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SEMI-LOCAL CONVERGENCE OF A
SEVENTH-ORDER METHOD IN BANACH SPACES
UNDER w-CONTINUITY CONDITION

Neha Gupta and J. P. Jaiswal

Abstract. The article is about the analysis of semi-local convergence of a seventh-order iter-
ative method used for finding the roots of a nonlinear equation in Banach spaces. In this article,
the imposed hypotheses is amiable than the well-known Lipschitz and Hélder continuity conditions.
The R-order convergence of the considered scheme is proved to be at least 4 + 3¢q. An approximate
apriori error bound for this method is also elaborated and the domain of existence and uniqueness
of the solution in the convergence theorem. Two numerical illustrations have been worked out to

exhibit the virtue of the developed theory.

1 Introduction

To solve the nonlinear problems in some areas, like scientific and engineering com-
puting, we need to locate an approximate root x* of a nonlinear equation which is

defined as
A(z) =0, (1.1)

where A is continuously second-order Fréchet differentiable operator such that A :
Q C X1 — X5, where X7 and X5 are two Banach spaces and €2 is a non-empty open
convex subset of X;. The nonlinear equation (1.1) can be solved by well-known New-
ton’s method having order two. The semi-local convergence of this method initially
studied by Kantorovich in [7] and then by Rall in [13]. But, Rall used different
method to show the convergence of Newton’s method by applying the recurrence
relation techniques. It is well known that the application of the higher order algo-
rithms are computationally ampliative but have some important applications when
calculating the stiff system of equations which requires rapid convergence.
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Semi-local convergence of various higher order iterative methods have been dis-
serted by many researchers such as third-order in [4-12], fourth-order in [3, 17],
fifth-order in [1, 2], sixth-order in [14, 18], seventh-order in [15] etc. and references
therein. Keeping in mind, the necessity of the higher order convergence, Jaiswal
in [6], has discussed the semi-local convergence of seventh-order iterative scheme
accustomed by Xiao and Yin [16], when second order Fréchet derivative satisfied
Lipschitz continuity. The author has also discussed the computational efficiency in
the revisited form. In this paper, we relax one of the conditions assumed in [6] and
discussed the semi-local convergence analysis under w-continuity condition, which
is the generalization of Lipschitz and Hélder continuity conditions. The differential
equations, boundary value problems, integral equations, etc. may be reduced into
the form of the equation (1.1). To solve the equation (1.1), we use an iterative
method with an initial guess zg, that constructed the sequence {x,} and also con-
firms limy, 00, = z* such that A(z*) = 0. The convergence of the sequence {x,}
to an approximate solution x* and the convergence speed are the two main aspects
of any iterative methods. Consider the algorithm given in [16]

Yp = k_*FkA(ﬁk)y
2 = xk—[ ()] A (),
2P = 2 A () - rsz“’),
Thi = ‘ — 208" (o))t~ THAGD), (1.2)

where, I'y = [A’(2)]~!. Furthermore, the convergence result is said to be global if
the condition imposed only on A, whereas the convergence result is said to be local
if some conditions satisfy by the solution x*.

2 Fundamental results

Here, we assume the following symbols throughout the paper:
2 = non-empty open subset of X7;

X1, Xy = Banach spaces; D(z,r) ={y € X : |y — x| <r};
D(z,r) ={y € X1:|ly —z| <r}; up =z — TpA(zp);

H () = To[A'(y0) — A'(z0)] and Ja(zo) = [2[A"(y0)] " — To]-

Let zg € Q and A : Q C X7 — Xy is assumed to be a nonlinear operator. Suppose
the following conditions are true:

(AD[[ToA(zo)|l < o,

(A2)|[Tol <,

(A3)[|A"(z)| < O, z € Q,

(A[[A"(z) = A"(Y)|| < w(llz —yl),V z,y € Q,
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where w : Ry — Ry, is a continuous and non-decreasing function satisfying w(ez) <
p(e)w(z),e € [0,1], and z € [0,400), with ¢ : [0,1] — R4, is also continuous and
non-decreasing function. Let us consider the subsequent lemmas, which will be used
later on.

Lemma 1. [1] Let A : Q C X1 — Xo be a nonlinear operator which is continuously
twice Fréchet differentiable in €2, then

A=)

1
_ / A (g + (2 — ) (1 = 1) (=0 — )2
0

1
- /O A"y -+ (s, — ) (i, — ) dr{A ()] A () — A ()]
x(uk — xk)
1
+/ (A" (g, + r(up, — xp)) — A" ()] (1 — 7)dr(u, — z)?
0

1
+;/0 |:AI/($k) — A"(x), + %r(uk —a)) | dr(uy, —x)%. (2.1)

Lemma 2. [6] Suppose the hypotheses of Lemma 1 hold, then

A=)

= LA ) g — ) ()]
X{A"(ﬂ%)(uk —xp) + /01 [A” (ﬂﬂk + %T(Uk - 9%)) - A”(%)] dr

x (g, — xk)}rkA(z,E}))

1

+5 /01 [A” <mk + %r(uk - m)) - A”(ﬂﬂk)] dr(uy — w1)TEA (24"

1
—i—/o (A" (2k + r(ug — ) — A" ()] dr(u, — mk)(z,(f) — z,il))

1/t A 1 A d @ _ (1)
-3 ) Tk + §r(uk —xy) | — A(xp) | dr(ug — o) (2, — 2 )
1
+/ [A’ (z,(;) + r(z,(f) — z,(gl))) — A'(uk)} dr(z,(f) — z,gl)). (2.2)
0
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Lemma 3. [6] Let the hypotheses of Lemma 1 are true, then

A(xpq1)
= A )k — ) [A ()]
« {A”(xk)(uk — )+ /0 1 [A” (m + %r(uk _ xk)> _ A”(wk)] dr

x (up — Sﬂk)}FkA(Z;(f))

1 1
—|-2/ |:A”<Ik—|- T‘ k—xk
0

+ /1 [A (g, + (g — 2)) — A (2x)] dr(ug, — zp) (2pe1 — 22)
0

1 1
—2/ |:A” <£L’k + =r uk - xk
0

+/01 [A' (z,(f) + (g1 — z,g ))) — A’(uk)} dr(zgy1 — z,g )). (2.3)

— Ay, ] dr(ug — a:k)FkA(z]E?))
] dr(ug — zx)(Tp+1 — z,?))

Now we designate the following expressions, which will be use later in the proofs
of the results. So, let

(r)
o8 — 4T — 1275 — 8r° 4 33601 — 67203 4 10247% — 5127 + 256
B 2(2 —r)7 ’
(2.4)
9(r) = (25)
YTy |
73 72
= Hy + H. 2.
e1(r, s) 202 = 1) +2(2—7“) + (H1 + Ha)s, (2.6)
2+
pars) = orlr9)| 7 (o 2tas) + s+ (a4 1) (550
22+ (247
r 2.7
e +2<2—r> @1(71,3)}, 27)
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@3(7-73) — @2(7-73) 2iT(T+2HQS)+H28+(H2+H3) (;t;)g
rP2+r)  rPA-nE+r)? v (24’
R a1 (e R

(2.8)

where H; = fol @(r)(L—r)dr,Hy = % fol ¢ (%) dr and Hy = fol ©(r)dr. Let us assume
z(r) = ¢(r)r — 1, then clearly z(0) = —1 and z(2) = 400 and hence z(r) has at least
one real root in (0,2) say, p be the least positive root. Now, we define some of the
properties of the equations ¢, 1 and ¢3 which are given in the equations (2.4), (2.5)
and (2.8), respectively.

Lemma 4. Consider the functions ¢, and p3 are mentioned by the expression
(2.4), (2.5) and (2.8) respectively then,

(i) ¢(r) > 1 and ¢(r) > 1 are increasing, for r € (0, p) and,

(i) w3(r, s) is increasing for s >0 and r € (0, p).

Proof. The proof can be done with the help of the expressions of the functions ¢, 1

and (3. =
Let
UO = 0—7
T = T,
po = OrTo,
g = otw(o),
1
¢ = Y(po)’
9 = ¥%(po)es(po, ),
L ¢(po) (2.9)

1 — 1 (po)es3(po, q)

Clearly 0,79 < 1. Moreover, we assume the following sequences holds for k£ > 0,

Tt = Tih(pr), (2.10)

okt1 = ox(pr)es(Pr, k), (2.11)

Pt = Dk (0x)>@3(Dr, ar), (2.12)

Gt = Thr1Th10(041) < qetd () 03 (Pr, 1) (1) (2.13)

where 0, = ¥ (pr)p3(Prs Gr)-
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Lemma 5. Let the functions ¢, and @3 are given by the equations (2.4), (2.5) and
(2.8) respectively. If

¥(po)?e3(po,q0) <1, 0 < po < p, (2.14)

then, the following results hold

(i) ¥(px) > 1 and Y (pr)es(pr, qx) < 1, for all k >0,

(ii) the sequences {0}, {pr}, {ax} and {Y(pr)ws(pk,qr)} are decreasing and,
(ii) ¢(pr)ar < 1 and ¥ (pr)ps(pr ar) < 1,V k > 0.

Proof. From the Lemma 4 and the equations (2.6) to (2.14), it can be easily prove
that the results hold for £k = 0 and then, on applying induction, it can be showed
that it is also true for all k£ > 0. ]

Lemma 6. Consider the expressions ¢, and 3 given in the equations (2.4), (2.5)
and (2.8), respectively. Also suppose that 6 € (0,1), then ¢p(0r) < ¢(r), ¥(0r) < ¥(r)
and @3(0r,0s) < 03p3(r,s) for r € (0, p) and p3(Or,0'Ts) < 03F39p3(r, s).

Proof. The proof quickly follows from the equations (2.4) to (2.8) and the fact that
r € (0,p) and 6 € (0,1). O

3 Recurrence relations

We shall define the following recurrence relations by assuming that the hypotheses
presumed in Section 2 holds. For k = 0, the existence of I'g signifies the existence
of yp and ug. So, we have

1
ly0 = @oll < 500, (3.1)
Also
[uo — 2ol < 0. (3.2)

Hence y9, ug € D(xg, ko). And hence
1
110l < 30 (3.3

Using Banach lemma and the fact that py < 2 we can conclude that [A’(yg)] ! exists
and

A’ - < . 3.4
I8 o] < 5= (3.4)
Also
2+ po
< ) )
[ 7a (o) < 5y (3.5)
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Therefore one can attain

1
125" — ol <

28 = wol| < “;am (3.7)
and
128 — zoll < =

00- (3.8)

Also, the following can be quickly verified

(@) 4—po  [2(4p3 —8po+16)  pd(2+po)*(4—po) ) O3
1A < 5—=3 — 5+ — 1 :
(2 = po) (2= po) (2 = po) 2
(3.9)
The last step of the scheme (1.2) implies
2 2+ po 2
o1 = =57 < S—omoll A=) (3.10)
— Do
On using triangle inequality and the equations (3.8)-(3.10), we have that
a1 — zoll < S(o)ov. (3.11)
Thus 1 € D(zo, ko). Now since ¢(pg) < ¢(p), we can obtain
I =ToA"(z1)| < pod(po) < 1.
Therefore T'y = [A/(z1)] 7! exists by Banach lemma and hence it follows that
70
I £ ——=m. 3.12
T 1 — po(po) (312)
Using the involved relations in Lemma 1 - Lemma 3, we can calculate
ot
1AGE)I < @1(p0,40) 7, (3.13)
ot
1A < ea(p0,00) " (3.14)
and
a0
A1) < 903(2707‘]0)?0- (3.15)
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And hence,
[[ur = @1 < ¥(po)es(po, go0)o0 = o1 (3.16)
Also, because ¢(pp) > 1 and by the triangle inequality, we find
|lur — o] < Ko. (3.17)
which implies that uy,y; € D(zg, ko). Furthermore, we have

O[T [[IT1 A (z1)]]
I IT1 Az [lw(IT1Az)]])

< ¥*(po)es(pos 90)po = p1,
< ¥*(po)e3(po, 90)(30)q0 = a1
(3.18)

On using mathematical induction, we can define the following system of recurrence
relations as a lemma:

Lemma 7. Assume the hypotheses of Lemma 5 hold and the assumptions (Al)—(A4)
are satisfying then the subsequent inequalities also hold ¥V k > 0,

()Tx = [A(z1)] Lexists and ||Tk|| < 7,

(1) [T A () || < o,

(1) O Le [ I Tk A ()| < s

() [T ITeA (@) [w (TR A (@R)]]) <

(Wllzks1 — @kl < D(pr)ok,

(vi) |zrs1 — ol| < Ko (3.19)

Proof. The proof of (i) — (v) is simple. So, we shall show part (vi). From the relation
(v), Lemma 6 and Lemma 9, we obtain the following relations:

Sp < CO*, (3.20)
k ak+1_4
[[ois o=, (3.21)
=0
k_
o <oty (3.22)
k+m gk (A" +2
1__<n%+1§ (=)
Y oi<o ( e , (3.23)
i=k
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for k > 0,m > 0. Now, by using (v) and the above relation, we have

k
lzkir —zoll <D dpi)o
i=0
k
1— k—&—l,ﬁ%
< o(po)o < < Ko.

1 =9 (po)¥3(po, o)

4 Semi-local convergence

In this portion, we state and prove the convergence theorem along with the error
bound expression for the method (1.2).

Theorem 8. Let A : 2 C X| — Xs be a continuously twice Fréchet differentiable on
Q. Let the assumptions (A1)—(A4) holds and x¢ € Q2. Assume that the functions ¢,
and @3 and the sequences pg,qo are given by the equations (2.4) — (2.9), respectively
and the inequality (2.14) also holds. Likewise, let D(xg, ko) C Q. Then initiating
with xo, the iterative sequence {xy} generating from the scheme (1.2) converges to a
zero o of A(x) = 0 with xp,x* € D(xo, ko) and x* is an exclusive zero of A(x) =0
in D(xo, & — ko) N Q. Furthermore, its error bound is defined as

ak_1 1
zp— x| < ot [ ——1 ). 4.1
o = 1 < ot (1) (@)
Proof. The sequence {xy} is well established in D(zg, ko). Now
k+m—1
|Thsm — 2zl < Z | i1 — 4|
i=k

ak@am—149)

by [ 1T=(C"9 6
< oy s , 4.2

which shows that {x} is a cauchy sequence. Hence, there exists an z* satisfying
limg_,00 z = x*. Let kK =0, m — oo in the equation (4.2), and thus we obtain

[l — 20| < ko, (4.3)

which implies that, * € D(xg, ko). Next, we show that z* is a zero of A(z) = 0.
Because

ITolllAGzr) | < ITk[[I[A(zx)]- (4.4)
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By tending k — oo in the equation (4.4) and assuming the continuity of A in 2, we
find that A(z*) = 0. At last, we verify the uniqueness of z* in D(zg, & — ro) N L.
It is obvious that

2
— — KO > KO,

or

since £ < 1/py. Let 2** be the other solution of A(z) in D(zo, & — ko) N Q. On
applying Taylor’s theorem, we attain

0=A(z")— / A1 — 7)™ + ra™)dr (2™ — x¥). (4.5)
Also, since

1
||F0||‘ [ 180 =t 2 = el

1 . x or 2
< Or [(1—=7)||z* — zo|| + r||z™ — zo||)dr < — |ko+ — — Ko | < 1,
0 2 87-

which implies fol A'((1 = r)a* 4+ ra**)dr is invertible and thus z** = z*. O

5 R-order of convergence

This segment includes analysis of the R-order of convergence of the method (1.2),
under the following condition which is defined as

m
1A"(2) = A"(y)| <D Kille —y[|%, Ki > 0,¢; € [0, 1), 7,y € Q, (5.1)
i=1
choosing w(s) = Y ;" K;s%, then w(ts) = > i* K;t%s%. Since, t € [0,1] and ¢; €
[0,1], we get p(t) = t9, where ¢ = min(q1, 92, , Gm)-

Lemma 9. Suppose the hypotheses of Lemma 5 are true and let 6, = ¥ (pr)es(pk, qx), ¥ =
¥(po)do and ¢ = w(p L then

S < COUH3D" (5.2)
k41_

H5 <ty (5.3)
K (4+39)k -1

o; <o) 3 (5.4)
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k((4+39)"+2+43¢
ktm g1 (1 ¢melgltda)t (G

k
Z o; < O—C 3+3q 11— Cﬂ(4+3q)k y (55)

fork>0,m >0.

Proof. Because p1 = pot)(po)*e3(po, q0) = ¥po and q1 = qot(po)>©3(po; go)e(do)
< go?' 19, so that we can write

b(p1)es(p1, 1) < P(9p0)s(¥po, 9 q0) < 9339 (o) o3 (po, o) < (39",

Now, assume 1 (p;)es(pi, ¢;) < C19(4+3Q)i,2‘ > 1, hence by using the Lemma 6, we get

YPir1)e3sitts giv1) < V(03P (i)di, aip(pi)o; )
< ¢( )3+3q54+3q

< (oo

Hence ¢ (pg)es(pr, qr) < ¢V (4+39)" holds for all & > 0. By using this inequality, we
derive

i k k41
Hw(pz‘)@?)(pi,%’) < HC6(4+3‘1)k < g’f+119(@+33q173ql)

=0 i=0

which is same as the equation (3.21). Now, from the relations (2.6) and (3.21), we
have

Al bt (G230t o1)
ok = O 1P (Pr-1)23(Pr—1, 1) = o [ [ (@) es(pi, i) < ¢FHo\ 55
i=0

Since (,¥ < 1, then o — 0 as k — co. Suppose, we presume

k+m
w_ZC‘z‘} ios L k>0,m>1.

On rewriting the above equation, we have

k+m i—1
4+39)F 4+3q)
w < Ckﬁ(“;q 93’ <Z Ckﬁ( 5450 )
i=k+1

(4+39)*

(at3g)Ftm
Ckﬂ 373¢ 4 4-19 (4+3q)" <?I/' o Ck+m§ 31&1 )

IN

Also, we have

(4+39)* (4439)™ 12439
(4439)% 1— Cm+119 3+3q

< k
w < (MY 3+3a n _Cﬁ(4+3q)k
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Furthermore, we can derive apriori error estimate

d(po)o ﬁ%
1 ’
9354 (1 — ¥(po)ws(po, qo))

which states that the R-order of convergence of the scheme (1.2) is at least 44+3¢,¢q €
[0,1] and particularly, when A” satisfies Lipschitz condition then the R-order turns
out to be seven.

O

Example 10. [15] Consider a mixed Hammerstein type nonlinear integral equation
which is given as

1 1 5
2(s) =1+ / M(s,t) <3x(t)§ + 8x(t)3> dt, s € [0,1], (5.6)
0
where = € [0,1],¢ € [0,1] and M is the Green function defined as

(I—-s)t t<s,
s(1—t) s<t.

M(s,t) = { (5.7)

Solving the equation (5.6) is same as to get the solution for A(zx) = 0 where, A :
QCClo,1] — C[o,1],

1 7
[A(x)](s) = x(s) — 1 — /0 M (s,t) (;x(t)i% + Z:E(t)?’) dt,s € [0,1],

(5.8)
On choosing g = D(0,2). The Fréchet derivatives of A are defined as,
1
/ 7 4 15 2
Alz)y(s) =y(s) =1 — [ M(s,t) | ga(t)s + Fa(t)” | y(t)dt,y € Qo,
0
(5.9)
! 28 1 15
A (x)yz(s) = —/ M (s,t) <27x(t)3 + 4x(t)> y(t)z(t)dt,y, z € Qp.
0
(5.10)

Thus, we have

7x925 15

A" < =
| @)l < = + 1o
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and

|A" () — A"(u) o — 5 + 3z lle =l

H*54

Here, we are assuming the max norm. We can let w(z) = %z% + %z, o(z) = 25 and
q= % Choosing z¢(t) = 1 to be an initial approximation, we can find

23 576 69
< — ||ITpll € =— = | VAN < — =og.
1< 2 0ol < 20 = Iy Am)| < o =

1A(zo)
Thus, pod(pg) < 0.632298 < 1 and ¥ (po)?p3(po, qo) < 0.035077 < 1. This shows
that, the assumptions of Theorem 8 are true. Hence, the solution z* € D(zg, ko) =
D(1,0.388938) C € and it is unique in D(1,0.825431) N Q.

Example 11. [15] Consider the problem that find the minimizer of the chained
Rosenbrock function,

Z[ wi— a2 )’ + (1 z+1)} X € R™. (5.11)
=1

To find the minimum of R, we need to calculate the nonlinear system A(x) = 0,
where A(xz) = VR(X). Here, we will use the algorithm (1.2) and compare it with the
method given by Wang and Kou presented in [15] which is denoted by WKM. Let
the initial approximation x; = 1.3,7 = 1,2, ...,m. Also, we take m = 100. Displayed
in Table 1 are the norms ||z — x*||2 at each iterative step, where x* = (1,1,---1).

Table 1: Comparison of the norm for vector function
k | Method (1.2) WKM

0 | 3.0000e+00 | 3.0000e+00
1| 0.59254e-01 | 1.4293e-01
2| 2.7482¢-10 1.9326e-05

From the above table, we can see that the norm for vector function for the method
(1.2) seems to be more finer than the method WKM, which is also of seventh order.
Hence, the considered method is more efficient.

Acknowledgement. The authors are grateful to the editor and the reviewer for
their valuable comments.
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