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FINITE RANK INTERMEDIATE HANKEL
OPERATORS ON THE BERGMAN SPACE

Namita Das

Abstract. In this paper we characterize the kernel of an intermediate Hankel operator on

the Bergman space in terms of the inner divisors and obtain a characterization for finite rank

intermediate Hankel operators.

1 Introduction

Let D be the open unit disc in the complex plane C, T the unit circle, and L2
a(D) the

Bergman space, consisting of those analytic functions on D that are square integrable
on D with respect to area measure. The Bergman space is a closed subspace of the
Hilbert space L2(D) of all square integrable complex-valued functions on D. The
inner product in L2(D), and hence in L2

a(D), is given by the formula

〈f, g〉 =

∫
D
f(z)g(z)dA(z), f, g ∈ L2(D),

where dA(z) = 1
πdxdy, the normalized area measure on D. The associated norm

is denoted by ‖.‖2. Let L∞(D, dA) denote the Banach space of essentially bounded
measurable functions on D with

‖f‖∞ = ess sup{|f(z)| : z ∈ D}.

Let H∞(D) be the space of bounded analytic functions on D. The function K(z, w) =
1

(1−zw̄)2
is the reproducing kernel [7] for the Hilbert space L2

a(D). Let Kz(w) =

K(z, w). Let L2
a(D) be the subspace of L2(D) consisting of complex conjugates of

functions in L2
a(D). For p ≥ 0, let

Ep = span{|z|2kz̄n, k = 0, · · · , p ; n = 0, 1, 2, · · · }.
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For φ ∈ L∞(D), we define the intermediate Hankel operator H
Ep

φ : L2
a → Ep by

H
Ep

φ (f) = Pp(φf), f ∈ L2
a where Pp is the orthogonal projection from L2(D) onto

Ep. Note L2
a ⊆ Ep ⊆ ((L2

a)0)⊥ where (L2
a)0 = {g ∈ L2

a : g(0) = 0}.
In this paper we characterize the kernel of an intermediate Hankel operator in
terms of the inner divisors of the Bergman space and obtain a characterization for
finite rank intermediate Hankel operators. Similar characterizations for finite rank
intermediate Hankel operators were also obtained by E. Strouse [6] using different
techniques. We use the invariant subspace theory for the Bergman space developed
in [2],[3] and [4].

2 Intermediate Hankel operators

For p ≥ 0, let Ep be the closed subspace of L2(D) described above. For n > m and
j ∈ {0, · · · , p}, let

An,mj =

∏
1≤l≤p+1(n−m+ l + j)∏

1≤l≤p+1(n+ l)

1

j!(p− j)!(−1)p−j

∏
0≤l≤p

l 6=j

(m− l).

It is not so difficult to check that

Pp(z̄
nzm) =


0 if n < m;

z̄nzm if n ≥ m, 0 ≤ m ≤ p;
An,m0 z̄n−m +An,m1 z̄n−m+1z+

· · ·+An,mp z̄n−m+pzp if n ≥ m,m > p.

The details are given in [6, Lemma 1].

Lemma 1. Suppose φ ∈ L∞(D). The operator H
Ep

φ ≡ 0 if and only if φ ∈ E⊥p .

Proof. Note H
Ep

φ = 0 implies φf ∈ E⊥p for all f ∈ L2
a(D) and hence in particular

φ ∈ E⊥p . Conversely, if φ ∈ E⊥p then 〈φ, |z|2kz̄n〉 = 0 for all n ∈ Z, n ≥ 0, and
k = 0, 1, · · · , p.
Let f ∈ L2

a(D) and g ∈ Ep and g(z) = |z|2kz̄n, n = 0, 1, 2, · · · ; k = 0, 1, · · · , p. Then

〈HEp

φ f, g〉 = 〈Pp(φf), g〉 = 〈φf, g〉 = 〈φ, f̄g〉 = 0 as f̄g ∈ Ep. This implies H
Ep

φ f = 0

for all f ∈ L2
a(D) and thus H

Ep

φ ≡ 0.

Proposition 2. If Q : L2 → L2
a is the Bergman projection, then (H

Ep

φ )∗ = Q(φ̄f).

Proof. If f ∈ Ep, g ∈ L2
a then 〈(HEp

φ )∗f, g〉 = 〈f,HEp

φ g〉 = 〈f, Pp(φg)〉 = 〈f, φg〉 =

〈φ̄f, g〉 = 〈Q(φ̄f), g〉. Thus (H
Ep

φ )∗ : Ep → L2
a such that (H

Ep

φ )∗f = Q(φ̄f).
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Hankel operators on the Bergman space 197

3 Inner functions and kernel of a finite rank intermediate
Hankel operator

Definition 3. An invariant subspace of L2
a(D) is a closed subspace I such that

zI ⊂ I; in other words zf(z) is in I whenever f is in I.

Definition 4. A function G ∈ L2
a(D) (G ∈ H2) is called an inner function in

L2
a(D)(respectively, H2) if |G|2 − 1 is orthogonal to H∞.

This definition of inner function in a Bergman space was given by Korenblum and
Stessin [5]. If N is a subspace of L2

a(D), let Z(N) = {z ∈ D : f(z) = 0 for all f ∈ N},
which is called the common zero set of functions in N. Hence if z1 is a zero of
multiplicity at most n of all functions in N, then z1 appears n times in the set
Z(N), and each z1 is treated as a distinct element of Z(N).

Lemma 5. If I is an invariant subspace of L2
a(D) of finite codimension and Z(I) =

{z ∈ D : f(z) = 0 for all f ∈ I} then Z(I) is a finite set and I = I(Z(I)) = {f ∈
L2
a(D) : f(z) = 0 for all z ∈ Z(I)}.

Proof. For proof see [1].

For notational convenience, henceforth we shall assume that p is a fixed positive
integer.

Theorem 6. Let φ ∈ L∞(D) and H
Ep

φ be a finite rank intermediate Hankel operator

on L2
a(D). Then kerH

Ep

φ = GL2
a(D) for some inner function G ∈ L2

a(D) and the
following hold.

(i) If a = {aj}Nj=1 = Z(kerH
Ep

φ ) then G vanishes on a.

(ii) ‖G‖L2 = 1 and G is equal to a constant plus a linear combination of the
Bergman kernel functions K(z, a1),K(z, a2), · · · ,K(z, an) and certain of their
derivatives.

(iii) |G|2 − 1 ⊥ L1
h where L1

h is the class of harmonic functions in L1 of the disc.

Proof. Note kerH
Ep

φ = {f ∈ L2
a(D) : H

Ep

φ f = 0} = {f ∈ L2
a(D) : Pp(φf) = 0} =

{f ∈ L2
a(D) : φf ∈ E⊥p } = {f ∈ L2

a(D) : 〈φf, |z|2kz̄n〉 = 0 for all n ∈ Z, n ≥
0 and k = 0, 1, · · · , p}.
Now if f ∈ kerH

Ep

φ then 〈φf, |z|2kz̄n〉 = 0 for all n ∈ Z, n ≥ 0 and k = 0, 1, · · · , p and

therefore 〈zφf, |z|2kz̄n〉 = 〈φf, |z|2kz̄n+1〉 = 0 for all n ∈ Z, n ≥ 0 and k = 0, 1, · · · , p.
Hence zφf ∈ E⊥p and then zf ∈ kerH

Ep

φ . Thus kerH
Ep

φ ⊂ L2
a is invariant under
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multiplication by z, and kerH
Ep

φ has finite codimension since H
Ep

φ is of finite rank.

Let Z(kerH
Ep

φ ) = a = {aj}Nj=1. Let G be the extremal function for the problem

sup{Ref (k)(0) : f ∈ L2
a, ‖f‖L2 ≤ 1, f = 0 on a},

where k is the multiplicity of the number of times zero appears in a = {aj}Nj=1 (k = 0

if 0 /∈ {aj}Nj=1). It is clear from [2, 3, 4] that G satisfies conditions (i)-(iii), and G

vanishes precisely on a in D, counting multiplicities. Moreover, for every function
f ∈ L2

a(D) that vanishes on a = {aj}Nj=1, there exists g ∈ L2
a(D) such that f = Gg.

Thus kerH
Ep

φ = GL2
a(D).

IfH
Ep

φ is of finite rank, then rankH
Ep

φ = number of zeroes ofG counting multiplicities.

We now make the link between inner functions and finite rank Hankel operators as
follows.

Proposition 7. Suppose Ψ ∈ L∞(D) and H
Ep

Ψ is a finite rank intermediate Hankel
operator. Then there exist functions φ and χ such that Ψ = φ + χ, where χ ∈ E⊥p
and φ̄zk ∈ Ep∩(GL2

a)
⊥, for all k = 0, 1, · · · , p and for some inner function G ∈ H∞.

Proof. Suppose Ψ ∈ L∞(D) and H
Ep

Ψ is a finite rank intermediate Hankel operator.

Let Ψ = φ+χ, where χ ∈ E⊥p and φ ∈ Ep. By Lemma 1, H
Ep
χ ≡ 0. Hence H

Ep

Ψ ≡ HEp

φ

and therefore, H
Ep

φ is a finite rank intermediate Hankel operator.

By Theorem 6, there exists an inner function G ∈ L2
a(D) such that kerH

Ep

φ =

GL2
a(D). Thus φG ∈ E⊥p . So 〈φG, h〉 = 0 for all h ∈ Ep. That is, 〈Gh̄, φ̄〉 = 0

for all h ∈ Ep, and so Ψ̄ = φ̄ + χ̄, where χ̄ ∈ Ep
⊥

and φ̄ ∈ Ep ∩ (GEp)
⊥. By

Theorem 6, G vanishes precisely at a = {aj}Nj=1, a finite sequence of points in D,
counting multiplicities. Now φ̄ ∈ Ep ∩ (GEp)

⊥ implies 〈φ̄, G|z|2kzn〉 = 0 for all k =
0, 1, · · · p, n ∈ Z, n ≥ 0. Hence 〈φ̄zk, Gzk+n〉 = 0 for all k = 0, 1, · · · p, n ∈ Z, n ≥ 0.
Thus φ̄zk ∈ Ep ∩ (GL2

a)
⊥ for all k = 0, 1, · · · p.

Corollary 8. If Ψ ∈ H∞ and H
Ep

Ψ is of finite rank then for all k = 0, 1, · · · p,

Ψ̄zk =
N∑
j=1

mj−1∑
ν=0

c
(k)
jν

∂ν

∂b̄νj
Kbj (z)

where c
(k)
jν are constants for all k = 0, 1, · · · p and j = 1, · · · , N and ν = 0, · · ·mj−1.

Here b = {bj}Nj=1 is a finite set of points in D and mj is the number of times bj
appears in b.
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Hankel operators on the Bergman space 199

Proof. By Proposition 7, Ψ = φ + χ, where χ ∈ E⊥p and φ̄zk ∈ Ep ∩ (GL2
a)
⊥, for

all k = 0, 1, · · · , p and for some inner function G ∈ H∞. Since Ψ ∈ H∞, χ ≡ 0.
Thus HΨ ≡ Hφ is a finite rank operator and Ψzk = φzk ∈ Ep ∩ (GL2

a)
⊥, for all

k = 0, 1, · · · , p and for some inner function G ∈ H∞. Further, kerH
Ep

Ψ = GL2
a(D).

Now Ψzk ∈ L2
a ⊂ Ep. Thus Ψzk ∈ L2

a ∩ Ep ∩ (GL2
a)
⊥ = L2

a 	GL2
a. Let b = {bj}Nj=1

be the zeros of G (counting multiplicities). From [2, 4], it follows that

{Kb1 , · · · ,
∂m1−1

∂b̄m1−1
1

Kb1 , · · · ,KbN , · · · ,
∂mN−1

∂b̄mN−1
N

KbN }

form a basis for (GL2
a(D))⊥, hence the result follows.

Notice that Ψ is a polynomial of degree ≤ p if and only if rankH
Ep

Ψ ≤ p. The
proof of this fact is given in [6]. For the sake of completeness, we are presenting
the proof of [6] here: If Ψ is a polynomial of degree less than or equal to p then

rankH
Ep

Ψ ≤ p. This is so because if Ψ(z) = a0 + a1z + · · ·+ akz
k, k ≤ p, ak 6= 0 then

for m > k, H
Ep

Ψ (zm) = Pp(Ψz
m) = Pp((ā0 + ā1z̄ + · · · + ākz̄

k)zm) = 0. If Ψ ∈ L2
a

then (see [7]), Ψ(z) =
∑∞

n=0 Ψ̂(n)z̄n, Ψ̂(n) ∈ C and
∑∞

n=0
|Ψ̂(n)|2
n+1 < ∞. Now if H

Ep

Ψ

is of rank ≤ p and Ψ is not a polynomial then the functions H
Ep

Ψ (1) = Ψ, H
Ep

Ψ (z) =

z(Ψ − Ψ̂(0)), · · · , HEp

Ψ (zp) = zp(Ψ −
∑p−1

n=0 Ψ̂(n)z̄n) are linearly independent and

rankH
Ep

Ψ ≥ p + 1 which is a contradiction. Let vk =
∑p

j=oA
m+k,m
j z̄k+jzj . Notice

that vk ⊥ vl for k 6= l. Now if for some m ≥ 0, H
Ep

Ψ (zm) = 0 then since H
Ep

Ψ (zm) =∑∞
k=o Ψ̂(m + k)(

∑p
j=oA

m+k,m
j z̄k+jzj); hence Ψ̂(m + k) = 0 for all k = 0, 1, 2, · · · .

This implies Ψ is a polynomial of degree ≤ m and in which case H
Ep

Ψ (zn) = 0 for

all n ≥ m. Thus rankH
Ep

Ψ ≤ p implies Ψ is a polynomial of degree ≤ p.

Theorem 9. If Ψ ∈ (Ep)
⊥⊕H∞ and H

Ep

Ψ is a finite rank operator of rank p+r then

Ψ = χ+Θ+φ where χ ∈ (Ep)
⊥, Θ is a polynomial of degree ≤ p, and rankH

Ep

φG1
≤ r

for some inner function G1.

Proof. Suppose Ψ ∈ (Ep)
⊥⊕H∞ and H

Ep

Ψ is a finite rank operator of rank p+r. Then
Ψ = χ + Ω where χ ∈ (Ep)

⊥ and Ω ∈ H∞. Since Hχ̄ ≡ 0 if and only if χ ∈ (Ep)
⊥,

hence H
Ep

Ψ = H
Ep

Ω is a finite rank operator of rank p+ r. By Theorem 6 this implies

there exists an inner function (a finite zero divisor) G ∈ H∞ such that kerH
Ep

Ω =

GL2
a(D). Let Z(kerH

Ep

Ω ) = {ξj}Nj=1 repeated according to their multiplicities. From

[2, 3, 4], it follows that G(z) = J(0, 0)−
1
2B(z)J(z, 0), where J(z, ζ) is the kernel

function of the Bergman space L2
a(w(z)dA(z)) with weight w = |B|p, and B is the

finite Blaschke product associated with {ξj}Nj=1. Without loss of generality assume

that G has no zeros at the origin. That is, B(z) =
∏N
n=1

|ξn|
ξn

ξn−z
1−ξnz

. Let B1(z) =
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∏p
n=1

|ξn|
ξn

ξn−z
1−ξnz

andB2(z) =
∏N
n=p+1

|ξn|
ξn

ξn−z
1−ξnz

. ThenG(z) = J(0, 0)−
1
2B(z)J(z, 0) =

J(0, 0)−
1
2B1(z)J(z, 0)B2(z) = G1(z)B2(z) where G1(z) is an inner function in the

Bergman space L2
a(D) and B2(z) is a classical inner function , in fact a finite Blaschke

product. Notice that G1 has p zeros and B2 has N − p zeros counting multiplicities.
Now kerH

Ep

Ω = GL2
a(D) implies H

Ep

Ω (GL2
a) = {0}. Hence, ΩG ∈ (Ep)

⊥. That is,
Ω ∈ (GEp)

⊥ or Ω ∈ (GEp)
⊥. But observe that (GEp)

⊥ = (G1Ep)
⊥ ⊕ [(GEp)

⊥ 	
(G1Ep)

⊥] = (G1Ep)
⊥⊕ [(GEp)

⊥∩G1Ep]. Thus, Ω = Θ +φ where Θ ∈ (G1Ep)
⊥ and

φ ∈ (GEp)
⊥ ∩G1Ep. Hence H

Ep

Ω = H
Ep

Θ +H
Ep

φ . We shall now verify that H
Ep

Θ is a

finite rank operator of rank ≤ p and rankH
Ep

φG1
≤ r.

Since Θ ∈ (G1Ep)
⊥, we have ΘG1 ∈ (Ep)

⊥ and hence kerH
Ep

Θ ⊃ G1L
2
a. Thus

(kerH
Ep

Θ )⊥ = rangeH∗Θ
Ep ⊂ (G1L

2
a)
⊥ ∩ L2

a. Since G1L
2
a ⊂ L2

a and (G1L
2
a)
⊥ has

dimension p; the space kerH
Ep

Θ has finite codimension and dim range H
Ep

Θ ≤ p.
Hence Θ is a polynomial of degree ≤ p. Thus Θ ∈ H∞ and therefore φ̄ ∈ H∞. Now
φ̄ ∈ (GEp)

⊥ ∩ G1Ep. This implies φ̄ ∈ G1Ep and φ̄ ⊥ GEp. That is, 〈φ̄G1, B2g〉 =
〈φ̄, G1B2g〉 = 〈φ̄, Gg〉 = 0 for all g ∈ Ep. Thus φ̄G1 ∈ (B2Ep)

⊥. That is, φG1 ∈
(B2Ep)

⊥. Hence rankH
Ep

φG1
≤ r.

Theorem 10. If H
Ep

φ is an intermediate Hankel operator on L2
a(D), and kerH

Ep

φ =

{f ∈ L2
a(D) : f = 0 on b} where b = {bj}∞j=1 is an infinite sequence of points in D,

then there exists an inner function G ∈ L2
a(D) such that kerH

Ep

φ = GL2
a(D)∩L2

a(D).

Proof. The proof follows from the result of Hedenmalm [4] as kerH
Ep

φ is an invariant
subspace of the operator of multiplication by z.

It is not known for the Bergman space whether the invariant subspaces determined
by infinite zero sets are generated by the corresponding canonical divisors (see [2, 4]).
Now let b = {bj}∞j=1 be an infinite sequence of points in D. Let I = I(b) = {f ∈
L2
a(D) : f = 0 on b}. Let Gb be the solution of the extremal problem

sup{Ref (n)(0) : f ∈ I, ‖f‖L2 ≤ 1}, (3.1)

where n is the number of times zero appears in the sequence b(that is, the functions
in I have a common zero of order n at the origin). The natural question that arises
at this point is to see if it is possible to construct an intermediate Hankel operator
H
Ep

φ whose kernel is GbL
2
a∩L2

a. In the case that b = {bj}Nj=1 is a finite set of points

in D, it is possible to construct an intermediate Hankel operator H
Ep

φ such that

kerH
Ep

φ = GbL
2
a(D), as follows.

Theorem 11. If b = {bj}Nj=1 is a finite set of points in D, I = I(b) = {f ∈ L2
a(D) :
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f = 0 on b} and Gb is the solution of the extremal problem (3.1),

φ̄zk =
N∑
j=1

mj−1∑
ν=0

c
(k)
jν

∂ν

∂b̄νj
Kbj (z)

where c
(k)
jν are constants, c

(k)
jν 6= 0 for all j, ν, k = 0, 1, · · · , p and mj is the number

of times bj appears in b, then kerH
Ep

φ = GbL
2
a(D).

Proof. {Kb1 , · · · , ∂
m1−1

∂b̄
m1−1
1

Kb1 , · · · ,KbN , · · · , ∂
mN−1

∂b̄
mN−1

N

KbN } forms a basis for (GbL
2
a(D))⊥.

By the Gram-Schmidt orthogonalization process, we can obtain an orthonormal basis
{Ψj}lj=1 for (GbL

2
a)
⊥. Since φ̄zk ∈ (GbL

2
a)
⊥, hence 〈φ̄zk, Gbz

nzk〉 = 0 for all k =

0, 1, · · · , p, n ∈ Z, n ≥ 0. This implies 〈φ̄, Gb|z|2kzn〉 = 0 for all k = 0, 1, · · · , p, n ∈
Z, n ≥ 0. Therefore 〈|z|2kz̄n, φGb〉 = 0 for all k = 0, 1, · · · , p, n ∈ Z, n ≥ 0. Thus

φGb ∈ E⊥p and Gb ∈ kerH
Ep

φ . Since kerH
Ep

φ is invariant under the operator of
multiplication by z, hence

GbL
2
a ⊂ kerH

Ep

φ . (3.2)

Suppose f ∈ kerH
Ep

φ , then φf ∈ E⊥p . That is, 〈φf, |z|2kz̄n〉 = 0 for all n ≥
0, n ∈ Z, k = 0, 1, · · · , p. Hence 〈|z|2kφf, z̄n〉 = 0 for all n ≥ 0, n ∈ Z, k = 0, 1, · · · , p
and therefore 〈|z|2kφf, ḡ〉 = 0 for all g ∈ L2

a and k = 0, 1, · · · , p. So in particular,
〈|z|2kφf,Kbj 〉 = 0 for all j = 1, 2, · · · , N ; k = 0, 1, · · · , p. Thus φ(bj)|bj |2kf(bj) = 0

for all j = 1, 2, · · · , N ; k = 0, 1, · · · , p. In particular, φ(bj)f(bj) = 0 for all j =
1, 2, · · · , N.
Since φ(bj) 6= 0 for all j = 1, 2, · · · , N hence we have, f(bj) = 0 for all j =
1, 2, · · · , N. Thus f ∈ I. Since Gb is the solution of the extremal problem (1),
f ∈ GbL

2
a. Hence

kerH
Ep

φ ⊂ GbL
2
a. (3.3)

From (3.2) and (3.3), kerH
Ep

φ = GbL
2
a = I as required.
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