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UNIVALENT FUNCTIONS RELATED TO
¢—ANALOGUE OF GENERALIZED M-SERIES
WITH RESPECT TO i—SYMMETRIC POINTS

Sh. Najafzadeh

Abstract. In this paper, we introduce subclasses of analytic functions by using g-analogue
of generalized M-series and k-symmetric points. Some special coefficient inequalities are also

discussed.

1 Introduction

The M-series in [8] in given by:

oMy(z) = S0 L (L)

k=0

where o,z € C, Re{a} > 0 and (d,,)k, (bm)r are then well-known Pochhammer
symbols.

It is easy to see that by the ratio test the series in (1.1) is convergent for all z if
t < s.

The extension of both Mittag-Leffler function and generalized hypergeometric
function ,F is called generalized M -series which introduced in [9] as follow:

o = (d)pe - (d)e 2P
thkZ:O B GO Tk g (Befe0). (1.2)

For more details see [1].

The series in [2] is a convergent series for all z if ¢ < s+ Re{a}. Also it is
convergence for |z| < a® if t = s + Re{a}.

The g-analogue of Pochhammer symbol is defined by:

n—1

(a§Q)n = H(l - O‘qk)’ (n € N)7 (1'3)

k=0
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and for n =0 and g # 1, (a;q)o = 1. When n — oo, we shall assume that |¢| < 1,
see [2].
Also g-derivative of a function f(z) is defined by

f(z) = flaz)

(Duf)(2) = RO 2 #0. g2 0), (14)
and
lim D, () = f'(2). (1.5)
By using (1.4), we conclude that:
(D31) (@) = a"(D31) () (1.6
Dyt = m,z’\_", (Re{A\} +1>0). (1.7)
Indeed
Ty(z+1) = 11__(ffq(z). (1.8)
Also
o) = [ o D gy - D) (19)

where Re{z} > 0, Re{y} > 0 and ,(x,y) and I';(w) are the g-analogue of the beta
function and g-gamma function respectively.
Now we consider the g-analogue of generalized M -series as follows:

> d17 dtv ) Zk
v , 1.10
(550 = 2 gl (s ahytas v Tolah 1 ) (10

where o, f € C, Re{a} > 0, |¢| <1, (7;q)k is the g-analogue of Pochhammer symbol
and I'y(w) is the ¢-gamma function.

By applying the convergent conditions of the well-known Fox-Wright generalized
hypergeometric function and generalized H-function, the function ?Mf (z;q) is
convergent, see [3].

Some special eases of *M? (z; q) are:

(i) The g¢-Mittag-Leffler function [5].
(ii) The generalized ¢-Mittag-Leffler function [10].
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(iii) The g-generalized M-series as a special ease of the ¢-Wright generalized hypergeometric
function [6].

Definition 1. Let A denote the class of functions f(z) of the type:

o
z) :z—i-Zakzk, (1.11)
k=2

which are analytic in the open unit disk:
U={ze€C:|z| <1}.

Definition 2. the Hadamard product (convolution) for functions f(z) = 2+ peqarz®
and g(z) = z + ZEOZQbkzk belong to A denoted by f * g in defined as follows:

(f*9)(2) =2+ arby = (9% [)(2). (1.12)
k=2
Definition 3. A function f(z) € A is in the class X,,(0) if

Re{z(f* Py z;)(f*F)} <0, (1.13)

where 0 > 1, n > 1 is a fixed positive integer,

_ (L—d)---(1—dy) 1o
F(z) = {1 S (1=by)---(1— bl)r(a+5)}z T T,08) +2ME (2 ), (1.14)
and
n—1
Hy(2) = %ZE_U(]C « ) (EYz2), (E"=1, zel). (1.15)
v=0

Further, a function f(z) € A is in the class Y,,(0), if and only if zf'(z) € X, (0).

From (1.11), (1.14) and (1.12) with a simple calculation, we get:

_ - (di; @)k~ (di; @ )
(f * = Z IR (q;q)qu(ak+5)a’“’z' (1.16)
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2 Main results

In this section, we shall obtain some coefficient bounds for functions in X, () and
Y, (0) and their subclasses positive coefficients.

Note that other subclasses of analytic functions with respect to n-symmetric
points have been studied by many authors, see [4, 7] and [11].

Theorem 4. Let 0 > 2. If f(2) € A satisfies:

>

(nk +2)(d1; Q)nk+1 - - (de; Qnkt1
(b1; Qnkt1 -+ (b3 Qb1 (G D1 T ((nk + 1) + )

(nk +2)(d1; Qnk+1 -+ (de; @kt Ly
(015 Onkt1 -+ (bs; Qnks1 (@3 D1 T (a(nk + 1) + )

2(k + 1)(d1; @)k - - (di; Q) )
" Z—: )i (s (g L (ak + ) 14 20 =2,

+_

o ]ank+1| (2.1)

k;ﬁkarl
then f € X, (6).
Proof. Suppose that theta > 2 and f(z) € A, it is sufficient to show that:

Z(f*F)’Jr(f*F)’ A+ F) 4+ (f+F)

) 0 — 201, (z € U).

By putting

W= |2(f * FY + (f * F)| = |2(f % Y + (f * F) = 20fu(2)

)

and
S m“’“nzlEv e
we get
W= |2z 1 ,i(k R e Ter v s L
— oz + ]i(k Ve (dl’() ),ﬂf >)'2Zf+ B5q)i
— 20z — 20 Z dl, ) )(d(t(; 3;:;61(3@ +8)
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where
1 n—1
=-Y g0 (E"=1). (2.3)
n
v=0

Hence for |z| =r < 1, we have:

o0

(k+1)(di; @k - - - (di; Qwarr”®
WSt kz:; (01; @)k -+ (bs; Q)i (q; @)kl (0 + B)

_ IR - (k +1)(d1; @k - - - (di; @i

{2(6 Y kZQ (01; @)k - -+ (bs; Q)i (g3 )k (ak + B)
- (k+ 1) (di;@)r -~ (dis @)

- { é [(bu D+ (bs; Dre(q; Qrl (ak + B)

(k+1)(d1;q)k -+ (di; @)
(b1; @k - - (bs; Or(q; Or T (ak + B)

— 20by,

|ak|7“k}
]\ak\ —2(9—2)}7“.

+ — 200y,

From (2.3) we know

k 1
b=V o kAmnEL (2.4)
1 ., k=mn+1
So we get
i (nk 4 2)(d1; Qnkr1 - -+ (dt; @Okt
= | (013 @)kt -+ (bss D1 (a3 @)k (a(nk + 1) + B)
K+ 2)(dy: @t - (de: )
n (nk 4 2)(d1; Q)nkr1 -~ (dt; Qnrrt — 90| janes|
(015 Okt -+ (bs; Onkt1 (@5 @) ni+1T (a(nk 41
- 2(k +1)(d1; @)k - - - (di; Q)
+ ap| —2(60 —2) pr.
kZZQ (b1; @)k "'(bs;Q)k(Q;Q)kr(akJrﬁ)' ¢l =2 )
k#mn—+1
From (2.1) we know that W < 0. Thus we get then required result. O

By definition of Y,,(6) we obtain the following corollary.
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Corollary 5. If 0 > 2 and (f * F)(2) is defined by (1.16) satisfies
(nk +2)(d1; Qnk+1 - - (di; Qb1
(015 @nkr1 -~ (bs; Dby 1(5 Qnka T (a(nk + 1) + 5)

(nk +2)(d1; Qnk+1 -+ (de; Qnk+1
(b1; @)nket1 -+ (bs; Dnkt1 (6 O r T (ks + 1) + 8

2(k + 1)*(dis @) -~ (des @) B
iy b Gss )il el + ) 4 S 2072

i(nk +2)

0

b
I

)—29

] ‘ank+1| (25)

then f(z) € Yn(0).

Now, we define two subclasses of X,,(0) and Y,,(6) as follow:

n

X)) = {f € X, (0) : The coefficients of f * F' are non-negative }, (2.6)

Y () = {f € Y, (0) : The coefficients of f % F' are non-negative }, (2.7)

n

Theorem 6. Letn >2 and 2 < 0 < n+1, then f(z) € X;F(0) if and only if

i (k+1)(di; @)k -+ (dis ) .
£~ (b1 @)k -+ (bs; Q)i @)ilg(0k + B) b
o0 (dsia) @ia) (2.8)
_ 159)mn+1 (A @) mn+-10mn+1 B
O 2 Gridhmmr - (ot o @ e Tyla(rn T 1 1 3) < 20~ 2

Proof. According to Theorem 4, we need only to prove the necessary. Since f(z) €
X;F(0), then

(d1; @)k (di; @)k
G100 (bw; (@ Tk £ 5) " =0

Also

or equivalently

|2(f* F) + (f* F)| < |2(f « F) + (f * F) — 20Hy(2)] .
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Hence

= k(di; @)k -~ (di; q)
Z*E;wh e e T+ 5

(di; @)k - - - (de; @)k
FE D e Tk 1 5)

4y : k(dy; q)x - - - (d; @)x

b=
+z+§: (di; @)k -+ (dt; @

bi; k- (¢ Orlg(ak + B) o

2 (b5 @)k -+ (@ )Tk + B)

_ 929 Z dl q mn—+1 " (dt; Q)mn—i—lamn—i-l
m— 1 bl, mn—i—l ( Q)mn-i—qu(a(mn + 1) + ﬁ)

Since
(d1;q)k - (di; Ok

(b1;0)k - (¢; Q)rTg(ak + B) "=

for k > 2 and 6 > 2, by setting z — 17, we get:
(di; Q-+ (de; Qe

2+§:"’“@1,) (GO g(ak+ B)"

k=2

(dl; )mn+1 e (dt; Q)mn+1
w2 z:: (15 Qmnt1 - (@ Qmns1Dg(a(mn + 1) + B)

_i(k_l_l) (dl; )k"'(dt;Q)k
(

P bi; @k (@ O)rLg(ak + B)

or

— (dlv ) (dQ)
Zk‘—i—l (bl p ¢ ay

~ )i+ (@ )xTy(ak + )

[e.o]

.y Z dl, mn+1 (dt; Q)mn+1amn+1
bla mn+l ( Q)mn-i-qu( (mn + 1) + B)

Similarly, we have the following theorem for the class Y;,(6).

mn+1

Gmn+1

<2(0-2).

Corollary 7. Letn > 2,2 < 0 < n+1 and f(z) € A, then f(z) is in the class

Y, (0) if and only if

[e.9]

2 (d1; @)k - -~ (di; @)
g(k 1 (b1; Ok - (g5 Oulg(ak + B) ak
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o0

(dl; Q)mn+1 cet (dt§ Q)mn-‘rlamn-i-l
—0 mn + 1 <200 -2).
mzzl( ) (b1§ Q)mn—‘rl e (Q§ Q)mn+1Fq(a(mn + 1) + /8) ( )
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