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UNCERTAINTY FUNCTIONAL DIFFERENTIAL
EQUATIONS FOR FINANCE

Tuliana Carmen Barbacioru

Abstract. In this paper, we prove a local existence and uniqueness result for uncertain

functional differential equation driven by canonical process.

1 Introduction

Differential equations with delay (or memory), known also as functional differential
equations, express the fact that the velocity of the system depends not only on the
state of the system at a given instant but depends upon the history of the trajectory
until this instant. The class of differential equations with delay encompasses a large
variety of differential equations. Differential equations with delay play an important
role in an increasing number of system models in biology, engineering, physics
and other sciences. There exists an extensive literature dealing with functional
differential equations and their applications. We refer to the monographs [1], and
references therein. In order to deal with general uncertainty, “self-duality” plus
“countable subadditivity” is much more important than “continuity” and
“semicontinuity”. For this reason, Liu [3] founded an uncertainty theory that is a
branch of mathematics based on normality, monotonicity, self-duality, and countable
subadditivity axioms. Uncertainty theory provides the commonness of probability
theory, credibility theory and chance theory.

Uncertain differential equation, proposed by Liu [3], is a type of differential
equation driven by uncertain process [3]. Stochastic differential equation, fuzzy
differential equation and hybrid differential equation are special cases of uncertain
differential equation.

The aim of this paper is to prove the existence and uniqueness theorem for
uncertain functional differential equation driven by uncertain process.
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2 Preliminaries

Let be Q a nonempty set, and let P be a o-algebra over. Each element A € P is
called an event. A mapping M : P — [0, 1] is called uncertain measure if it satisfies
the following axioms [3]:

(A1) (Normality) M(Q2) =1
(A2) (Monotonicity) M(A) < M(B) whenever A C B

(A3) (Self-Duality) M(A) + M(AY) =1 for any event A. Here A = {w € Q;w ¢
A}

(A4) (Countable Subadditivity) For every countable sequence of events A;, we have

The triplet (2, P, M) is called a uncertainty space.

Example 1. Probability, credibility [2] and chance measures [3] are instances of
uncertain measure.

Example 2. Let Pr be a probability measure, Cr a credibility measure [3], and a a
number in [0,1]. Then

M(A)=a-Pr(A)+ (1 —a)Cr(A)
1S an uncertain measure.

A uncertain variable is defined as a measurable function £ : (2, P, M) — R, that
is for any Borel set B of real numbers, the set

{eBt={we|{(w) e B}

is an event. We denote by U () the space of fuzzy variables.

An uncertain variable £ on the uncertainty space (£2, P, M) is said to be continuous
if M{¢ ==z} is a continuous function of z. Also, we say that & = & if & (w) =
&9 (w) for almost all w € Q.

Example 3. Random wvariable, fuzzy variable and hybrid variable are instances of
uncertain variable [4].
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Let £ be an uncertain variable. Then the expected value of £ is defined by

400 0
Emz/wmzmw—/wmsmw
0 —00

provided that at least one of the two integrals is finite. The variance of ¢ is defined
by

Vi =E |- Bl
Let T be an index set and (€2, P, M) be an uncertainty space. A uncertain

process is a family of uncertain variables X : T — U (Q) such that for each t € T
and any Borel set B, the set

{£eB}={weQ| X(t)(w) € B}

is an event.
An uncertain process X is said to have independent increments if

X(t1) — X(to), X (t2) — X (t1), ... X () — X (tk—1)

are independent uncertain variables for any times ty < t1 < ... <t that is,

k k
ZX (tz-)] = ZE (X (t:)]

A uncertain process X is said to have stationary increments if, for any given
t >0, the X(s+t)— X (t) are identically distributed uncertain variables for all s > 0

An uncertain process X is said to be continuous if the function t — X (¢) (w) is
continuous for almost all w € (.

An uncertain process W is said to be a canonical process if

(i) W(0) =0 and W is continuous,
(ii) W (t) has stationary and independent increments,

(iii) W(1) is an uncertain variable with expected value 0 and variance 1.

In fact, standard Brownian motion and standard Liu C process are instances of
canonical process.
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3 Uncertain functional differential equation

Let X be a uncertain process. For a positive number r, we denote by C the space
C ([-r,0],R). Also we denote by

D(p,) = sup |o(t) — ()]

te[—r,0]

the metric on the space C,. For each t > 0 we denote by X; € (). uncertain process
defined by
Xi(s)=X(t+s), se[-r0]

X is called a uncertain process with delay (or memory) of the uncertain process
X at moment t > 0.

Lemma 4. If F : [0,00) xC, — R is a jointly continuous function and X 1is
continuous uncertain process, then the function t — F (t,X;) : [0,00) — R is also
continuous.

Proof. Let us fixed (7,¢) € [0,00) xC, and € > 0. Since F : [0,00) xC, — R
is jointly continuous, there exists d; > 0 such that, for every (¢,7) € [0,00) xC)
with [t — 7| + D (p,9) < 61, we have that |F (t,v) — F (7,¢)| < € . On the other
hand, since X is continuous, then it is uniformly continuous on the compact interval
Iy = [max{—r,7 —7r —01},7 + 01]. Hence, there exists d2 > 0 such that, for every
t1,to € I1 with |t; — ta| < d2, we have that | X (t1) — X (¢2)| < 5—21 Next, since for

)
every s € [—r,0] we have that T+ s€ [y andt+se I} if [t —7| < 51 then, by the
fact that |(t 4+ s) — (7 + s)| < 2, it follows that

1)
D(Xy, Xr) = sup |Xe(s) = Xo(s)] = sup |Xe(t+5) — Xo(7+5)| < =
s€[—r0] s€[-r0] 2

Therefore, |t — 7| + D (X¢, X;) < 61 and hence, since F' is jointly continuous, we
have |F(t,us) — F(7,u;)| < € . This implies that the function t — F (t,u;) is
continuous. O

Suppose that W is a canonical process and F, G : [1,b) x C;, — R are some given
function.
We consider the following uncertain functional differential equation

{ dX(t) = F(t, Xp)dt + G(t, X)dW (t), t>T

Xt)y=pt—71), T—r<t<rT (3.1)

By solution of uncertain functional differential equation (3.1) on some interval
[7,b) we mean a continuous function X : [ —o,b) — R, that satisfies (3.1). We
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remark that X : [T —o0,b) — R is a solution for (3.1) if

et—71), forr—r<t<r

X0 =1 50 +ftF(s,XS)ds+ftG(s,Xs)dW(S), form<t<b

Example 5. (Liu’s Stock Model). It was assumed that stock price follows geometric
Brownian motion, and stochastic financial mathematics was then founded based on
this assumption. Liu [3] presented an alternative assumption that stock price follows
uncertain process (see, [3]). Based on this assumption, we obtain a basic stock model
with delay for uncertain financial market in which the bond price X and the stock
price Y follows
dX(t) = r(t)X.dt
{ dY (t) = e(t)Yidt + o (t) YidW (1)

where r(t) is the riskless interest rate, e(t) is the stock drift, o (t) is the stock
diffusion, and W (t) is a canonical process.

Theorem 6. Suppose that f : [0,00) XC, — R is a locally Lipschitz continuous
function, that is, for all a,b € [0,00) , there exists L > 0 such that

|f(t,o) = f(t,¥) < LD (p,p), a<t<b, ¢peB,

where B, = {¢ € C5; D (p,0) < p}. Then there exists T > 0 such that the uncertain
functional differential equation:

{ dX(t) = f(t, Xy)dt + dW(tiv< tTZ T (3.2)

X(t) :(p(t_T)a T—r<
has a unique solution on [T —r,T].

Proof. Let p > 0 be any positive number. From the fact that f is locally Lipschitz,
there exists L > 0 such that

If (t,e) = f(t, V)| < LD (p,0p), T<t<h, ¢,v€B, (3.3)

for some h > 7. Also, there exists K > 0 such that for |f (t,¢)| < K for (t,¢)
S [’7’, h] X ng.
Since W (t) is a continuous canonical process, there exists M > 0 such that

Orgai(t]W(s)\ < M for all times 0 < ¢ < a , where a > 0 is a fixed real number.
_s_

Let T := min{h’K—ip—M
C ([t = r,T],R) such that u(t) = ¢ (t —7) on [ — r,T] and |u(t)| < 2p on [, T].

}.Next, we consider the set E of all functions u €
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Further, we observe that if v € E then we can define a continuous function
w:[r—=rT) — R by

pt—71), forT—r<t<r

YO=1 0O + ] fomas+ W), forr<i<T

J
Then for ¢t € [7,T] we have

0 (0)] + / f(s, Xo)ds + W(t)| < p+ / (5, X ds + [W (D)
0

T

w(®)|

IN

< p+(K+M)T <2

and so w € FE.

To solve (3.2) we shell apply the method of successive approximations, constructing
a sequence of continuous functions X™ : [t —r,T] — E starting with the initial
continuous function

o | olt=1), forT—r<t<r
X(t>_{<p(0), forr<t<T

Clearly, |DX°(t)| < p on [, T]. Next, we define

et—7), forT—r<t<rt

X = v (0) + ft f(s, XMds+W(t), fort<t<T (3-4)

T

it m=0,1,.... Then for t € [1,T], we have

X0 - X0 < | [ £, X00s| < [ 176X ds < K (¢ =),
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By (3.3) and (3.4), we find that

t

X - xmo) < | [ xmas— [ fex s

|f(S’X;n) - f(SyX;n_l)‘ ds < /LD (X;n — X;n—1> ds

IN
\w 3

T

t
< /L sup | X (6) — X7 (6)] ds
J 0e[—r,0]

L sup ‘Xm(0+s)—Xm_1(9+s)|ds
oe[—r,0]

IN
e—

L osup [X™(Q)—X™1(Q)]ds

INA
—

CE[s—m,s]
t € [r,T] . In particular,
/ K[L(t—7)°
|X2(t) — X'(t)] < L/K(S —7)ds < L[(;'T)], telr,T].
Further, if we assume that
_ KI[L({t—-7)]™
m m—1

then we have

" N [KL{-n" K[L{t—n)™"
‘X )y - X (t)‘ <L/Lm!d8— T (mi) te|rT]

If follows by mathematical induction that (3.5) holds for any m > 1. Consequently,
o0
the series Y. |X™(t) — X™ !(¢)| is uniformly convergent on [r,T] and so is the
m=1
sequence {X™}, .

It follows that there exists a continuous function X : [r,7] — R i such that
| X"™(t) — X (t)] — 0 as m — oo. Since

£ (s, X§") = f(s, Xo)| < LD (X", X)) < sup | X™ () = X (2)]
T<t<T
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we deduce that |f(s, XI") — f(s, Xs)| — 0 uniformly on as m — oo.
Therefore, since

t t t
/ £(s, X™)ds — / F(s, Xo)ds| < / s, X — f(5,X.)| ds

it follows that lim fstm ds—ffsus Yds, te[r,T].

Extending X to [7' — 7, 7] in the usual way by X(t) =@ (t—171) fort €[t —r,7]
then by (3.4) we obtain that

pot—71), forr—r<t<r

X(t) = @(0)+jf(s,Xs)ds+W(t), forr<t<T

;
and so X (t) is a solution for (3.2).

To prove the uniqueness, assume that X and Y are solution of (3.2). Then for
every t € [r,T] we have

X(0) - V() = / F(s, Xo)ds — / f(s, Ya)ds| < / (s, Xa) — f(5,Ye)| ds

< [ -vods<i sw o X(©-Y©Olds

J J ¢els—rs]

If welet {(s) = sup |X({)—Y (Q)|, s € [r,T] by Gronwall’s lemma we
CE[s—r,s]

obtain that X(¢) = Y(t) on [r,T]. This proves the uniqueness of the solution of

(3.2). O

Theorem 7. Assume that the function f : [0,00) XC, — R is continuous and
locally Lipschitz. If [1,¢],(7,7) € [0,00) xXCp and X(¢) : [t —r,T1) — R and
X @) : [Tr—r,Ta) — R are unique solutions of (3.2) with X(t) = ¢ (t—7) and
Y({t)=9y({t—71) on|r—r1|. Then

X () (1) =Y (@) ()] < D (¢, 9) "7 for all t € [1,T) (3.6)
where T'= min {11, T>}.
Proof. On [1,T) solution X (¢) satisfies the relation

p(t—7), forte|r—rTr]

X(t) = t
0) + [ F(s, X5 (¢))ds, forte[r,T)
T
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and solution X (v) satisfies the same relation but with ¢ in place of ¢. Then, for
t € [r,T), we have

(X (9) (1) =Y () ()]

IN

|@@—wmn+/wwxaw—F@xawws
<1N%w+L/Duaw—Xast

< D(e)+L [ max |X(2)(6) = X () 0)

If welet w(t) = sup |X (¢)(0),X (¥) ()], ™ <s<t,then we have
oe[r—r,s]

t
w(t) < D (p,v) + L/w(s)ds, telr,T)

and Gronwall’s inequality gives
w(t) < D (p,0) e te[nT)

implying that (3.6) holds. O

References

[1] J. K. Hale, Theory of Functional Differential Equations, Second edition. Applied
Mathematical Sciences, Vol. 3. Springer-Verlag, New York-Heidelberg, 1977.
MR508721(58 #22904). Zbl 0352.34001.

[2] B. Liu, Fuzzy process, hybrid process and uncertain process, Journal of Uncertain
Systems, 2(1) (2008), 3-16.

[3] B. Liu, Uncertainty Theory, Second edition, Springer, Berlin, 2007. MR2515179
00A17.

[4] B. Liu and Y.K. Liu, Ezpected wvalue operator of random fuzzy wvariable
and random fuzzy expected value models. Internat. J. Uncertain. Fuzziness
Knowledge-Based Systems 11(2) (2003), 195-215. MR1982216 (2004d:90142).
Zbl 1074.90056.

kst sk ok s ok ok s ok sk sk ok s ok sk sk ok sk sk sk s ok sk sk ok s sk sk sk sk sk sk sk s ok sk sk sk sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk k

Surveys in Mathematics and its Applications 5 (2010), 275 — 284
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=0508721
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0352.34001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2515179
http://www.ams.org/mathscinet-getitem?mr=2515179
http://www.ams.org/mathscinet-getitem?mr=1982216
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1074.90056&format=complete
http://www.utgjiu.ro/math/sma/v05/v05.html
http://www.utgjiu.ro/math/sma

284 I. C. Barbacioru

Tuliana Carmen Barbacioru

University Constantin Brancusi of Targu Jiu,
Str. Geneva, Nr. 3, 210136 Targu Jiu, Romania.
e-mail: bcicarmen@utgjiu.ro

http://www.utgjiu.ro/math/cbarbacioru/

S ok koo ok ok >k kR Sk ok kok ok sk ok skook sk sk okok ok sk ok skok sk sk skokok skok kokook sk ok skokook sk kokok sk sk kokook sk ok skok sk sk skokosk sk ok skokosk sk skokokoskokokokok skokokok

Surveys in Mathematics and its Applications 5 (2010), 275 — 284
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/cbarbacioru/
http://www.utgjiu.ro/math/sma/v05/v05.html
http://www.utgjiu.ro/math/sma

	Introduction
	Preliminaries
	Uncertain functional differential equation

