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EXISTENCE RESULTS OF SELF-SIMILAR
SOLUTIONS TO THE CAPUTO-TYPE’S
SPACE-FRACTIONAL HEAT EQUATION

Bilal Basti and Noureddine Benhamidouche

Abstract. This paper investigates the problem of existence and uniqueness of solutions
under the self-similar forms to the space-fractional heat equation. By applying the properties
of Banach’s fixed point theorems, Schauder’s fixed point theorem and the nonlinear alternative of
Leray-Schauder type, we establish several results on the existence and uniqueness of self-similar

solutions to this equation.

1 Introduction

Many problems and models in physics, chemistry, biology and economics are modeled
by partial differential equations (PDEs), we shall give in this work an example of
a class of well-known equations, which allow to describe the diffusion phenomena,
it’s a fractional-order’s PDE and known as ”space-fractional heat equation”, which
is written as:

a
?9?:23:2’1<0‘§2’ (1.1)
with
0%u %, a=néeN,
oz ﬁfox(m—s)n_a_l%u(s,t)ds n—1l<a<néeN,
where u = w(x,t) is a scalar function of space variables x € [0, X], and time

t € [to,00), with X, ¢y > 0.
Recently, the lie group analysis of this equation has been discussed by Luchko
et al. (see [6], [11]), which studied the equation
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x>0,t>0,d>0, a,8>0, (1.2)
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to obtain the partial scale-invariant solutions of this equation.

The method of group analysis of differential equations began with the work of
Sophus Lie more than a hundred years ago. Roughly speaking a symmetry group of
a system of differential equations is a group which transforms solutions of the system
to other solutions. For partial differential equations one can determine special types
of solutions, which are invariant under some subgroup of the full symmetry group
of the system. These ”group-invariant” solutions are found by solving a reduced
system of equations having fewer independent variables than the original system.

In [6], this method was used for finding the scale-invariant solutions of the time-
fractional diffusion equation (8 = 2 in (1.2)). In the case of equation (1.2), the
scale-invariant solutions can be found by solving an ordinary differential equation
of fractional order with a new independent variable n = 2t=*/# The derivatives
there are the Erdélyi-Kober derivatives (left- and right-hand sided) depending on
the parameters «, 8 of equation (1.2) and on a parameter ~ of its scaling group.

The general solution of this differential equation of fractional order is obtained
in terms of the generalized Wright function.

Our main goal in this work is to determine the existence, uniqueness and main
properties of the solution of the space-fractional PDE (1.1), under the self-similar
form which is:

x
1

u(x,t) =t°f < ) , with (z,t) € [0, X] X [tg,o0), (1.3)

where X, ¢y > 0. The ”basic profile” f in (1.3), are not known in advance and are
to be identified, 5 € R is a constant chosen so that the solutions exist.

2 Definitions and preliminary results

In this section we present the necessary definitions from fractional calculus theory.
Let A > 0, by C'[0, A\] we denote the Banach space of all continuous functions from
[0, A\] into R with the norm:

lylloo = sup |y (n)].
0<n<A

We start with the definitions introduced in [10] with a slight modification in the
notation.

Definition 1 ([10]). The left-sided (arbitrary) fractional integral of order o > 0 of
a continuous function y : [0, \] = R is given by:

oy () = — )/O" (n— €)1y (€)de, 1€ [0,N],

'«
where T' (o) = f0+oo e %5 ds, is the Euler gamma function.
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Definition 2 (Caputo fractional derivative [10]). The left-sided Caputo fractional
derivative of order o > 0 of a function y : [0, \] = R is given by:

1 " n—a—1 4"y (§) _
“Dhy () = ey | -0 e we . n = ol 1.

Lemma 3 ([10]). Assume that CD(O)‘+y € C[0,A], for all « > 0. Then

where n = [o] + 1.

Remark 4. For all y, CD8‘+y € C[0,A], where 1 < a <2, we have:

I3 DGy ) = T3 CDGw ()
= ;; [y () =y (0) = ny' (0)]
= ' (n) =y (0). (2.1)
Moreover; if y' (0) = 0, then
I DGy () = of (). (2.
AsT (a+1) = al'(«a), we have for any n € [0, A],
' ()] = |57 “Dgey ()]
1 " -
< F(a—l)/o (n—29) 2|CD0+ZU )‘df
-9 ]
- [_<a ~IT(a— 1)]0 {03‘3% NGl )‘}
< XD (23)

Theorem 5 (Ascoli-Arzela [1]) Let E be a compact space. If A is an equicontinuous,
bounded subset of C (E), then A is relatively compact.

Definition 6 (Completely continuous [7]). We say A : E — E is completely
continuous if for any bounded subset P C E, the set A(P) is relatively compact.

Lemma 7 (Gronwall [9]). Let f(n) and g (n) be nonnegative, continuous functions
on 0 <n < A, for which the inequality:
U
fo<ut [(a©r©d 0
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holds, where 1 is a nonnegative constant. Then:

f(n)éueXp</0ng(€)d§>, 0<n<A

Theorem 8 (Banach’s fixed point [8]). Let P be a non-empty closed subset of a
Banach space E, then any contraction mapping A : P — P has a unique fixed point.

Theorem 9 (Schauder’s fixed point [8]). Let E be a Banach space, and P be a
closed, convex and nonempty subset of E. Let A: P — P be a continuous mapping
such that A (P) is a relatively compact subset of E. Then A has at least one fized
point in P.

Theorem 10 (Nonlinear Alternative of Leray-Schauder type [8]). Let E' be a Banach
space with P C E be a closed and conver. Assume V' is a relatively open subset of
P with0 €V and A:V — P is a compact map. Then either,

(i) A has a fived point in V; or

(ii) there is a point f € OV and p € (0,1) with f = pA(f).

3 Main results

3.1 Statement of the problem

In this part, we first attempt to find the equivalent approximate to the following
problem of the space-fractional heat equation:

du _ 0%u <
{ ot Ox®) ,B(x’ta)ue [O’X] X [tO’ OO) 9 1 <« = 27 (31)
u (0,t) = t°U, %(O,t):(), B, U € R.
Under the self-similar form which is:
u(z,t) =t3f (”j) , BER. (3.2)

We should first deduce the equation satisfied by the function f in (3.2) used for the
definition of self-similar solutions.

Theorem 11. Let o, 8 € R, be such that 1 < o < 2, and (z,t) € [0, X] X [to,00) for
some X,ty > 0. Then the transformation:

u(z,t) :tﬁf(n), with n =

Reduces the partial differential equation of space-fractional order (1.1) to the ordinary
differential equation of fractional order of the form:

O () = Bf (1) — ~nf' (), m € 0],
where A = thi.
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Proof. The fractional equation resulting from the substitution of expression (3.2)
in the original PDE (1.1), should be reduced to the standard bilinear functional
equation (see [14]). First, for n = 1 , we get:

ou

= ar o Lo . (5.

In another way, we get for £ = %, that:

0%*u t8 v a1 A" x
_ _ yn—a—-1 % Z)d
Oz™ I'(n—a) /0 (=) dsm (ti ) 5

_ t“) [e-te) ™ s e

'n—« tadgm
Brad-n) o A7 f(6)
_ % (n—a-1) _ \n—a—1
o (=t e
51 CDR,f (). (3.4

If we replace (3.3) and (3.4) in (1.1), we obtain the following equation:
o 1
“D§ef () = Bf () = —nf" (n), n € [0, ],
_1
where A = Xt, . The proof is complete. ]

3.2 Existence and uniqueness results of the basic profile

According to the preceding part, theorem 11, we go studies this problem:

o 1
o+ () = Bf () = —nf' (), 1 <a <2, ne0,N], (3.5)
in which 8 € R, A > 0 are arbitrary real constants. With the conditions:

fO)=U, f(0)=0. (3.6)

In follows, we present some significant lemmas to show the principal theorems, we
have:

Lemma 12. For any A > 0, we define:
P={feC[0,Al| f(0)=0}. (3.7)
Then (P, ||-||.) is a Banach space.
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Proof. Let A > 0. It is clear that the space P with the norm ||| is a subspace of
C'[0, A] which is a Banach space. It remains to prove that P is a closed subspace in
C'[0,A].

Let (fn),en € P be a real sequence such that nl;rl;o fn=fin C[0,\]. Since

C;‘f] () — £ ()] = Cg‘;fn (n) - CZ]f (),

we get %fn (n) — %f (n) as n — oo for each n € [0, A] . Then

d d
tin | = s =0,

and for n = 0, we have also:

Tim <‘2’Z;L> (0)= f/(0) =0, then f € P.

Consequently, P is closed in C'[0, A], Hence (P, ||-||,) is a Banach space. The proof
is complete. O

Now, we will define the integral solution of the problem (3.5)-(3.6).

Lemma 13. Let a,8,\ € R, be such that 1 < a < 2, and A > 0. We give
fs f’,CD3+f € C[0,A]. Then the problem (3.5)-(3.6) is equivalent to the integral
equation:

_ L K a1 _é !
=0t [ (5@ - 2 @) as el 6

Proof. Let a, 8, X € R, be such that 1 < a <2, and A > 0. We may apply lemma 3
to reduce the fractional equation (3.5) to an equivalent fractional integral equation.
By applying Z§, to equation (3.5) we obtain:
n
T3 DG s () = g (87 () = 1 (). (3.9)
From lemma 3, we find easily:
o+ CD8+f (n) = f(n) — f(0)—nf(0).

Then, the fractional integral equation (3.9), gives:

F ) =15 (8F )= L5 () + £ () + ' (0). (3.10)

If we use the condition (3.6) in equation (3.10), the problem (3.5)-(3.6) is equivalent
to:
§

o 44147 K o a—1 S
F =0+ [ o= (sr©-Sr@)es e

The proof is complete. O
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Lemma 14. Let A: P — C'[0,\] be an integral operator, which is defined by:

Af ) =Vt i [To-9 (510 - Sr©)d

equipped with the standard norm:

[Aflloo = sup |Af (n)].
0<n<)

Then A(P) C P. In which, P is the Banach space defined by (3.7)
Proof. Let f € P, be such that CD8‘+f (n) =Bf(n)—2f (n). From (3.12), we have:

jﬁvm): iJU+51@ﬂm—ZfWD}
= I (ﬂf(n)—%f’(n))
= I DG f ()

If we use (2.1) and (2.2) from remark 4 we have:

d

d—nAf (n) =237 “Dgef () = f' (n).

Thus d%Af (0) = f/(0) = 0. Consequently A (P) C P. The proof is complete. O

Now, we will prove our first existence result for the problem (3.5)-(3.6) which is
based on Banach’s fixed point theorem.

Theorem 15. Let a, \, 3 € R, be such that 1 < a <2, A € <0,Fé (a+ 1)) If

A6

oy <t (3.13)

Then the problem (3.5)-(3.6) admits a unique solution on [0, A] .

Proof. To begin the proof, we will transform the problem (3.5)-(3.6) into a fixed
point problem. Define the operator A : P — P by:

§

«

Af () =U+F(1a)/0"<n—5>“ (w(s)

Because the problem (3.5)-(3.6) is equivalent to the fractional integral equation
(3.14), the fixed points of A are solutions of the problem (3.5)-(3.6).
Let f,g € P, be such that:

DS () =B () = Lf (), “Dfeg (m) = By (m) — g’ (m).

f’(§)> dg. (3.14)
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Which implies that:

AF () — Ag () = F(la/0 (- &) (B(f(&)g(S))

3
) a

(7€) —d (5))) de.
Also
1 K a—1 |CHa C o
AF (1) = Ag (n)| € s /0 (n— € [ODg £ (€) - CDSg(©)]de.  (3.15)
For all n € [0, \], we have:

CDgf () = “Deg )| = |8 () =g ) =L (£ () —g ()|

8117 () — g )] + 2~ | (n) — o' ()]

By using (2.3) from remark 4, we have:

IN

)\a
19D f = “Digl| o, < 18IS = gl + Tla+tl) |“Dg+ f — “DGg]| . -
AsT (a+1) — A% > 0, we have:
BT (a +1)

1°Pg: f = “Dhigll <

m_mllf—glloo-

From (3.15) we find:

A“ 16
[Af = Agllo < m 1f =9l

This implies that by (3.13), A is a contraction operator.

As a consequence of theorem 8, using Banach’s contraction principle [8], we deduce
that A has a unique fixed point which is the unique solution of the problem (3.5)-
(3.6) on [0, A]. The proof is complete. O

Theorem 16. Let A >0, S € R, and 1 < a < 2. If we put

A (18] + 1)
I'(a+1)

Then the problem (3.5)-(3.6) has at least one solution on [0, \].

<1. (3.16)

Proof. In the previous theorem 15, we already transform the problem (3.5)-(3.6)
into a fixed point problem

At =Vt s [T om (10 - £r©) ae

We demonstrate that A satisfies the assumption of Schauder’s fixed point theorem
9. This could be proved through three steps:
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Step 1: A is a continuous operator.
Let (fn),cn be a real sequence such that ILm fn = f in P. Then for each
n € [0,A],
"=
_ < M S
AR —arml < MU

(S (&) = f(©)

[0

‘5 (Fa &) = 1 (6)) - 46.(3.17)

where
D fu () = Bfa (1) = L1, (n)  and ODGf () = B () = Lf ().

As a consequence of (H2), we find easily CDS‘+ fn— CD8‘+ f in P. In fact, we
have:

D fa () = DG ()] = |B(fa () = F () = 2 (F1.(0) = £ (m)|
8110 () — 7 ()| + 2 152 ) = 7' ()]

By using (2.3) from remark 4, we have:

IN

A
195 fn = “DE oo < 181 = fllo + 5

Tlat D) 19D £ — “D§: £ -

AsT(a+1)— A% > A%|B| > 0, thus:

HCD(C)VJani CDSY_;,_fH < |B|F(O¢+1)

o < Tar e e e

Since f,, — f, then we get CD8‘+fn — CDS‘+f as n — oo for each n € [0, ] .
Now let K7 > 0, be such that for each n € [0, A], we have:

DS, fo ()] < K1, |D f ()] < K.

Then, we have:

A =47 O] < s [ =97 x
50O 1) - S (10 - 1'(©)| ¢
< ra ) 0T P ©) - 9D p (€]
< w0 D8 £ O]+ 10D5 S O] de

T (o)

2K, (7 a1
<t |-
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For each n € [0, ], the function £ — 1%@) (n— {)a_l is integrable on [0, 7],

then the Lebesgue dominated convergence theorem and (3.17) imply that:

|Afn (n) — Af ()] = 0 as n — oo,

and hence:

Jim [JAf, — Af]l = 0.
Consequently, A is continuous.

Step 2: According to (3.16), we put the positive real

x|
TZ( +F(a+1)A“(IBI+1)>|U|’

and define:
Po={feP:|fllo<r}.
It is clear that P, is a bounded, closed and convex subset of P.
Let f € P., and A : P, — P be the integral operator defined in (3.14), then

A(P,) C P,.
In fact, by using (2.3) from lemma 4, we have for each n € [0, AJ:

)\Oé

D )] = (85 () = 3 G| < 18117 )l + gy 1°D6 -
Then
1°Dg. £]|. < mr (3.18)
Thus
AT < W+ g -0 ar ) - 1) ae
.o (1 + D) s
IR e (s B R
o T
< r

Then A (P) C Pr.

kst sk ok sk ok ok s ok sk sk ok ok sk sk ok sk sk sk ok sk sk sk s sk sk sk ok sk sk sk sk ok sk sk sk s sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 15 (2020), 153 — 168
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v15/v15.html
http://www.utgjiu.ro/math/sma

Existence results of self-similar solutions to the fractional heat equation 163

Step 3: A(P,) is relatively compact.
Let n1,m2 € [0, A], m < m2, and f € P,.. Then

AT () = AT )] = | /0"2<n2—s>“—1 (s10-£r©) e
v |-t (sr©-Er©) g

IN

mw ] (=9 = - 97)

r
<ﬁf 5))’ dg

+m /m (n2 — &) (ﬂf (&) - gf/ (£)>‘d§

1 IBIT (a+1)7r m
T(a)  T(a+1)— A [/

(m — &)~ de + / "o df} . (319)

m

(n2— €)' =

IN

We have:

(2 = %7~ (m = 7 =~ L[~ &) — (m — ©)°]

/771
0

we have also

[ e =~ - %1 < - m)”

m

then

(2 — )" = (m — € de <

Then (3.19) gives

|6l

| < Tlatl) -0 (2(n2 —m)* + (5 —ni)) -

|Af (n2) — Af (m)
As m1 — 19, the right-hand side of the above inequality tends to zero.
As a consequence of steps 1 to 3 together, and by means of the Ascoli-Arzela
theorem 5, we deduce that A : P. — P, is continuous, compact and satisfies
the assumption of Schauder’s fixed point theorem 9. Then A has a fixed point
which is a solution of the problem (3.5)-(3.6) on [0, A].

The proof is complete. O
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Our next existence result is based on the nonlinear alternative of Leray-Schauder
type.

Theorem 17. Let a, A\, 8 € R, be such that 1 < a <2, A € (O,Fi (a4 1)) . Then
the problem (3.5)-(3.6) has at least one solution on [0, A] .

Proof. Let o, \, 8 € R, be such that 1 < a <2, \ € (o,ré (o + 1)) .

We shall show that the operator A defined in (3.14), satisfies the assumption of
Leray-Schauder fixed point theorem 10. The proof will be given in several steps.

Step 1: Clearly A is continuous.

Step 2: A maps bounded sets into bounded sets in P.
Indeed, it is enough to show that for any w > 0 there exist a positive constant
¢ such that for each f € B, ={f € P: | f| < w}, we have ||Af]| ., <.
For f € B, we have, for each n € [0, ],

AF @ <01+ s [ - 0m pr@ - Srglae @)
T T @) Sy a | |
Similarly (3.18), for each n € [0, \], we have:
T 1

8760~ Lp )| < r'fot j‘;‘)*_ ) w

Thus (3.20) implies that:
18] _
45 S 101+ e

Step 3: Clearly, A maps bounded sets into equicontinuous sets of P.
We conclude that A: P — P is continuous and completely continuous.

Step 4: A priori bounds.
We now show there exists an open set V C P with f # pA(f) for p € (0,1)
and f € OV.
Let f € P and f = pA(f) for some 0 < p < 1. Thus for each n € [0, ], we
have:
o<+ hs M- (ﬁf @~ <f>> 3
B L' () Jo a

For all solution f € P, of the problem (3.5)-(3.6), we have:
_ 1 K a—1 § !
sl = vt [fo-om (310 - £ @) ag

1 n 1
< U+ = - Dy | dé.
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Then for each n € [0, A], we have:

D5 s = |57 )~ L5 )| < 18117 )]+ 2 | )]

[0

< WHfOﬂ%%f@;;ﬁogchD&fﬁﬂk
SN
then BIT (o + 1)
C Oé“!_
o2 PO O S e e 0
Hence

BT (a+ 1) T et )
Oggklf(n)l <|U| + T o) (Cla F 1) ) /0 (n—2%) {Ogggk\f(fﬂ}df-

After the Gronwall lemma [9], we have:

6T (a+1) n -
02;2)\|f(77)|§\U|exp(r(a)(r(a+1)_)\a)/o -0 d{g)'

Thus A 18
< _— | = .
”f”oo — |U‘ exXp <F(O&+1)_)\a> M2

V={feP:|fllo<M+1}.

By choosing of V, there is no f € 9V, such that f = pA(f), for p € (0,1).
As a consequence of Leray-Schauder’s theorem 10, A has a fixed point f in V
which is a solution to (3.5)-(3.6).

Let

The proof is complete. O

3.3 Existence results of solutions to the original problem

In this section, we prove the existence and uniqueness of solutions of the the following
problem of the space-fractional heat equation:

X] % [to,0), 1<a<2,

%?ttig;a7 ( )E[ (321)
(Ot)_tﬁU, gu (0,t) = 0, B,U €R. '
Under the self-similar form:
w(z,t) =tPf <;> , with (z,t) € [0, X] X [to, 00) . (3.22)
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Theorem 18. Let o, B,t5,X € R, be such that 1 < a < 2, tg > 0 and X €
(0,tol (a4 1)) . If

RI=

X8|
to (toI' (¢ + 1) — X)
Then, for f € P, the problem (5.21) admits a unique solution in the self-similar
form (3.22).

Proof. The transformation (3.22) reduces the space-fractional heat equation (3.21)
to the ordinary differential equation of fractional order of the form:

DGy f(n) = Bf (n) - gf’ (), 0<n <A, (3.24)

<1. (3.23)

where

Q=

_1

A= Xty >, with X € (0,tI (a + 1)), tr >0, I <a <2.
With the conditions:

f(0)=0U, f'(0)=0. (3.25)
Let f € P be a continuous function. By using (3.22), the condition (3.23), is
equivalent to (3.13), which is
FT(a+1)
18] < e

We already proved in theorem 15, the existence and uniqueness of a solution of the
problem (3.24)-(3.25) provided that (3.26) holds true. Consequently, if (3.23) holds
for any (z,t) € [0, X] X [tp,00), then there exists a unique solution of the problem
of the space-fractional heat equation (3.21) under the self-similar form (3.22). The
proof is complete. ]

(3.26)

Theorem 19. Let a, 5,19, X € R, be such that 1 < a <2 and X,tg > 0. If
A (18] +1)
I'(a+1)
Then, for f € P., the problem (3.21) has at least one solution in the self-similar
form (3.22).

Proof. Based on theorem 16, we use the same steps through which we proved
theorem 18 to prove the existence of a self-similar solution to the problem (3.21)
provided that the condition (3.27) holds true. The proof is complete. O

< 1. (3.27)

Theorem 20. Let a, 5,19, X € R, be such that 1 < a < 2, tg > 0, and X €

(0,toT (a + 1))% . Then, for f € P, the problem (3.21) has at least one solution in
the self-similar form (3.22).

Proof. Based on theorem 17, we use the same steps through which we proved
theorem 18 to prove that the problem (3.21) has at least one solution in the self-
similar form (3.22). The proof is complete. O
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4 Conclusion

In this paper, we have discussed the existence and uniqueness of solutions for a
class of space-fractional diffusion equation, known as space-fractional heat equation
with mixed conditions under the self-similar form. For that we used the Banach
contraction principle, Schauder’s fixed point theorem and the nonlinear alternative
of Leray-Schauder type, and the differential operators used are the Caputo operators.
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