topology is the notion of grid graph or discrete plane. In this note we associate the helly property with these planes.

2 Preliminaries

2.1 Graph

Recall that a graph is a couple G = (V ; E), where V is a set of elements called vertices, and E is a set of unordered pairs of members of V called edges. Two vertices are adjacent if they are linked by an edge.

Given a graph G, we denote by Γ(x) the neighborhood of a vertex x, i. e. the set formed by all vertices adjacent to x is defined by: Γ(x) = {y ∈ V, {x, y} ∈ E} Figure 1 is an example of a graph.

The number of neighborhood vertices x is the degree of x , (denoted by dx). If dx is constant, the graph is called regular. A graph is loopless if it does not contain an edge of type (x, x).

A chain in a graph is a sequence of distinct vertices (v_1, v_2, . . . v_p) linked by an edge. A cycle is a chain such as the first vertex and the last vertex are the same. We note a cycle with the length equal to n, C_n.

A graph is connected if any pair of vertices is linked by a chain. A cycle is centered if there exists a vertex adjacent to all the vertices from the cycle.

A sun S_3 is a graph with six vertices a_1, a_2, a_3, b_1, b_2, b_3 such that :

Figure 2: Representation of the hypergraph. In this example we have S the set of vertices with S = {x_1, x_2, x_3, x_4, x_5, x_6, x_7, x_8, x_9}. The set of hyperedges is E with E ={ E_1 = {x_1, x_2, x_5, x_9}, E_2 = {x_2, x_3, x_4}, E_3 = {x_2, x_7}, E_4 = {x_5, x_6, x_7, x_8, x_9}}, the star centered on x_2 is H(x_2) = {E_1, E_2, E_3}, with degree dx_2 = 3 and the star centered on x_4 is H(x_4) = {E_2}, with degree dx_4 = 1.

• a_1, a_2, a_3, a_1 is a cycle.

• b_i has only two neighbors a_i et a_{i+1} (i mod 3)

Figure 4 shows a cycle C_4 and a sun S_3.

2.2 Hypergraph

A hypergraph H on a set S is a family (E_i)_{i∈I} of non-empty subsets of S called hyperedges with: ⋃ i∈I E_i = S

∀i ∈ I I = {1, 2, . . . , n} n ∈ N Let us note :

H = (S; (E_i)_{i∈I} )

One calls n-family any sub-family from (E_i)_{i∈I} with n edges. For x ∈ S, a star of H (with center x) is the set of hyperedges which contains x, and is called H(x). The degree of x is the cardinality of the star H(x) denoted by : dx = card(H(x)). We can represent a hypergraph by the figure 2.

A hypergraph has the Helly property if each family of hyperedges intersecting two by two (intersecting family) has a non-empty intersection (belonging to a star).

Figure 3 shows two examples of intersecting hyperedges : • Fig. 3(a) : A family of three hyperedges intersecting two by two with a non-empty intersection • Fig. 3(b) : A family of three hyperedges intersecting two by two with an empty intersection

(a) star (b) triangle

Figure 3: Suppose that the hypergraphs have only three hyperedges, then the first hypergraph has the Helly property.

Remark. A loopless graph with no isolated vertex is therefore a particular hypergraph with every hyperedge having cardinality 2.

A hypergraph is regular if any edge has the same cardinality.

2.2.1 Neighborhood hypergraph Given a graph G, the hypergraph having the vertices of G as vertices and the neighborhood of these vertices as hyperedges (including these vertices), is called the neighborhood hypergraph of G. To each graph we can associate a neighborhood hypergraph:

H_G = (S, (E_x = {x} ∪ Γ(x))) The neighborhood hypergraph associated with the example in figure 1 is: S = {x_1, x_2, x_3, x_4, }

E_{x1} = {x_1, x_2}, E_{x2} = {x_1, x_2, x_3, x_4},

E_{x3} = {x_2, x_3, x_4}, E_{x4} = {x_2, x_3, x_4}

A discrete plane (resp a grid graph) is a loopless regular connected graph such that :

The vertices are the points of a regular lattice X from R^2 which can be either square or triangular or hexagonal.

The set of edges is generated thanks to classical distances :

d_1(x, y) = |x_1 − y_1| + |x_2 − y_2|

d_∞(x, y) = max{|x_1 − y_1|, |x_2 − y_2|} and d_2(x, y) = ((x_1 − y_1)^2 + (x_2 − y_2)^2)^{12}

On a square lattice the grid associated with d_1 (resp d_∞) is the 4-connected grid (resp 8-connected grid), one notes it Γ^4 (resp Γ^8). On a triangular lattice the grid associated with d_2 is the 6-connected grid, one note it Γ^6. On an hexagonal lattice one defines the 3-connected grid thanks to d_2, which is noted by Γ^3.

Generally the grid is defined by :

Γ(x) = {y ∈ X, d(x, y) = 1}

On a grid, one defines the neighborhood graph (or neighborhood relation) in this way:

Γ_p(x) = {y ∈ X, 1 ≤ d(x, y) ≤ p(x)}

where p is a mapping from X in N^∗ which gives the size of the neighborhood of x. This graph leads to the following neighborhood hypergraph:

H_{Γp} = (X, ({x} ∪ Γ_p(x)))

If p(x) is a constant n, the hypergraph is uniform, it is noted by:

H_n = (X, (E_x = {x} ∪ Γ_n(x)))

3 Grid graph and Helly property

Theorem 1. Let H_{Γp} be a neighborhood hypergraph associated with a discrete plane.

H_{Γp} has the Helly property if and only if the discrete plane is an 8-connected grid.

Proof. The condition is sufficient. Indeed we will prove the following lemma:

Lemma 1. The neighborhood hypergraphs associated with the grid Γ^8 have the Helly property.

Proof. Let (E_i)_{i∈I} be an intersecting n-family, and (x_i, y_i) the coordinates of the vertex i which is the generator of E_i. The relation E_i ∩ E_j ≠ ∅ can be expressed in the following way:

|x_i − x_j | ≤ p_i + p_j and |y_i − y_j | ≤ p_i + p_j with p(x_i, y_i) = p_i et p(x_j , y_j ) = p_j . The first inequality implies that : x_i − p_i ≤ x_j + p_j ∀ i, j ∈ I consequently

x^− = Max(x_i − p_i) ≤ Min(x_j + p_j ) = x^+

In the same way, we have:

y^− = Max(y_i − p_i) ≤ Min(y_j + p_j ) = y^+

The result comes from the equality: ⋂ i∈I E_i = {(x, y), x^− ≤ x ≤ x^+ et y^− ≤ x ≤ y^+}

To prove that the condition is necessary , it is sufficient to show that the uniform hypergraphs associated with the grid different from Γ^8 do not have the Helly property. Indeed it is sufficient to find a configuration of edges which does not verify the Helly property and to vary the size of the edges from the configuration.

Let H be a neighborhood hypergraph associated with a graph. If this graph contains either a no centered cycle with a length equal to four, five, six, or a non-centered sun S_3, obviously the neighborhood hypergraph does not have the Helly property. Figure 4 gives two examples from C_4 and S_3.

Lemma 2. The hypergraphs associated with the grid Γ^4 do not have the Helly property.

Proof. Now we will show that there exists an intersecting 4-family which is not a star. To do this, one builts four rectangular triangles on the grid by the following algorithm

• Let (x, a, u) be a rectangular triangle such that d_1(x, a) = n−1 , d_1(a, u) = n, from the Montanari theorem [6] d_1(x, u) = 2n − 1

Figure 4: In the first figure we have H_{C4} = {E_{x1} = {x1, x2, x4}; E_{x2} = {x1, x2, x3}; E_{x3} = {x3, x2, x4}; E_{x4} = {x4, x1, x3}. These edges intersecte two by two but ⋂_{i=4} i=1 E_{xi} = ∅. Second figure shows a S_3, we have ⋂_{i=3} i=1 E_{ai} = ∅ but these edges intersecte two by two.

• Let (u, b, v) be a rectangular triangle such that d_1(u, b) = n−1 , d_1(b, v) = n, one has d_1(u, v) = 2n − 1

• Let (v, c, w) be a rectangular triangle such that d_1(v, c) = n−1 , d_1(c, w) = n, one has d_1(v, w) = 2n − 1

• Let (w, d, x) be a rectangular triangle such that d_1(w, d) = n−1 , d_1(d, x) = n, one has d_1(w, x) = 2n − 1

Consequently, one obtains a cycle (x, u, v, w, x) with a length equal to four which is not centered, so the family has an empty intersection.

Lemma 3. The neighborhood relation Γ_n associated with the grid Γ^6 contains a sun S_3 which is not centered. So, H_n the neighborhood hypergraph associated with this grid does not verify the Helly property.

Proof. Let a_1, a_2, a_3 be three vertices with: d_2(a_i, a_{i+1}) = 2n (i = 0, 1, 2 mod 3), such that these vertices form an equilateral triangle (this triangle exists because it is the union of equilateral unity triangles). 2n being even, there exists a vertex b_i between a_i and b_i such that: d_2(a_i, b_i) = d_2(b_i, a_{i+1}) = n, so a_i is adjacent to b_i which is adjacent to a_{i+1}. Moreover, since d_2(a_i, b_i) = d_2(b_{i−1}, a_i) = n, and since the b_i are the middle of the sides of the equilateral triangle , one has : d_2(b_ib_{i+1}) = n (i = 0, 1, 2 mod 3). From this algorithm, one obtains a no centered sun S_3, thanks to : a_1, a_2, a_3, b_1, b_2, b_3.

Lemma 4. Let H_n be a hypergraph associated with the grid Γ^3:

• n = 1, Γ_n contains a non-centered cycle with a length equal to six. We note C_6.

• n ≥ 2, Γ_n a non-centered sun S_3.

The hypergraphs H_n do not have the Helly property.

Proof. If n = 1 : it is obvious.

Suppose n ≥ 2 : Let x be a vertex, a_1, a_2, a_3, the vertices such that d_2(x, a_1) = 1, d_2(x, a_2) = 1, d_2(x, a_3) = 1. The three vertices a_1, a_2, a_3 form a cycle C_3 centered in x. Let a_i, a_{i+1} (mod3), there exists a vertex b_i such that d_2(b_i, a_i) = n and d_2(b_i, a_{i+1}) = n.

One obtains a cycle (a_1 a_2 a_3 b_1 b_2 b_3) with : (a_1 a_2 a_3) which is a cycle C_3, b_i is only adjacent to a_i and a_{i+1}. So (a_1 a_2 a_3 b_1 b_2 b_3) form a non-centered sun S_3

4 Conclusion

The main applications of discrete geometry and digital topology are in the image analysis and the pattern recognition. The introduction of the Helly property in image processing allows both to generalize the region growing segmentation [3], [1] and to give a new class of image filters [2].

References

[1] A. Bretto, J. Azema, H. Cherifi and B. Laget Combinatoric and image processing. CVGIP:Graphical Model and Image Processing. Vol. 59, No. 5,(1997), September.

[2] A. Bretto and H. Cherifi A noise cancellation algorithm based on hypergraph modelling IEEE Workshop on Digital Signal Processing Loen, Norway Sept 1-4, (1996) 5-8.

[3] Bretto A. Ubéda S. Hypergraph model of digital topology for grey level images D. G. C. I. in Lecture Notes in Computer Sciences 1176 Springer- Verlag, (1996) 211-223.

[4] Didier M. Personal Communications C. E. L. Université de Montpellier II. [5] Kovalevsky V. A. ”Finite Topology as Applied to Image Processing.” Computer Vision Graphics, and Image Processing 46, (1989) 141-161.

[6] Montanari U. A note on minimal length polygonal approximation to a digitalized contour Comm. ACM, 13(1), (1970), 41-47

[7] A. Rosenfeld Digital Image Processing. Academic press (1982).

[8] Voss K. Discrete Images, Object and Functions in Z^n Algorithms and Combinatorics Springer Verlag, (1990).