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REFINEMENTS OF SOME RETARDED
INTEGRAL INEQUALITIES

OF GRONWALL-BELLMAN-BIHARI TYPE
AND THEIR APPLICATIONS

Khaled Boukerrioua, Brahim Kilani and Imen Meziri

Abstract. In this study, some generalizations and refinements of some retarded integral
inequalities of Gronwall-Bellman-Bihari type are established. To show the feasibility of the obtained

inequalities, some illustrative examples are also introduced.

1 Introduction

It is well known that integral inequalities which were introduced by Gronwall-
Bellman [8], [12], and their various generalizations [4-9] play a very important role
in the study of qualitative properties of solutions of differential equations, integral
equations and integral differential equations. Recently, many versions of Gronwall—-
Bellman type nonlinear inequalities can be found in [1], [10], [11], [20].

In 2016, Abdeldaim [3], discussed the following nonlinear integral inequalities

t a(t)
uP(t) < n(t) +/0 g(s)u (:s)cls—i—/0 h(s)ul(s)ds, (1.1)
a(t) s p
u(t) <wup + f(s) [u@_p)(s) +/ g(N)ul(N) d/\:| ds, q,up >0,0<p<1.
" ’ (1.2)

In this paper, motivated by the work of Abdeldaim [3] and the papers [11-13,
17-19] we establish a new nonlinear retarded integral inequalities which can be used
as handy tools to study the qualitative behavior of certain retarded differential and
integral equations.
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2 Preliminaries

In what follows, R denoted the set of real numbers, I = [0,00) is the subset of R,
C(I, ) denotes the set of all continuous functions from I into I and C'(I,I) denotes
the set of all continuously differentiable functions from I into I. For convenience,
we give some lemmas and definitions which will be used in the proof of our main
results.

Lemma 1 ( [15]). Assume that a >0, p>¢q >0 and p # 0 then

P43, (2.1)

)
ar < =k r a+
p
for any k > 0.

Lemma 2 ( [4]). Let p(t) and o(t) be continuous functions for t > «, let z(t) be
a differentiable function for t > «, and suppose

Zt) < p)+qt)z(t), t>a, (2.2)
z(a) < 2.
Then, fort > a,
z(t) < zpexp /q(s)ds —|—/p(s) exp /q(r)dT ds. (2.3)

Definition 3. A nondecreasing, continuous function 6 : I — I is said to belong to
class T if it satisfies the following condition

1
59(1‘) > 9(%) forallz >0 and a > 1. (2.4)

Example 4. The function §(z) = 2%, v € Ry,a > 1is of class T.

Now we state the main results of this work.

3 Main result

In this section, we state and prove some new nonlinear retarded integral inequalities
of Gronwall-Bellman-bihari type, which can be used in applications as handy tools,
and in the analysis of various problems in the theory of the nonlinear ordinary
differential and integral equations.
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Refinements of some retarded integral inequalities 235

Theorem 5. Let u(t), g(t), h(t),n(t) € C(I,I) andn(t) is nondecreasing. Let a(t) €
CY(I,I) be a nondecreasing function with a(t) < t ,a(0) = 0 and w : I — T
be a differentiable increasing function on |0, 0o[ with continuous nonincreasing first
derivative w' on |0,00[. If u(t) satisfies

t a(t)
uP(t) < n(t) —{—/0 g(s)uP(s)ds +/0 h(s)w(ul(s))ds, (3.1)
forp#£0,p>q >0. Then
u(t) < [n(t) + /0 p1(s) exp </ ql(T)d7'> ds] ’ NVtel, (3.2)
where
B ) q, > p—q,e
pi(t) = gt)n(t) + o (t)h(a(t))w (pk: » n(t) + pk:l') , (3.3)
= I a)w' [ L& n P43
a(®) = o)+ T wOnta) (U 00 + 20 )
forallt e 1.

Proof. Define a function z(t) by :

. a(t)
A(t) = /0 g(s)uP (s) ds + / h(s)w(ul(s))ds (3.4)
0
then, we have
u(t) < [n(t) + 2(8)]7 , 2(0) = 0. (3.5)

Differentiating z(¢) with respect to ¢, and using (3.5), we get

hSES]

2Z(t) < g(t)(n(t) + 2(1) + o (W) h(a(t))w (n(e(t)) + 2(a(t)))

Taking into-account that n(t) and z(¢) are nondecreasing functions, then the
above inequality can be expressed as

hSES

(1) < g(t)(n(t) + 2(1) + o (W) h(a(t))w ((n(t) + 2(1)))

By applying Lemma 1, we have
’ / q,ar p—q, 4
2'(t) < g(t)(n(t) + 2(t)) + /' (t)h(a(t))w ;}k po(n(t) + 2(t)) + Tkp . (3.6)
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Applying the mean value theorem for the function w, then for every z; > y; > 0,
there exists ¢ € | y1, z1] such that

w(z1) —w(y) = w'(e)(1 —y1) <w'(y1) (@1 —y1) -
(3.6) can be rewritten as follows

9—p

S0 < gl)n(t) + (1)) + o (B)h(a(r) [w (;kpn<t>+p‘qk:§)

p
+ 15w <qk’q;pn(t) + B qu> z(t)} ,
p p

then, we get

Jt) < gt)n(t) + o (Bh(alt)w (Zk"fn(t) + T!{:Z) (3.7)

q

+2(t) [g(t) + gk"?’ o () h(a(t)w' <kapn(t) + 2= qk)] .

The inequality (3.7) can be expressed as

Z(t) < pu(t) + qu(t)=(),

where p1(.) and ¢;(.) are defined as in (3.3).
Using Lemma 2 to the above inequality, we obtain

2(t) < /O t p1(s) exp < / t ql(T)dT> ds Vtel, (3.8)

Using (3.5), we get the required inequality in (3.2). O

Remark 6. If we take w(t) = ¢, inequality (3.1) can be reduced to the inequality
(1.1) discussed by Abdeldaim [3] and if we take w(t) = t,n(t) = ug (positive
constant), a(t) = ¢, inequality (3.1) can be reduced to the case discussed by Theorem
3.1 in [2].

Corollary 7. Let u(t),g(t),h(t),n(t) € C(I,I) and n(t) is nondecreasing. Let
a(t) € CHI, 1) be a nondecreasing function with a(t) < t, a(0) = 0. If u(t) satisfies

t a(t)
uP(t) < n(t) —I—/O g(s)uP(s)ds +/0 h(s) arctan(u?(s))ds,

forp#£0,p>q >0. Then

utt) < [nto) + | pals)exp (/ t a(r)ar ) ds| g
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Refinements of some retarded integral inequalities 237

where
pit) = gt)n(t) + & (t)h(a(t) arctan <Zan(t)+Tk2>,
q,ar , 1
al) = g+ L o () h(a(r) — .
P 1 (485 n(e) + 527 )
forallt e 1.

Theorem 8. Assume that u(t), g(t), h(t),n(t) € C(I,1) and n(t) is nondecreasing.
Let a(t) € CY(I,I) be a nondecreasing function with a(t) < t, a(0) = 0. Let wy
and wy : I — I be differentiable increasing functions on |0, 00[ with continuous
nonincreasing first derivative on |0, 00[. If u(t) satisfies

t a(t)
uP(t) < n(t) —i—/o g(s)wyi(uP(s))ds —I—/O h(s)wz(ul(s))ds, Vtel, (3.9)

forp#0,p>q >0. Then

=

u(t) < [n(t) + /O " pa(s) exp < / t qz(T)dT> ds] " vtel, (3.10)

where

a—p

po(t) = g(H)wi(n(®)) + o ()h(a(t))ws (Zk P n(t) + p;%) . (311
(1) = gOwi(n(0) + kT o (Oh(a(t))us (;Ww) + p;ﬁc) ,
forallt € 1.

Proof. Define a function z(¢) as follows:

aft)

z(t) = /Otg(s)wl(up (s))ds + 0/ h(s)wa(ul(s))ds (3.12)
then, we have
u(t) < [n(t) + 2(t)]? , 2(0) = 0. (3.13)
and
2'(t) < g(ywi (u” (£)) + o' () h(a(t))wa(u? (a(2))). (3.14)
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Using (3.14) and applying Lemma 1, we obtain

Z(t) < g()wi (n(t) + 2(8) + o (t)h(au(t))ws <f)/~cq;p(n(t) +at) + 2 ; qu> .

Applying the mean value theorem for the functions wyand wsy, we get

Z(t) < g(t) [wi(n(t)) +wi(n(t)z(t))] + o/ (H)h(e(t)) (3.15)
X {wz <qu;pn(t) + p;qkz> + %k%wé <qu;pn(t) + P ; qu> z(t)] ,

then he inequality (3.15) can be rewritten as follows

J) < gwi(n(t) + o (Oh(alt))ws (qu?’n(wﬂqui) (3.16)

9a—p

/ q,cr (4,2 p—q,4a
+2(t) [g(t)wl(n(t)) + Ek‘ pa/ (t)h(a(t))ws (pk r n(t) + p kp>] ,

the inequality (3.16) can be reformulated as

2'(t) < pa(t) + qa(t)2(t).

Using Lemma 2 to the above inequality, we have

A(t) < /Otpg(s) exp (/t qQ(T)dT> ds | (3.17)

for all t € I, where pa(.) and g2(.) are defined as in (3.11). Using (3.13), we get the
required inequality in (3.10). O

Theorem 9. Assume that u(t), g(t), h(t),n(t) € C(I,I) and n(t) is nondecreasing.
Let a(t) € CY(I,I) be a nondecreasing function with a(t) <t ,a(0) = 0. Let w;

and wy : I — I be differentiable increasing functions on |0,00] with continuous
nonincreasing first derivative on 0, 00[. If u(t) satisfies

t a(t)
uP(t) < n(t) —i—/o g(s)wy(uil(s))ds —i—/o h(s)wa(u"(s))ds, (3.18)

forp£0,p>q>0andp>r>0. Then

u(t) < [n(t) + /0 " pa(s) exp ( / t qg(f)d7> ds] : Vel (3.19)
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where

pa(t) = gty (qkq?’nu) +22 qki) T o/ () h(a(t)ws (;k?”na) +22 k) ,

p
q,p q,» p—q,a
w®) = U gt (L6 (e + Pk
FoE & () h(alt)wh <Tan(t) + 2= Tk;> : (3.20)
p p p
forallt el.
Proof. The proof is essentially identical to that of Theorem 8. O

Remark 10. If we have wy(t) =t and ws(t) =t ,q = p, inequality (3.18) can be
reduced to the inequality (1.1) discussed by Abdeldaim [3].

Corollary 11. Assume that all assumptions of Theorem 9 hold. Let w(t) = arctant
and wo(t) = In(1 +t). If u(t) satisfies

t a(t)
uP(t) < n(t) + /0 g(s) arctan(ul(s))ds + /0 h(s)In(1 4+ u"(s))ds,

forp#0,p>q>0,p>7r >0, then

)< [ot0+ [* oo ([ wiorar) a]

where
ps(t) = g(t)arctan <qkq;pn(t) + 2= qu> +
p p
o (Hh(a(t)) In <1 + L ) + 22 Tk;> :
p p
q,ap 1
a3(t) = =~k # g(t) p— v
L (2675 n() + 257k7 )
r—p 1
kol (Dh(a(1) ,
p (1 + IR n(t) + Hk%)
forallt e l.

Theorem 12. Let u(t), g(t),h(t),n(t) € C(I,I) and let n(t) be nondecreasing. Let
a(t) € CYI,I) be a nondecreasing function with a(t) < t,a(0) =0 and let L, M €
C (Ri,]&r) satisfy

0§£(t,$)—£(t,y)SM(t,y)(aZ—y),nyZO.
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If u(t) satifies

t a(t)
uP(t) < n(t) +/0 g(s)uP(s)ds —I—/O h(s)L(s,ul(s))ds, (3.21)
forp£0,p>q>0. Then
u(t) < {n(t) —i—/o pa(s)exp / q4(7')d7'> ds] ’ Vtel, (3.22)
where
pat) = a0g(o) + o' Oha)C (alt) 2 n(e) + L1k
wt) = g(t)+ %k?a'(t)h(a(t)) (a(t), %k%n(t) + Tki) . (3.23)

foralltel.
Proof. Define a function z(t) by:
. a(t)
z(t) :/ g(s)uP (s)ds + / h(s)L(s,ul(s))ds, (3.24)
0
0

then,

3=

u(t) <[n(t)+z()r. (3.25)
Differentiating z (¢), with respect to ¢ and using (3.25), we obtain
Z(t) < g(®)(n(t) + 2 (1) + o/ (B)h(a(t)) L (a(t), (n(t) + 2 (1))

Applying Lemma 1, we get

hSES]

). (3.26)

(0) < 9(0)n(0) + () + o' (Ob(a()C (a0, T (nlt) 4 2 (0) + 2k ),

(3.27)
Z(t) < g(t)(n(t) + z (1) + o/ (t)h(a(t)) L(t), (3.28)

— £ (a(), LT n() + L= pv )+ 40757 o), L5 n(t) + P95
L(t)_£< (t),pk: (t) + ’ k >+pk (t))M< (t),pk: (t) + » k )

Jt) < n(t)gt) + o (E)h(a(t)L <a(t), %k%n(t) + pqui) (3.29)

p

q e g =2 p—a,2\],
+ [g(t)—i—pk poa (t)h(a(t)M (a(t),pk (t) + ’ k )] (1),
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the inequality (3.29) can be reformulated as

2'(t) < pa(t) + qa(t)2(t),

Applying Lemma 2, to the above inequality, we have

< | ' pa(s) exp (/ t n(r)ar ) ds (3.30)

where py(.) and g4(.) are defined as in (3.23). Using (3.25), we get the required
inequality in (3.22). O

Remark 13. If we take L(t,z) = x, then inequality (3.21) can be reduced to the
inequality (1.1) discussed by Abdeldaim [3].

Theorem 14. Let u(t), f(t),g(t) € C(I,I) , a(t) € CYI,I) be nondecreasing
function with a(t) <t ,a(0) =0 and L,M € C (Ri,RJr) satisfy

0<L(t,x)—L(t,y) <M (t,y)(z—y),z>y>0.

If u(t) satisfies

p

a(t) s
w(t) < ug+ /0 f(s) [u@_p) (s) + /0 g(T)L(T,uq(T))dT] ds, (3.31)

for0<p<1,0<g<1. Then

a(t) s
<+ [T ©n @) (pe-p [ s G
for allt € I, where

ps(t)Z f() gk g (t) M (t, (1 — q) k7).,
(t) [ (2— a(ﬂ g(t)L(t, (1 —q) kY exp(—(2—p) [y Ps(7)dr) ds}p

(3.33)
Proof. Define a function z(t) by the right hand side of (3.31), then z (0) = up and
u(t) <z(t). (3.34)

Differentiating z (t), with respect to ¢ and using (3.34), we get

p

a(t)
) <o (1) f (0 (1)) [z<“><t>+ [ awceaeal . e
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If we take ©
v(t) =227 s s,2%(s))ds
0 O+ [ o) £ () ds
then we have
Z(t) < o () fa(t) v (1), (3.36)

v(0) = ul?,
p<1=2-—p>1and 22P (t) <wv(t), then
z(t) <wv(t) (3.37)

Differentiating v (¢) with respect to ¢ and using (3.36) and (3.37), we obtain
V()< 2-p) o @) fa®)v(t)+a' () g(a(t) L(a),v? (), (3.38)
taking ¢ = 7 with n > m > 0, n # 0 and applying Lemma 1, we have
v () < gk () + (1 - ) kY,
then,

V()< 2-p)a (@) fat)v(t)+a' () g(a(t)
) (

x [L(a(t),(1—q)k?) +qk" "M (a(t), (1 —q) k) v(t)]
V(t) < (8) g (o (t) L(a(t), (1 —q) k)
+[2=p (@) f(a(t) +a (1) g(a(t) k" M (a(t), (1 - q) k)] v(t),

using Lemma 2 to the above inequality, we get
a(t) q
v (t) <exp | (2 —p)/ (f (s) + ﬂkq_lg (s) M (s,(1—q) kq)) ds
0 _
(2—p) ot
S A IC N ey
0

con(=@=p) [ (104 5K ()0 (0 @ k) ) ar ) s
then,

a(t)
oP () < exp (p(Q —p)/o ps (s )d5> s (t) (3.39)

where where ps(.) and ¢5(.) are defined as in (3.33).
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From (3.36), we have

a(t)
2'(t) <a () fla(t))gs(t)exp (p (2 —p)/o s (s) dS) :

Thus,
a(t) . s
z(t) <wup+ f(s)as (a (s)) exp (p (2 - p)/ ps (7) dT) ds.
0 0
Using (3.34), we get the required inequality in (3.32). O

Remark 15. It is interesting to note that in the special case when L (¢, ) = z, then
inequality (3.31) can be reduced to to the inequality (1.2) discussed by Abdeldaim
[3].

Theorem 16. Let u(t),g(t),h(t) € C(I,I), a(t) € CY(I,I) be nondecreasing
function with o« (0) =0, a (t) <t on I. If u(t) satisfies

a(t)
u(t) < wo+ /0 g (s)uP (s)ds+ (3.40)

2=p (g o U s
u ()—I—/O h(\) ()\)d/\] ds,

forup>0,0<p<1,0<¢qg<1,and L,M € C’(Ri,R.,.) satisfy
0<L(t,z)—L(ty) <Mty (z—y),z>y=>0.
Then,
a(t)
u(t) < K(t) exp{/ P(s)}ds (3.41)
0
where

Bty = pkg(s) <1+§kq—PM<s,<1—q>kq>ep (a—1<s>))
a(t)

K@) = o+ /O 9(s) [(1=p)? + £ (s, (1 — @) k9 6" (o™ (s))]
xexp{—/osw(T)dT} ds (3.42)
a(t)
o(1) coplfo a0 (s) ds} (3.43)

B C— foa(t) pe () (exp{ [y g6 (T) d7}) ds’
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pe(t) = (2—p)ak? g (t) M (t,(1—q) k), (3.44)
@6 (1) = 2=p)gO{1+L([EI-qE)}+h(),

/Oa(t) D6 (s) (emp{/os g6 (7) dT}> ds < C.

Proof. Define a function z (¢) by the right hand side in (3.40), then we have, z (0) =
up and

provided that

u(t) < z(t). (3.45)
Differentiating z (t), with respect to ¢ and using (3.45), we obtain
, , o(t) P
Z(t) <a () g(at) 2 (t)+a (8) g () L(alt),z2(t) |27 (1) + / h(s)z(s)ds| ,
0
(3.46)
taking ¢ = * with n > m > 0, n # 0, we have

La(t),z(t) < L(a(t),(1—q)k?) +qkT M (a(t),(1-q) k") z(t),

then
() < o (H)glat) = (t)+a (t)g(a(t) (3.47)
% [£0(6), (1 — ) K9) + gkt~ M (a (1), (1 — g) k) = (6)] 0P(1)
where
v(t) =22 (1) + / ", (s)z(s)ds, v(0) = ul™ v(t) > 0. (3.48)
0
2(t) <227P(t) < (t). (3.49)
Differentiating v (t) with respect to ¢t and using (3.47) and (3.49), we get
V(1) (2 —p)a’ (1) g(a(®)v? () v P () +(2-p)a () g(a(t) x (3.50)
La(t),(1—q)k?) +qk? ' M(a(t), (1 —q) k%) v (B)] o (1) o' 7P (1)
+a/ () h(a(t)v(t),
V() <@2-p)a' ) g(a®)vt)+(2-p) o ({t)gla(t)) v(t)x

[£(a(t), (1= q) k) + k" M (a(t), (1 - @) kD) v (t)] + o' (t) h(a(t)v(?),
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Z(t)<[2-p)a' ) g(a®)(1+L(®),(1—q) k) +a’ ) h(a(t)]v ()
+[2=p)a’ (t) g ((t)gk?  M(a(t), (1 —q) k7)] v* (¢) .

By taking

A(t) = (2-p)d (t)gla(t)gh? M (a(t), (1 - q) k)

Bt) = 2-pa (t)g(a) L+ L(a®),(-q) k) +d {t)h(a(t)),
we have

V() < AT () +B 1) v(t),
v < AW +BB) 0T,

Letting v=! (t) = y (t) ,we obtain

—y/'(t)
y'(t)

then, from Lemma 2, we have

I IA
e
=~
_|._
=
=
<
=

>u0 e:vp{ /ﬁ )ds} — /A Yexp{— /B )dT}ds.
Moreover,
y (t) >u, @ Pexp{— / g(s){1+L(s, (1= q)k)}+ h(s))ds}
ot
(@ p)akt / 9(5) M (s, (1= ) )
exp{— / ) {1+ £ (r, (1 — q) k)} + h(r))dr}ds,
t) >exp{— / V(14 L(s,(1—q) k")) + h(s)]ds}
a(t)
X [16(2_’)) -(2-p) qkql/ g(s) M (s,(1—q) k%)
0
X e:pp{/ [(2—=p)g(T) A+ L(1,(1 —q) k) + h(T)] dT}ds] ,
then,
a(t) o(t) s
- s | (ug®7P s)ex T)dT | ds
y<t>zea:p< / <>d>< [ e ([ wmir) ),
(3.51)
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where pg(.) and gg(.) are defined as in (3.44).

_(2 ) fo (e:):p{fo g6 () dr}) ds

t) >
y()_ exp{fo()qg (s)ds}

, (3.52)

thus,
eacp{fo s)ds}
fo (e:cp{fo s ( dT})

a(t) s
/ pe (s) (exp{/ g6 (T) dT}> ds < C,
0 0
we easily obtain v(t) <

o(t Where 0( ) is well defined as in (3.43).
From (3.47) and taking p =

)

(t

v(t) < =

Let ua@*p) = (C and

D *,n >m* >0, n* #0, we get
2(t) <04()9( (@) [

)-
(L=p) K+ L(a(t),(1-q) k) 0" ()]
o/ (t) g (a (1) {pk? ™" + gk~ M (a (t), (1 — q) k%) 67 ()} (1)

Applying Lemma 2 to the above inequality, we obtain
a(t)
s <eon([ g(s) (R abIM (s, (1= ) k) 87 (7 (5))) )
0

a(t)
wo + /0 g(5) [(1=p) kP + £ (s, (1 — ) k9 67 (0™ (5))]

s

xexp{— i g () (pk?~t + gk M (1, (1 — q) k%)) 67 (o' (7)) d7}ds]|

the above inequality can be reformulated as

a(t)
2 (1) < K (1) exp( /0 $(s))ds, (3.53)

where K(.) and ¢(.) are defined as in (3.42). From (3.45), we get the desired
inequality (3.41). This completes the proof. O

4 Further results

Theorem 17. Assume u(t), g(t),h(t),n(t) € C(I,I) and n(t) is nondecreasing. Let
a(t) € CHI,I) be a nondecreasing function with a(t) < t, a(0) = 0. Let ® be a
nondecreasing function tbat belongs to class T (see Definition 3) with ®~1(I) C I
and =1 > 1.
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If u(t) satisfies

t a(t)
B(P(t)) < nP(t) + /0 g(s)u?(s)ds + /0 h(s)ud(s)ds, (4.1)
forp#0,p>q >0 (constants), then
u(t) < U%, where (4.2)
U = max(nf(t),1) ! (Wl (W(l) + /Otg(s)ds + ( [T ’ P9y ) /Oa(t) aph(;()s) ds)) ,

and

W(1)+/Ot ()ds+< e qk >/ apq ds € Dom(WY),

w! (W(1)+/Otg(s)ds+< KT+ p;qk >/0 ()aph_(j()s)ds> € Dom(27h),

where W is the function defined by W (t fo <I> ik forallt e 1.

Proof. Denote aP(t) = max(n?(t),1). Then (4. ) can be rewritten as :

)y [ 96 s [P e
aP(t) < 1+/O an(s) (s)d +/0 2 (5) (s)ds. (4.3)
Setting t

Since ® belongs to class 7, one has

t a(t) S
P(P(t) <1 +/0 g(s)zp(s)ds+/0 ) z(s)ds, Vtel. (4.5)

Define an auxiliary function v(t) by

t a(t) h(s)
v(t) =14+ [ g(s)zP(s)ds + 29(s)ds, (4.6)
0 0
from (4.6) and using properties of ®, we get

2(t) < [® 1 (u(£))] 7 and v(0) = 1, (4.7)

Using (4.7), inequality (4.6) becomes

! 1 “M h(s) 1 g
v(t) <1 —|—/ g(s)®~ (v(s))ds—i—/ (@ (v(s))] 7 ds. (4.8)
0 o ari(s)
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Differentiating v (t) with respect to ¢ and using Lemma 1, we obtain

(1) < gD (b)) + o () L) <qkq;pq>—1(v(t)) LRz qu> ,

(D)) \p ’
then,

v'(t) oy M) (g, p—qa

1) =/ O a) (p’“ Tt ) (4.9)

Integrating the last inequality from 0 to ¢, we get

h(s)
ar=a(s) "’

W(v(t)) < W(v(0)) + /Otg(S)ds + (qu;p + p‘%i) /Oa(t)

D

and then

t =P — q a(t) S
o(t) < W1 (W(l) +/0 g(s)ds + (Zk? + quﬁ) ; hs) ds) .

aP=4(s)

From the above inequality and using (4.7) and (4.4), one obtains the desired inequality
(4.2). O

Theorem 18. Let u(t), g(t), f(t) € C(I,I) and n(t) be nondecreasing. Let a(t) €
CY(I,1) be a nondecreasing function with a(t) < t, a(0) =0 and £L,m € C (R, Ry)
and ¢ : I — I be a continuous and strictly increasing function with ¢(0) = 0 such
that

0< ﬁ(t,l') - £<t7y) < m(tay)(bil(x - y)7 f07" te R-i- r>y=>0, (410)
where ¢~ ' is the inverse function of ¢ and

o (xy) < o (@) (v). (4.11)

If u(t) satisfies

t a(t)
uP (t) <n(t)+ ¢ (/0 g (s) L (s,uP(s))ds+ /0 h(s) L (s,u?(s)) ds) . (4.12)

forp#0,p>q>0, then

ww = (no+o| [ ' pr(s) exp (/ t or(r)ar ) ] )‘1’ , (4.13)
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where
pr(t) = L(t n(t))g(t)
/ q,a-p p—q,a
+o' (t)h(a(t)) L (a (t),;k P n(t)+ 5 k:P)
ar(t) = g(tym(t,n(t))
e o)+ P9t ) ot (P4
—i—m(a(t),pk (t) + ) k >¢ ( ’ k ), (4.14)
forallt e 1.
Proof. Let

and

3=

u(t) < [n(t) +¢(z (1))]7 . (4.15)
Differentiating z (t), with respect to ¢ and using (4.15), we have

q

Z(t) < gL (t,n(t) + ¢(z (1) + o () h(a(t) £ (a (t), (n(t) + o(2 (t))ﬁ) . (4.16)
From (4.10) and using Lemma 1, we get
J(t) < g@) [£(tn(t) +m(t,n(t)e (6= (t)] (4.17)
' q,» P—4q,2
+a () h(a(t) L <a (t), ];k r(n(t) +o(z(t) + Tk ) ,

() < g@) [L@En(t) +m(t,n(t)z )]+ (t)h(a(t)) (4.18)
= p—q,s
X [ﬁ <a (t),;k » n(t) + pk?) +

ng u% 71M% z .
+m<a<t),pk 0+l k>¢ (Lo (t))]

Using (4.11), we obtain

Jt) < Lt nt)glt)+d ) hla(t) L <a (t), %k?n(t) + L ; qu> (4.19)

+ {g(t)m(t,n(t)) +m <a @), Lk n(t) + p_qk3> ¢! (Hki)] 2 (1),
p p p
the last inequality can be expressed as
Z(t) < pr(t) + ar(t)=(t),
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where p7(.) and ¢;7(.) are defined as in (4.14). Applying Lemma 2 to the above

inequality, we have
¢ t
z(t) < / p7(s)exp (/ q7(7)d7') ds. (4.20)
0 s

Using (4.15), we get the required inequality in (4.13). O

5 Application

In this section, we present some examples to investigate certain properties of solutions
of differential equations and integral equations.

Example 19. Consider the retarded differential equation

@ = H(t,u(o(t), K(tu(a(r) Vel

dt w(0) = up, (5.1)

where K € C(I x I,R), H € C(I3,R), and ug is a positive constant.

Proposition 20. Assume that the functions H and K in (5.1) satisfy the conditions

Kt ula(t))] < g(al®)) Lt [u'(a(0)]), (52)
[H(tula(0). Kt u(a(t))] < flao) | [ /LKTU M|
(5.3)

where u(t), f(t), g(t), a(t), L(t,u),p and q are defined as in Theorem 14.
If u(t) is a solution of (5.1), then

a(t) s s
lu(t)] < |uol —i—/o a/((‘igl)(s))w (o (s)) exp (p (2 —p)/O P* (1) dT) ds,

(5.4)
forallt e,

P = iy + o5 e M (07 (0, (- ) k),

o ()= [u ™+ [ L (a7 (1), (1 — @) k) eap (= (2= p) [y P* (7) dr) ds]p

Proof. Integrating both sides of equation (5.1) from 0 to ¢, we obtain

u(t) = ug +/0 H(s,u(a(s)), K(t,u(a(s))))ds. (5.5)
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Using the conditions (5.2)-(5.3), from (5.5), we get

p

wlt) < luol + [ Stals)) | [0 Pia(e]+ [ otatr) L lustatriiar] ds

Thus

a(t) R s - p
o) < fuol+ a(j:”())[ o)+ | a,(ijTDLW(TMuq(T)ndT} ds,
(5.6

holds for all ¢ € I. Using Theorem 14 in (5.6), we immediately obtain (5.4). This
completes the proof. O

Example 21. Consider the following retarded integral equation

t a(t)
u(t) = n(t) + /0 Gls,u(s))ds + /O H(s,u(s))ds, (5.7)

where u(t),n(t) € C(I,I) and n(t) is nondecreasing, a(t) € C(I,I) is nondecreasing
function with a(t) <t, a(0) =0 and G, H € C(I x I,R).

Proposition 22. Assume that the functions G and H in (5.7) satisfy the conditions

| G(s,u(s) = G(s,u(s))] < g(s)u(s) —u(s)],
[H (s, u(s)) = H(s,u(s))] < h(s)w(|u(s) —u(s)]), (5.8)

where g, h and w are defined as in Theorem 5 with w(0) = 0 and u(t) is a solution
of (5.7). Then (5.7) has at most one solution.

Proof. Let u(t) and u(t) be two solutions of (5.7), then
u(t) —u(t) = /0 G(s,u(s)) — G(s,u(s)) ds

a(t)
+ / H(s,u(s)) — H(s,u(s)) ds . (5.9)
0

From (5.8) and (5.9), we get
t a(t)
lu(t) —a(t)] < /0 |G(s,u(s)) — G(s,u(s))|ds —I—/O |H(s,u(s) — H(s,u(s))| ds
t a(t)
< [aue -a@lds + [ heu(us) - ahds. (610

Applying Theorem 5 with (p = ¢ = 1) to the above inequality, we obtain that
|u(t) —u(t)] < 0, which implies u(t) = w(t), for ¢ € I, i.e., equation (5.7) has at
most one solution. O
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Example 23. we consider the following Volterra type retarded integral equation

2 — tSQarcanuS S — a(t)snus S_et
u(t)/o tan(u(s))d /0 In(u(s) +1)ds = ¢!, (5.11)

Corollary 24. Assume that u(t) € C(I,R) and let « € CY(I,1) be a nondecreasing
function with a(t) <t ,«(0) =0. If u(t) satisfies (5.11), then

ult) < [et + /0 t p(s) exp ( / tq(T)dT> ds} : : (5.12)

where
1 1 1 1
p(t) = t?arctan (2et + 2) + o/ (t)a(t) In (1 + §et + 2) ,
1 t2 1 1
q(t) = j—————= +dalt) 77—
214 (Jet+1)* 2 (3¢ +3)
forallt e 1.

Proof. From (5.11), we obtain

t a(t)
lu(t)> < et + /0 s arctan(|u(s)| ds —I—/O sin|u(s)| + 1)ds. (5.13)

By application of Theorem 9, and taking k = 1, we obtain the inequality (5.12). O

Conclusion 25. In this paper, some new mnonlinear retarded integral inequalities
are obtained. They can be seen as generalizations and refinements of many existing
results. These inequalities help us in the study of some classes of integral and integro-
differential equations.

Acknowledgement. The authors are very grateful to the anonymous referees for
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the paper.
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