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A BRIEF SURVEY ON THE GENERALIZED
LEBESGUE-RAMANUJAN-NAGELL EQUATION

Maohua Le and Gékhan Soydan

Abstract. The generalized Lebesgue-Ramanujan-Nagell equation is an important type of
polynomial-exponential Diophantine equation in number theory. In this survey, the recent results

and some unsolved problems of this equation are given.

1 Introduction

A great deal of number theory arises from the discussion of the integer or rational
solutions of a polynomial equation with integer coefficients. Such equations are
called Diophantine equations, those Diophantine equations with variable exponents
are called polynomial-exponential equations.

Let Z, N, QQ denote the sets of all integers, positive integers and rational numbers,
respectively. Let D be a fixed positive integer, and let p be a fixed prime with
ged(D, p) = 1. We first introduce two classical results about polynomial-exponential
equations.

In 1844, E. Catalan [64] conjectured that the equation

2™ +1=9y", z,y,m,n €N, min{z,y,m,n} > 1 (1.1)

has only the solution (z,y,m,n) = (2,3,3,2).1 Six years later, V.A. Lebesgue [206]
solved (1.1) for m =0 (mod 2), namely, he proved that the equation

22 +1=y" z,y,n €N, min{z,y,n} > 1 (1.2)

has no solutions (x,y,n). Afterwards, T. Nagell [253, 255 systematically studied
the solution of equations with the form

22+ D=y" z,y,neN, ged(z,y) =1, n > 2. (1.3)
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! This conjecture has been proved by P. Mihiilescu [246]
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Therefore, (1.3) and its generalizations are called the generalized Lebesgue-Nagell
equation.
In 1913, S. Ramanujan [267] conjectured that the equation

2?2+ 7=2""2 2z neN (1.4)

has only the solutions (x,n) = (1,1),(3,2),(5,3),(11,5) and (181, 13). In 1945, W.
Ljunggren [225] proposed the same problem in Norwegian and T. Nagell [254] first
proved it three years later. Therefore, the equation

nt2 ifp =2,
>+ D= z,neN (1.5)
p", if p# 2,

and its generalizations are called the generalized Ramanujan-Nagell equation. More-
over, since (1.3) and (1.5) are similar in form, they are collectively referred to as the
generalized Lebesgue-Ramanujan-Nagell equation.

The methods of proving the early results of generalized Lebesgue-Ramanujan-
Nagell equation depend mainly on elementary techniques from classical number
theory, algebraic number theory and from Diophantine approximation. These results
can be seen in the survey papers [9], [32], [75], [172], [189], [204], [268] and [271].

In this survey, we introduce some recent results concerning the generalized Lebesgue-
Ramanujan-Nagell equation. In addition to the classical methods, the proof of these
results used the following four tools.
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(i) The Baker method
In 1966, A. Baker [20] first obtained an effectively computable lower bound
for linear forms in the logarithms of multiple algebraic numbers. This important

result and its extensions have wide application in many fields including Diophantine
equations (see |21], [22], [42], [243], |189] and [272]).

(ii) The formula for the solutions of D; X? — DyY? = \k?

Let D1, Do, k be fixed integers such that D1 > 0, k > 1, ged(D1, Dy) = ged(D1 D2,
k) =1 and D;Ds is not a square, and let A € {1,2,4} or A = 4 according to k =1
(mod 2) or not. Around 1986, using the properties on the repsentation of integers
by binary quadratic primitive forms, M.-H. Le [148, 156] gave the explicit formula
for all solutions (X,Y, Z) of the equation

D1X? —DyY?=)*, XY, Z € Z,ged(X,Y) =1, Z > 0. (1.6)

Because the solutions of many types of generalized Lebesgue-Ramanujan-Nagell
equation are special solutions of (1.6), so this formula is pretty useful. The English
version of Le’s work above can be found in [124] and [175]. In addition, Z.-F. Cao,
C.I. Chu and W.C. Chiu [59], R.A. Mollin [250, 251], P.-Z. Yuan [331, 334] used
different methods to prove similar results. H. Yang and R.-Q. Fu [319] improved the
upper bound for least solutions of (1.6) given in [175].

(iii) The BHV theorem

Let a, 8 be algebraic integers. If a + 8 and af are nonzero coprime integers and
a/f is not a root of unity, then (a, ) is called a Lucas pair. Further, one defines
the corresponding sequence of Lucas numbers by

at _ /Bt
L@ B) = gt =0, 1,20+ (1.7)

A prime q is called a primitive divisor of Li(c, 3) (t > 1) if Ly(a, 8) =0 (mod ¢) and
(a — B)2Ly(a, B) -+ Li—1(a, B) # 0 (mod q). Similarly, we can define the Lehmer
pair, the Lehmer number and its primitive divisors. In 2001, Y.F. Bilu, G. Hanrot
and P.M. Voutier [37] proved that if ¢ > 30, then L.(«, ) must have primitive
divisors. Thus, combine this result together with the results for ¢ < 30 due to P.M.
Voutier [301] and M. Abouzaid [1], the existence of primitive divisors of Lucas and
Lehmer numbers is completely solved, which is usually called the BHV theorem.

(iv) Modular approach

Around 1984, G. Frey [97] first discovered the connection between certain Diop-
hantine equations and modularity of elliptic curves over Q. In 1995, along this
approach, A. Wiles [289, 310] succesfully solved the famous Fermat’s last theorem.
This kind of methods are collectively referred to as modular approach. So far this
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method has been widely used in solving many Diophantine equations including the
generalized Lebesgue-Nagell equation (see |76], [96] and [274]).
We now illustrate the use of the above tools with the following two examples.
First, we consider (1.5) for odd primes p. Obviously, (1.5) has a solution (z,n)
if and only if the equation

X2 4 DY?=p* XY, Z €7, ged(X,Y)=1,Z >0 (1.8)

has the solution
(X,Y,Z) = (x,1,n) (1.9)

with Y = 1. By [146], if (1.8) has solutions (X, Y, Z), then it has a unique solution
(X1,Y1,771) such that X3 > 0, Y1 > 0 and Z; < Z, where Z through all solutions
(X,Y,Z) of (1.8). The solution (X1,Y7,Z;) is called the least solution of (1.8).
Moreover, every solution (X,Y, Z) of (1.8) can be expressed as

Z = 7Zit, t € N,

1.10
X+YVv-D= )\1(X1 + XY vV —D)t, )\1,)\2 S {1, —1}. ( )

Therefore, applying (1.10) to (1.9), we find that (1.5) has solutions (x,n) if and only
if the least solution (Xi,Y7, Z1) satisfies Y = 1. Obviously, if Y7 = 1, then (1.5) has
solution (x,n) = (X1, Z1). Further, if (1.5) has another solution (z,n), then there
exists an odd positive integer ¢ such that ¢ > 1 and

n=271t, X +v-D = )\1(X1 + AgV —D)t, AL, A9 € {1, —1}. (1.11)

When t = 3, we get from (1.11) that

B (273>7 o (1,1) and (5,3),
D= {(352 +1,452 + 1), o= {(87 1)and (85 +3s,3), s €N.

(1.12)
Since, by [13], (1.5) has at most two solutions (x,n) for odd primes p. Hence, if D, p
satisfy (1.12), then (1.5) is solved.
When t > 3, let

a=X1+vV-D, =X —-V-D. (1.13)
Then, by (1.11), we have
Ozt _Bt
=1 1.14
— (1.14)

Let C; (j = 1,2,---) denote effectively computable absolute constants. Using the
Baker method, by (1.14), we have ¢ < C1 and max{D,p} < Cy. This implies that if
max{D, p} > Cy and (D, p) # (3s%> +1,4s? + 1), then (1.5) has at most one solution
(x,n) (see [147], [L50] and [166]).
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In addition, (1.14) gives the connection between the number of solutions of
generalized Ramanujan-Nagell equation and the multiplicity of second order recur-
rences. The work on the latter can be seen in [33], [161], [195] and [332].

On the other hand, we see from (1.13) that (a, ) is a Lucas pair. Further, by
(1.7) and (1.14), the Lucas number L(c, ) has no primitive divisors. Therefore,
using the BHV theorem, (1.14) is false if ¢ > 3. Thus, for odd primes p, (1.5) has
at most one solution (x,n), except for D, p satisfy (1.12). We can get similar results
for a lot of other types of generalized Ramanujan-Nagell equation in this approach
(see [45], [162], [165], [174] and [184]).

Finally, we consider (1.3) for D = 7 (mod 8). In this case, (1.3) might have
solutions (x,y,n) with y = 0 (mod 2) and y is not a power of 2. This implies that
the approach outlined above will not work, and the solution of (1.3) become quite
difficult. For example, if D = 7, then (1.3) can be written as

2+ 7=9" z,yneN,ged(z,y)=1,n>2. (1.15)

Obviously, (1.15) has no solutions (z,y,n) with y = 1 (mod 2), and it has only
solutions (z,y,n) = (1,2,3),(3,2,4), (5,2,5), (11,2, 7), (181,2, 15), (181,8,5) and
(181,32, 3) with y is a power of 2 (see [183]). In 1993, J.H.E. Cohn [80] conjectured
that (1.15) has no other solutions (z,y,n). This problem has not been solved for
years. In 1998, using the Baker method, J.-L. Lesage [207] proved that all solutions
(z,y,n) of (1.15) satisfy n < 6.6 x 10. Five years later, S. Siksek and J.E. Cremona
[275] proved that (1.15) has no solutions (z,y,n) with 11 < n < 108. It was not until
2006 that Y. Bugeaud, M. Mignotte and S. Siksek [44] used the modular approach
to confirmed Cohn’s conjecture.

2 The generalized Ramanujan-Nagell equation

2.1 The equation 22> + D = k"

Let Dy, Dy be fixed positive integers with ged(D1, D2) = 1, and let p be a fixed
prime with ged(Dy D3, p) = 1. In this subsection we are going to ignore the classical
results of (1.5) and go consider to its generalization with the following form

272 ifp =2,
Dya* + Dy = xz,n €N, (2.1)
p",  ip#2

In 1918, using Thue’s method on Diophantine approximation, G. Pélya [263] proved
that P[D1x? + Do) — oo as |x| — oo, where P[Dyx? + Ds] is the great prime divisor
of D1z% + Dy. This implies that (2.1) has only finitely many solutions (x,n). Let
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N (D1, Do, p) denote the number of solutions (z,n) of (2.1). The study of (2.1)
mainly discusses the upper bound of N (D1, Da,p).

In 2001, using the BHV theorem, Y. Bugeaud and T.N. Shorey [45] completely
determined the upper bound of N(Dq, Do, p) as follows.

Theorem 1. N (D1, Dy,2) < 1, except for the following cases:

(i) N(1,7,2) =5, (z,n) = (1,1),(3,2),(5,3),(11,5) and (181,13).

(i) N(3,5,2) = 3, (z,n) = (1,1),(3,3) and (13,7).

(ii) N(1,23,2) =2, (z,n) = (3,3) and (45,9).

(iv) N(1,2"%2 —1,2) =2, (z,n) = (1,7) and (2"t —1,2r), where r is a positive
wnteger with r > 2.

(v) N(3,29,2) =2, (x,n) = (1,3) and (209, 15).

(vi) N(13,3,2) =2, (z,n) = (1,2) and (71,14).

(vii) N(21,11,2) = 2, (z,n) = (1,3) and (79,15).

(viii) If D1s8* = 2" —§, Dy = 3-2" +6, where r, s are positive integers with r > 2,
§ € {1,—1}, then N(D1,D3,2) =2, (z,n) = (s,7) and (2" +6)s,3r).

Theorem 2. For odd primes, if 4D1s> = p" —§, 4Dy = 3p" +6, where r, s are positive
integers, 6 € {1,—1}, then N(Dy,D2,p) = 2, (z,n) = (s,7) and ((2p" + 0)s,3r).
Otherwise, N (D1, Da,p) < 1.

For any nonnegative integer ¢, let F; and L; denote the ¢ — th original Fibonacci
and Lucas numbers, rspectively. We know introduce their two properties as follows:
(1) (J.H.E. Cohn [77]) The equation

Li =222 2¢eN

has only the solution (7, z) = (0,1).
(73) (Y. Bugeaud, M. Mignotte and S. Siksek [43]) The equation

F=2,zreN z>1r>1

has only the solutions (i, z,7) = (6,2,3) and (12,12, 2).
For odd positive integers Dj, Dy and odd primes p, let N(D1, Dy,2,p) and
N (D1, Do, 4,p) denote the number of solutions (x,n) of the equations

Dz + Dy = 2p", z,n e N (2.2)

and
Dia? + Dy = 4p™, z,n € N, (2.3)

respectively. By the results of [45] with the above mentioned properties of Fibonacci
and Lucas numbers, we have
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Theorem 3. N (D1, Dy,2,p) < 1, except for the following cases:

(i) N(1,1,2,5) =2, (z,n) = (3,1) and (7,2).

(i) N(1,1,2,13) = 2, (z,n) = (5,1) and (239,4).

(7i1) N(7,11,2,3) =2, (z,n) = (1,2) and (1169, 14).

(iv) N((p" — 6)/2827 (3p" +6)/2,2,p) = 2, (z,n) = (s,7) and ((2p" + 0)s,3r),
where 1, s are positive integers, 6 € {1, —1}.

Theorem 4. N(D1, Dy,4,p) < 1, except for the following cases:

(1) N(1,11,4,3) = 3, (z,n) = (1,1),(5,2) and (31,5).

(i) N(1,19,4,5) = 3, (z,n) = (1,1),(9,2) and (559, 5)

(791) N(1,3,4,7) =2, (x,n) = (5,1) and (37,3).

(iv) N(1,4p" — 1,4,p) =2, (x,n) = (1,r) and (2p" — 1,2r), where r is a positive
integer.

(v) N(Fei—3/5% Let, 4, Foi—1) = N(Foi—1/5?, Ler42, 4, Fr1) = 2, (z,n) = (s,1)
and (s(D3s* — 5D1s%p + 5p?),5), where t is a positive integer.

Let k be a fixed positive integer such that k£ > 1 and ged(D1 D3, k) = 1. For any
positive integer a with a > 1, let w(a) denote the number of distinct prime divisors
of a. Then the equation

A", ifk=1 (mod2), Xe{1,2,4},
Dy2? 4+ Dy = z,n €N (2.4)
4k, it k=0 (mod 2),

is a naturally generalization of (2.1), (2.2) and (2.3). Obviously, if (2.4) has a solution
(z,n), then the equation

PV
Dia? + DyY? = XY, Z€Z,ged(X,Y)=1,Z>0 (2.5)
4k,

has a corresponding solution (X,Y, Z) = (z,1,n) with Y = 1. By [175], all solutions
(X,Y, Z) of (2.5) can be put into at most 2w(k)=1 (lagses, and every class, say S, has a
unique solution (X1, Y7, Z1) such that X; > 0,Y; > 0 and Z; < Z, where Z through
all solutions (X,Y, Z) in S. The solution (Xi,Y7,Z7) is called the least solution of
S. Tt can be seen from the analysis in Introduction that if (2.4) has a solution (x,n)
which make the corresponding solution (X,Y,Z) = (z,1,n) of (2.5) belongs to S,
then the least solution (X1, Y1, Z1) of S satisfies Y1 = 1. Let N (D1, Do, k) denote the
number of solutions (x,n) of (2.4). Let Cj(a,b,---) (j =1,2,---) denote effectively
computable constants depending only on the parameters a,b,---. Using the Baker
method, E.A. Bender and N.P. Herzberg [26] proved that if £ = 1 (mod 2) and
k > C1(D1Dy), then N(Dy, Dy, k) < 2¢0)=1 T _J Xu and M.-H. Le [314] showed
that, except for some explicit exceptional cases, the above condition k& > C1(D1D3)
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can be improved to max{D;Ds, k} > C3. Obviously, using the BHV theorem, these
conditions can be removed (see [45]). In addition, X.-G. Chen, Y.-D. Guo and M.-H.
Le [70] proved that if D; = 1, D is an odd prime, £k = 1 (mod 2) and A = 1, then
N(Dy,Ds, k) < 8.

As a special case of (2.4), Z.-G. Li and P.-Z. Yuan [211] claimed that if A = 4
and (D1, D2) = (k— 1,91k +9), then (2.4) has only the solution (k,z,n) = (5,3, 3).
However, M.-H. Le [203] pointed that the solutions (k,z,n) = (7,11, 3) and (25, 3,4)
were left out in |211], and proved some further results.

The equations (2.1)-(2.4) relate to a classical problem concerning the equation

Xm—1 ynr-1
X-1 Y-1

, X, YmneN, X>Y>1,n>m>2. (2.6)

Around 1916, R. Ratat [269] and Goormaghtigh [105] conjectured that (2.6) has only
the solutions (X,Y,m,n) = (5,2,3,5) and (90,2, 3,13). In addition, P.T. Bateman
asked that if (X,Y,m,n) = (5,2,3,5) the only solution of (2.6) for which X,Y and
(X™ —=1)/(X — 1) are all primes? (see Problem B 25 of [115]). These are two
problems have not solved as yet. Since the known solutions of (2.6) satisfy m = 3,
it is a most interesting case of (2.6). Then, (2.6) can be written as

Y -1)2X+1)2+@BY+1)=4Y", X,V,neN, X >Y >1,n>3 (27

In this respect, there have the following results:

(7) (M.-H. Le [190]) (2.7) has only the solutions (X, Y,n) = (5,2,5) and (90, 2, 13)
with Y is a prime power.

(73) (P.-Z. Yuan [335]; B. He [117]) (2.7) has only the solutions (X,Y,n) = (5,2, 5)
and (90,2,13) with n =1 (mod 2).

(7i7) (M.-H. Le [194]) If (X,Y,n) is a solution of (2.7) with (X,Y,n) # (5,2,5)
or (90,2,13), then ged(X,Y) > 1 and X #0 (mod Y).

Let D,k be fixed odd positive integers with ged(D, k) = 1. The equation

??+D=k-2", z,neN (2.8)

is another generalization of (1.5). In this respect, M.A. Bennett, M. Filaseta and
O. Trifonov [28] proved that if D = 7, then the solutions (x,n) of (2.8) satisfy
Vv < k. J. Stiller [281] proved that if (D, k) = (119, 15), then (2.8) has six solutions
(z,n) = (1,3).(11,4), (19,5), (29, 6), (61,8) and (701, 15). Afterwards, M. Ulas [300]
interested in finding equations of the form (2.8) with many solutions. For example,
he showed that if (D, k) = (237+3 1,234 1), where 7 is a positive integer, then (2.8)
has at least five solutions (z,n) = (3,3), (22" — 271 — 1 r+2), (2371 —1,3r +2),
(23712 4+1,3r+4) and (2577342372 —1,9r+6). In the same paper, he put forward a
lot of conjectures in this respect. Some of them have been confirmed by Z.-F. Zhang
and A. Togbé [348].
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Let p1,p2,- -+ ,pr (r > 1) be distinct primes with p; ¥ D (i = 1,2,--- ,r). By the
result of G. Polya |263], we can find that the equation

x2—|—D:p?lp32'--p?",x€N, n11n27"'n7‘€Z7 n22072:1727 T

has only finitely many solutions (z,n1,n9,---,n,). For example T. Yamada [318]
proved that if p; = 2 and » = 3, then the equation has at most 63 solutions
(x,m1,m9,n3) with 0 < n; < 2.

2.2 The equation 22 — D = k"

Let D be fixed positive integer integer which is not a square, and let p be a fixed
prime with ged(D, p) = 1. In this subsection we consider the equation
2 if p =2,
> - D= z,neN (2.9)

p", if p # 2,

and its generalizations. Obviously, according to the language of algebraic number
theory, the left side of (1.5) can be splitten in imaginary quadratic fields, and the
left side of (2.9) must be splitten in real quadratic fields. This difference makes the
solution of (2.9) much more difficult than (1.5).

Let N(—D,p) denote the number of solutions (z,n) of (2.9). In 1980, using the
Diophantine approximation method based on hypergeometric series, F. Beukers [34]
proved that N(—D,2) < 4. In the same paper, he showed that if N(—D,2) > 3, the
D must be one of the following three cases:

(i) If D = 22" — 3 .21 4+ 1, where r is a positive integer with r > 3, then
N(-D,2) =4, (x,n)=(2"-3,1), (2" = 1,7), (2" + 1,7+ 1) and (3-2" —1,2r + 1)

(i1) If D = (3(22"*1 —17))? — 32, where r is a positive integer with r > 3, then
(2.9) has at least three solutions (z,n) = (%(2”1 —17),3), (%(TH +1),2r+1) and
1

(3(17 22rtl 1) 47 +5).

(i) If D = 2% 4 222 _ gritrztl g+l gra+l 4 1 wwhere 71, ro are positive
integers with ro > r1 + 1 > 2, then (2.9) has at least three solutions (x,n) =
(27'2 — 2" — 1,7”1), (2T2 — 2" 4 1,7‘2) and (27'2 +2" —1,r + TQ).

In 1992, M.-H. Le [164] further proved the following result:

Theorem 5. N(—D,2) < 3, except for D satisfies the above condition (i).

In addition, F. Beukers put forward the following conjecture in his letter to M.-H.
Le.
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Conjecture 6. N(—D,2) < 2, except for D satisfies the above conditions (i), (i7)
and (ii1).

In this respect, M.-H. Le [159] proved that if the equation
U?-DV?*=-1,UV €N (2.10)

has solutions (U, V), then Conjecture 6 is true. S.-C. Yang [325], H.-Y. Chen [66]
discussed the upper bound of N(—D,2) for the case that D = 2"s + 1 where r and
s are positive integers with s = 1 (mod 2). But, in general, Conjecture 6 is still an
unsolved problem.

For odd primes p, using the same method as in [34], F. Beukers 35| proved that
N(—D,p) < 4. Simultaneously, he proposed the following conjecture:

Conjecture 7. For odd primes p, N(—D,p) < 3.

In 1991, using the Baker method, M.-H. Le [158] basically confirmed Conjecture
7 that if maz{D,p} > 10 then N(—D,p) < 3. Afterwards, the condition
max{D, p} > 10?0 has been continously improved by M.-H. Le [160, 171] and P--
Z. Yuan [330]. Until 2002, using the Diophantine approxmation method, M. Bauer
and M.A. Bennett [24] completely confirmed Conjecture 7, namely, they proved the
following result:

Theorem 8. For odd primes p, N(—D,p) < 3.

Because we know that N(—D,p) < 3, by [35], we have N(—D,p) = 3 if D,p
satisfy one of the following two cases:

1 1 1
(Z) (D’p) = (1(32T+1 + 1))2 - 32T+173)7 (CL‘,TZ) = (1(327"4-1 - 7)5 1)7 (1(327"—’_1 +
1
1),2r +1) and (2. 32"+ — 1(32”rl +1),4r + 3), where r is a positive integer.
1 1 1
- (T _ 2 _.r 2 — (— (T _ _ (T
(1) (D.p) = (=07 — D) =2 452+ 1), (22m) = (=7 ~ 1) ~25,1), (o

1
1),7) and (2sp” + 4—(pT —1),2r + 1) where r, s are positive integers.
s

Since no other pairs (D, p) have been found that would make N(—D,p) = 3,
M.-H. Le [189] proposed a further conjecture as follows.

Conjecture 9. For odd primes p, N(—D,p) < 2, except for D, p satisfy the above
cases (1) and (ii).

In this respect, T.-T. Wang and Y.-Z. Jiang [305] proved that N(—2",p) < 1,
where r is a positive integer. F. Luca [231] proved that N(—(p"+1),p) = 0, where r is
a positive integer. J.-M. Yang [322] proved that if D > 10'? and (2.10) has solutions
(U,V), then N(—D,3) < 2. Y.-Y. Qu, H. Gao and Q.-W. Mu [264] improved the
condition D > 10'2 to D > 10%. Y.-E. Zhao and T.-T. Wang [350] further proved
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that if D > Cy(p), (2.10) has solutions (U, V') and the least solution (u1,v1) of Pell’s
equation
w?—DvP=1uveN (2.11)

stisfies v1 Z 0 (mod p), then N(—D,p) < 2. But, in general, this problem has not
yet been solved.
For odd positive integers D and odd primes p, we now consider the equation

> —D=4p", z,neN (2.12)

Let N(—D,4,p) denote the number of solutions (z,n) of (2.12). We first deal with
the case that D = 4p" 4+ 1, where r is a positive integer. Obviously, this case is
related to the equation

22 =4¢™ +4¢' +1, z,m, 1 €N, m > I, ged(m, 1) = 1, (2.13)

where ¢ = p?, d is a positive integer. In this respect, A. Bremner, R. Calderbank,
P. Hanlon, P. Morton and J. Wolfskill [38] proved that if ¢ = 3 then (2.13) has only
the solution (z,m,l) = (5,1,1),(7,2,1) and (11,3,1) with = 1. R. Calderbank [46]
conjectured that if ¢ # 3, then (2.13) has only the solution (z,m,l) = (2¢ +1,2,1)
with { = 1. N. Tzanakis and J. Wolfskill [298, 299] confirmed this conjecture, and
proved that (2.13) has no solution (z,m,l) with [ = 2. Afterwards, M.-H. Le [154]
further proved that (2.13) has no solutions (x,m,l) with [ > 2. Thus, the above
results show that N(—(4p" 4+ 1),4,p) = 1 and (z,n) = (2p" + 1,2r), except for
N(-13,4,3) =3, (z,n) = (5,1),(7,2) and (11, 3).

Beside the case D = 4p” + 1, M.-H. Le [163] also noticed the following two cases:

1
(i) If D = (5(327" +1))2 —4-3% and p = 3, where r is a positive integer with
1 1
r > 2, then (2.12) has at least three solutions (z,n) = (5(3% -7),1), (5(32"—1—1), 2r)
1

and (5(7 232 —1),4r +1).

(i) If D = p?r2 4 p?r1 —2p"1 72 _2p™ —2p™2 1, where 71, ro are positive integers
with 79 > 7y, then (2.12) has at least three solutions (z,n) = (p™ — p"* — 1,71),
(p™ —p™ +1,72) and (p™ + p™ — 1,71 + r2).

In [163], using the Baker method, he proved that

5, if (D,p) is of the case (i),

N(—D,4,p) <
( P) {4, otherwise.

Moreover, if max{D,p} > 10, then

4, if (D,p) is of the case (i) or (i7),

DJ‘71)747 S
( P) {3, otherwise,

Simultaneously, he proposed the following conjeture:
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Conjecture 10. For D # 4p"+1, if (D, p) is of the case (i) or (ii), then N(—D,4,p)
= 3. Otherwise, N(—D,4,p) < 2.

Let D,k be fixed positive integers such that D is not a square, £ > 1 and
ged(2D, k) = 1. Then the equation

>~ D=Ek" z,neN (2.14)

is a naturally generalization of (2.9). Let N(—D, k) denote the number of solutions
(z,mn) of (2.14). In this respect, we have the following results:

(1) (X.-G. Chen and M.-H. Le [71]) If max{D,k} > C4 then N(—D,k) < 3-
2w(k)71 +1.

(i7) (M.-H. Le [178]) N(—=D, k) < 2@+ 41,

(73i) (B. He and A. Togbé [118]) N(—D, k) < 6(log[3.2D])/ log k+8, where [3.2D]
is the integer part of 3.2D.

2.3 The equation 2?4+ D™ = k"

In this subsection we first consider an exponential generalization of (1.5) with
the form
2 ifp =2,
2+ D™ = x,m,n € N. (2.15)
Pt ifp#2

Let N*(D, p) denote the number of solutions (z,m,n) of (2.15). In 2001, Y. Bugeaud
[41] showed that if D # 7 or 15, then N*(D,2) < 1. Obviously, this result missed
many things. Using the BHV theorem, by combining the results of [41], [45] and
[170], we get a complete result as follows.

Theorem 11. N*(D,2) < 1, except for the following cases:

(i) N*(7,2) = 6, (z,m,n) = (1,1,1),(3,1,2),(5,1,3), (11,1,5), (181,1,13) and
(13,3,7).

(i) N*(23,2) = 2, (z,m,n) = (3,1,3) and (45,1,9).

(iii) N*(2'12 —1,2) = 2, (x,m,n) = (1,1,7) and (2"t —1,1,2r), where r is a
positive integer with r > 2.

For fixed odd positive integers D1, Dy such that min{ D1, D2} > 1 and ged (D1, D2)
=1, let N*(Dy, D2,2) denote the number of solutions (z,m,n) of the equation

Dix? + DY =22 ¢ m,n € N. (2.16)
Very recently, J.-H. Li [209] proved a general result as follows.
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Theorem 12. N*(D;, D9,2) < 2, e:ccept for the following cases:
(1) N*(3,5,2) =4, (z,m,n) = (1,1,1), (3,1,3),(13,1,7) and (1,3,5).
(i) N*(5,3,2) =4, (z,m,n) = (1,1,1), (5,1,5),(1,3,3) and (19,5,9).
(iid) N*(13,3,2) =3, (z,m,n) = (1,1,2), (71,1,14) and (1,5,6).
(iv) N*(31,97,2) =3, (z,m,n) = (1, ,5), (65,1,15) and (15,2,12).

For odd primes p, since the eighties, M. Kutsuna [144], Q. Sun and Z.-F. Cao
[284], M. Toyoizumi [297], M. Yamabe [315, 316, 317] solved (2.15) for some special
cases. In general, by [41] and [152], we have N*(D,p) < 2, except for N*(2,3) = 4
and D, p satisfy

D=3s+1,p=4s>+1,seN. (2.17)

In 2005, P.-Z. Yuan and Y .-Z. Hu [336] used the BHV theorem to solve the case (2.17).
They proved that N*(3s?+1,4s%241) = 2 except for N*(4,5) = 3. Afterwards, using
some different methods, K.-Y. Chen [68]|, M.-H. Le [197, 200, 201], Z.-W. Liu [221],
S.-C. Yang [326] independently proved the same result. Thus, combine the above
results, we have

Theorem 13. For odd primes, N*(D,p) < 2, except for the following cases:
(i) N*(2,3) =4, (x,m,n) = (1,1,1), (5,1,3),(1,3,2) and (1,11,5).
(ii) N*(2,5) =3, (x,m,n) = (1,2,1), (11,2,3) and (3,4,2).
(7i1) N*(4,5) =3, (z,m,n) = (1, ,1) (11,1,3) and (3,2,2).

In addition, Y.-Z. Hu [129], T. Miyazaki |247| discussed some properties of (2.15).
For odd primes p, let N*(Dy, D, p) denote the number of solutions (x,m,n) of
the equation
Dyz? + DY = p", z,m,n € N, (2.1

8)

where D1, Dy are fixed positive integers such that min{ Dy, Do} > 1 and ged(D1, D3)

= gcd(D1Dg,p) = 1. In 2010, P.-Z. Yuan and Y.-Z. Hu [337] proved that if D; =
1

—(p"—1) and Dy = Z(SP +1), where r is a positive integer, then N*(D1, Dy, p) < 2,

except for N*(2,7,3) = 3. Two years later, Y.-Z. Hu and M.-H. Le [133] proved a
general result as follows.

Theorem 14. N*(Dy, D2, p) < 2, e:vcept for the following cases:

(1) N*(2,7,3) =3, (x,m,n) = (1,1,2), (19,1,6) and (4,2,6).

(i) N*(10,3,13) = 3, (z,m,n) = (1,1,1), (4,2,2) and (1,7,3).

(#7) N*(10,3,37) =3, (x,m,n) = (1,3,1), (71,5,3) and (8,6,2).

(iv) N*((3%" —1)/s? ,3,4-327” 1) =3, (z,m,n) = (25,1,1), (s,2r,1) and
((8-3% =1 +1)s,2r +2,3), where r, s are positive integers.

In 1962, J.-R. Chen [67] discussed the solutions (z,m,n) of the equation
2?2 =D* — D" 4+ p** xz,m,n € N (2.19)
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in the process of studying Jésmanowicz’ conjecture concerning Pythagorean triples
(see [140]). Obviously, (2.19) looks like (2.15). In this respect, R.-Z. Tong [295]
found all solutions (z,m,n) of (2.19) with m = 1. In [296], he showed that, except
for (D,p,z,m,n) = (2,3,7,3,1), if (x,m,n) is a solution of (2.19) with m > 1, then
either (1) D=1 (mod 2),p=1 (mod 8), m=2and n=1or (i) D =0 (mod 2),
D has a prime divisor d with d =1 (mod 2¢), where ¢ is an odd prime divisor of m.
However, Y.-F. He [121] gave a counterexample that (D,p,z,m,n) = (2,5,7,3,1),
and found all solutions (x, m,n) of (2.19) with m > 1. In addition, K. Gueth and L.
Szalay [112] solved the further equation

22 =3243.2"42" 2, m,neN.

For fixed positive integers D, k such that min{D, k} > 1 and ged(2D, k) = 1, the
equation
224+ D" =k" z,mneN (2.20)

is a naturally generalization of (2.15). So far there have very few results related to
(2.20). In this respect, Y.-Z. Hu [128] proved that if (D,k) = (3s% — 1,4s% — 1),
where s is a positive integer and 3s%2 — 1 is an odd prime power, then (2.20) has only
the solutions (z,m,n) = (s,1,1) and (8s% — 3s,1,3). Y-Z. Hu and R.-X. Liu [134]
gave a similar result for (D, k) = (352 +1,4s2+1). J.-P. Wang and T.-T. Wang [304]
proved that if (D, k) = (3s® + 1,4s% + 1), where s is a positive integer with s = 3
(mod 6), then (2.20) has only the solutions (z,m,n) = (s,1,1) and (8s% + 3s,1,3).

We now introduce two conjectures related to (2.20). Let (a,b,c) be a primitive
Pythagorean triple such that

a> 4+ =c ab,ceN, ged(a,b)=1,a=0 (mod 2). (2.21)
In 1993, N. Terai [293] proposed the following conjecture.

Conjecture 15. The equation
2?4+ =c z,yzeN (2.22)
has only the solution (z,y,z) = (a,2,2).

Obviously, (2.22) is the special case of (2.20) for (D, k) = (b,¢). Conjecture 15
has been verified in the following cases:

(i) (N. Terai [293]) b=1 (mod 4), b> +1 = 2¢, b and c are odd primes satisfying
some conditions.

(i) (X.-G. Chen and M.-H. Le [72]) b # 1 (mod 16), b*> + 1 = 2¢, b and ¢ are
odd primes.

(7i7) (K.-Y. Chen [69]) b is an odd prime with b = 16(3s + 1) + 1, where s is a
positive integer.
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(iv) (M.-H. Le [173]) b= £3 (mod 8), b > 8- 10°%, ¢ is an odd prime power.

(v) (P.-Z. Yuan [329]; P.-Z. Yuan and J.-B. Wang [338]) b = £3 (mod 8), ¢ is an
odd prime power.

(vi) (M.-H. Le [191]; L.-C. Gu [109]; J.-Y. Hu and H. Zhang [127]) b = 7 (mod 8),
either b or c is an odd prime power.

(vii) (S.-C. Yang [324]) ¢ is an odd prime power, y = z =0 (mod 2).

In general, Conjecture 15 is not solved as yet.

In 2001, as an analogue of Conjecture 15, Z.-F. Cao and X.-L. Dong [62] conjectu-
red that if a,b, ¢, l, m,n are fixed positive integers such that

al +b™ = ¢", min{a, b, ¢,l,m,n} > 1, ged(a,b) =1, a =0 (mod 2) (2.23)

then the equation
2+ =c% 2,y,z€N (2.24)

has only the solution (z,y,z) = (a,m,n). However, it has been found that there
are infinitely many counterexamples to the above conjecture (see [63]). Therefore,
the condition min{y, z} > 1 is necessary in this conjecture, namely, the conjecture
should be changed to the following:

Conjecture 16. If a,b,c,l,m,n satisfy (2.23), then (2.24) has only the solution
(x,y,2) = (a,m,n) with min{y, z} > 1.

Since Conjecture 16 is more involved than Conjecture 15, the problem is far from
solved. Except for the results on Conjecture 15 mentioned above, the most existing
results concerning Conjecture 16 are limited to the case that [ = m = 2, n = 1
(mod 2) and

(n—1)/2 n (n—1)/2 "
_ LY n—2i—1 _ 1y n—2i—1
a=s| 3 K)o > P )5 )

c=s*4+1,5€N,s=0 (mod 2).

In this respect, Conjecture 16 has been verified in the following cases:

(i) (Z.-F. Cao, X.-L. Dong and Z.-Li [63]) b is an odd prime power with b = 3
(mod 4).

(73) (M.-H. Le [198]) b =3 (mod 4), either b or ¢ is an odd prime power.

(797) (W.-J. Guan [110]) n =5, s is a power of 2, y =0 (mod 2).

(7v) (M.-Y. Lin [217]) n = 3 (mod 4), s is a power of 2 with s > n/7.

(v) (Y.-Z. Hu [131]) n =5, b is an odd prime power.

(vi) (Y.-Z. Hu and M.-H. Le [132]) n = 5 (mod 8), b is an odd prime power,
c > 1012n4,

In 2014, N. Terai [294] proposed another conjecture concerning (2.22) as follows:
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Conjecture 17. If b,c,r,t are fized positive integers such that
b"+1=2c", min{b,c} > 1,t e {1,2}, (2.26)
then (2.22) has only the solution (x,y,2) = (¢! —1,r,2t).

This conjecture has been verified in the following cases:

(7) (N. Terai [294]) r =¢ =1, b is an odd prime, ¢ < 30 and ¢ # 12,24.

(73) (R.-Q. Fu and H. Yang [98]) » = ¢t = 1, either 2¢ — 1 has a divisor d with
d =43 (mod 8) or orda(c—1) =1 (mod 2), z =1 (mod 2).

(7i7) (M.-J. Deng, J. Guo and A.-J. Xu [90]) r =t =1,3<c <499 and c =3
(mod 4).

(7v) (S. Cenberci and H. Senay [65]) r =t = 2, b, ¢ are odd primes and c satisfies
some conditions.

(v) (Y.-E. Zhao and X.-Q. Zhao [351]) r =t = 2, b, ¢ are odd primes with b =3
(mod 4).

(vi) (G.-R. He [120]) r =t =2, ¢ = £3 (mod 8).

(vii) (X. Zhang [340]) r =t =2, b = +3 (mod 8), ¢ is an odd prime.

(viid) (J.-Y. Hu and X.-X. Li [126]) r > 2, ¢ = 2.

Finally, we introduce two problems related to (2.20) in combinatorial mathematics.
For odd primes p, S.-L. Ma [241] proposed the following two conjectures in 1991.

Conjecture 18. The equation
g2 =%ty _ 92at2ymAn 4 e Z. a>0, z,m,n €N (2.27)
has no solutions (z,a, m,n).

Conjecture 19. The equation
2 _ o2a+2, 2n a+2, m+n
xo = 270t — 204 +1l,a€Z,a>0,z,mneN (2.28)
has only the solution (p,z,a,m,n) = (5,49,3,2,1).

Five years later, Conjecture 18 was solved by M.-H. Le and Q. Xiang [205].
However, Conjecture 19 has not yet been solved. In this respect, F. Luca and
P. Stianica [235] proved that, for any fixed p, (2.28) has at most 239°% solutions
(x,a,m,n). M.-H. Zhu and T. Cheng [358] proved that (2.28) has no solutions
(x,a,m,n) with n > m. Y.-F. He and Q. Tian [122] further proved that the
solutions (x,a,m,n) of (2.28) satisfy m > 2n and x = 2%Tls + 6§ = 2p?"t — 4,
where § = (—1)@1D/2_ s t are positive integers with 2¢ — p™~" = st. Moreover,
(2.28) has only the solution (p,x,a,m,n) = (5,49,3,2,1) for t = 1.

In addition, X.-L. Dong and Z.-F. Cao [93]|, X.-G. Guan [111], J.-G. Luo, A.
Togbé and P.-Z. Yuan [240] discussed some equations of origin similar to (2.27) and
(2.28).
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3 The generalized Lebesgue-Nagell equation

3.1 The equation 22+ D = y"

In this subsection we first consider the solution of (1.3) for D # 7 (mod 8). Since
n > 2, then the solutions (x,y,n) of (1.3) must be satisfy y = 1 (mod 2), so the
solution of it is relatively easy. In 1993, on the basis of summarizing the previous
works, J.H.E. Cohn [80] solved (1.3) for 77 values of D with D # 7 (mod 8) in the
range 1 < D < 100. Ten years later, using the BHV theorem, J.H.E. Cohn [83]
simplified his proof in [80]. Afterwards, M. Mignotte and B. M. M. de Weger [245]
solved (1.3) for D € {74,86}. So far, (1.3) has been solved for D # 7 (mod 8) with
1 <D <100. In addition, M.-H. Le [187] proved that if D = 163, then (1.3) has no
solutions (z,y,n).

As we pointed out in Introduction, if D =7 (mod 8), then the solution of (1.3)
is very difficult. In this respect, using various methods including modular approach,
S. Siksek and J. E. Cremona [275], M.A. Bennett and C. M. Skinner [29] solved (1.3)
for D =7 and D € {55,95}, respectively. In 2006, Y. Bugeaud, M. Mignotte and S.
Siksek [44] solved (1.3) for the remaining 19 values of D in the range 1 < D < 100.
In addition, for D < 10'2, P.G. Walsh [303] completely found all solutions (z,y,n)
of (1.3) with n =0 (mod 2).

For a general value of D, the solution of (1.3) is a time-consuming and trivial
work, so we consider about (1.3) in a certain way.

For D = a?, where a is a positive integer with a > 1, (1.3) can be written as

2 +a’=y" z,y,neN, ged(z,y) =1, n > 2. (3.1)

Since 22 + a? can be split in Q(v/—1), (3.1) is one of the easier types to solve for
(1.3). In this respect, M.-H. Le [196] gave some formulas for all solutions (x,y,n) of
(3.1) if @ is an odd prime, and completely determined all solutions for odd primes
a with a < 100. Sz. Tengely [290] solved (3.1) for a < 501. M. Liang [216] proved
that if @ is an odd prime with a > 7, then (3.1) has at most loga solutions (x,y,n).
For a general a, the upper bound on the solutions (z,y,n) of (3.1) has the following
results:

(i) (M.-Y. Lin [219]) n < max{4 - 10%,4(loga)/log5}.

(73) (Sz. Tengely [290]) If y > 50000, then every prime divisor p of n satisfies
p < max{9511, 4(log a)/log 50000}.

(7ii) (Sz. Tengely [291]) p < max{4651,1.85loga} where p is a prime divisor of
n.

(v) (X.-W. Pan |257]) For any positive number ¢, if n > Cs(¢), then n < (2 4
)(log a),/ log .

Similarly, one has solved the equation

2?2 +a®>=2" z,y,n €N, ged(z,y) =1, n > 2 (3.2)
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for the following cases:

(7) (C. Stormer [282]) a = 1.

(73) (I. Pink and Sz. Tengely [262]) a < 1000 and n < 80.

(7i7) (Sz. Tengely [290]) a < 305.

(iv) (L.-Y. Yang, J.-H. Chen and J.-L. Sun [323]) a < 108,

In general, I. Pink [259] proved that all solutions (z,y,n) of (3.2) satisfy n <
Cs5(l,p), where [, p are the number and the maximum of distinct prime divisors of a.

For a fixed positive integer D,

Dz’ +1=y", z,y,neN, n>2 (3.3)

is a class of equations that can easily be confused with (1.3). For example, M.G.
Leu and G.W. Li [208] showed that if D = 2, then (3.3) has only the solutions
(x,y,n) = (2,3,3) and (11,3,5) with y = 3. Although the above result has been
proved by W. Ljunggren [224] sixth years ago, but the last one of above solutions is
often left out in some important literatures. In this respect, (3.3) has been solved
for the following cases:

(i) (Z-F. Cao |51]) D =T7.

(i) (Q. Sun [283]) D € {15,23}.

(iii) (Q.-C. Xiao [313]) D € {7,15,39,87}.

(v) (J.H.E. Cohn [84]; E. Herrman, I. Jarasi and A. Pethd [123]) 1 < D < 100.

In addition, P.-Z. Yuan [333] proved that if (D,y) # (2,3), (6,7), (7,2) or ((t* —
2)/s%,t2 — 1), where s,t are positive integers, then (3.3) has at most one solution
(x,y,n) with fixed y. Z.-F. Cao [52] and M.-H. Le [155] discussed the solvability of
(3.3) for n = 2 (mod 4). M.-H. Le [180] gave an upper bound for the number of
solutions of (3.3).

In 1981, Z. Ke and Q. Sun [141, 142] proved that if D > 2 and D has no prime
divisors p with p =1 (mod 6), then (3.3) has no solutions (z,y,n) with n = 3. Ten
years later, J.H.E. Cohn [78] independently proved the same result. In 1998, M.-H.
Le [151] proved a similar result for n = 5. The above results also hold true for the
equation

Dz? —1=y", z,y,neN, n>2. (3.4)

In this respect, Z.-F. Cao [57] and J.H.E. Cohn [86] proved that if D = n = p, where
p is an odd prime with p = 1 (mod 4), and B(,_1)/2 # 0 (mod p), where B(,_1) /2
is the 2(p — 1) — th Bernoulli number, then (3.4) has no solutions (z,y,n). M.A.
Bennett and C.M. Skinner [29] proved that if D = 2, then (3.4) has only the solution
(z,y,n) = (78,23,3). In addition, M.A. Bennett [27] found all solutions (x,y,n) of
the equation

2> —1=Dy*™, z,yyneN,n>2

for 1 < D < 100.
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Let a, b be fixed positive integers. Obviously, if (z,n) is a solution of the equation
(@ —1)(" —1) =22, z,n €N, n > 2, (3.5)

then we have
a" —1=Dz% v" —1= Dy? 2= Dzy, D,z,y € N. (3.6)

We see from (3.6) that the solution of (3.5) is directly related to (3.3). In this respect,
we have the following results:

(7) (L. Szalay [285]) If (a,b) = (2,3) or (2,5), then (3.5) has no solutions (z,n).
If (a,b) = (2,2"), where r is a positive integer with » > 1, then (3.5) has only the
solution (r,z,n) = (2,21, 3).

(74) (L. Hajdu and L. Szalay [116]) If (a,b) = (2,6) or (a,a”), where a > 2 and
r > 1, then (3.5) has no solutions (z,n).

(7i7) (J.H.E. Cohn [82]) If 2 < a < b < 12, then (3.5) is solved, except for 24
pairs of (a,b).

(v) (F. Luca and P.G. Walsh [239]) If 2 < a < b < 100, then (3.5) is solved,
except for 69 pairs of (a,b) included (a,b) = (4,13) and (13, 28).

(v) (Z.-J. Li and M. Tang [213, 214]) If (a,b) = (4,13) or (13,28), then (3.5) has
no solutions (z,n).

(vi) (J.H.E. Cohn [82]) (3.5) has only the solution (a, b, z,n) = (13,239, 9653280,
4) with n = (mod 4).

(vii) (M.-H. Le [202]) If a = 2 and b = 0 (mod 3), then (3.5) has no solutions
(z,n).

(viid) (Z.-J. Li [212]) If a = 2, b = 3,19,67,83, 131,147,171 or 179 (mod 200),
then (3.5) has no solutions (z,n).

(iz) (L. Li and L. Szalay [210]) If a =2 (mod 6) and b = 0 (mod 3), then (3.5)
has no solutions (z,n).

(x) (M. Tang [286]) If @ = 0 (mod 2) and b = 15 (mod 20), then (3.5) has no
solutions (z,n).

(zi) (S--C. Yang, W.-Q. Wu and H. Zheng [327]) If (a,b) = (5,8) (mod 13) or
(6,7) (mod 17), and a, b satisfy some conditions, then (3.5) has no solutions (z,n).

(xi3) (P.-Z. Yuan and Z.-F. Zhang [339]) If (a,b) = (2,0) (mod 3), (3,0) (mod 4),
(3,2) (mod 4) or (4,0) (mod 5), then (3.5) has no solutions (z,n).

(zii) (K. Ishii [136]) If @ = 5 (mod 6), b = 0 (mod 3), and a,b satisfy some
conditions, then (3.5) has no solutions (z,n).

(ziv) (J.H.E. Cohn [82]) If orda(a — 1) # orda(b—1) (mod 2), then (3.5) has no
solutions (z,n) with n =1 (mod 2).

(zv) (X.-Y. Guo [113]) All solutions (z,n) of (3.5) are determined for ords(a —
1) # orda(b—1) (mod 2).

(zvi) (M. Liang [215]) If a = 2 or 3 (mod 4), b = a+1, then (3.5) has no solutions

(z,n).
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(zvii) (H. Yang, Y.-T. Pei and R.-Q. Fu [321]) If a =5 or 9 (mod 16), b = a+1,
then (3.5) has no solutions (z,n).
In 2002, J.H.E. Cohn [82] proposed the following conjecture:

Conjecture 20. All solutions (z,n) of (3.5) satisfy n < 4.

This problem has not yet been solved. In addition, E.G. Goedhart and H.G.
Grundman [103]|, G.-R. He [119], M.-H. Le [181], M. Tang [286], P.G. Walsh [302],
Z.-F. Zhang [345| discussed some variations of (3.5), respectively.

Finally, we should point out that, for a fixed positive integer D which is not a
square, the solution of equations with the form

22— D=y" z,y,neN, ged(z,y) =1, n > 2 (3.7)

is very difficult. For example, one only know the upper bound for solutions (x,y,n)
of the equation

22— 2=y" z,y,neN, ged(z,y) =1, n > 2 (3.8)
(see [40], [114] and [274]), but cannot determine all of its solutions. Then we have
Conjecture 21. (3.8) has no solutions (z,y,n).

In addition, C.F. Barros |23] gave some upper bounds for solutions (z,y,n) of
(3.7) in the range 1 < D < 100.

For ¢ € {1,2,4}, let D1, D2 be fixed integers such that ged(D1, D2) = ged(0, D1 Da)
=1 and D; D, is not a square. Then the equation

Dya? + Dy = 6y", z,y,n €N, ged(z,9) =1, n > 2 (3.9)

is a naturally generalization of (1.3). By the way, the research of (3.9) mainly focuses
on discussing its solutions suitable some conditions concerning the divisibility of class
number of the quadratic field Q(v/—D;1Dz2). See subsection 3.3 of this survey for the
results.

3.2 The equation 2%+ D™ = y"

For fixed positive integers D with D > 1, the equation
224+ D" =y" z,y,mneN, ged(z,y) =1, n > 2 (3.10)

is an exponential generalization of (1.3). This equation has been solved for some
smaller values of D. For example, J.H.E. Cohn [79, 81] proved that if D = 2, then
(3.10) has only the solutions (x,y,m,n) = (5,3,1,3) and (7,3,5,4) with m = 1
(mod 2). Simultaneously, he conjectured that if D = 2, then (3.10) has only the
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solution (z,y,m,n) = (11,5,2,3) with m = 0 (mod 2). Around 1997, using the
Baker method, M.-H. Le [182, 193| confirmed Cohn’s conjecture. Afterwards, J.-Y.
Hu and X.-X. Li [125] used the BHV theorem to give a new proof of Le’s result. In
addition, (3.10) has been solved in the following cases:

(7) (S.A. Arif and F.S. Abu Muriefah [15]; F. Luca [229]; L.-Q. Tao [287]; Y.-Z.
Hu [130]) D = 3, (z,y,m,n) = (10,7,5,3) and (46, 13,4, 3).

(73) (F.S. Abu Muriefah [5]; F.S. Abu Muriefah and S.A. Arif [7]; L.-Q. Tao [288])
D =5, no solutions.

(797) (F. Luca and A. Togbé [232]) D = 7, m = 0 (mod 2), (z,y,m,n) =
(24,5,2,4) and (524, 65,2, 3).

(v) (LLN. Cangul, G. Soydan and Y. Simsek [50]; G. Soydan, M. Demirci and
I. N. Cangul [277]) D = 11, (z,y,m,n) = (2,5,2,3),(4,3,1,3), (58,15,1,3) and
(9324, 443, 3, 3).

(v) (B. Peker and S. Cenberci [258]) D = 19, (z,y,m,n) = (18,7,1,3) and
(22434, 55,1, 5).

(vi) (N. Saradha and A. Srinivasan [270]; H.-L. Zhu and M.-H. Le [353]) D = 67,
(x,y,m,n) = (110,23,1,3). D € {43,167}, no solutions.

For D = p?, where p is an odd prime, (3.10) can be written as

x> +p2m =y", z,y,mmn €N, ged(z,y) =1, n > 2. (3.11)

In this respect, M.-H. Le [192] determined all solutions (x,y,m,n) of (3.11) with
n =0 (mod 2). A. Bérczes and I. Pink [30] solved (3.11) for p < 100. S.A. Arif and
F.S. Abu Muriefah [16] gave some solvability conditions of (3.11). X.-W. Pan [256]
described all solutions (x,y, m,n) of (3.11).

Similarly, Sz. Tengely [292] discussed the equation

22+ P = 2" z,y,m,n €N, ged(z,y) =1, n > 2. (3.12)

He used the Baker theory to prove that there exist only finitely many odd primes p
such that (3.12) has the solutions (z,y, m,n) satisfying the following condition:

m is an odd prime withn > 3, y is not a sum of two consecutive squares. (3.13)

Five years later, using the BHV theorem, H.-L. Zhu, M.-H. Le and A. Togbé [356]
desribed all solutions of (3.12). In the same paper, they proved that, for any odd
prime p, (3.12) has no solutions (z,y, m,n) with (3.13).

In 1978, S. Rabinowitz [266] proved that the equation

nz? 4+ 2™ =y", z,y,m,n €N, ged(z,y) =1, n > 2 (3.14)

has only the solution (z,y,m,n) = (21,11,3,3) with n = 3. Afterwards, M.-H.
Le [177], H.-M. Wu [311], Y.-X. Wang and T.-T. Wang [308], G. Soydan and I. N.
Cangul [278] discussed various cases of (3.14), respectively. This equation was finally
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solved by F. Luca and G. Soydan [234], they proved that (3.14) has only the solution
(x,y,m,n) = (21,11,3,3). In addition, E.G. Goedhart and H.G. Grundman [102]
proved that the equation

nx? 4+ 2™3M2 = "z oy my,mg,n €N, ged(z,y) =1, n > 2

has no solutions (z,y, m1,ma,n).
Let p, g be fixed distinct odd primes. In 2000, F.S. Abu Muriefah [2] proved that
if p£ 7 (mod 8) and g = 3, then the equation

pr? + @™ =y, z,y,m € N, ged(z,y) = 1 (3.15)

has no solutions (z,y, m). Eight years later, F.S. Abu Muriefah [6] showed that the
above conclusion is true for any q. However, D. Goss [106] pointed out that the proof
of [6] is wrong. Afterwards, A. Larajdi, M. Mignotte and N. Tzanakis [145] gave a
correct proof of the above conclusion for p = 3 (mod 4). X.-Y. Wang and H. Zhang
[307] solved the case that p =1 (mod 4), either ¢ < 4p—1 or g < 149. But, so far it
is known whether the above conclusion is correct for any fixed p with p =1 (mod 4).

For fixed distinct primes p1,....,p; (t > 1), let S(p1, -+ ,pt) = {p}* - pit|ri €
Zyr; >0,i=1,---,t, (r1,---,7m) # (0,---,0)}. Then the equation

2+ D=y", DeS(p, - ,p), z,y,n €N, ged(z,9) =1, n > 2 (3.16)

is another exponential generalization of (1.3). This equation has been solved in the
following cases:

(7) (F. Luca [230]) D € S(2,3).

(#4) (F. Luca and A. Togbé [237]) D € S(2,5).

(iii) (LN. Cangul, M. Demirci, F. Luca, A. Pintér and G. Soydan [48]) D €
S(2,11).

(iv) (F. Luca and A. Togbé [238]) D € S(2,13).

(v) (S. Gou and T.-T. Wang [107]; A. Dabrowski [88]) D € S(2,17).

(vi) (G. Soydan, M. Ulas and H.-L. Zhu [280]) D € S(2,19).

(vii) (A. Dabrowski [88]) D € S(2,29) or S(2,41).

(viii) (H.-L. Zhu, M.-H. Le and G. Soydan [354]; H.-L. Zhu, G. Soydan and Q.
Wei [357]) D € S(2,p) where p is an odd prime, n = 4.

(iz) (H.-L. Zhu, M.-H. Le, G. Soydan and A. Togbé [355]) D € S(2,p) where p
is an odd prime satisfying some conditions.

(x) (Y.-G. Ma [242]) D € S(3,11) and n € {3,5}.

(zi) (IN. Cangul, M. Demirci, G. Soydan and N. Tzanakis [49]; G. Soydan and
N. Tzanakis [279]) D € S(5,11).

(zii) (F.S. Abu Muriefah, F. Luca and A. Togbé [11]) D € S(5,13).

(ziii) (I Pink and Z. Rabai [261]; Y.-HL. Gao [99]) D € S(5,17).
(ziv) (G. Soydan [276]) D € S(7,11).
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(zv) (A. Bérczes and 1. Pink[32]) D € S(11,17).

(zvi) (I.N. Cangul, M. Demirci, I. Inam, F. Luca and G. Soydan [47]) D €
S(2,3,11).

(zvii) (H. Godinho, D. Marques and A. Togbé [101]) D € S(2,3,17) or S(2,13,17).

(zviii) (E. Goins, F. Luca and A. Togbé [104]) D € S(2,5, 13).

(ziz) (H. Godinho, D. Marques and A. Togbé [100]) D € S(2,5,17).

(zz) (I. Pink [260]) D € S(2,3,5,7) and y = 1 (mod 2) if D = 7s? or 1552,
where s is a positive integer.

In general, M.-Y. Lin [218] proved that all solutions (z,y,n) of (3.16) satisfy

120
n < ——pr-prlog(2epr - pr).
Compared with (3.10), the solution of its daul form

22— D™ =y" z,y,mncN, ged(z,y) =1, n > 2 (3.17)

is a more difficult problem. For example, in 1977, S. Rabinowitz [265] used the
algebraic number theory method to proved that the equation

22 =2 =y zy,m,neN, ged(x,y) =1, n > 2 (3.18)

has only the solution (x,y, m,n) = (71,17,7,3) with n = 3. Around 1996, using the
Baker method, M.-H. Le [179], Y.-D. Guo and M.-H. Le [114], Y. Bugeaud [40] proved
that all solutions (z, y, m,n) of (3.18) satisfy max{x,y,m,n} < Cs. Until 2004, using
modular approach, M.A. Bennett and C.M. Skinner [29] proved that (3.18) has only
the solution (z,y,m,n) = (71,17,7,3) with m > 1. In addition, F.S. Abu Muriefah
and A. Al-Rashed (8], M. Bauer and M.A. Bennett [25], Y. Bugeaud [39], Y.-Y. Liu
[220], Z.-W. Liu [222] discussed some other cases of (3.17), respectively.

Finally, we introduce two polynomial-exponential equations similar to (3.10) and
(3.17). In 2000, F. Luca and M. Mignotte [233] used the Baker method to prove that
the equation

2V +y" =22 z,y,2 € N, min{z,y} > 1, ged(z,y) = 1 (3.19)
has no solutions (z,y, z) with zy =0 (mod 2), and the equation
Y —y® =22 x,y,2 € N, min{z,y} > 1, ged(z,y) = 1 (3.20)

has only the solution (z,y,z) = (3,2,1) with zy = 0 (mod 2). Seven years later,
using the BHV theorem, M.-H. Le [199] completely solved (3.20). He proved that
(3.20) has no solutions (z,y,z) with zy = 1 (mod 2). Afterwards, X.-Y. Wang
[306], H. Yang and R.-Q. Fu [320] gave some necessary conditions for (3.19) to have
solutions (z,y,z) with zy =1 (mod 2).
In 2012, Z.-F. Zhang, J.-G. Luo and P.-Z. Yuan [347| discussed a generalization
of (3.19) with the form
¥ +y* =27 x,y,z€ N. (3.21)
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Using the baker method, they proved that all solutions (z,y,z) of (3.21) satisfy
z < 2.8 x 10°. In the same paper, the authors conjectured that (3.21) has no
solutions (x,y, z) with min{x,y, 2z} > 1. In this respect, Y. Deng and W.-P. Zhang
[95], X.-Y. Du [94], H-M. Wu [312] proved that (3.21) has no solutions for some
cases. Very recently, M. Cipu [74] completely confirmed the conjecture of [347]. In
addition, Z.-F. Zhang, J.-G. Luo and P.-Z. Yuan [349] discussed other variations of
(3.19) and (3.20).

3.3 The divisibilty of class number of Q(/£(a? — dc?))

For any integer d with square free, let h(d) denote the class number of the
quadratic field Q(v/d). There have many explicit results on the divisibility of h(d)
are directly related to the solution of (1.3) and its generalizations. The research on
this can be traced back to the works of T. Nagell [253] and W. Ljunggren [223]. In
this respect, the early results can be seen in [167, 168, 169] and [176]. We now break
down some recent result into the following two cases.

Case I. Let a,b,c,n,d be fixed positive integers such that

a® 4 db* = 6c", ged(a,db) =1, n>2,8 € {1,4},c¢>1,c=1 (mod 2)ifd = 1.
(3.22)

(7) (M. J. Cowles [87]) If a = b = 1, ¢ and n are odd primes, § = 4, then
h(—d) =0 (mod n).

(74) (B.H. Gross and D.E. Rohrlich [108]) If a = 1, n is an odd prime, § = 4, then
h(—d) =0 (mod n).

(731) (H-W. Lu [227)) If a =b =1, 0 = 4, then h(—d) =0 (mod n).

(iv) (S.R. Louboutin [226]) If d > 3, a =1, ¢ =1 (mod 2), ¢ has an odd prime
divisor p with p =3 (mod 4), § =4, then h(—d) =0 (mod n).

(v) (M. Le [149])) If d > 3, a = 1, § = 4, then

0 (mod %), (d,b,c,n)=(7,3,2,4),

0 (mod %), m=0 (mod2), b=bibs, and
b? — db2 = (—1)°2,b1,by € N,
0 (mod n), otherwise.

(vi) (X.-B. Zhang and X.-X. Li [341]) If d > 3, a = 1, § = 4, then a necessary
and sufficent condition for h(—d) # 0 (mod n) is given.

(vii) (N.C. Ankeny and S. Chowla [12]) If @ = 0 (mod 2), ¢ = 3, a < V2.3~ 1
0 =1, then h(—d) =0 (mod n).

(viiz) (Y. Kishi [143]) If a = 2™, where m is a positive integer with (m,n) # (2, 3),
c=3,0 =1, then h(—d) =0 (mod n).

(iz) (A. Tto [137]) If @ = 2™, where m is a positive integer with m =1 (mod 2),
¢ is an odd prime, 6 = 1, then h(—d) =0 (mod n).
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(z) (M.-H. Zhu and T.-T. Wang [359]) If @ = 2™, where m is a positive integer,
0 =1, then h(—d) =0 (mod n) or (mod %)

(i) (A. Ito [139]) If a = 3™, where m is a positive integer, c is a prime, n # 2
(mod 4), 6 = 4, then h(—d) =0 (mod n).

(xid) (K. Ishii [135]; A. Ito [138]) If d = 1,5 or 7 (mod 8), n # 0 (mod 3), then
h(—d) =0 (mod n).

(xiii) (R.A. Mollin [248]) If a < \/d(c — 1)1, b =1, then h(—d) =0 (mod n).

(ziv) (M.-H. Le [153]) If d > exp(exp(exp(1000))), b =1, 6 = 4, then

0 (mod §), n=0 (mod2),d= 42 — 1, q = 22 — 1,
~ |0 (modn), otherwise,
except for (d,a,c,n) = (3(2s? +1)2 £4,2s+1,(2s + 1) £ 1,3) where s is a positive
integer.

In addition, F.S. Abu Muriefah [3, 4], F.S. Abu Muriefah, F. Luca, S. Siksek
and Sz. Tengely [10], F. Luca, Sz. Tengely and A. Togbé [236], S.A. Arif and
F.S. Abu Muriefah [16, 17], S.A. Arif and A.S. Al-Ali [18, 19], A. Bérczes and I.
Pink [31], Y.F. Bilu [36], Y. Bugeaud [41], Y. Bugeaud and T.N. Shorey [45], Z.-
F. Cao [53, 54, 55, 58], Z.-F. Cao and X.-L. Dong [60, 61|, M. Cipu [73], J.HLE.
Cohn [85], X.-L. Dong and Z.-F. Cao [92], M.-H. Le [185, 186, 188], M. Mignotte
[244], R.A. Mollin (249, 250|, H.-L. Zhu [352] discussed the solution of (3.9) and its
generalizations concerning the divisibility of class numbers of imaginary quadratic
fields.

Case II. Let a, ¢, n be fixed positive integers such that

da> —1=4¢", ¢>1,n> 2. (3.23)

(7) (P.J. Weinberger [309]; R.A. Mollin and H.C. Williams [252|) For any fixed,
there exist infinitely many values of ¢ which make A(d) =0 (mod n).

(73) (H-W. Lu [228]) If a = 1, then h(d) =0 (mod n).

(7i7) (M.-H. Le [157]) If prime divisor p of n and ¢ of ¢ satisfy ged(p, (¢
(U1, V1) = (2¢™, a) is the least solution of (2.10) for D = d, then h(d) =
except for (d,a,c,n) = (41,5,2,4).

(iv) (Z.-F. Cao [55]) If a < ¢¥2, ¢ = 1 (mod 2), (U, V1) = (2¢,a) is the least
solution of (2.10) for D = d, then h(d) =0 (mod n).

(v) (P.-Z. Yuan [328]; X.-L. Dong and Z.-F. Cao [91]) If prime divisors p of n and
q of ¢ satisfy ged(p,¢®> — 1) =1, then h(d) =0 (mod n).

(vi) (X.-L. Dong and Z.-F. Cao [91]) If either a < $c%4226" or every prime divisor
of a divides d, then h(d) =0 (mod n).

In addition, X.-K. Zhang [342, 343, 344] proved some similar results concerning
the divisibility of class numbers of real quadratic fields.

—1)q) =1,
0 (mod n),
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