Séminaire Lotharingien de Combinatoire, B36f (1996), 8pp.

AN EXTREME POINT THEOREM FOR ORDERED POLYMATROIDS ON CHAIN ORDERS

ULRICH KRÜGER

Abstract. We consider Ordered Polymatroids as a generalization of polymatroids and extend the extreme point characterization of polymatroids by the greedy algorithm to the ordered case.

It is proved that a feasible point of an Ordered Polymatroid is a vertex iff it is a Greedy-Vector with respect to an appropriate primal Greedy- Procedure.

1. Introduction and Notations

In [2] Faigle and Kern considered Submodular Linear Programs of the type max ∑ e∈E c_ex_e (1) ∑ e∈A+ x_e ≤ f(A) for all A ∈ A

where P = (E, ≤) is a finite partially ordered set with groundset E and |E| = n, c : E −→ R an objective function and f a submodular function with respect to a distributive lattice of ideals in P called A. An ideal A of P is a subset of the groundset which satisfies the property p_i ∈ A and p_j < p_i =⇒ p_j ∈ A. Relative to the order P we associate with any element p_i ∈ E the ideal generated by p_i I(p_i) := {p_j ∈ E : p_j ≤ p_i}. Submodularity of f refers to the property f(A) + f(B) ≥ f(A ∪ B) + f(A ∩ B) for all A, B ∈ A as usually. The set of maximal elements of an ideal A is denoted by A^+. This notation is used for x(A^+) := ∑ e∈A+ x_e. 1991 Mathematics Subject Classification. 90C27.

Key words and phrases. greedy algorithm, polymatroid, poset, chain order. 1

Later we easily write x^+(A) instead of x(A^+).

We keep restricted to the special case A = 2^{(E,≤)} throughout this paper, i.e. A consists of all ideals with respect to (E, ≤). Then the polyhedron

P(f) = {x ∈ R^n : x^+(A) ≤ f(A) for all A ∈ 2^{(E,≤)}}

is called “Extended Ordered Polymatroid”.

Notice that P(f) describes the set of all feasible vectors of (1). The attribute “extended” will be left if all feasible x are required to be non-negative, i.e.

P+(f) := P(f) ∩ R^n_+

defines an “Ordered Polymatroid” with rank function f. The name “Ordered Polymatroid” is reasonable because ordinary polymatroids can easily be recognized as a subclass if P is assumed to be the trivial order. The reader is referred to Chapter 10 of Grötschel, Lovász, Schrijver [4, pp. 305-329] for an introduction into Polymatroid-Theory and Submodular Functions.

Faigle and Kern developed a primal-dual greedy algorithm for the optimal solution of (1) (see [2]). Furthermore they proved total dual-integrality for pairs of Ordered Polymatroids on rooted forests, see [1]. The characterization of the extreme points of an Extended Ordered Polymatroid P(f) by primal Greedy-Vectors already follows from Faigle, Kern’s greedy algorithm. Our proof method also works for the polytope P_+(f). Notice that the face lattice of the Ordered Polymatroid P_+(f) especially includes the faces P+(f) ∩ {xe = 0} for e ∈ E.

We mainly put our attention to chain orders as a special case of rooted forests here. The order P = (E, ≤) is a chain order if it consists of totally ordered disjoint subsets. The proof of the extreme point characterization can easily be generalized to rooted forests afterwards. The order P = (E, ≤) is a rooted forest if each element has at most one upper neighbour (see [2, p. 202]).

2. Feasibility of Greedy-Vectors

Let us introduce Greedy-Vectors as the main object of our interest. Therefore let π = (p_1, p_2, . . . , p_k ) be a linear extension of the induced suborder P^′ = (E^′, ≤) with respect to a subset E^′ ⊆ E. The cardinality of E^′ is denoted by k, i.e. |E^′| = k ≤ n. Then the result of the procedure

PRIMAL GREEDY :

x_{p1} := f(p_1) x_{p2} := f({p_1, p_2}) − x^+(p_1 \ I(p_2)) . . x_{pk} := f({p_1, p_2, . . . , p_k}) − x^+({p_1, p_2, . . . , p_{k−1}} \ I(p_k)) x_{pj} := 0 for all p_j ∈ E \ E^′ is called Greedy-Vector with respect to P_+(f).

We recall a basic result of Faigle, Kern [2, Theorem 4.1, Seite 202] concerning feasibility of Greedy-Vectors and adapt the proof to the special case of chain orders.

Lemma 1. The procedure PRIMAL GREEDY yields a feasible vector x with respect to P(f) for the choice E^′ = E.

A Ai+1 xp_i+1

Figure 1. Illustration for the Proof.

Proof. We argue by induction on | E | and assume that ∑ e∈A+ x_e ≤ f(A) for all A ∈ 2^{(E,≤)} and A ⊆ A_i,

where A_i := {p_1, . . . , p_i}. Now, let A be an ideal with A ⊆ A_{i+1} and p_{i+1} ∈ A^+. Furthermore, the set A \ {p_{i+1}} = A ∩ A_i is denoted by B.

We get f(A) ≥ f(A ∩ A_i) + f(A ∪ A_i) − f(A_i) ≥ f(B) + f(A_{i+1}) − f(A_i) by submodularity of f and f(A_{i+1}) − f(A_i) = x_{pi+1} − x_{p̄i+1} , where the index p̄_i corresponds to the lower neighbour of p_i, if it exists and x_{p̄i} = 0 otherwise, by the procedure PRIMAL GREEDY.

Finally, we get f(A) ≥ x^+(B) + x_{pi+1} − x_{p̄i+1} = x^+(A) by f(B) ≥ x^+(B) which holds by assumption. ♦ Remark. The Greedy-Vector is feasible in P_+(f) for arbitrary E^′ ⊆ E if f satisfies monotonicity, i.e.

A^+ ⊆ B^+ =⇒ f(A) ≤ f(B) for A, B ∈ 2^{(E,≤)}. Then x_{pi} = f({p_1, p_2, . . . , p_i}) − x^+({p_1, p_2, . . . , p_{i−1}} \ I(p_i)) ≥ f({p_1, p_2, . . . , p_i}) − f({p_1, p_2, . . . , p_{i−1}} \ I(p_i)) ≥ 0 holds for the i-th component of the Greedy-Vector (i = 1, . . . , k). ♦

3. Main Result In order to state and prove the main result further notation is necessary to be introduced. From now on the symbols A_{iJ} and A_{Ij} are used to denote the i-th line and the j-th column of the matrix A. Furthermore the vector v_{tr(i)} denotes the truncation of the vector v, where all components v_j of v with index j > i are cut off. We have to interpret this as follows: For 1 ≤ j ≤ i ≤ k we write (a_j , . . . , a_k)|_{tr(i)} = (a_j , . . . , a_i). Now we are ready for Theorem 1. A feasible vector of an Ordered Polymatroid P_+(f) defined by a monotone rank function f is a vertex if and only if it is a Greedy-Vector for a certain linear extension π of a suitable suborder P^′ = (E^′, ≤). Proof. Only the case E^′ = E is outlined here. For E^′ ⊂ E see the remark in the end of the proof.

It is a well-known fact from Linear-Programming-Theory that there exists a linear function c^T x for each vertex x^∗ of a polyhedron P such that the maximal value of c^T x subject to x ∈ P is achieved by x^∗.

With any linear extension π = (p_1, p_2, . . . , p_n) of P = (E, ⪯) we associate reduced weight coefficients ĉ_{p1} , ĉ_{p2} , . . . , ĉ_{pn} . The reduced weight coefficients are defined by the recursion ĉ_{pn} := c_{pn} ĉ_{pi} := c_{pi} − ∑ i∗(i)>j>i ĉ_{pj} for i = n − 1, . . . , 2, 1 (2) where

i^∗(i) = { n + 1 if p_i is maximal in E index of the upper neighbour of p_i otherwise.

Now the linear extension π is chosen such that ĉ_{pn} = min{c_p′_n : p^′_n ∈ E^+} ĉ_{pi} = min{c_p′_i − ∑ i∗(i′)>j>i′ ĉ_{pj} : p^′_i ∈ (E \ {p_{i+1}, . . . , p_n})^+} for i = n − 1, . . . , 2, 1. Using the reduced weight coefficients we set

y_A = { ĉ_{pi} if A = {p_1, p_2, . . . , p_i} for some i ∈ {1, . . . , n} 0 otherwise.

and obtain a feasible solution y of the dual problem of (1) which is given by ∑ A∈2(E,≤) f(A)y_A −→ min ∑ A+∋pj y_A ≥ c_j (3) y_A ≥ 0 . Notice that the indices of the components of y are ideals of the poset P = (E, ⪯). For simplicity we write f̂(p_i) instead of f({p_1, p_2, . . . , p_i}). We show n∑ i=1 f̂ (p_i) c_{pi} − ∑ i∗(i)>j>i ĉ_{pj} = (4) n∑ i=1 c_{pi} [ f̂ (p_i) − x^+({p_1 . . . p_{i−1}} \ I(p_i)) ] , which is equivalent to n∑ i=1 f̂ (p_i) ∑ i∗(i)>j>i ĉ_{pj} = n∑ i=1 c_{pi} · x^+({p_1, . . . , p_{i−1}} \ I(p_i)). (5) Assume (4) holds, i.e. x and y have the same values with respect to the objective functions of (1) and it’s dual. Thus x and y are optimal solutions of (1) and (3), respectively. Especially, we have x = x^∗. Since x^∗ is arbitrary we know that each vertex of P(f) is a Greedy-Vector.

In order to prove (4) the vectors ȷ(p_i) ∈ R^{n−i} and ℘(p_i) ∈ R^i are introduced for each index p_i ∈ {p_1, p_2, . . . , p_{n−1}}. Both vectors ȷ(p_i) and ℘(p_i) only consist of 0 and 1-components. The coordinates of ȷ(p_i) correspond to the elements p_{i+1}, p_{i+2}, . . . , p_n of the groundset E and the coordinates of ℘(p_i) to the elements p_1, p_2, . . . , p_i. The vector ȷ(p_i) is defined as ȷ(p_i) = (1, 1, . . . , 1, 0, . . . , 0), such that the first 0 corresponds to the index i^∗(i). The vector ℘(p_i) is defined by ℘(p_i)_j = 1 ⇐⇒ p_j is maximal in the ideal {p_1, p_2, . . . , p_{i+1}}.

Similarly let (p_j , . . . , p_{i−1})^+ be the 1-0-vector such that the 1-entries correspond to those elements of the set {p_j , . . . , p_{i−1}} which are maximal in the ideal {p_1, . . . , p_{i−1}, p_i}. Using this notation (4) equivalently can be written as

(f̂(p_1), f̂(p_2), . . . , f̂(p_n))M_1 c_{p1} c_{p2} . . c_{pn} = (c^{p1} , c^{p2} , . . . , c^{pn} ) M̂_n f̂(p_1) f̂(p_2) . . f̂(p_n) (6)

where the matrices M̂_n and M_1 are defined by the following recursions:

M̂_1 = 1; . . M̂_{i+1} = 0 M̂_i . 0 −℘(p_i) · M̂_i 1 i = 1, . . . , n − 1 .

M_n = 1; . . M_j =

1 −ȷ(p_j ) · M_{j+1} 0 . . M_{j+1} 0 j = n − 1, . . . , 1 Obviously, equation (6) holds if M̂_n = M_1^T , which is shown by induction now. We proceed on the subdiagonals of M̂_n and M_1^T .

First notice that both matrices are lower triangle matrices which consist of 1-entries in their diagonals. Considering the elements m̂_{ij} = (M̂_n)_{ij} and m_{ij} = (M_1^T )_{ij} we assume that the first i − j − 1 subdiagonals of M̂_n and M_1^T are equal to each other. Then we get m̂_{ij} = −℘(p_{i−1}) · (M̂_{i−1})_{I,j}

= −(p_j , . . . , p_{i−1})^+ · m̂_{jj} m̂_{j+1,j} . . m̂_{i−1,j} = −(p^j , . . . , p^{i−1})^+ · m_{jj} m_{j+1,j} . . m_{i−1,j} (use induction hypothesis)

= −(p_j , p_{j+1}, . . . , p_{i−1})^+ · 1 0 . . 0 +(p_{j+1}, p_{j+2}, . . . , p_{i−1})^+ · 1 m_{j+2,j+1} 1 . . . 0 . . m_{i−1,j+1} m_{i−1,j+2} 1 · ȷ(p^j )|^{tr(i−1)} = (p_j , p_{j+1}, p_{j+2}, . . . , p_{i−1})^+ · 0 0 . . . 0 0 1 0 . . . 0 0 m_{j+2,j+1} 1 . . . 0 0 . . m_{i−1,j+1} m_{i−1,j+2} . . . 1 0 · ȷ(p_j )|_{tr(i)}

−(0, 0, . . . , 0, 1) · ȷ(p_j )|_{tr(i)} = −(m_{i,j+1}, m_{i,j+2}, . . . , m_{ii}) · ȷ(p_j )|_{tr(i)} = −(M^T_{j+1})_{iJ} · ȷ(p_j ) = m_{ij} by the recursive definitions of M̂_n and M_1^T .

For E^′ ⊂ E just start the recursion (2) with ĉ_{pk} = c_{pk} and set c_{pj} = 0 for p_j ∈ E \ E^′. ♦ Theorem 1 and its proof were motivated by the Greedy-Algorithm-Charac-terization of ordinary polymatroids due to Edmonds (for example see Satz 1.3.1 Girlich/Kowaljow [3, Seite 39] or Schrijver [5, pp. 27-28, Theorem 2]).

The paper is finished with an important consequence of Theorem 1.

Corollary 1. All vertices of an Ordered Polymatroid P_+(f) with respect to a monotone rank function f are integral if the rank funktion f is integer-valued.

Acknowledgement : I would like to thank Prof. Faigle for the opportunity to visit the University of Twente (NL) for half a year during 94/95 and the anonymous referee for helpful comments concerning this paper.

References

[1] U. Faigle and W. Kern. An intersection theorem for submodular linear programs on forests. Working Paper, University of Twente, October 1994.

[2] U. Faigle and W. Kern. Submodular linear programs on forests. Mathematical Programming, 72:195–206, 1996.

[3] E. Girlich and M.M. Kowaljow. Nichtlineare diskrete Optimierung. Akademie-Verlag Berlin, 1981.

[4] M. Grötschel, L. Lovász, and A. Schrijver. Geometric Algorithms and Combinatorial Optimization. Algorithms and Combinatorics 2. Springer-Verlag Berlin, second corrected edition, 1993.

[5] A. Schrijver. Submodular functions. Note AE N5/82, Faculty of Actuarial Science, University of Amsterdam, 1982.

Universität Halle, FB Mathematik und Informatik, Institut für Optimierung und Stochastik, Theodor-Lieser-Str.5, D-06099 Halle/Saale

E-mail address: krueger@mathematik.uni-halle.de