
Surveys in Mathematics and its Applications

ISSN 1842-6298 (electronic), 1843-7265 (print)
Volume 11 (2016), 1 – 9

ON A NEW CLASS OF INTEGRALS INVOLVING
GENERALIZED MITTAG-LEFFLER FUNCTION

Naresh Menaria, Sunil Dutt Purohit and Rakesh K. Parmar

Abstract. In this paper, we aim at establishing two generalized integral formulae involving

generalized Mittag-Leffler function which are expressed in terms of the generalized hypergeometric

function and generalized (Wright) hypergeometric function. Some interesting special cases of our

main results are also considered. The results are derived with the help of an interesting integral

due to Lavoie and Trottier.

1 Introduction and Preliminaries

In recent years, many integral formulae involving a variety of special functions have
been developed by various authors [2, 6, 8] for a very recent work, see also [1].
Integrals involving generalized Mittag-Leffler functions are of great importance since
they are used in applied physics and in many branches of engineering.
First we begin by recalling some known Mittag-Leffler functions and earlier results
including other special functions.

In 1903, the Swedish mathematician Gosta Mittag-Leffler [5] introduced the
function Eα (z) known as one-parameter Mittag-Leffler function defined by

Eα (z) =

∞∑
k=0

zk

Γ (αk + 1)
, (1.1)

where z is a complex variable and Γ(.) is a Gamma function. The Mittag-Leffler
function is a direct generalization of the exponential function to which it reduces
for α = 1. For 0 < α < 1 it interpolates between the pure exponential and a
hypergeometric function 1

1−z . Its importance is realized during the last two decades
due to its involvement in the problems of physics, chemistry, biology, engineering
and applied sciences. Mittag-Leffler function naturally occurs as the solution of
fractional order differential equation or fractional order integral equations.
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The two-parameter generalization of Eα (z) was studied by Wiman [11] as:

Eα,β (z) =
∞∑
k=0

zk

Γ (αk + β)
(α, β ∈ C;ℜ(α) > 0,ℜ(β) > 0), (1.2)

which is known as Wiman’s function or generalized Mittag-Leffler function as

Eα,1 (z)=Eα (z) .

The three-parameter generalization of (1.2) was introduced in terms of series
representation by Prabhakar [7]

Eγ
α, β (z) =

∞∑
k=0

(
(γ)kz

k

Γ (αk + β)k !

)
(1.3)

called usually Prabhakar function. Where α, β, γ ∈ C; R (α)> 0 , R (β)> 0) , R
(γ) > 0, and (γ)k is the well-known Pochhammer symbol.

Further generalization of (1.3) is generalized Mittag-Leffler function Eγ,q
k, β (z)

due to Shukla and Prajapati [9], which is defined for k, β, γ ∈ C; R(k) > 0 , R(β)
> 0 , R(γ) > 0, β >k>0 and q ∈ (0, 1)U N is

Eγ,q
k, β (z) =

∞∑
n=0

(
(γ)qnz

n

n !Γ (kn+ β)

)
, (1.4)

where (γ)qn=
Γ (γ+qn)
Γ (γ) denotes the generalized Pochhammer symbol which in particular

reduces to

qqn
q∏

r=1

(
γ+r− 1

q

)
n

. (1.5)

An interesting generalizations of the generalized hypergeometric series pFq are due
to Fox [3] and Wright [12, 13, 14], who studied the asymptotic expansion of the
generalized (Wright) hypergeometric function defined by [10]:

pΨq

[
(α1, A1) , . . . , (αp, Ap) ; z
(β1, B1) , . . . , (βq, Bq) ;

]
=

∞∑
k=0

∏p
j=1 Γ (αj +Ajk)∏q
j=1 Γ (βj +Bjk)

zk

k!
, (1.6)

where the coefficients A1, . . . , Ap and B1, . . . , Bq are real positive numbers such that

1 +

q∑
j=1

Bj −
p∑

j=1

Aj = 0 (1.7)

A special case of (1.6) when Ai = Bj = 1 (i = 1, . . . , p and j = 1, . . . , q)
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pΨq

[
(α1, 1) , . . . , (αp, 1) ; z
(β1, 1) , . . . , (βq, 1) ;

]
=

∏p
j=1 Γ (αj)∏q
j=1 Γ (βj)

pFq

[
α1, . . . , αp ; z
β1, . . . , βq ;

]
, (1.8)

wherepFq is the generalized hypergeometric series defined by (see [10]):

pFq

[
α1, . . . , αp ; z
β1, . . . , βq ;

]
=

∞∑
n=0

(α1)n . . . (αp)nz
n

(β1)n . . . (βq )nn!
(1.9)

= pFq (α1, . . . , αp;β1, . . . , βq; z) .

We also recall Lavoie-Trottier integral formula [4] for our present study∫ 1

0
xα−1(1− x)2β−1

(
1− x

3

)2α−1(
1− x

4

)β−1
dx

=

(
2

3

)2α Γ (α)Γ (β)

Γ (α+ β)
, (R (α) > 0 and R (β) > 0) . (1.10)

In this present paper, we establish two general integral formulae involving generalized
Mittag-Leffler function (1.4) by using Lavoie-Trottier integral (1.10) in terms of
the generalized hypergeometric and generalized (Wright) hypergeometric functions.
Certain corollaries and special cases are also obtained.

2 Main Results

In this section, we established two generalized integral formulae which are expressed
in terms of the generalized hypergeometric function (1.9), by inserting generalized
Mittag-Leffler function (1.4) with the suitable arguments into integrand of (1.10).

Theorem 1. For k, β, γ, ρ, j ∈ C;ℜ(k) > 0,ℜ(β) > 0,ℜ(γ) > 0, β > k >
0, ℜ(ρ) > 0,ℜ(ρ + j) > 0,ℜ(ρ + n) > 0, x > 0 and q ∈ (0, 1) ∪ N, the following
integral formula holds true:

∫ 1

0
xρ+j−1(1− x)2ρ−1

(
1− x

3

)2(ρ+j)−1(
1− x

4

)ρ−1
Eγ,q

k, β

(
y
(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2(ρ+j) Γ (ρ+ j) Γ (ρ)

Γ (β) Γ (2ρ+ j) q+1Fk+1

[
∆(q; γ) , (ρ)

∆ (k;β) , (2ρ+ j)
;
yqq

kk

]
, (2.1)

where

∆(q; γ) is q − tuple

(
γ

q

)
,

(
γ + 1

q

)
, . . . ,

(
γ + q − 1

q

)
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and

∆(k;β) is k − tuple

(
β

k

)
,

(
β + 1

k

)
, . . . ,

(
β + k − 1

k

)
.

Proof. By applying (1.4) in the integrand of (2.1) and interchanging the order of
integral and summation which is valid under uniform convergence of the involved
series with the given condition, we get

∫ 1

0
xρ+j−1(1− x)2ρ−1

(
1− x

3

)2(ρ+j)−1(
1− x

4

)ρ−1
Eγ,q

k, β

(
y
(
1− x

4

)
(1− x)2

)
dx

=

∞∑
n=0

(γ)qn
Γ (kn+ β)

yn

n!

∫ 1

0
xρ+j−1(1− x)2(ρ+n)−1

(
1− x

3

)2(ρ+j)−1(
1− x

4

)(ρ+n)−1
dx.

Applying integral formula (1.10) and then using (1.5) we obtain∫ 1

0
xρ+j−1(1− x)2ρ−1

(
1− x

3

)2(ρ+j)−1(
1− x

4

)ρ−1
Eγ,q

k, β

(
y
(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2(ρ+j) Γ (ρ+ j)Γ (ρ)

Γ (β) Γ (2ρ+ j)

∞∑
n=0

qqn
∏q

i=1

(
γ+i−1

q

)
n
(ρ)ny

n

kkn n!
∏k

l=1

(
β+l−1

k

)
n
(2ρ+ j)n

=

(
2

3

)2(ρ+j) Γ (ρ+ j)Γ (ρ)

Γ (β) Γ (2ρ+ j) q+1Fk+1

⎡⎣ (
γ
q ,

γ+1
q , . . . , γ+q−1

q

)
, (ρ) ;(

β
k ,

β+1
k , . . . , β+k−1

k

)
, (2ρ+ j) ;

yqq

kk

⎤⎦.
This completes the proof of Theorem 1.

Theorem 2. The following integral formula holds true:∫ 1

0
xρ−1(1− x)2(ρ+j)−1

(
1− x

3

)2ρ−1(
1− x

4

)(ρ+j)−1
Eγ,q

k, β

(
y x

(
1− x

3

)2
)
dx

=

(
2

3

)2ρ Γ (ρ+ j) Γ (ρ)

Γ (β) Γ (2ρ+ j) q+1Fk+1

[
∆(q; γ) , (ρ)

∆ (k;β) , (2ρ+ j)
;
4yqq

9kk

]
, (2.2)

where k, β, γ, ρ, j ∈ C;ℜ(k) > 0,ℜ(β) > 0,ℜ(γ) > 0, β > k > 0,ℜ(ρ) >
0,ℜ(ρ+ j) > 0,ℜ(ρ+ n) > 0, x > 0 and q ∈ (0, 1) ∪ N.

Proof. It is easy to see that a similar argument as in the proof of Theorem 1 will
establish the integral formula (2.2). Therefore, we omit the details of the proof of
this theorem.
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Corollary 3. Let the condition of Theorem 1 be satisfied, then the following integral
formula holds true:∫ 1

0
xρ+j−1(1− x)2ρ−1

(
1− x

3

)2(ρ+j)−1(
1− x

4

)ρ−1
Eγ,q

k, β

(
y
(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2(ρ+j)Γ (ρ+ j)

Γ (γ) 2Ψ2

[
(γ, q) , (ρ, 1)

(β, k) , (2ρ+ j, 1)
; y

]
. (2.3)

Corollary 4. Let the condition of Theorem 2 be satisfied, then the following integral
formula holds true:

∫ 1

0
xρ−1(1− x)2(ρ+j)−1

(
1− x

3

)2ρ−1(
1− x

4

)(ρ+j)−1
Eγ,q

k, β

(
y x

(
1− x

3

)2
)
dx

=

(
2

3

)2ρΓ (ρ+ j)

Γ (γ) 2Ψ2

[
(γ, q) , (ρ, 1)

(β, k) , (2ρ+ j, 1)
;
4y

9

]
. (2.4)

Following the proofs of Theorem 1 and 2, we can easily establish the integral
formulas of Corollary 3 and Corollary 4 by using the definition (1.6). Therefore, we
omit the details of the proof of corollaries.

3 Special cases

In this section, we derive some new integral formulae by using some known generalized
Mittag-Leffler functions, which are given in corollaries 5 to 12.

If we employ the same method as in getting Theorems 1 and 2 and Corollaries 3
and 4, we obtain the following four corollaries with the help of (1.3) which is well
known generalized Mittag-Leffler function due to Prabhakar [7].

Corollary 5. Let the condition of Theorem 1 be satisfied and for q = 1, Theorem 1
reduces in following form

∫ 1

0
xρ+j−1(1− x)2ρ−1

(
1− x

3

)2(ρ+j)−1(
1− x

4

)ρ−1
Eγ

k, β

(
y
(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2(ρ+j) Γ (ρ+ j) Γ (ρ)

Γ (β) Γ (2ρ+ j) 2Fk+1

[
(γ) , (ρ)

∆ (k;β) , 2ρ+ j
;
y

kk

]
. (3.1)
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Corollary 6. Let the condition of Theorem 2 be satisfied and for q = 1, Theorem 1
reduces in following form

∫ 1

0
xρ−1(1− x)2(ρ+j)−1

(
1− x

3

)2ρ−1(
1− x

4

)(ρ+j)−1
Eγ

k, β

(
y x

(
1− x

3

)2
)
dx

=

(
2

3

)2ρ Γ (ρ+ j) Γ (ρ)

Γ (β) Γ (2ρ+ j) 2Fk+1

[
(γ) , (ρ)

∆ (k;β) , 2ρ+ j
;
4y

9kk

]
. (3.2)

Corollary 7. Let the condition of Theorem 1 be satisfied and for q = 1, Corollary
3 reduces in following form

∫ 1

0
xρ+j−1(1− x)2ρ−1

(
1− x

3

)2(ρ+j)−1(
1− x

4

)ρ−1
Eγ

k, β

(
y
(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2(ρ+j)Γ (ρ+ j)

Γ (γ) 2Ψ2

[
(γ, 1) , (ρ, 1)

(β, k) , (2ρ+ j, 1)
; y

]
. (3.3)

Corollary 8. Let the condition of Theorem 2 be satisfied and for q = 1, Corollary
4 reduces in following form

∫ 1

0
xρ−1(1− x)2(ρ+j)−1

(
1− x

3

)2ρ−1(
1− x

4

)(ρ+j)−1
Eγ

k, β

(
y x

(
1− x

3

)2
)
dx

=

(
2

3

)2ρΓ (ρ+ j)

Γ (γ) 2Ψ2

[
(γ, 1) , (ρ, 1)

(β, k) , (2ρ+ j, 1)
;
4y

9

]
. (3.4)

Again, if we set q = γ = 1 and use definition (1.2), we obtain the following
results involving generalized Mittag-Leffler function due to Wiman [11]:

Corollary 9. Let the condition of Theorem 1 be satisfied and for q = γ = 1, then
Theorem 1 reduces in following form:

∫ 1

0
xρ+j−1(1− x)2ρ−1

(
1− x

3

)2(ρ+j)−1(
1− x

4

)ρ−1 1

n!
E k, β

(
y
(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2(ρ+j) Γ (ρ+ j) Γ (ρ)

Γ (β) Γ (2ρ+ j) 1Fk+1

[
(ρ)

∆ (k;β) , (2ρ+ j)
;
y

kk

]
. (3.5)
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Corollary 10. Let the condition of Theorem 2 be satisfied and for q = γ = 1,
Theorem 2 reduces in following form

∫ 1

0
xρ−1(1− x)2(ρ+j)−1

(
1− x

3

)2ρ−1(
1− x

4

)(ρ+j)−1 1

n!
E k, β

(
y x

(
1− x

3

)2
)
dx

=

(
2

3

)2ρ Γ (ρ+ j) Γ (ρ)

Γ (β) Γ (2ρ+ j) 1Fk+1

[
(ρ)

∆ (k;β) , (2ρ+ j)
;
4y

9kk

]
. (3.6)

Corollary 11. Let the condition of Theorem 1 be satisfied and for q = γ = 1, then
Corollary 3 reduces in following form:

∫ 1

0
xρ+j−1(1− x)2ρ−1

(
1− x

3

)2(ρ+j)−1(
1− x

4

)ρ−1 1

n!
E k, β

(
y
(
1− x

4

)
(1− x)2

)
dx

=

(
2

3

)2(ρ+j)Γ (ρ+ j)

Γ (γ) 1Ψ2

[
(ρ, 1)

(β, k) , (2ρ+ j, 1)
; y

]
. (3.7)

Corollary 12. Let the condition of Theorem 2 be satisfied and for q = γ = 1,
Corollary 4 reduces in following form

∫ 1

0
xρ−1(1− x)2(ρ+j)−1

(
1− x

3

)2ρ−1(
1− x

4

)(ρ+j)−1 1

n!
E

k, β

(
y x

(
1− x

3

)2
)
dx

=

(
2

3

)2ρΓ (ρ+ j)

Γ (γ) 1Ψ2

[
(ρ, 1)

(β, k) , (2ρ+ j, 1)
;
4y

9

]
. (3.8)
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