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O TOYKAX BETBJIEHUSI OTOBPAXKEHIW
C HEOTPAHNYEHHOW XAPAKTEPUCTUKOW
KBA3VKOH®OPMHOCTW

E. A. CeBocThbHOB

AnHOoTanusi. V3y4daroTcs B3aUMOCBS3U MEXK/Iy BEJIMYUHON, XapaKTepUusyIlleil Mepy
HMCKaKEHUsI CEMENCTB KPUBBIX IPHU 33JaHHOM OTOOParKEHUU, ¥ CTPYKTYPOH MHOXKECTBA
TOYEK BETBJIEHUsI 3TOr0 oTobpakeHusi. llpm m > 3 ycraHOBJIEHO, YTO 0Opa3 MHOXKe-
CTBa TOYEK BETBJIEHUsI OTKPBITOrO JUCKPETHOIO OTOOParKeHMsl, MMEIOIIEro U30JIMPOBAH-
HYIO CYIIIECTBEHHO OCOOYIO TOYKY, SIBJISIETCS HEODAHWYEHHBIM MHOXKeCTBOM B R mipm
YCJIOBHY, 9TO yKa3aHHOE OTOOParKeHUe yI0BJIETBOPSIET OIPE/IEIEHHBIM I'€OMETPHYECKUM
YCJIOBUSIM, OTBEYAIONIUM 33 KOHTPOJIb UCKAXKEHUsI KOHIIEHTPUYECKUX KOJIEIl, IEHTPUPO-
BAHHBIX B 9TOIl TOYKE.

KuarouyeBbie ciioBa: 0TOOparkeHHe C OrPAHUYEHHBIM HCKaXKEeHUEeM, OTOOparkeHue ¢ KO-
HEYHBIM UCKAXKEHUEM, MOJYJIb CEMENCTBA KPUBBIX.

1. BBenenue

Bcrony pmanee D — oburacts B R™, n > 2, m — mepa Jlebera R™, sanuce f : D —
R™ mpeanostaraer, uro orobpaxkenue f, 3amannoe B objactu D, HenpepriBrO. Kak
00braHO, mieMm f € Wé: (D), eciu Bee koopaunarubie byukimn f = (f1,..., fn)
061812107 060OIIEHHBIMI YaCTHBIMU [TPOU3BOIHBIME IIEPBOTO MOPSIIKA, KOTOPbIE JIO-
KaJIbHO mHTerpupyeMbl B D B crenienn n. Otobpaxenue f : D — R"™ mazbBaercs
duckpemmnim, ecin poobpas f~1(y) kaxoit Toukn y € R™ cocTouT M3 M30/MPO-
BAHHBIX TOYEK, U OMKEPHIMbLM, €CJIU 00pa3 JI00ro OTKphITOro Muoxkecrsa U C D
SIBJISIETCsT OTKPBITHIM MHO)KecTBoM B R™. HamomuuMm, uto orobpaxkenue f : D — R”
HA3BIBAETCS 0MOOPANCEHUEM C 02PAHUMEHHBIM UCKAHCEHUEM, €CJTU BBITIOTHEHBI CJIe-
JIYIOIINE YCJIOBUS:

1) fe Wli’: )

2) axobuan J(z, f) orobpaxkenus f B TOouke x € D coxpaHser 3HAK IOYTH
Bcioay B D,

3) || f (@)™ < K|J(z, f)| npu nourn Bcex x € D ¢ HEKOTOPOIl HOCTOSHHOM
K < oo, tne, kak obprano, ||f'(z)|| := sup  |f'(z)h| (em., manpumep, [1, rr. I,

heR™:|h|=1
§ 3] smbo [2, ri. I, pasx. 2, oupenenenne 2.1]).

HauaJjio mHTEeHCUBHBIX UCCJIeI0BaHUIl IPOCTPAHCTBEHHBIX 0TOOPaXKEHUI ¢ orpa-
HUYeHHBIM ucKaxkenneM noJtozkeHo 0. I'. Pemmerasikom. B ero paborax, B wacTHOCTH,
JIOKa3aHbl OTKPBITOCTh U JUCKPETHOCTH OTOOparKeHuil f ¢ OrpaHMYeHHBIM HCKaYKe-
auem (cm. |1, ro. 11, §6, Teopemsr 6.3, 6.4]), a TakKe HempepBIBHOCTH f, KOTOpast
PsIMO CJielyeT u3 ycyoBuii 1-3 6e3 COOTBETCTBYIOIIEI0 N3HAYAIBHOTO IIPE/IITOJIONKE-
HUsl 0 Hell (cM., HanpuMep, [3, Teopema 1]). B koHTekcTe mccie0BaHMil, TPOBOIU-
MBIX B HACTOsIIEHl paboTe, HEMAJIOBAYKHO MOJYEPKHYTh, UYTO KayKJI0€ OTOOparkeHue
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C OrpaHMYEHHBIM HCKaxkeHueM yiopserBopsier HepaBeHcTBy E. A. Iosenkoro (cm.
[4, §4, Teopema 1]), a mmenno, ecom f : D — R™ — oTo6GpakeHne ¢ OrpaHUIEHHBIM
HCKAXKEHUEM, TO

M(f(I) <K' M(T) (1)
JJIsT TPOM3BOJIBHOTO ceMeficTBa I KpuBbIX v B obmactu D, rne M — KoHMOPMHBI
MOJLY/Ib CeMefiCTBa KPUBBIX (BHEIIHSAS Mepa, OlpPeeIeHHasd Ha CeMeHCTBaX KPUBBIX
B R"), a K’ < oo — Hekoropas nocrosiHaasi (cM. Takxke [2, i II, pasm. 8, reo-
pema 8.1]). 3uech u masiee kKpuol 7y Mbl HA3BIBAEM HEIPEPLIBHOE OTOOPAKEHUE
orpeska [a,b| (6o orkperToro maTepBana (a,b)) B R, v : [a,b] — R™. Tlox ce-
MeMCTBOM KPUBBIX |’ mojpa3yMeBaeTcsi HEKOTOPBIN (DUKCUPOBAHHDBIN HAOOP KPUBBIX
v, a f(T) = {fovy | v € I'}. UszonuposanHasi TouKa gy rpanuisl D obmactu
D C R" nazwbiBaercs cyujecmserto ocoboti mowkot orobpaxenus f : D — R™, ecim
npu * — Ty oTOOpakeHwe [ He MMeeT HM KOHEYHOTO, HU OECKOHEYHOTO IIPEJIEIa.
Hanmomumwm, aro yg € D — mouka semeaenus orobpakenusi f : D — R™, ecnu Hu
B OnHON oKpecTHOCTH U TOUKHM Yo CyzKeHHMe oToOparkeHUsl f|y HE sIBIISIETCSI TOMEO-
MopdusmoMm. COBOKYITHOCTb BCEX TOYEK BETBJEHH: f NPUHSATO 0DO3HAYMATH Uepe3
By. B dynnamenransuoit pabore [5] (cM. coorsercTBeHHO crencTsus 3.16 u 3.17)
JTIOKA3aHBI CJIEAYIONINE YTBEPK ICHUS.

Vreepxkaenne 1. Ilyctb n > 3 u f : D\ {zg} — R™ — orobpakenue c
OrpaHHICHHBIM HCKAa’KeHHeM, HMEIOIee CyIeCTBEHHO 0cobyio ToUKy xo € D. Torma
MHO«KecTBO f(By) sB/IsIeTCss HeOrpaHHIeHHBIM MHOXKeCTBOM B R™.

YrBepxkaenue 2. IIyctrb n > 3 u f : D\ {zg} — R™ — orobpazxkenue c
OrpaHHYEHHBIM HCKaXKEHHEM, HMEIOIIlee CYIIIeCTBEHHO 0cobyro TouKy xog € D. Torma
xo OPHHA/JIEXKUT 3aMbIKAHUIO MHOXKECTBa B, T. e. g € By.

3uech u masee 3aMbikanne A muoxkectsa A C R™ HOHMMAaeTCS OTHOCHTEIBHO
pacrmmpenHoro mpoctpancTBa R = R™ U {oo}. OTMeTnM, 9TO IPH J0Ka3aTeIbCTBe
yTBEpKIeHU 1 1 2 OCHOBHBIM UCIOJIB3YEMBIM B [5] CBOHCTBOM SIBJISIETCSI COOTHOIIIE-
uue (1), B To BpeMsi KaK HU OJIHO MX CBOHCTB 1-3, BXOJAIINX B ONpeiesieHne 0oToopa-
JKeHUil ¢ OrpaHNYEHHBLIM MCKAaYKEeHNeM, SIBHO He MCIoJb3yercsa. Kak OyIeT moka3aHo
B HACTOAIEH paboTe JyIs CIpaBelyIMBOCTH IPUBEIEHHBIX BBIIE YTBEPXKIeHnH 1 n 2,
naxke ycsiopue Buia (1) sIBIgeTCs CIMIIKOM CHJIBHBIM, IIPUYEM BOIPOC O Mepe ero
JAJILHENTIIEr0 OCTabIeHnsT TaKKe 00CYKIaeTCs B CTaThe.

OcHoOBHasI IIeJIh HACTOsAIIEH paboThl — MOKa3aTh, YTO yTBepxKaeHus 1 u 2 ocra-
JOTCS CIPABEJIMBLIMHA JIJIT HEKOTOPOTO 00Jiee IMUPOKOTO KJacca OToOpaskeHuit f u
TOJIBKO JIjIs1 Hero. TouHee, MbI KOHCTATHPYEM, UTO 34 CIIPABEJINBOCTD TPUBEIEHHBIX
BBIIIE YTBEPXKJIEHUI OTBEYAET HEKOE YCJOBHE YHCTO T€OMETPUIECKOTO XapaKTepa,
BBIPaKAIOIIEECsT TOCPEICTBOM UCKAKEHUST MOJLYJIsl CEMEICTB KPUBBIX IIPUA OTOOParKe-
HuK f; COOCTBEHHO YKe OlpejlesleHre 0TOOparsKeHUsl ¢ OrPaHUYCHHBIM HCKAsKeHHeM,
PaBHO Kak ¥ CBOHCTBO Buja (1), BBIOJIHEHHOE ¢ HEKOTOPOH mocTosiHHol K/ < 00,
HE WI'paloT 3/1eCh 3HAYMMON posu. IIpmHUMAast 3a OCHOBY CKa3aHHOE BBIIIE, BBEJEM
B PACCMOTDEHHUE CJIEIYIONLYI0 KOHCTPYKmio (cM. nanpumep, [6, roi. VII]). Ilycrs
x9 € D, A= A(r1,79,20) — cdepudeckoe KOJIblO, IEHTPUPOBAHHOE B TOUKE T( Pa-
auycoB 11, 13 (0 < 11 < 1o < 1o = dist(xg,dD)), S; = S(xp,r;) — cdepa ¢ meHTPOM
B o paguyca 75, i = 1,2, a I'(S7, 52, A) — ceMeiicTBO BCeX KPUBBIX, COEIUHSIIOIIIX
S1 u Sy BayTpE o6mactn A. Otobpaxkenne f : D\ {xg} — R™ ycaosumes nasbisaTh
Koavyesum Q-omobpasiceruem 6 mouke rog € D, eciu COOTHOINEHUE

M(F(T(S1, S0, A))) < / Q)" (| — zol) dm(z) 2)
A
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BBINOJIHEHO B Kouiblle A = A(rq, 72, Z0) /18 IPOU3BOJIBHBIX T1, T2, YKA3AHHBIX BBIIIE,
u Juist Kaxk ot msmepumoit dbyukmum 7 : (r1,7r2) — [0, 00| Taxoit, uaTo

T2

/n(r) dr > 1. (3)

T1

CJI0OBO «KOJIBIIEBOE» B JIAHHOM BBIIIE OIpPEJIE/]eHNN yKasblBaeT Ha IPOMCXOKICHHUE
cemeiicTBa KpuBbix 1'(S1, S, A), BXo#AImuX B JIEBYIO 9acTh HepaBeHcTBa (2), a «Q-
oToOpakeHne» — Ha 33J[aHHYIO BEIIECTBEHHO3HATHYIO (MYHKINIO () B IPaBOil YacTu
(2). B ykazaHHOM BBIIlleé KOHTEKCTE TOYKA T TIO OMPEJEJEHUIO SBJISETCS U30JUPO-
BaHHOI TOUKON Tpanunpl obmactu D \ {zp}, Tme orobpazkenne f ompemesneHo Kop-
pekTHO. 3amernM, uro npu Q(x) < K m. B. B IpaBoit uacTW HepaBeHCTBa (2)
BO3HUKHeT BbIpakenue suga K - M(T).

K ocHOBHBIM pedyibTaTaM HACTOAIIEH PAabOTBI OTHOCITCS CJIE/LYIOIINEe aHAJIOTH
yTBepx)ieHuit 1 u 2.

Yreepxkaenue 1'. Ilycrbn >3 u f: D\{xg} — R™ — orkpbiToe quckpernoe
oTobpazkeHne, HMeIOIIee CyIIeCTBEHHO 0co0yio ToUKy xo € D. Ilpemmoroxmm, 410
f yaosmersopsier coornomenuto (2) B ToUKe Tg s JiH060H H3MePHMOI (DyHKIHHI 1)
co cpoiictBoM (3). Torma muoxkecrBo f(By) He siBistercss orpanndeHHbIM B R" 1pn
yesoBuu, 9To pyHKIMs () B IpaBoil yacTu HepaBeHCTBa (2) uMeeT KOHEYHOe CPEIHee
KoJtebaHne B TOUKE Tg.

YrBepxkaenue 2'. Ilycrbn >3 u f: D\{xq} — R™ — orkpbiToe quckpernoe
oTobpazkeHne, HMEIOIee CYIeCTBEHHO 0co0yIo TodKy xo € D. Ilpemmomoxxum, 910
f yaosmersopsier coornomenuto (2) B ToUKe Tg s JiH060H H3MEePHMOI (DyHKIIHHI 1)
co cpoiicrsom (3). Torna xg € By npu yciopuu, uro gynknus ( B mpasoit yacTu
HepaBeHCTBa (2) UMeeT KOHEUHOe CpeJqHee KoebaHue B TOUKe ().

OrmpejiesieHrie KOHETHOTO CPEIHEro KojaebaHust cM. B pasj. 4 Hacrosmeil pabo-
To1. ToBOps unaue, pynkuun () B 1paBoii yactu HepaBeHcTBa (2) pa3pemaercs ObiTh
HEOTPAHUYEHHON B CKOJIb YTOJHO MAJION OKPECTHOCTU TOYKHU X, OJTHAKO CTPEMJIEHUE
() K GECKOHETHOCTH JIOJIZKHO OBITH HE IIPOM3BOJILHBIM, & yMepeHHbIM. COOTBETCTBYIO-
Uit IpUMep, TPUBOUMBINH B HACTOSIIEM TEKCTE, TIOKA3bIBAET, YTO YIUTU OT yCJIOBUS
KOHEYHOTO cpejiHero Kosebanus byHKnun () B pasoii yactu (2) B TOUKe T 1 3aMe-
HUTBH ero 60Jiee IPOCTHIM €CTECTBEHHBIM TpeboBaHneM, cKaxkeM, () € LP, ne ynaercs,
CKOJIb OOJIBITIIM HU OBLIO OBI TaKoe 9rcyio p < 00. B hopMymmpoBKax yTBepK eHMIA
1" m 2/ mBr Takxke TpebyeMm, 9TOOBI f OBLIO JUCKPETHBIM W OTKPBITBIM. IlocTpo-
€HHBIII HAMW IIPUMED MOKA3bIBAET, YTO MPU OTCYTCTBUU CBOWUCTB JIMCKPETHOCTH W
OTKPBITOCTH 3aK/II0UeHUs yTBepzKaenuii 1’ u 2’ mapymarorcs.

2. IIpeaBapuresibHbIE CBEAEHUS

B pmanpuetimem B(zg,7) = {x € R" : |z — zo| < 7}, B" := B(0,1), S(zo,7) =
{x €R": |z —xg| =7}, S"1:= 5(0,1), (z,y) — (crammapTHOE) CKaJISPHOE TPOU3-
BezieHre BeKTOpoB &,y € R™, dist(A, B) — eBKJINIOBO PACCTOSHUE MEXKJLY MHOZKe-
crBamu A, B C R”, w,,_1 — wiomazp cheper S* 1 8 R, €, — 06beM eUHITHOTO
mapa B"” B R, mes; (A) — nuneitnas mepa Jlebera muoxectsa A C R. Tosopsrt, uto
MHOKeCTBO B C R™ ommocumenvho A0kaAbHO C6A31HO0, €CIN KAXKIAS TOUKA MHOYKE-

crBa F mMeer CKoJib yromHO MaJjble okpectnoctu U Takwme, aro muokectBa U N E
CBSI3HBI.
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Ipennoxxenne 1. Ilycrs f : D — R™ — jgokasibHbli romeomopdusm, Q —
OJIHOCBSI3HOE JIOKAJIBHO JIMHEITHO CB3HOE MHOYKECTBO B R 1 P — KOMIIOHEHTa CBS3-
nocru muoxkectsa f~1(Q), P C D. Toraa f orobpazkaer P na () romeoMopcpHo.
Ecir () OTHOCHTE/IBHO JIOKAJIBHO CBSI3HO, TO f romMeoMopgHo orobpaskaer P Ha Q
(em. [5, remma 2.2]).

Orobpazkenue f: D — R™ Ha3BIBACTCST HYALMEDHDBLM, €CITH KAXKIAsi KOMIIOHEH-
ta ceasHoctn {f1(y)} BEIpOXKTAaeTcs B Touky. 3ammch g — id gy 0TOGpayKeHMsT
g : D — R™ o3Hagaer, 4T0 g — TOXKjlecTBeHHOE oToOpaxkenue. OTHOCHUTEIBHO 0TOO-
paxenust f : D — R"™ HenpepsiBHOe oTobpaxkenue s : f(D) — R™ HasbiBaercs
cevenuem, ecmu f o s = id. Kowmunyymom HasbIBaeTcs CBA3HLIN KommakT A C R™,

C(E,f) = {y €R" 1y~ lim f(zn), &m — o € E}.

Ipennoxenue 2. Ilycts orobpaskenwe f : D — R™ myapmeproe, A C f(D)
u cymecrByer ceyerue s : A — D orobpaxkenus1 f, 1. e. fos=1id. Eciu A orHOCH-
TeTbHO JIOKaJIBHO CBA3HO B Touke y € A, To MHOxKecTBo C(8,%) MO0 KOHTHHYYM B
0D, nmbo enqurcrBenHast Touka B D (em. [7, 3.A; 5, semma 3.10]).

Oxpecmmocmvio muoorcecmea A C R™ HazbIBaeTCsT TPOU3BOJBHOE MHOXKECTBO B
takoe, uto A C Int B, rae Int B 0603Ha1aeT COBOKYIHOCTh BCEX BHYTPEHHUX TOYEK
MHOYXKecTBa B.

Ilpennoxenune 3. Ilycrs f : D — R™ — JjokajbHbI romeomopusm, F —
KOMIaKkTHOe MHOkecTBO B D u f|p mubekrusro. Torna f HHBEKTHBHO TakkKe B
HEKOTOpO# OKpecTHOCTH MHOXKecTBa F' (eMm. [8, c. 422; 5, caencrsue 3.8]).

Cremyrormue onpeiesieHnst MOTYT OBITH HAlIEHBI, HartpuMmep, B |9, tot. I, pasm. 1-
6]. Bopenerckast dynkmus p : R™ — [0, co| HasbBaercst donycmumoi st cemeiicTsa
I kpuBbix v B R™, econ [ p(x) |dz| > 1 aust Beex kpusbix v € I'. B atom ciyuae

5
numiem p € adm ', Modyaem cemeiicTBa KpuBbix I HA3BIBAETCST BEJTMIUHA

M) = inf p"(x) dm(z).
p€adm I
D
CaoiicTBa, MOJIyJIsI B HEKOTOPOH Mepe aHAJOIMYHBI CBo¥icrBaM Mephl JleGera m B
R™. ImeHnHO, MO/1ysIb 00J18/1a€T CBOMICTBAMU MOHOTOHHOCTH OTHOCHUTEJIBHO CEMENCTB

kpusbix I1 nu In: Ty C Ih = M(Th) < M(Ty), nonya/yinTHBHOCTH:
MJT) <> Mm), (4)
i=1 i=1

u M(2) =0 (cm. [9, Teopema 6.2]). TosopsiT, 9TO ceMeHCTBO KPUBBIX I MuHOpUPY-
emca cemeiictBoM o, u turryT [ > I, ecitu jutst Kaxk ol kpusoit v € Iy cymecTByer
[OJIKpUBasi, KOTOpast NpUHAIeXKUT ceMeiicTBy . B stom ciaygae M(Iy) < M(Iy)
(em. ]9, Teopema 6.4]).

[Iepeitmem K ompemeneHNIo 0TOOPAYKEHUN, UCCIETYEMbIX B HACTOSINEH CTaThe.
B [10, paszn. 13| Tepunr onpenenun K-kBasukoHGOPMHOE 0TOOparKeHHE Kak MOMEO-
MOpP(hU3M, U3MEHSOMNNA MOYJIb KOJIbIleBoil obactu He 6ojiee yem B K pas. Mo-
TUBUDYS YIOMSHYTBIM BBIIIE OIPEIE/IEHAEM, BBEJIEM B PACCMOTDPEHHUE CJIeIyIONIee
nougrue. Ilycrs g € D, rg = dist(xz,0D), @ : D — [0,00] — uamepumas 10
Jlebery dyukmus, A(r1,re,z0) = {z € R" : r < | — xo| < 72}, Si = S(x0,7:),
JUIS TPOM3BOIBHBIX MHOXKecTs F, ' C R™ cumson I'(E, F, D) o3HadaeT ceMeiflcTBO
BCeX KpPHBBIX 7 : [a,b] — R™, xoropwie coemuusior E u F 8 D, . e. 7(a) € E,
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v(b) € Fu~(t) € D uput € (a,b). Toopat, aro f : D\ {z9g} — R" asaserca
KoAvuesuim QQ-omobpasicenuem 6 mowke xg € D, eciau f ynosnersopsier (2) iis
sroboro kombnia A = A(r,re,20), 0 < r1 < 19 < 7o, U JUIsl KaXKIOH M3MepUMOi
dbyukuuu 7 : (r1,r2) — [0, 00] co coitcreoM (3).

Usyuenue mepasencrs tuna (2) Bocxomur K Ajnbdopey (cm., mampumep, [11,
. I, pasn. D, reopema 3|), a rakxke Jlexro u Bepraneny (cm. [12, o V, pazz. 6.3,
uepasenctso (6.6)]). Hexoropble 110700HbIe HEPABEHCTBA U3YdaIUCh Takxke B [13—
15]. B wacTHOCTH, HEpaBEHCTBO THIA (2) TOKA3AHO JJIsl HEKOTOPOT'O MUPOKOTO KIIAC-
ca oTobpazkenuii (cM., Harpumep, [16]).

Cuenytotiiee mpe/IJIOXKEHNE TTO3BOJISIET YCTAHOBUTH JJisi f BBITOJHEHNE CBOWCTB
(2) u (3) B ToUKe Ty 6Ge3 OOPEMEHUTEIBHOI IPOBEPKN GECKOHEYHOIO UHCJIa HEpa-
Bercts (3) (em. [17, Teopema 1]). s Toro aro6sl ero copmMyanpoBaTh, HAIIOM-
HUM eIlle HECKOJIbKO ompeenernit. Kondencamopom B R™, n > 2, Ha3bIBaeM mapy
E = (A,C), tne A — orkpeiToe MHOKecTBO B R™, a C' — KOMIAKTHOE IIOJIMHO-
xkecrBo A. Orobpaxkenue f : D — R™ nasbiBaeTcss abCoaommo HENPEPLIGHbLM HQ
aunuaz, f € ACL, ecau B J1i0O0M n-MepHOM napaJuieenunese P ¢ pebpamu, napaJi-
JeBHBIME ocsiM KoopauHat, P C D, Bce KoopuraTHbie byHkmmd f = (f1,... , fn)
abCOJIIOTHO HEIPEPBIBHBI Ha IIOUTH BCEX IPSIMbBIX, MAPAJIETbHBIX OCAM KOODIUHAT.
Emxocmuro kouyiencaTopa F HA3bIBAETCS BEJIUYUNHA,

cap F = cap(4,C) = ue‘i/‘rllof(E) / [Vul™ dm(z),
A

rne Wo(E) = Wy(A,C') — cemelicTBO HEOTPUIATEJILHBIX HEIPEPBIBHBIX (DyHKIUIT
u : A — R ¢ komnakTHbIM HOcuTeseM B A takux, uro u(z) > 1 npu z € C n
u € ACL. Tlycts Q : D — [0, 00] — n3mepumast no JleGery dbyHKIms, TOrma ¢z, (r)
O3HAYAET CpejiHee MHTerpajbHoe 3HaueHne @Q(x) Hax cdepoit |x — xo| = r,

t() = [ Qs 5)

|z—z0|="r
rje dS — sjeMeHT IUIOMAAM TOBepXHOCTH S. Hurke MBI IPUJIEPKUBAEMCST CJIEJTY-
IOIUX CTaHJAPTHBIX corameHuit: a/oo = 0 just a # 00, a/0 = oo mug a > 0 u
0-00=0.

IIpennoskenue 4. OTkpbITOE AHCKpeTHOE oTobpaskenue f : D — R™ ynoe-
TBOpsieT COOTHOMIeHNIO Buja (2) B Touke xog € D Juist 10608 n3mepuMoit byHKIum,
yaosgersopsiometi (3) u pukcupopannoit pynkuu Q(x), TOrIa H TOJIBKO TOIA, KO-
ra st npou3BoibHbIX 0 < 11 < 19 < dist(xg, 0D) u HPOU3BOJIBHOIO KOHAECHCATOPA
E = (B(xo,72), B(x0,r1)) HMeeT MECTO HEPABEHCTBO

Wn—1
cap F(E) < 2=t ©)
e I := I(xg,r1,72) 3amaercss COOTHOILEHHEM
) d
"
I=1I(xg,71,72) = | —F—

Joorad, t(r)

3AMEYAHUE 1. Ilpenjoxkenue 4 ocraercs COpaBeIUBLIM TaKxKe JJId 0ToOpa-
wermit f @ D\ {zo} — R”, ynosmersopsiomux yciomo (2) s TPOM3BOIBLHOL
u3MepuMoit pyHKuuu 7 co cBoiicrBoM (3), ubG0 yIOMSIHYTbIE COOTHOIIECHUS, KAK U
coorHomenue (6), aNeJUIMPYIOT JHMIIb K KOJIBIAM, IIEHTPUPOBAHHBIM B TOYKE T, B
TO BpeMsl KaK K caMoOil TOUKe T( yKa3aHHbIE yCJIOBHA (POPMaJIbHO He OTHOCATCS.



1134 E. A. CeBocTbsaHOB

3. BcmomoraresbHbIe yTBEep2KAeHnd

Jdemma 1. Ilycts 29 € D, f : D\ {z0} — R", n > 2, — orobpaxenue,
YV/IOBJIETBOPSIFOIIIEe COOTHOINEHHIO (2) B TOUKe T( NPH KaK40H H3MepUMOIT (pyHKIHN
n co cpoiicrBoM (3) u Hekoropoii mamepumoli gyakmuu Q(z), Q : D — [0, 00].
Ipennosnozkum, aro npu HekoropoMm £g < dist(zg,dD) ne — 0

Q)y" (Jx — wo|) dm(x) = o(I" (¢, 20)) (7)

e<|z—zo|<eo

uist Hekoropori ¢yukiun (t) : (0,00) — [0, 00|, yaosaerBopsitomeii yciaoBuio
=)
0.< I(e,20) i— /W) dt < o (8)
£
utst ponsBosbHOro € € (0,e9). Ecom T' — cemeiicTBO BCEX OTKDBITBIX KPHBBIX
() : (0,1) — R™ rakux, uro ¥(t) — o AJA HEKOTODPOI ITOCIEIOBATEIBHOCTH
tk - 07 ’Y(t) 7_é Zg, TO M(f(r)) =0.
JIOKA3BATE/IBCTBO. He orpanuvnBas OOITHOCTU PACCYKJIEHUM, MOXKHO CUM-
TaTh, 4T0 g = 0. 3aMerum, 4To

I > [j Fly (9)
i=1

rae I; — cemedictBo Kpusbix ;(t) : (0,1) — R™ makux, aro o, (1) € {0 < |z| =7 <
€0}, Ti — HEKOTODasi [OCJIEJOBATENBHOCTD ¢ 73 — 0 mpu 4 — 00 u «;(ty) — 0 mis
Toii ke nocienosarenbuoctu ty — 0. 3adbukcupyem ¢ > 1 u e € (0,7;). Beugy (7)
u ¢ yaeroM (8) MOXKHO cumTaTh, uro I(e,r;) > 0 mpu Bcex € € (0,r;). 3amernm, 4TO

byHKIIST
Z/J(t)/f(fﬂ'i)v te (57Ti)a
n(t) =
0, te R\ (g,1y),
YIOBJIETBODSIET YCJIOBUIO HOpMUPOBKH Buza (3) B Kouiblie A(e,r;,0) = {z € R": e <
|z| < r;} u, crenoBarenbHo, B cuity coorHoUeHus (2)

M(f(I'(S(0,¢),5(0,75), A(g, 13,0)))) < / Q@)n"™(|z[) dm(z) < Fi(e), (10)
A(e,r;,0)
rue §i(e) = ﬁ [ Qx)y"(|z|) dm(z). Yaursmas (7), mmeem F;(e) — 0.

e<|z|<eo
Bamernm, ato npu Jodom € € (0,7;)

I; > T(5(0,¢),5(0,r;), A(e, 7;,0)). (11)

Taxum o6pasoM, npu Kax1oM dhukcuposaHoM ¢ = 1,2, ... u3 (10) u (11) nomyuaaem,
9TO

M(f(I3)) < Si(e) =0 (12)
npu ¢ — 0 u xaxxgaom dukcuposanaom i € N. OzHaKo JieBasi 9aCTh HEPABEHCTBA

(12) me zasucur ot £ u mosromy M (f(I;)) = 0. Hakonern, u3 (9) u cBoiicTsa mosy-
azaTrBHOCTH MOyast (eMm. (4)) caenyer, uro M(f(T')) =0. O

Bynem roBoputh, 9ro Touka zg € R™ GBISETCS ACUMNMOMUYMECKUM NPEICAOM
orobpaxenust f : D — R” B rouke b € 9D, ecam Habinercst kpusas « : [0,1) — D,
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a(t) — bupu t — 1, takas, aro f(a(t)) — z upu t — 1 (em. [5, paszg. 3.13; 2,
o VIL, o. 2]). T'py6o rosopst, orobGpaxkenue f, 3ajanaoe B obaactu D, mMeeT CBOUM
ACHMIITOTUYECKHM IPEIEIOM BEIMYHHY zg € R B HEKOTOPOH TOYKE b IDAHMUIBI
D, ecnau cymiecTByeT KpuBasi, Jexarnas B D u crpemsinasics K b, BIOJIb KOTOPOii
orobpaxkeHue [ CTpPeMHUTCS K 2(.

Jdemma 2. Ilycers 29 € D, f: D\ {xg} — R", n > 3, — orkpsITOE M MHCKpET-
HOe OTOGpasKeHme, Y/IOBJIETBOPSIONIEe COOTHOMEHHIO (2) B TOUKe Xg NMPH KaXKIOM
uzMepuMoli pyHKIIH 1) co cBoiictBoM (3) u HekoTopoit uamepumoii Gyrkmun Q(x),
Q : D — [0,00]. Ipemomsoxum, aro 1npu HEKOTOpbIX £y < dist(xg,dD), PyHK-
mun Y(t) : (0,00) — (0,00) w e — 0 Bomosnensr coorHomenusi (7) u (8). Torna
z0 € f(ByNU) mns moboit oxpectaocrn U TOYKH ¢ OPH YCIOBHH, ITO Xy € D
SABJISCTCS CyIIECTBEHHO 0COBOI TOUKOI orobpaskenus f, a zg € R" — acummrormde-
CKHM OpeaeaoM [ B TOYKE Tg.

JIOKABATEJIBCTBO. IlpoBemeM j0Ka3aTeabCTBO OT HPOTUBHOIO: [IPEJIIOIOKIM,
9TO Hafimercs OKpecTHOCTb U TOUKH &g, mJst Kotopoit zg ¢ f(ByNU). He orpa-
HAYUBas OOITHOCTU PACCYXKJIEHUH, MOXKHO CIUTATh, 9TO To = 29 = (. Bbibepem
ro > 0 Tak, uro B(0,79) C U N D. Tlockonbky f — JUCKPETHOE OTOOpAaXKEHUE,
muozxkectBo {f~1(0)} He Gosee wem cueTHO, CJEOBATENBHO, MOYKHO CUATATEH, UTO
S(0,70) N f71(0) = @. Homoxxum Uy = B(0,79) \ {0}, ¢ = flv,- Bsumy Toro,
aro dist(f(S(0,r0)),0) > 0 u no upennonoxenuio 0 ¢ f(By NU), naiigercs 1’ > 0
TaKoe, 4To

B(0,7") N (£(S(0,70)) U g(By)) = 2. (13)
Tax Kax zp = 0 @BIgeTca aCHMITOTHYECKHM IIPEIEOM OTOOparkeHus [ B TOUKE
xo = 0, maitnerca kpusas «(t) : [0,1) — Uy ¢ a(t) — 0 mpu ¢t — 1 Takas, 4ro
B(t) = f(a(t)) — 0 upu t — 1. Bes orpaHnyueHus: OGIHOCTH MOYKHO CIUTATH, UTO
0 < |B()| <" npu Beex ¢ € (0,1). Torna B cuiry (13)

o] € Up \ B, (14)

Omnpenesum tipu 0 <t < 1 u 0 < ¢ < 7 Tak HA3BIBAEMbIE ciepuyeckue WanouKy mo
CJIeTyIOIEeMY IIPaBUILY:

G(t,p) = {y e R™ : [y| = |B®)|, (y,B(t)) > |yl cosp}. (15)

MHuoxkecrsa G(t, ) B (15) npejcrasisior coboit HekoTopyto gactsb cdepst S(0, |5(¢)]),
CHUMMETPUYHYIO OTHOCUTEJIbHO orpe3ka {r € R™ : r = [B(t)s, s € (0,1)}. Ilycrs
G*(t, ) — a(t) — xommonenta csiznocTH MHOMKecTBa g L (G(t, ) U, — ToUHAR
BepxHsisl TpaHb uncesn ¢ € (0,7] Takux, uro g orobpazkaer G*(t, ) romeomopd-
Ho Ha G(t,¢); Takoe ¢; > 0 cymecrByer BBHAY coorHomeHust (13) u Toro, uro
B(t) € f(Up). Homoxum G(t) = G(t,p:), G*(t) = G*(t, ), TOrma orobparkenue
g OIpejiesisieT Ipu KaxkaoM dbukcupoBanHoM ¢ romeomopdusm g : G*(t) — G(t).
IMokaxkeM, garo mg 1. B. r € (0,r") n3 pasencrsa |3(t)| = r caexyer, aro 0 ¢ G*(t).
[Tpenuosoxkum, aro 0 € G*(t) upu HEeKOTOPOM ¢, TOTJA HAMIETCs [OC/IeI0BATE b
HocTh T, € G*(t) Takas, yro xp — 0 upu k — oco. He orpanmumsasz oburHocTy,

MOXKHO cuuTaTh, 9ro f(x) — y; € G(t) upu k — co. 3ameTnm, 4T0 O0TOOpaKEHHE
g; ' sBsieTcs cewenmem orobpaenus f ma muoxectse G(t) C f(Up) u no mpe-
noxkenmo 2 muoskectso C(g; ', y;) ecTb KOHTHHYyM, cofepsKammpii Touky zo = 0.
B cuny (13) C(g; ', y:) = {0}, = e. g; ' (y) — 0 mpu y — y;. Iyers ['(t) — cemeit-
CTBO OTKPBITBIX KpuBBIX Y¢(s) : (0,1) — R™, coemunsionmx B(t) u y; B8 G(t), T. e.
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7:(0) = yg, 7:(1) = B(t) my(s) € G(t) mpu s € (0,1). Oozmaxmm I (t) = g; *(T(t)).
Torpa kaxnas kpusad v, (s) : (0,1) — Up cemeiicrsa I'*(t) taxkosa, uro v, (s) — 0
npu s — 0. Obosnaunm I = |  T'*(¢). Tlo semme 1 M(g(T'™*)) = 0. C mpyroit
+:0€G*(t)
cropoust (cM. [9, pasza. 10.2]),
Mg(r) = b, [ L,
B

IJie OCTOSTHHASA b, 3aBUCHT TOJILKO OT pasmepHoct n u E = {|B(t)] : 0 € G*(¢)}

upu HekoropoM ¢. CienoBaresbio, mesy (E) = 0, 4To u TpebOBAIOCH JI0KA3ATh.
IMycre T = {t : 0 <t < 1,|5(t)| ¢ E}. Bamerum, uro sBuny (13) G*(t) C Up\By

upu t € T. To npegyoxkenuio 1, rak kak n > 3, f orobpaxkaer G*(t) romeomopdHo

na G(t). Kpome Toro, 1o npemioxenuto 3 f UHbEKTUBHO B HEKOTOPOI OKPECTHOCTH

G*(t). Ilo onpemenenuio yriia ¢; 9T0 BO3MOXKHO TOJIBKO B ciaydae ¢ = . Cienosa-

TeJIBHO, Ipu KaxkaoM ¢ € T MuoKecTBO G* (t) = G*(t, ) ecTb mOBepxHOCTDL B U \ By,

TomnosIornyeckn skBuBaieHTHas cdepe G(t), u f romeomopdHO oTobpaxkaer G*(t)

ua S(0,|5(¢)|). Iycrs D(t) — orpannveHHass KOMIOHeHTa MHOXKecTBa R™ \ G*(t).
Iosozxmm
To={teT:0e D)}

Bosmorknbr gBa caydas: 1 € Toul ¢ To.

Ciory4all 1. IpemmomoxuM, uro 1 € Ty, TOrma HARIETCI BO3PACTAIONMIAS IO-
CIIeZOBATEIBHOCTD t; € T Takas, uro t; — 1. Ilomoxum 1 = |B(t;)| u D; = D(t;);
He OrPaHUYUBasl OOIIHOCTH, MOXKEM CUHTATh, UTO Tj41 < T'j U BBULY CXOTUMOCTH
a(t;) = 0mpu j — oo — uro D1 C Dj. Ilycrs A; o3Hadaer cdepudecKoe KOIbIo
B(0,71) \ B(0,7;). IockoabKy oToGpaskenne g HHLEKTUBHO B OKPECTHOCTH IDAHU-
upt D1 m oToGpazkenne g orkpwiTo B obmactn D\ {0}, maiinercsa xommonenta A}
MHOYKECTBA g_l(Aj) takast, 1ro OAT D 0D,. 3amernm, aro 0D; N A} = &, sHauwnT,
T; C Uy. Kpowme Ttoro, A; C Uy \ By, ubo Z]- Ng(By) = @. o npennoxenuto 1 f
oTobpazkaeT A;f romeomopdno Ha A;. B cuity cka3aHHOIO BBIIIE IIOCTPOEHO CEUIEHUE
sj + Aj — A} orobpaxenus f Takoe, 4TO §;j = sk|a, mpu Beex k > j. Bouee Toro,
nocrpoeno cedenue s : B(0,71)\ {0} — Uy \ By orobpazkenus f B B(0,r1)\ {0}. Ilo
[PEJJIOKEHNIO 2 CEYEHUE § MOXKET ObITh IPOJOJIKEHO JI0 HEIIPEPBIBHOIO 0TOOpazKe-
uug § Beero mapa B(0,71), aro Bo3MoxkHO Jumb upu $(0) = 0, OTKyua BbITEKaeT
YCTPAHUMOCTH OCOGEHHOCTH OTOOpakeHust [ B Hyse, YTO NPOTUBOPEYUT YCJIOBHIO
JIEMMBI.

Ciy4Ait 2. Tlpeamonoxmm Teneps, uro 1 ¢ To. Kpusyro o MbI MozkeM TIpo-
JOTKHTB JI0 @ : [—~1,1) — R" tak, aro a(—1) € 90Uy \{0}, a(—1,1) C Uy, aljp,1) = «
u 3= f(a(t)) # 0 upu Bcex t € [—1,1). ITo npeanosnoxkenuto Hafigercs §, 0 < 6 < 1,
Takoe, 4ro [0,1) N Ty = &. BeibepeM BO3paCTAIONIYIO MOCJEOBATEIBHOCTh TOUEK
t; € TN, 1) Taxyio, IT0

ti =1 mpnj— oo, |B(t)<r;=1]B(t;)| mupnmscexte (t;,1),

|B(t)] > rj 11 npm Beex t € [—1,1;].

IMomoxxum D; = D(t;). Iockombky «ft;) — 0 mpum j — 00, IOCIEIOBATEILHOCTD
a(t;) MOXKHO BBIOPATH MOHOTOHHO yOBIBAIOILIeHl U CIydail 2 MOKHO yCIOBHO Pa3buTh
Ha J[BA MOJICIIYast:
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(a) D;j C Dj;1 mpu Beex j € N,

(b) D; N Dj.1 = @ ansa nekoroporo j € N.

[Ipeamonoxkum, uro (a) BepHO. PaccykmaeMm, Kak W B epBoM cirydae. Ilycrb
A; osmauaer cdepuieckoe xoupno B(0,71) \ B(0,7;). Ilockonbky orobpazkenue
g MHDBEKTHBHO B OKPECTHOCTH Tpanumpbl 0D;, Haiijiercs kKommonenta A% Mmoxe-
crBa g~'(A;) rakas, uTo 0A; D 0D;. Bamernm, uro af(t;,1) C R™\ D, no-
sromy A7 C Dj \ D;. Paccyxkmas, Kak BbIle, TOJTydaeM HEMPEePLIBHOE CedeHue
s:B(0,71)\{0} — Uy \ By orobpazkenns f 8 B(0,71)\{0}. Ha sror pa3s MHO)KecTBO
C(s,0) mpescTaBisieT coboit HEBBIPOKIEHHBIH KOHTHHYYM B Ug, ITO TPOTHBOPETHT
TIPeJIOZKEHNIO 2.

pesnonozxum, uro sepro (b). Bamerum, uto B 3ToM caydae a(t;, 1) C R™\D;.
Honoxum ujy 1 = sup{t : a(tj,t) C R"\ D;;1}. Beibepem oxpecrnocts U, 11 rpanu-
et 9D |1 TaKyio, aro cyxenue f|y,,, mabekTHBHO (cM. mpeatokenue 3). Tlockomb-
Ky B(tj+1,1) C B(0,7j41), 6yaem nmers g(Uj 1 N (R™\ Djy1)) C B(0,7j41) BBIIY
nabekTuBHocTH ¢ B Uj11. Torma maitmercs v1 = max{t : t; < t < u;y1, |B(t)] =
7j+1}, npuaem v1 € T. Bamerum, aro D(v1) C R™\ (D; U D;.1). B Takom ciyuae
v] = sup{t : a(tj,t) C R\ D(v1)} > t;. Torma nafinercst vo = max{t : t; <t < v},
|B(t)| = rji1} Takoe, uto D(ve) C R"\D;UD;.1UD(v;). IIpomoszKas ToT npomecc,

HosiydaeM OeCKOHEUHYIO IOCIeI0BaTelbHOCTE {G*(Vg)}° | KOMIIOHEHT CBSISHOCTH
muozkectBa ¢~ 1 (S(0,7541)). OTMeTnM, UTO CymIecTByeT v = klim U, U € (t,u541),
— 00

[IpUYeM KazK/[asi OKPECTHOCTb TOUKN (V) TlepecekaeT GECKOHEUHOE YHUCJI0 KOMIOHEHT
cBsizHOCTH MHOKecTBa ¢~ (S(0,7;11)). Ilocsernee HEBO3MOXKHO, Tak Kak BBHY (14)
orobpazkenue f ecTb JIOKAJIbHBI romeoMopdusm B rouke a(v). O

B nmasbHeiimem MBI onmpaemcsi Ha cyeayooliee yTeepxkiaeHne (em. [18, mem-
ma 3.1; 19, semma 5.1]).

Jdemma 3. Ilycts g € D, f : D\ {2} — R", n > 2, — orkpsIToe juc-
KDPeTHOe 0TOGpaKeHue, Y I0BJIETBOPSIIOIIee COOTHOIIEHHUIO (2) B TOUKe g JJIsl JT06OI
uzmepumMoii pyHKImu 1) co cBoiicrBoM (3) u HeKoTOPOIt H3Mepumoii pynkuun Q(x),
Q: D — [0,00], xg € D — cymecrBernno ocobasi Touka orobpazkenusi f. Ilpemio-
JIOXKHUM, 4TO 1pu HEeKOTOphIX €y < dist(xo,dD), dyukuuu (t) : (0,00) — (0,00)
u ¢ — 0 ppmosmensr coorronters (7), (8). Torma cap(R™ \ f(U \ {z0})) = 0 s
soboit oxkpecraocr U D {xo} B D.

[ycts 3 : (a,b] — R™ — mexoropas kpusag u x € f~1(B(b)). Kpusas « :
(¢,b] — D Ha3bIBaeTCS MAKCUMAALHOLM NOOHAMUEM KPUBOI S pU 0TOOpasKeHnu
f:D — R™ c KOHIIOM B TOYKE & IIDU BBIITOJIHEHUH yCJIOBHIL:

(i) a(b) = z;

(i) foa = Blep;

(iii) ecrm a < ¢ < ¢, TO He cymectByer Takoii kpusoit o : (¢/,b] — D, uro
a=a|epu foa =Bl

I[lycts f — oTKpBITOE AUCKpeTHOe oTobpaskenne u x € f~(B(b)), Toraa Beaxast
kpusast § : (a,b] — R™ mMmeer MakcuMajbHOE IOJHSATHE IPU OTOOparkeHun f ¢
KOHIIOM B Touke z (cM. [2, rur. II, cieacrsue 3.3)).

Jlemma 4. Ilyers 29 € D, f : D\ {zg} — R", n > 2, — orkpsrToe amuc-
KpeTHoe 0TOOpakeHue, yI0BJIeTBOPSIoNee COOTHOIEeHuIO (2) B TOUKe Xg s 000
n3mepuMoii pyHkimu 1) co cBoiicrBoM (3) u HekoTopoit uamepumoii pynkuun Q(x),
Q: D — [0,00|, xg € D — cymecrBernHo ocobasi Touka orobpazkenusi f. Ilpexuio-
JIOXKUM, 9TO IpH HeKOoTopbhix £g < dist(xzg, D), dyrkmum ¥ (t) : (0,00) — (0,00)
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u ¢ — 0 Bomosensr coorHomrenus (7), (8). Torma kaxkjas TOYKa MHOXKECTBA
R\ f(D\ {xo}) sBasiercst acumnrorniyeckuM npejgesoM f B TOUKe Xg.

JIOKABATEJIBCTBO. Ilycts z € R™\ f(D\ {z0}). He orpanuuusas obmuocTH,
MOYKHO CUUTaTh, uTo 2z = 0. Boibepem ro > 0 takum, uto B(zg,79) C D, n momaoxxum
Up = B(zo,70) \ {zo}. Tax kak 0 ¢ f(D \ {x0}), cymecryer ' > 0, ' < 1, Takoe,
9TO

B(0,7") 0 f(S(wo,70)) = 2. (16)

ITo memme 3 BBHY (16) maiimercss muoxkecrso G Buga (15), jexaree Ha cdepe
S(0,r"), Takoe, 4TO HEKOTOpAst CBA3HAs KomIonenTa G* muozxkectsa 1 (G) mennkom
conepzxurcs B Up. st dpukcuposartoro y € S™! o6osnauum 1epes v, : (0,7 —
B(0,r") xpusyio 7, (t) = ty. lpu kaxkaom 7'y € G mycTh 7, O3HATACT MAKCHMAILHOE
NOJHsATHE KPUBOIT 7, ¢ KounoM B G, vy & (ry, 7| — Up. Tlokaxewm, uro v, (t) — zo
npu t — ry.

Beenmem B pacemorpenne muoxkectBo K = {z € R" : z = klglolo ¥y (tk)}, Tae

ty € (ry,r'] rakume, aro lim ¢ = ry; Ge3 orpaHuYeHus OOIIHOCTH MOYKHO CYHTATH

— 00

BCE TaKue IOCIEI0BATEIbHOCTH ty, MoHOoToHHBIMU. g x € K N Uy 110 Henpepbis-
noctu f Gyzem mvers (v, (tx)) — f(z) mpu k — oo, tae ty € (ry,7'),tx — 1, TPH
k — co. Ommako f(v;(tk)) = vy(tx) — 7, (ry) mpm k — co. Orcioma 3axmodaen,
aro f = 7,(ry) Ha MHOXKecTBe K N Uy B Up. C apyroii crOpoHbI, BBUILY MOHOTOH-
HOCTH TIOC/Ie/IOBATETBHOCTH CBA3HBIX MHOMKECTB 7, ((1y, tx]), MHOXKecTBO K CBA3HO
(em. [20, ro. I, pasm. 9.12]). Takum 06pasoM, B CHIY JUCKPETHOCTH f COIJIACHO
(16) u ckazannomy Bbimie K He MOXKET COCTOATH Gojiee YeM u3 onHoit Touku. [TycTh
K # {zo}, Torna xpusas v, : (ry,r'] — Uy mponomxaercsa 10 3aMKHYTO# KPHUBOit
Yy ¢ ry, 7] — Uo, mpumaem f(v;(ry)) = vy(ry). B Taxom ciydae MOXKHO mOCTpO-
. */ " *
UTh MAKCHMAJIBHO TIOIHATHE 7Y, KPUBOH Yy (0,r,| C KOHIIOM B TOUKE 7, (1) (cM. 2,
. 1) crencrsue 3.3]). OOGbemumss nomHaTHs Yy U 'y;’ , TIOJIy9aeM HOBOE IIOJTHSI-
THe 7," KpHUBOil 7,, KOTOpOe ompeseneHo Ha (ry, 7’|, IT0 MPOTUBOPEINT CBOHCTBY
MAKCHMaJIBHOCTH MCXOJIHOTO ToiHsaTusA 7, . Suaunt, K = {zo} u v, () — o npn
t—ry.

BBuy mocsieiHero COOTHOMIEHUST JOMOTHATENBLHO TPEOYeTCs eIe TOKA3aTh, TO
ry = 0 xoTa 661 1ns oxmoro y. Himke MBI TOKazkeM Jjaxke OoJIbITIee, a MMEHHO, UTO
ry =0 B 'y € G. lyers B; = {y e S L ir'ye G,yry > 1/i}, i =1,2,....
Vreepxpaercs, uro # "1 (E;) = 0 ana kaxoro i, rae "1 — (n — 1)-MepHast
mepa Xaycmopda. [list pukcuposansoro i € N obosnaunm I = {'y;j cy € E;}.
ITo ckazsaHHOMY BBIIE BCE KpUBBIE ceMelcTBa [ CTpeMsTcs K TOYKE Tg, HOITOMY
mo memme 1 takxke M(f(I;)) = 0. 3amermm, uro cemeiictso f(I;) murOpHpyer
ceMeiicTBO A Bcex OTPe3KoB oy, : [1/1,7'] — R™, ay(t) = ty, y € E;. Ilycrs p €
adm f(T;). Tlpu kaxmom dbukcuposarnaoMm y € F; 1o HepasencTBy ['énbepa nveem
OLIEHKY

' ' 1/n ! (n—1)/n ' 1/n
/ t"p(ty) dt < / " (ty) dt / " dt < / p"(ty) dt ,
1/i /i /i /i
(17)

TaK KaK
' (n—1)/n

p/(n+1) (n=1)/n
/t" dt < ( ) <1,
n+1

/i




O Toukax BeTBJIEHHs] OTOOpAaKEeHUIH 1139

u6o r’ < 1. Onarp 1o HepaseHCTBY ['ébJiepa u BEIGOPY p

» ' 1/n
1< / p(ty) dt < / pt(ty)dt |
1/i /i
OTKY/da cJIeayeT, 9TO
! l/n »
/ p" (ty) dt < / p" (ty) dt.
1/4 1/i
Torma o (17)
/ " p(ty)dt < / p" (ty)dt. (18)
1/i 1/i

Ncnonbayst HepaseHeTso (18) u reopemy PybunM, nosrydaeMm

/
T

1
[or@in@ = [ | [e | dy= e iEm), 09
R7 sn=1 \1/i

e
r ’

E,={yesS": /p(ty)dt >1
1/i
3ameTnM, ITO IO BEIOODPY p HMeeT MecTo BRiodenue E; C F,. Tlockompky M (f(L}))

= 0, nepexong Kk inf no Bcem p € adm f(I;) B neBoit gactu (19), moaydmm, 9TO

A" (F,) = 0 u, creposarensho, "1 (E;) = 0. O

Jlemma 5. Ilyers xg € D, f : D\ {zg} — R", n > 3, — orxpsrToe amuc-
KPETHOE OTOOPasKeHne, YIOBJETBOPSIONee COOTHOmEHUIO (2) B TOUKe T I JT060k
uzmepuMol pyHKIuU 1) co coiicrBoM (3) u HeKoTopoii uzmepumoii ¢yuknmuu Q(x),
Q:D — [0,00|, zg € D — cymecrBerHo ocobast Touka f. Ilpemnonoxum, 9To npu
HEKOTOpHBIX g < dist(zg, 0D), dpyrknum ¥ (t) : (0,00) — (0,00) u & — 0 BBITOJIHEHBI

coornomennst (7), (8). Torza mvmeer mecto Brmowerne (R™\ f(D\ {xo})) C f(By).

JOKABATEJILCTBO cienyer u3 jgemMm 2 u 4. JlelicTBUTENIBHO, ecin HaiiieTcs
Yo € (R™\ f(D\{z0}))\ f(By), To 110 lemme 4 TOUKa Yo ABIAETCH ACUMITOTHICCKIM
npesenoM orobpazkenus f B Touke rg. Omuako mo semme 2 umeeM yo € f(BrNU)
JUIst Jit060# okpecTHOCTH U TOYKHU Z(, 9TO MPOTUBOPEYHUT CIAETAHHOMY BBIIIE IIPe]I-

noJioxKeHuro. [

JIemma 6. Ilycre 29 € D, f : D\ {zo} — R", n > 3, — orkpsiToe juc-
KDeTHOe 0TOOpaKeHue, Y I0BJIETBOPSIIOIIee COOTHOIIEHHUTO (2) B TOUKe g JJIsl JTI06Oi
n3MepuMoii yHKIH 1) co cpoiicrBoM (3) m HeKoTopo# u3amepumoii gy Q(x),
Q: D — [0,00], xg € D — cymecrBernHo ocobasi Touka orobpazkenusi f. Ilpemio-
JIOXKHM, 9TO IpH HEKOTOPhIX £ < dist(zg, D), ¢dyuknuu ¥(t) : (0,00) — (0,00) u
¢ — 0 Bermostens! coorromrerust (7), (8). Torma maoKecTBO f(By) HeOrpaHUTIEHHOE.

JIOKABATEJBCTBO. 3ameTnM, 4To ToUka Yo = oo € R™ \ f(D \ {z0}) n 1o

JeMMe 5 CyILIecTByeT MOCAemoBaTeabHOCTh Y € f(By), k = 1,2,..., Takas, 4ro
yr — 0o upu k — oco. Tem cambiv f(By) neorpanudennoe. [J
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Jlemma 7. Ilycte zg € D, f : D\ {zo} — R", n > 3, — orkpbiToe muc-
KpeTHOe 0TOBparkeHne, YI0BJIETBOPSIIONIEE COOTHOIIEHHIO (2) B TOUKe To MPH HEKO-
Topoit uzmepumoii Gyrkmun Q : D — [0,00], g € D — cymecTBeHHO 0cobasi TOUKa
orobpazkenust f. Ilpenmooxum, 4To npu HEKOTOPHIX £ < dist(zg, D), ¢ynknun
Y(t) : (0,00) — (0,00) u e — 0 BbuOIHERE! coorHOmenust (7), (8). Torma xo € By.

JIOKA3ATEJIBCTBO. Ilpeamosioykum mpoOTUBHOE, TOTIA CYIIECTBYET OKPECTHOCTH
U Toukm xg Taxkas, ITo

(U\{zo})N By = 2. (20)

Bamerim, aro o = 0o € R\ f(U\ {zo}). Ilpumennm k orobpazkeHnio g := f|in {z0}
aemmy 5. Ilomydaem, uro mafinercs nocienoBarenstocts Yy € f(By N (U \ {zo})),
k =1,2,..., Takas, 910 Yy — 00 upu k — co. OmHAKO TOC/IEeIHEE TPOTUBOPEIUT
coornommenuio (20), ubo torma f(ByN(U\{zo})) # @ u Tem Gomee By N(U\{zo}) #
. Od

4. OcHOBHOII pe3yJibTaT

Hacrositiuit pa3jes mocBsiieH OTBICKAHUI KOHKPETHBIX YCJIOBH Ha (DYHKITIIO
Q, korya BoinosiHeHbl yesoBusd (7) u (8). Morusarueii BBeIeHUS CIIEAYIONIErO OIPe-
JIeJICHUS SIBJISIeTCsl JIoKasm3anus npocrpanctBa BMO, cocrosiimero u3 GyHKIui ¢
oepanuserhom cpedium koaebanuem 1o Jxxony — Hupenbepry (cMm. coorBercTBeH-
HO [21] u [6, . VI, pasx. 6.1]). Byzmem rosoputs, uro dyaknus ¢ : D — R umeer
Koneurnoe cpednee koaebarue B Touke xg € D, u nucarb ¢ € FMO B x(, eciu

— 1 _
o [ o) - uldn() < .
B(zo,e)
rjie
_ 1
b g [ eladm)

B(xo,e)

JIlemma 8. Ilyctrb D C R™, n > 2, Q : D — [0, 00| — usmepumas no Jlebery
¢ysEIHSA, T9 € D 1 BBITOJIHEHO XOTsT ObI OAHO U3 CJCIYIOIHX YCIOBHIL:

1) Q € FMO(xo),

2) @y, (r) = O([log 2]"™") mpm r — 0,

3) mpu mekoropom §(zg) > 0, §(zg) < dist(zg,0D), u HPOH3BOIBHBIX £ €
(0,6(x0))

d(zo) i
t
—1 < (21)
15 tq;/1071 (t>
u
d(zo) P
t
v (22)

o taa, (1)
Torya maiinyres €g € (0,1) u pynxums 1(t) > 0 rakue, 4T0 B TOUYKE T BBIIOJIHEHBI
yeaosust (7), (8). Baech u gagee gy, (r) onpereneno coorHomenueM (5).

JIOKA3ATEJ/ILCTBO. He orpanmunBas OOITHOCTH, MOYKHO CIMTATDh, ITO g = 0.
Baksrouenne seMmbl 8 B caydae @ € FMO Boirekaer u3 [6, . VI, caencrsue 6.3,
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corsiacHo Koropomy yesosue Q) € FMO(0) upu HekoropoMm £y > 0 BiiedeT COOTHO-
HIeHne

[ Q@i dnt) =0 toglog 1 ). (23)

a<|w\<eo
rue 0 < Y(t) = “Og T SamernM TakxKe, 9TO B 0003HAYEHUSIX JIeMMBbI 1
€0
log L
I(g,80) := /1/1( )dt = log1 ggi

€
& 0

Taxum 06pa3om, cooTHoOMeHne (23) ¢ yIeTOM IIOCJIETHErO 3aBEepINaeT PAaCCMOTPEHHE
11n—1

caydas 1. Ilycrs Tenepb ¢, (r) = O([log ;] ) mpu r — 0. @ukcupyem g9 <

min{dist(0,0D \ {0}), 1}. Ionoxum ¢(t) =

. 3amerum, 94TO

tlog%
d 7’ d
[ Qeinta) (] QNS Yo e
(|x| log m) (|x| log m)
e<|z|<eq € |z|=r
rie, Kak npexnue, I(g,e0) 1= f P(t)dt m C > 0 — HekoTOpas MOCTOsiHHAsL. Takum

obpasom, ciaydait 2 paCCMOTpeH. Ocranock paccmorpers caydait 3. [lpu kaxkmom
dburcupoBannoM €y < §(Zg) U UPOU3BOJIBHOM € < £) PACCMOTPUM (DYHKIHIO

Iz~ [widi

re
1/)(15) 1/[“10 ( )]a te (€7€O)a (24)
0, t ¢ (c,e0),
qo(1) = Gz (), xo := 0. Bamernm, uro I(g,&9) < oo mpu Beex € € (0,&9) B cuity

npennosoxkenus (21). Torma seumy (22) MmoxkHO cunTaTh, uTo I(€,£0) > 0 1pu Beex
(e,€0). B rakom cayuae dyukuus ¥(t), oupenesentas coornoienuem (24), yiuo-
BJIeTBOpsieT cooTHomenuto (8). Kpome roro, ¥ yuoBieTBopsieT TaKxKe COOTHOIIEHUIO
(7), MOCKOJIbKY HECJIOXKHBII ITOICYET OKA3bIBAET, YTO

/ Q@) (|2]) dm(x) — wn 1 1(5, 20),

e<|z|<eo

upuaeM I(g,e0) = o(I"™(e,e0)) BBRAY (22). Jlemma 8 mosHOCTBIO J0Ka3aHa. [J

SAMEYAHUE 2. Ormernm, 9T0 ecyid f siBJisseTCsl OTOOPAYKEHUEM C OIDAHUIEH-
HBbIM HCKaxkeHueM, 10 BBuy coorHomenus (1) Q(z) = K’ B (2) mis nekoropoii
nocrosaaoit K/ > 0, m03TOMY KasKJ0e M3 yCJIOBHH 1-3 JIeMMBI 8 aBTOMATHYECKH
BBIIIOJITHACTCA.

JlocTaToIHO MHOT'O U3BECTHBIX MaTEMATHKOB TaKNUX, Kak b. B. Hla6aT B. A. 3o-
pUY H JP., PACCMATPHUBAJIN YCJIOBUS PACXOJIMMOCTH HHTErpaJIa f 5 (T) Buga (22), rae
K (r) — mekoropas dbyuknus (cMm., Hapumep, [22,23]).

ToBopsit, aro kKomnakT C' B R™, n > 2, umeer ny.aesyro emrocms, nurryt cap C' =
0, eciiu cap(A,C) = 0 xorst 661 JyIsi OIHOIO OIPAHMYEHHOIO OTKPBITOIO MHOXKECTBA
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A, conepxamero C. MHoxKecTBa eMKOCTH HYJIb, KaK M3BECTHO, BCIOLY Pa3pLIBHbBI
(cm., manpumep, [2, tor. 111, crencteue 2.5]), unave roeops, ycmosue capC = 0, B
YyacTHOCTH, BjedeT, uro Int C = .

3AMEYAHUE 3. [l OTKPBITHIX AMCKPETHLIX OTOOPAXKEHHUId, YIOBJIETBOPSIO-
mux ycjaousiM Tuna (2), uarerpan sumga (21) KoHeYeH sl CKOJIb YTOMHO MAJIBIX €
u HekoToporo 6(xp) > 0. B nporusHOoM ciayuae u3 (6) ¢ yaerom 3amedanust 1 cie-
nyer, uro cap f(B(zg,e1)) = 0 musa mekoroporo €1 > 0. IlociesiHee HEBO3ZMOXKHO,
[IOCKOJIBKY BBHJLYy OTKpbITOCTH f, odeBumHo, Int f(B(zg,€1)) # 2.

[Ipurnmasi BO BHEMaHUE JIEMMBI 2-8, ¢ y4eTOM 3aMeYaHusd 3 3aKJ0YaeM, ITO
MMeeT MECTO

Teopema 1. Ilycts 29 € D, f : D\ {zo} — R", n > 2, — orkpnIToe auc-
KPeTHOe OTOOpasKeHue, Y I0BJIETBOPSIIONIEe COOTHOIIEHHUIO (2) B TOUKe g JJIsl JT00O
uzMepuMoli pyHKIIH 1) co cBoiictBoM (3) u HekoTopoit uamepumoii Gyrrnnn Q(x),
Q : D — [0,00], xg — cymecrBerHO ocobasi Touka f. Ilpenmooxkum, 410 JHGO
Q € FMO(x), 160 qy,(r) = O([log %]n_l) mpu v — 0, b0 NP HEKOTOPOM
d(xg) > 0, §(xg) < dist(zg,dD), Bbimoanero yciaosue uga (22). Torma mmeror
MeCTO CJICIYIOIHE yTBEPIKICHHS.

1. Ecim n > 3 u T0uka 29 € R™ sBiIsIeTCsSs acCHMIOTOTHIECKHM IIpedesoM [ B
TOUKe Xg, TO JIsI Ji000it okpectHoctu U C D, conepzkaiieit TOUKY T, BBITOJHEHO
20 € f(ByNU).

II. Kasmas touxa muoxkectsa R™ \ f(D \ {zo}) saBaserca acuvmrornmaecknm
apezneysioM [ B TOUKe Tg.

I Ecn n > 3, o nmeer mecro srmouenne (R™\ f(D\ {zo})) C f(By).

IV. Ecrun >3 mwoo ¢ f(D\ {x0}), TO

(a) muoxkecrBo f(Bj) Heorpanmiennoe B R”,

(b) Xo € 37f

CaencrBue 1. Ilycte 9 € D, f : D\ {zo} — R", n > 3, — sokaubHbIii
romeomoppusm B D \ {z}, yaosaersopsomuii coorHomernto (2) B TOUKE Xo IS
JIFOOOI U3MEPUMOI (PYHKITUH 7) CO CBOHCTBOM (3) U HEKOTOPOI H3MepUMOUH (DyHKI[HI
Q(z). Ipemnomoxum, aro mbo Q € FMO(xg), 1160 ¢y, (1) = O([log ﬂnfl) npu
r — 0, smbo upu HekoropoM 0(xg) > 0, 6(xo) < dist(zo, dD), BblIOIHEHO yCIOBHE
suja (22). Toraa f mpogosmskaeTcs /0 JOKaIbHOrO romeomopgusma f : D — R™.

JJOKA3ATENILCTBO CJIEACTBUA 1 jterko BbITekaeT u3 3akiaodenus 1V (b) reo-
pemer 1. Bo3aMOXKHOCTE HEIPEPLIBHOT'O IPOJIOJIZKeHNs [ B TOUKY Zo C/ICJLyeT U3 yCJIo-
Bust By = . Ocraercst IoKas3aTh, 4TO IPojloJEKeHHoe oTobpazkenue f : D — R™ ap-
Jigercst roMeoMopdu3MOoM B HEKOTOpOM 1iape B(xo, &g). IpeanoiokumM nmpoTusHoe,
Torga ¥o € Bf. C apyroit cTopoHbBI, JJls IPOU3BOJILHOTO OTKPBITOrO [HCKPETHOIO
orobpaxenus g : G — R" obmactu G C R", n > 2, jna xoroporo B, # &, xay-
ciopdosa pasmeprocTs ¢(By) He MeHbie n — 2 (cM., Hanpumep, |5, Teopema 3.4]).
B nammem cirydae 310 03uadaeT, 4To B obaactu D 1o KpaiiHeii Mepe ecTh ele KaKue-To
TOYKH MHOKECTBa B, KpOMe TOUKH To, ITO IPOTHBOPEUUT CIEIAHHOMY IIPEJIIOJIO-
JKEHHIO O JIoKasbHol romeomopduoctu f B D\ {zo}. O

SAMEYAHUE 4. st oTobpaskeHnii ¢ OrpaHnIeHHbIM HCKAXKEHUEM yTBEPKIe-
Hue coejacrBus 1 jokasano B. A. Bopuuem (cMm. [23, Teopema 1]). Mcnosb3yemsrit B
[23] MeTo/ B 3HAMUTEIBHON Mepe OTJIMYAETCs OT IIOJX0/[A, UCIOIbL3YEMOrO B HACTO-
ameit pabore.
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5. O TounocTu ycsioBuii Ha Q(x), n u orobpakenue f

Crenyromuii mpuMep MOKA3bIBAET, UTO ycjoBus Ha GyHKIMO Q (), yKasaHHBIE
B TeopeMe 1, SBISIOTCS TOYHBIMU B TOM CMBICJIE, YTO UX HEJIb35 3aMEHUTH YCJIOBUEM

Q(z) € LY uu as xakoro (ckoub yrogHo Gosbmoro) p > 1.

Teopema 2. s kaxzoro p > 1 naiinercs romeomopgusm f : B™\ {0} — R™,
YVAOBJIETBOPSIONIHI cooTHOLIEHHIO B/ (2) 1151 10605 pyHKIUH 1) €O cBoiicTBOM (3)
B Touke xg = 0 ¢ Hekoropol ¢yukuueit Q(x) € LP(B™), n > 2, takoii, 910 TOUKa
g = 0 siBjIsieTcs] H30JIMPOBAHHOI CyIIECTBEHHO 0CO0OH TOUKOH st f U B TO ke
BpeMST KazKJ[0e U3 3aKJIIO9CHHUE TeopeMbl 1 HapyImeHo.

JIOKA3ATEJILCTBO. 3amaanm romeomopdusm f : B™ \ {0} — R™ caremyromnmm
obpazom:

L+ [z
r)— — .
e a € (0,n/p(n—1)). 3a caeT yBenndeHns p MOKHO CIATATH, 9T0 @ < 1. 3amernm,
uro f orobpaxaer B"\ {0} na {1 < |y| < 2} B R" u npexnessuoe muoxecrso C(f,0)
ectb cdepa {|y| = 1}. U3BecTHO, 4TO f yAOBIETBOPSAET COOTHOLIEHUIO (2) HpH

Q) (”) r=lal

b

ar®

_Cc
— pa(n—1)>

(em. [6, ru. VI, npemoxenue 6.3]). Ilpn r < 1 umeem onerky Q(z) <

C = (%)n_l. Cuenosarensuo, Q(x) € LP(B™), mockoibKy ap(n—1) < n. 3amerum,
910 Bee TOUKHU chepnl S ABAATOTCS ACHMITOTHYECKUMHE TIPE/Ie/IAME 0TOOPaKeHsT
f B mysme. Tem ue menee zaxuouenus I, III, IV teopembr 1 He BbIOJSIHEHBI, OO
Bj = @, a sakimouenne 11 mapymeno B cury toro, uto R\ f(B" \ {0}) = {Jy| <
1} U {|y| > 2}; B To e Bpems HE omHA W3 Todek MHOkecTBa R™ \ f(B" \ {0}),
KpoMe Touek cdepbl ST, oueBmmHO, He SABAAETCH ACHMITOTHYECKHM HPEIEIOM

orobpaxkenus f B Touke 0. [

WsBectHO, uTO Hake /i 0TOOPaKEHUIT C OrPAHUYEHHBIM MCKAXKEHUEM 3aKJIIO-
qeHus JeMM 2, 5—7, a Ttakxke yrBepxkiaenus mi. I, 111, IV teopembr 1 HapymaoTcs
upun = 2 (em. [5, . 3.23]) u upumep sromy jaer orobpazkenue f(z) = e B ToUKe
zo = 0. Cnemytomasi TeopeMa MOKA3bIBAELT, UYTO YCIOBUE OTKPBITOCTA OTOOPAYKEHMUST
f BO Bcex BBINIEINEPEUNC/IEHHBIX PE3YJIbTaTax CYIIECTBEHHO.

Teopema 3. Ilpu kaxkjgom n > 2 HaHJIeTCs JUCKPETHOE OTODpa’KeHHe ¢
R" \ {0} — R, yaosaersopsiomee cootHomrennio Bua (2) s o060t GyHKIHI
n co cpoiicrBom (3) B Touke xy = 0, st koroporo Q = 1 u xg = 0 saBiasercs
H30JIHPOBAHHOMN CyIeCTBEHHO 0coboil Toukoi, 1pu sroM 3akmaodenns 11, 111, IV (a)
TeOpe]WbI 1 H€ MMEKT MecTa.

JOKA3ATEJ/ILCTBO. Paccmorpum paszbuenme mpoctpancTsa R™ kybamu

n

Chyooobn = | [12k = 1,2k + 1], ki € Z.

i—1
Paccmorpum nponssonbablit Ky6 Ch, ... i, € k1,... ,kn > 0; cay4ait k; pasHbIX 3Ha-
KOB MOXKET ObITb pacCMOTpeH Io amajgorui. Ilycts x = (z1,...,%,) € Chy.. k.-
Ecmu ki = 0, 10 gy, := id. Ilycts k1 > 0. Iomoxum fi . 11(x) = 1. 1,
L€ Yi,..,1,1 — CHMMETPHUYECKOE OTDaKEHHE TOYKU T OTHOCHUTEIHHO I'MIEPILIOCKO-
ctu r1 = 2k1 — 1. Ecim 2k1 — 3 = —1, To mpornecc 3aseprien. Ilycrs 2k — 3 > —1,
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torma fi.. 12(x) = Y1, 12, TOE Y1, 1,2 — CHMMETPHYIECKOE OTparKeHHe TOUKH
Y1,... 1 OTHOCUTEJILHO TUIIEPIIOCKOCTH X1 = 2k1 — 3. Ecom 2k; —5 = —1, To npomnecc
saBepiued. Eciu Her, nponoskaem nponecc: fi1,.1,3(%) = y1,... 13 1 T 1. 3a Ko-
HEeYHOe YHUCJIO IIATOB 1M MMeEeM OTOOPAXKEHUE G, = f1,...1,mq © -0 f1,...,1,1 TaKoe,
ITO 00pa3 gm, () ToIKU & 1eKUT B KyOe Co ky ks... ko -

Hanee, ecmn ko = 0, TO gy = gm,- 1Ipu ka > 0 OTHOCUTENILHO TOYKH Ty, 1=
9m, (T) IPOZEIBIBAEM TY 2Ke OIIePAIUIO, HO OTHOCUTEJILHO KOODAMHATHL 2. [Tosaraem
fi12m () = Y1, 1.2mys DA€ Y1,.. 1,2,m; — CEMMETPHIECKOE OTParKeHUE TOUKI
Ty, OTHOCHTEJIBHO Imiepiuiockoctu ro = 2ky — 1. Ecmm 2ky — 3 = —1, nponecc
3aBepIneH. Kciam HeT, mpojosikKaeM JI0 TeX IOpP, IMOKa He MOJyIUM OTOOparKeHue
9mo — f17"' ;mag,my OO f17--- ,2,my TAKOE, 9TO Gm, (xml) € 00707k37~~ K

Yepes HEKOTOPOE YHUCIIO MIATOB My = M1 + Mo + ...+ M, IPUXOIUM K 0TOOpPa-
KeHuIo Go = gm,, O GYm,,_, O * Gmy © Jm, TAKOMY, ITO 00PA3 Ty, TOUKH T IPU OTOO-

_
- T on
B HEKOTOPLIT KyD Ay, mosHocThio Jexkamuit B B”. [Tomoxkum Gs := G o Gy.

pazkenuu G sezkut B Kybe Cp oo, 0. Cxarne G(x) - nepesonut Cooo0,... 0

3aMeTuM, UTO TOYKa 29 = OO SIBJISIETCS M30JUPOBAHHON CyIECTBEHHO 0CO0Oi
TouKOIt oTobpakenus Go, npuiem C(Ga,00) = Ag C B". Torma orobpaxkenue

g = GQOG?” (25)
rue Gs(z) = ﬁ, VMeeT U30JIMPOBAHHYIO CYIIECTBEHHO 0COOYIO TOUKY o = 0, mpu-
qem

C(g,0) C B". (26)

ITo nocrpoernto orobpazkeHne g, 3aJJaHHOe COOTHOIEHNeM (25), coXpaHsieT MOJIYJIb
ceMeilicTB KpuBbIX B R™, T. €. yHOBJETBOpsieT COOTHOIIEHHIO Buma (2) js JioGoil
u3MepuMoit byHKIMHU 1), yAOBJIETBOpsIonel (3), u saBjsgeTcd TUCKPETHBIM. Tem He
MeHee Kaknoe u3 yreepxkaennit 11, III, IV(a) Teopemer 1 mapymieno, uto g(By) co-
cpesioToueHo B B m HE offHA U3 TOYeK MHOXKecTBa R™ \ B He aBJIfeTCa acHMIITO-
TUYECKUM MPEJIENIOM ¢ B TOUKe g = 0 B cuiry BriodeHus (26). O

3AMEYAHUE 5. 3axumouenus 1 u IV(b) reopembl 1 B npumepe, HOCTPOEHHOM
BBIIIE, BBIOJHEHbI, TAK KaK JJIsI YKA3aHHOTO BbIe oToOparkeHusi G'a MHOKECTBO
B¢, npejcraiisieT coboil COBOKYITHOCTb THIIEPIIIIOCKOCTEN!:

e}
BG2 = U Akﬂ‘, Akﬂ' = {in ($1,l‘2,... s Ljy e - ,xn) (S Rn Xy = 2/€+1},
i,k=1

m oo € Bg,. Bomee Toro, ecim nekoropoe orobpazkenme f : D — R™ me ymo-
BisierBopsier ycsiosuio IV (b) reopembr 1, To f aBroMarndecku sABJISETCS OTKPBITHIM
orobpaxkenuem B U \ {zo}, rae U — HeKkoTOpasi OKPECTHOCTH TOUKH (.

Ham mem3BecTHO, MOXKHO i M30aBUTLCS OT TPeOOBAHUS JUCKPETHOCTU B IIe-
PEYNCIIEHHBIX BBIIIE PE3yJIbTaTax, YTO B JIOCTATOYHON Mepe HyXKJIaeTcs B JIOTOJIHU-
TEeJIbHOM HCCJIEJOBAHUN.

6. O npusioxkeHusiX pe3yJbTaToB K KJjiaccam CoboJieBa

Buewnsas duaamayus orobpaxkenus f B Touke x ecth Bemunna Ko(x, f) =

WL ecan J(2, ) # 0, Ko(z,f) = 1, ecnn f'(x) = 0, n Ko(x,f) = oo 5
OCTaJIBHBIX TOYKaX.
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Teopema 4. Ilycre xg € D, f: D\ {zo} — R"™ — orkpsrroe guckpernoe orob-
paserme kacca Wb (D \ {xo}), mrs koroporo Q := K&~ Yz, f) € LL (D \ {zo})
u m(By) = 0. Torga f ymosmersopsier cooTHolneHnio (2) B TOUKe Ty IPH KaXKAOM
HEOTPHIATEIBHON U3MEpUMOil (QYHKIHH 1) €O cBoHcTBOM (3) H BHOJHE KOHKDETHOM

snavernmn Q = Ky (z, f) (enm. [24, Teopena 1).
OCHOBHOE IPUIIOXKEHIE PE3YILTATOB HACTOAIIEH paboThI 3aKJI09aeT B cebe ciie-
JLYIOIIAsT

Teopema 5. Ilycts 9 € D, f : D\ {xg} — R™ — orkpsIiToe jquckperHoe
orobpasenne xracca W™ (D \ {zo}), s koroporo Q == K5~ (x, f) € L (D \
{xo}) mm(By) = 0, npudem x sIBJIsIETCS CYIIECTBEHHO OCOOOI TOUKOI OTOOparKeHHsI
f. Ipeamonoxum, uro qm6o QQ € FMO(xg), mubo ¢y, (r) = O([log ﬂ”_l) npna
r — 0, 6o npu mexoropom 6(xg) > 0, 6(xg) < dist(xo, D), BbIIOIHEHO YCIOBHE
Buza (22). Toraa

I. Ecim n > 3 u Touka 2y € R™ sB/seTcs aCHMOTOTHIECKHM IIPETEJOM | B
TOUKe Xg, TO JJIs J000i okpectrHoctn U C D, conepzkarmeit TOUKY T, BBITOJHEHO
20 € f(ByNU).

II. Kasas touxka muoxkectsa R™ \ f(D \ {zo}) saBaserca acuvmarornmaeckmm
npexesiom f B TOUKE Xg.

NI Ecman > 3, to R™\ f(D\ {z0}) C f(By), muoxkectro f(By) Heorpammten-
HOE U Xg € B f-

Ilocrckpuntym. Hacrosiiast paboTa BBITTOJHEHA B PYC/I€ UCCIEI0BAHNMN, NHU-
UUPOBAHHBIX M3BeCTHBIM MaTeMaTukoM [. JI. CyBOpOBBIM, CUMTABIIUM <HUIEAJIOM
(u nesbio!) B Teopun GyHKIMI JOCTUKEHUE TaKOH CUTYAIN, KOTIa MbI OyieM pac-
moJjIaraTh OOJIBITAM YHCJIOM PA3JIMIHBIX KJIACCOB (DYHKIUN U JJIs KAaXKJIOr0 KJIacca
uMeTh pa3paboTaHHbBI KaTaJor CBOHCTB (METPUYECKUX M TOIOJOIUIeCKuX)» (CM.

25, c. 325]).
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