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Abstract. We provide a natural generalization to submanifolds of the holographic method
used to extract higher-order local invariants of both Riemannian and conformal embeddings,
some of which depend on a choice of parallelization of the normal bundle. Qualitatively
new behavior is observed in the higher-codimension case, giving rise to new invariants that
obstruct the order-by-order construction of unit defining maps. In the conformal setting,
a novel invariant (that vanishes in codimension 1) is realized as the leading transverse-
order term appearing in a holographically-constructed Willmore invariant. Using these same
tools, we also investigate the formal solutions to extension problems off of an embedded
submanifold.
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1 Introduction

The local geometry of codimension k embedded submanifolds A% in Riemannian d-manifolds
(M d g) has been studied extensively for over a century, with special focus being given to curves
(codimension d — 1 submanifolds) and hypersurfaces (codimension 1 submanifolds). These cases
stand out as describing particularly useful systems: curves can describe the trajectory of a parti-
cle in space and hypersurfaces can provide boundary data for elliptic PDEs. On the other hand,
conformal manifolds — smooth manifolds M? endowed with an equivalence class of Riemannian
metrics ¢ := {92 g} for every Q0 € C°M — have also been studied since the early 20th century.
Early investigations include work by Cartan [8], Thomas [37] and Fialkow [13], among others.
In particular, conformal invariants — those quantities which are equivariant under the rescaling
group action — are central to any description of conformal geometry. In the last thirty years,
a method of Thomas [3] has been rediscovered that allows for the construction of such invariants
in the same way that the Ricci calculus allows for the construction of invariants of a Riemannian
manifold: this is called the tractor calculus, which will be discussed in more detail in Section 4.
(Another distinct but equally powerful method of producing conformal invariants by embed-
ding conformal manifolds into higher dimensional manifolds solving particular problems was
first introduced by Fefferman and Graham in [11].) A confluence of submanifold geometry and
conformal geometry has gained popularity in the last few decades [16, 20, 23, 24, 34, 35, 42],
having been driven in part by physics applications [30, 32]. Specifically, conformal hypersurface
geometry has taken center stage, with a focus on an extrinsic characterization of the embedding
241 (M ¢) itself [21, 22]. Recent work conducted by Curry, Gover and Snell [10] also
investigated conformal submanifold geometry using tractor methods, however their approach
differed significantly from the methods applied here. Furthermore, Poincaré—Einstein embed-
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ding approaches have also been used to construct conformal submanifold invariants, see for
example [9] — this approach avoids tractor calculus entirely.

One popular method to study any submanifold embedding structure, whether Riemannian,
conformal, or otherwise, is called holography. Given a submanifold embedding into some geomet-
ric structure A — (M, S), one can study the invariants of the embedding by studying solutions
to geometrically-natural PDEs relating data on A to data on M. In the study of Riemannian
hypersurface embeddings ¥ < (M, g), this method uses the existence of a unique unit defining
function for ¥, i.e., a function s € C*°M such that ¥ = {p € M | s(p) = 0} and that |ds|§ =1.
It is this second condition — the eikonal equation — that distinguishes this function from any
other defining function, which need only have that |ds|§ > 0. As s is uniquely determined (up
to orientation) by the embedding, its jets can be used to construct invariants of the embedding
structure.

In the case of a two-sided conformal hypersurface embeddings ¥ < (M, ¢), a similar method
bears fruit. In that case, one seeks a double equivalence class (or density) o = [g; 5] = [Q%g; Qs]
of metrics g € ¢ and functions s € C*°M such that for any representative [g; s], we have that
on M/Y, the metric g° := g/s? has constant scalar curvature. (More detail is provided on these
double equivalence classes in Section 4.) Finding such a double equivalence class solves the
so-called “singular Yamabe problem”, which can be shown [31] to be equivalent to a conformal
eikonal equation, given by

2s 1
ds|2 — = A9s + ——Sc¥s | = 1.
|ds]; d( 8+2(d_1)SC s>

While a one-sided global solution to this problem always exists [1, 2, 33], it turns out that one
cannot (in general) solve this to arbitrarily high order [1, 15]. Nonetheless, one may still find
a unique unit defining density up to order d+1 in o that is entirely determined by the embedding
and the conformal structure. As it is unique, its jets below this order will therefore characterize
the conformal embedding. A study of these jets was carried out in [5].

The goal of this article is to investigate the holographic method of unit defining functions as it
applies to higher-codimension submanifold embeddings in both the Riemannian and conformal
settings. In general, we find that this method does not yield true submanifold invariants, but
rather invariants that depend on a choice of parallelization of the normal bundle on A. In the
following subsection, we introduce notations and conventions that will be used throughout this
article. In Section 2, we first discuss when and how a canonical frame for the normal bundle
of a Riemannian submanifold embedding can be constructed. In Section 3, we proceed with
the holographic program in the Riemannian setting, culminating in an optimal construction in
Theorem 3.3. In Section 4, we give a brief review of conformal geometry, before considering the
frame construction in a conformal submanifold embedding in Section 5. In Section 6, we investi-
gate the use of the holographic method to study conformal submanifold embeddings, leading to
a optimal (to second order) construction in Theorem 6.2. While we find that we cannot proceed
to particularly high order, we are still able to construct an interesting parallelization-dependent
conformal submanifold invariant in the special case of a conformally-embedded surface. This is
detailed in Section 7 — see equation (7.6). Finally, in Section 8, we examine the submanifold
extension problems, which are a natural problems to study given a holographically-constructed
defining map. The results are contained in Theorems 8.7, 8.9 and 8.11.

1.1 Notations and conventions

In this article, M denotes a d-dimensional (with d > 3) smooth manifold endowed with a metric
tensor g or conformal class of metrics ¢, both of which will be positive definite. Furthermore,
A denotes a (d — k)-dimensional smooth submanifold of M, and 0 < k£ < d. Throughout the
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entirety of this article, we work only locally and so will assume that trivializations are always
available for any section of any bundle. In the Riemannian setting (M, g), we denote the Levi-
Civita connection by V. Our convention for the curvature tensor is given by

R(z,y)z = (VaVy = VyVa)z = Vig 2.

Here, z, y, z are vector fields on M and [z,y] is the Lie bracket of z and y. In general, for any
bundle VM over M, we will denote sections of this bundle by I'(VM). That is, z,y,z € I'(TM).
When necessary, we will refer to arbitrary tensor products of a bundle (and its dual) using capital
Greek letter, so that, for example, T® M is some unspecified tensor product of TM and T*M.

For ease of calculation, we will use Penrose’s abstract index notation, labelling such indices
with letters from the beginning of the Latin alphabet a, b, ¢, etc., so that, for example, the Rie-
mann curvature tensor may be expressed as

Rabcdl’d = [Va, Vb]l’c.

Using the metric and its inverse, indices can be raised and lowered, as usual; the Einstein
summation convention is used to indicate contraction. (Sometimes, when the notation is unam-
biguous, we will use dot product notation to represent contraction; for example, when w is some
1-form, we will sometimes write V%w, =: V - w.) In this language, we have Ricy := R¢% and
its corresponding scalar is Sc := Rici. When d > 2, a particular trace-correction of the Ricci
tensor, known as the Schouten tensor, arises frequently in conformal considerations,

1 1
Pw:=—— Ricay — ———Sc gap | -
b d—Q(ICb 2(d - 1) Cgb)

The trace of this tensor is denoted by J := P;. Written in terms of the Riemann tensor and the
Schouten tensor, we may express the Weyl tensor as

Wabcd = Rabcd - gachd + gbcPad + gadec - gdeac-
In dimensions d > 2, the Cotton tensor is given by the covariant curl of the Schouten tensor,
Cabc = VaoPpe — VpPye.

When d > 3, this can be reexpressed in terms of the divergence of the Weyl tensor,

Cabc = d%?)vdwdcab

In the context of submanifold embeddings, we will use Greek indices to represent tensors on
normal frame bundles. Objects that are along the submanifold will be denoted by overbars e,
so that, for example, V represents the induced Levi-Civita connection on (A, g), where g is
the induced metric from A < (M, g). In general for any index notation, we will use round
brackets (---) to indicate unit-normalized symmetrization and square brackets [---] to indi-
cate unit-normalized antisymmetrization. Furthermore, we will use a subscript o to indicate
the tracefree part of a particular symmetric index configuration. However, because Latin and
Greek indices represent different types of objects, we may sometimes write (aabf3) to specifically
mean the symmetrization over o and (3, and similarly for antisymmetrization. To be explicit,
whichever type of index is closest to the opening and closing brackets is the type of index that is
(anti)symmetrized over. On the other hand, when excluding an index from (anti)symmetrization
is necessary, we will use vertical bars, so that («|8|7y) refers to the symmetrization over o and ~.
Note that Greek indices will always be subscripts, so repeated Greek indices will denote sum-
mation in the usual way.
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2 Orthonormal frames for normal bundles
of Riemannian submanifold embeddings

We begin with the case of smooth Riemannian submanifold embeddings ¢: A% < (M, g) with
d > 3. For notational convenience, we will often view A as a subset of M. We now review
classical submanifold geometry.

2.1 Classical submanifold geometry

At a point p € A, every tangent space of the bulk space along A can be decomposed according to
TpyM = T,A @ NyA, (2.1)

where NN,A is the normal space at p € A. The normal bundle over A is defined as NA :=
Upe ANpA.

As the pullback map is well defined, we can construct the intrinsic metric, also sometimes
called the first fundamental form, via the pullback: g := +*¢. Note that this metric is compatible
with the decomposition above, and given an orthornormal frame {n,} for NA, we may express
this invariant in index notation according to gup = Gab|A — Maaba- In the notation n? (and ngq),
the Latin index is an abstract index whereas the Greek letter indexes some particular element
of the basis — this will always be the case. Closely related to the first fundamental form is the
projection operator given by gy := dp — ngnpa.

With a metric in hand, one may construct the Levi-Civita connection on A, denoted V.
A classical result of submanifold geometry is that this connection is directly obtainable from the
Levi-Civita connection M and the projection operator,

where v,u € I'(T'A) and 1,0, t.u are their respective pushforwards. Note that we will often
write VT for the pullback of the bulk Levi-Civita connection — this way, we may use abstract
index notation and we do not need to carry around arbitrary vector fields. In a similar way, we
use | both as an operator and as a superscript to denote the projection to the submanifold,
e.g., we will write PT to represent the projection of the Schouten tensor of (M, g) to A.

If we instead project V, z(ts@) along a unit normal vector, we obtain a classical result:
the second fundamental form. Indeed, relative to an orthonormal frame on NA, we define

—a=b L —\a
W0 Mgpe = —NaaVi.5(tst)?.

A short calculation shows that this can be expressed in a simpler way according to
apa = gbcv;rnfl S F(@zT*A).

It is worth pointing out that in our calculations, we view Il,;, as a tuple of 2-tensors depending
on an orthonormal frame, as per the above section space. However when an orthonormal frame
is not prescribed, the second fundamental form is still well defined, taking values in the normal
bundle NA. Accordingly, one may express the Levi-Civita connection of M restricted to A via
the following identity:

VL*T;(L*'H;) = Vf,ﬂ - Ha(’L_L, ﬁ)na.

The first and second fundamental forms are sufficient to completely describe an embedded
hypersurface in E¢ up to Euclidean motions. This is because, for k = 1, the normal bundle is
one-dimensional and hence (up to orientation) each normal space has a canonical basis given by
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n € NpA, where g(n,n) = 1. (Note that as we work locally for the entirety of this article, we will
neglect any issues that arise from orientations.) This rigidity effectively removes all geometric
structure from the normal bundle. Unfortunately, this rigidity is lost entirely when we consider
higher-codimension submanifolds. Indeed, while orthonormality can certainly be retained, there
is (a priori) no uniquely preferred basis for NA, even locally. In what follows, we will find that
there is sometimes a preferred basis up to constant SO(k) rotations — but in general, it is not
that clear that any preferred basis can be constructed. We will now provide a construction for
the final piece of data required to describe embedded submanifolds up to Euclidean motions and
also provide notation and language that will be necessary for later considerations.

Just as one can induce a connection on the tangent bundle to A, one may also induce on the
normal bundle a connection

D: T'(NA) - T(T*A® NA)
given by
Dy¢ = L(V.,58),

where L is the orthogonal projection to NA, v € I'(T'A) is any vector field along A and £ € I'(NVA)
is any normal vector field. Note that this connection is compatible with the metric on the normal
bundle given by n = g|an — ¢*g. Then, for any frame {n,} for NA, the connection coefficients
are defined by

b _ b
Dang = wyapns,.

Given any orthonormal frame {n4}%_, for the normal bundle NA, w is given precisely by the
so-called normal fundamental forms [36] (sometimes called the H&jicek one-form in the physics
literature [28, 29]):

WaaB = Baag = ngV;—nbﬁ.

Note that we use § only for orthonormal frames.

Associated to the normal bundle is the orthonormal frame bundle F(NA), which is a principal
O(k)-bundle. So in particular, any two orthonormal frame fields are related to one another by
the action of a section m € C*°(A,O(k)). Furthermore, the connection coefficients (and thus
the normal fundamental forms) transform according to

B mBm~ + md(mfl), (2.2)

where adjacency is understood to imply matrix multiplication. Note that for constant rotations,
i.e., when m is a constant matrix, 5 transforms tensorially.

Because ( is not covariant under the group action, it is not a true invariant of the normal
bundle (in that it does not transform linearly under the group action). Rather, its curvature
2-form

R =dB +[8,4] (2:3)

does transform linearly under the group action and hence is a true invariant of the normal
bundle. In terms of the connection itself, the curvature 2-form, hereafter known as the normal
curvature, obeys the standard relation

R(ﬂ, 77)5 = Da(Dﬁf) - Dﬁ(Dﬁf) - D[a,@]f
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for any u,v € I'(T'A) and £ € I'(NA). The normal curvature is the final ingredient necessary to
completely specify an embedded submanifold in E¢ up to Euclidean motions.

To summarize, the three classical invariants of submanifold embeddings are g, II, and R.
It is these tensors that appear in classical submanifold identities as described by Spivak [36],
and given below for later use. First is the Gauss equation, relating the tangential component of
the Riemann curvature tensor to that of the submanifold A,

R(—Ll—bcd = Rabcd + HadaHbca - Hbda[[acaa (2.4)

where R" := T(R), the projection of the Riemann curvature tensor to the submanifold. Similar
notation will be used throughout. Next is the Codazzi—-Mainardi equation, relating another
component of the Riemann curvature tensor to extrinsic invariants,

A —
Rlbcoz = 2v[aHb}ca + 2Hc[b,3/8a]aﬁ‘ (25)

Note that here, the right-hand side does not look explicitly tensorial — however, a short calcu-
lation shows that it is indeed independent of the choice of orthonormal basis {n,}. Finally, we
have the Ricci equation (which is trivial for hypersurfaces), relating another projection of the
Riemann curvature to the normal curvature and the second fundamental form,

Ripap = Ravas + Oslepa — Tislleaq.

As noted above, all of these equations are covariant under the action of a section m €
C*(A,O(k)). It would be desirable, in principle, to promote the normal fundamental forms to
submanifold invariants so that covariance would be more explicitly seen. However, as 8 does not
transform covariantly under non-constant sections m, one might wish to restrict the structure
group just to those constant sections by employing a geometric constraint on the normal frame
bundle — a procedure known in the physics literature as “gauge-fixing”. Alas, in general, there is
no preferred frame for the normal bundle fixed by a differential constraint. This is known as the
Gribov ambiguity [27]. Furthermore, even global minimizing conditions of energy functionals
depending on the normal connection are not necessarily unique [39]. In certain situations,
canonical frames can be identified, at least up to global gauge transformations.

2.2 Rotation minimizing frames

In the simplest case, where the normal curvature vanishes, it is easy to show that a canonical
frame (up to constant rotations) for the normal bundle can be constructed. We capture this
result in the following proposition.

Proposition 2.1. Let A% < (M, g) be a smooth submanifold embedding with 1 < k < d — 1.
Then the normal curvature R vanishes if and only if there exists in a neighborhood around every
point p € A an orthonormal frame for the normal bundle N A with vanishing normal fundamental
form (. Furthermore, this orthonormal frame is unique (up to constants in C*°(A, O(k))).

Proof. It follows trivially from equation (2.3) that if there exists an orthonormal frame such
that 8 = 0, then R = 0. Now suppose that R = 0. We wish to show that there exists
a frame such that g = 0. This follows from a standard result: namely, if the bundle NA — A
has a connection D with vanishing curvature, then there always exists locally a frame {n,}
consisting of parallel sections, namely Dn, = 0. But then by the Gram—Schmidt procedure, it
follows that (along A) there exists an orthonormal frame {n,} consisting of parallel sections,
and so we have that for that choice of frame, g = 0.
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Now suppose R = 0 and that two frames {n,} and {n,,} have vanishing normal fundamental
forms. Because they are both orthonormal frames, there exists a (possibly non-constant) m €
C> (A, O(k)) such that nl, = masng. It then follows from equation (2.2) that

0 =mayVamg,.

But clearly this identity only holds if V,mg, = 0. Thus we have that m is a constant section
of O(k) — A. |

It is thus useful to think of this canonical orthonormal frame as, in some sense, “maximally
parallel”. From a geometrical perspective, the associated 8 for a given orthonormal frame {n,}
can be thought of as a generalization of the torsion of a spacecurve, insofar as torsion describes
how one normal vector rotates into another normal vector while moving along a spacecurve.
In fact, for A! < R3, it is straightforward to show that in the Frenet frame {7, N, B} with
torsion 7, we have that

BaBN =T.

It is because of this analogy that those orthonormal frames for the normal bundle that fix
B = 0 are sometimes called rotation minimizing [40] or Bishop frames [4]. We provide a formal
definition below:

Definition 2.2. Let A%~* — (M, g) be a Riemannian submanifold embedding and let {n,} be
an orthonormal frame for NA. Then we say that {n,} is a rotation minimizing frame when, for
each o € {1,...,k} and v € I'(T'A), we have that

VL*@TLQ S F(TA)

By construction, rotation minimizing frames are precisely the canonical frames described in
Proposition 2.1, as captured in the following lemma:

Lemma 2.3. Let A% < (M, g) have a rotation minimizing frame {n,}. Then modulo the
action of constant sections of O(k) — A, this frame is the canonical frame described in Propo-
sitton 2.1.

Proof. Let {n,} be a rotation minimizing frame for NA. From the definition, we have that
for any v € I'(T'A), V,,5nq € T(TA). But by the orthogonal decomposition TM |y = TA © NA,
it follows that 143V, sn% = 0. But this implies that 9*8,3, = 0 for all o, 8 € {1,...,k} and
any choice of v. This is precisely the frame described in Proposition 2.1. |

We thus have the following result for spacecurves.

Corollary 2.4. Let A — (Md,g) be a curve embedded in a Riemannian manifold. Then there
exists a unique (up to constant rotations) rotation minimizing frame for NA.

Proof. Because A is 1-dimensional and the normal curvature is a End(NA)-valued 2-form, we
have that R necessarily vanishes. Hence from Proposition 2.1 and Lemma 2.3, there exists
a unique rotation minimizing frame. |

2.3 Gauge-fixed frames

When the normal curvature is non-vanishing, rotation minimizing frames do not exist. How-
ever, that does not necessarily preclude the existence of a preferred frame determined by some
condition, differential or otherwise.



8 S. Blitz and J. Silhan

We begin by considering the simplest non-trivial case, where k = 2. In that setting, we
can directly parametrize sections of SO(2) — A by a single function §# € C*S! so that if
m € C*(A,S0(2)), then we have that

Mag = oS B0qp — sin Oeqg.

Given a orthonormal frame {n,}, the normal fundamental form is specified entirely by a single
1-form f,. Under the group action, we find that this function transforms according to

Ba > Ba + V.

Because this gauge transformation is sufficiently simple, we may be able to find a unique
solution to some differential gauge-fixing condition. Consider the Coulomb gauge V-3 = 0.
Fixing this gauge is equivalent to finding # such that

Ab = —VB,.

In general, any global solution to this equation will require a global frame and hence requires
that F(NA) is trivial. In that case, if A is compact and fA V-3 = 0, then there exists 6 that
solves the Poisson equation globally and allows the construction of a preferred frame (up to
a constant) {maﬁn“ﬁ}. Trivially, then, if A is closed such a preferred frame exists.

More generally, for k& > 2, Uhlenbeck showed [38] that when the normal curvature is suf-
ficiently small in a trivializing neighborhood U C A around a point p, there exists a gauge
transformation m € C*°(U,O(k)) such that the basis {magn“ﬁ} has normal fundamental forms
that satisfy ?-5045 =0 and u-8 = 0 on OU, where u is the normal to the boundary oU.

While the existence of a “clean” gauge choice can sometimes be taken for granted, uniqueness
is much harder to demonstrate — and indeed, it is not always present (see the discussion about
the Gribov ambiguity above). Regardless, we can still study the extrinsic geometry of subman-
ifold embeddings equipped with an orthonormal basis for the normal bundle. When a global
orthonormal frame exists for NA, it is called a parallelization of NA. Since we work locally,
we can always assume that an orthonormal frame is specified for NA. We call such an embed-
ding equipped with an orthonormal frame for the normal bundle a parallelized (Riemannian)
submanifold embedding, specified by the pair (A — (M, g), {na})-

3 Defining maps for parallelized Riemannian submanifold
embeddings

Given a Riemannian submanifold embedding ¢: A% — (M d g), we are interested in studying
the embedding by examining the jets of a geometrically-adapted defining map sqo: M — RF,
which is a k-tuple of functions such that for any p € A, we have that s,(p) = 0 for every
a € {l,...,k} and ds1(p) A -+ Adsg(p) # 0. That such families exist is well known, at least
locally: for every p € A, there exists a neighborhood U C M such that U N A is the zero
locus of some defining map so: U — R*. However, there are many such defining maps, and
in order for the jets of such a defining map to contain information about the embedding ¢,
it must be determined canonically by the geometry. To realize this canonical defining map,
we consider the Gram matrix Gng := g~ '(dsa,dsg) of a given defining map s,. In the case of
hypersurfaces, we canonically choose G' = Id, which is equivalent to the condition that |ds|? = 1.
Similarly, in the case of a higher-codimension submanifold we would like to achieve G = Id.
Because we will work locally, it is sufficient for our purposes to find a defining map s, such that
Gop = 0ap+O(5>), meaning we wish to find a defining map such that for any m € Z>1, we have
that Gop = dap + O(s™). We call such a defining map a unit defining map. Going forward, we
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will abuse notation by also denoting g~ !(ds,, -) by no. Note that, when clarification is necessary,
we will decorate n, with abstract indices (such as n% and ngq) to indicate the whether we are
referring to the vector or its metric dual.

3.1 First order

Given the parallelization {n,} of NA and any defining map $§, for A, there exists a linear com-

bination of components of 3, denoted by s, such that g~!(ds,, -) A Ne. This linear combination
provides a unique s, modulo terms that are at least second order in a defining function. The
behavior of ds, away from A, however, is harder to control. Our goal is to obtain a canonical
family of unit defining functions adapted to our parallelization satisfying g=!(dsa,dsg) = dap-
However, this will not be possible in general. Instead, we will choose s, to, in some sense, get
as close to the identity Gram matrix condition as possible. We begin with an iterative proce-
dure. Because the parallelization of VA is defined to be orthonormal, we can certainly obtain

Gap A dag, S0 we assume this going forward. This constraint defines a unique family of defining
maps that are aligned to the parallelization of NA and whose elements have a difference given by
sl — 8o = (9(52). For any of these defining maps, it thus follows that

Gag = ap + FL 51, (3.1)

where F (1 ) represents an array of smooth functions on M. Our goal will be to pare down this
family of deﬁmng maps by controlling F'(1).

However, note that equation (3.1) does not uniquely specify F O(élﬁ)v as an array of functions on
C*°M. To see this, consider the mapping

»—>F() +F( 1)

F() /5753

aBy

where F(I is any array of functions so that F 5735 Félﬂ[l,y) 5" This mapping clearly preserves

equation (3.1), and so we see that F' (1) is only uniquely determined along A. Nonetheless, we
may choose F() in a collar neighborhood of A in a non-canonical way. Going forward, we will
assume such a choice has been made; later, we will show that this choice actually yields a unique
result.

Because of the symmetry of G, we have that F (lﬁ)v F ((aé , and thus as a representation
of Si,, we can see that the tensor structure of F(1) in the normal bundle takes the form

H e oo

For what follows, we will abuse notation and write, for example, that F(!) € ¢ (M, @ o).

Now observe that under the mapping

So Hr 8o 1= 8o + A((l,zlws%sw,

where AW is a list of smooth functions on M, we have that the zeroth order part of the Gram
matrix condition given in equation (3.1) is preserved while changing F' (1), Indeed, by inspection
we may consider only those A satisfying A&Qlw = AS()% 2) and so A(l) € C®(M,p @ o).
Evidently, it may be possible to choose A so that it cancels FO),

Differentiating the above display and using the definition of the Gram matrix for the new
defining map (combined with equation (3.1)), we obtain

SR (1) (1)
Gap = das + (Fogy + 4413, ) 5+

ORI o () R
+ () As(a) T 2000V A1) + Ao Fima) 571572
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+(4A(1) VnpA(l) +44W 40 g ) Soy1 84S

a(pr1) By2v3 a(w1y2) M B(waye) T wiweys
a 4(1) 1)
+ (v AOA("}/l’yg)) (VCLAB('YZ»)’YAL))S'\H 8'72 8738')/47 (32)

where the above is symmetric in af (even when the round brackets are not displayed). Observe
that in order to fix A, we must express it in terms of F(). To that end, we fix an ansatz:
AS}V . + bF(l)ﬁ + CF,B('ly)a and then solve explicitly; these are the only three terms possi-

M @)
ble as Faﬁ,y F(ozﬁ)'y' We find that
o _ Lo (1) (1)
Aaﬁv ] (Faﬁw + Fmﬁ - F/J’va)

sets the first order term in equation (3.2) to zero identically, and thus we have found s, such
that

Gaﬂ = 6a5 + 0(82),

fixing s, to second order in a way dependent on the original choice of extension of F(1).
With this result, we find a useful identity for the normal fundamental form S5 associated with
the parallelization of NA:

A A 1
ngvanbg = nl[’avanbg] + nl(’avanbﬁ) = nl[’a (VI + nwnfyvc)nbﬂ] + §Vanl(’anbﬁ)

A A
= Baap + nmngnl[’avcnbﬁ] = Buap + nmnﬁnfavbncﬁ]

A A

= /Baozﬁ - na'ynl[)ang]vbncv = /Baaﬁ- (33>
In the above computation, we used that Wh?\n ng = dsq, we evidently have that Vi,nyz = 0.
Observe from this calculation that [nq,ngl* = 254 - Further, it thus follows that

A
Vanpg = Hapg + npaBaas + Naabbas- (3.4)

3.2 Second order

Section 3.1 established that for a given parallelized Riemannian submanifold embedding, there
exists a unique family of defining maps related by s/, — s, = (9(53) such that

2
Gag = 0ap + F. . $m5ms. (3.5)

As in that section, our goal is to pare down this family by controlling F(?). From equation (3.2),
F® is uniquely determined in a collar neighborhood of A given the initial choice of F"). Qur
goal will be to adjust s, so that we may remove as much of F(® as possible.

Using the same reasoning as in Section 3.1, we have that F(?) € C®(M,H @2 @ om). So,
we attempt to fix the family of defining functions to cancel F(?) by applying the map

5 .= (2)
Sa 7 Sa 1= Sa t AGH 1oys 571 592575

which clearly preserves the structure of the Gram matrix condition (3.5) while possibly chang-
ing F(®). However, note that A®) ¢ C®(M,i® @ om). Because A®) and F® can live in
different representations of S, it is not always possible to construct A®) such that F®) — 0.
Nonetheless, one can always find A so that

(2) (2) 00
Foéﬁ7172 — F(aﬁ)(%m € C(M,H).
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From the above construction, for a given parallelization of NA, there always exists at least
one defining map such that

2
GO‘/B = 5015 + Fo(zﬂ)'yl'yz Sy15725

where F(?) € C°(M,d) is entirely determined by the parallelization of NA and the choice
of F(). We call defining maps that are in this infinite family associated defining maps. Along A,
F (2)| A is a first obstruction to producing a holonomic basis for the extension of the normal
bundle. In fact, F(Q)\ A can be computed in terms of tensors specified by the parallelization. We
now carry out this computation, and going forward we will work with the family of associated
defining maps to the parallelization.

Now, observe that

b A 5p(2)

PBH n3,ny, VaVpGag = 2Fa5ﬂ/172’

where PBH is the projector onto the B component of a rank-4 tensor in S*. In calculations that

will follow, it is useful to have explicit formulas for relevant projection operators. To that end,
we find that

1
By Fapys = 75 (Faps = Fypas = Fasys + Frsas + Fpars = Frags = Fasya + Frspa

+ Fopsy = Fspay = Fanop + Fsyap + Fasy — Fsapy — Fpysa + Foypa),

and

1
FynFapys = g (Fapys = Fopya + Fars — Fsays + Fypas — Fopary + Forgs — Fsypa
+ Fryas = Fovap + Fraps — Fsapy)-
We can now compute directly

Fond, ni’{z VaVingnes = By n,(gn?y)z [Q(Vna)?a(Vng)b)c + ZHEQ‘VaVan‘ﬁ)]
2

A c
= - 2Bca(716'yz)ﬁ - gR

Y1 (aB)v2-

Putting this together, we have that

2 A c 1
F( ) = _/Bca('yl R

afyiy2 72)8 3 (3.6)

Y1 (aB)yz-
It is important to note that F(®) is (as yet) dependent on the choice of extension of F(D|,.
However, what this computation verifies is that this choice of extension yields a unique obstruc-
tion F' (2)] A that depends only on the parallelization of NA and not on some choice of how the
parallelization or F(M)|, extends off A.

Thus, the obstruction in equation (3.6) is a true invariant of the parallelized Riemannian
submanifold embedding. As such, it may be of independent interest to study those structures
for which this obstruction vanishes. While there is indeed an obstruction, we may proceed
regardless.

3.3 Higher orders

We now seek to generalize the result of the previous subsection to all orders. As noted, at second
order F() |A is unique, despite the choice made of extension of F’ (M off A. We would like to show
that this phenomenon continues. This result is captured by the following theorem.
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Theorem 3.1. Let A%+ — (Md,g) be parallelized by {ny}. Then, in a collar neighborhood
of A, there exists formally a unique defining map determined by {ny} such that
F® 3)
Gap = 0ap + F, aBy1v2 51 572 + F, aBy1yays S71 572573 +o (3.7)

where each FW is canonically determined to all orders and lives in a generalized window tensor
representation of S*.

For clarity, a generalized window tensor representation of S* corresponds to a Young diagram
with a first row of length at least two, and second row of length two.

Proof. We first show that one may find a defining map that satisﬁes equation (3.7) via induc-
tion. To do so, we begin by fixing an arbitrary extension of F( ] A as described in Section 3.1.
Given such an extension, the base case is handled by the previous subsection, so that there exists
a defining map so that G = + (’)(32). Now, suppose that there exists a defining map such that

(m+1) s

F® (m)
Gap = dap + aﬂ%ws'ﬂ Syttt F 5 Syt Sy + APy SN S

aBy1ym

where for each 2 < i < m, F occupies a generalized window tensor representation. Now let

~ 1
Sa 7 Sa = Sa t+ A&n;j'_"’)‘fmns’h T Sy
Then
Gas =G 2 )AL e O(smt?
af — Yap + (m + ) (aB)y1-Ym+1 Sy Sym+1 + (S )

From the representation theory of the normal bundle, we find that A*1) may thus be chosen in
a collar neighborhood of A so that F(™t1) occupies the generalized window tensor representation.
This completes the induction, and thus given an arbitrary extension of F( | A off A, we have
uniquely determined a defining map s, that satisfies equation (3.7).

Next, we must show that this defining map is independent of the choice of F(). Let F()
and F(I' be distinct extensions of F() |o- Then we may produce unique defining maps s and s’
respectively associated to each of these choices as described above. Now because the differentials
of the defining maps necessarily agree on the submanifold, we must have that

/ —_—
Sq = Sa + MOC’Yl’YQS'Yl Sz
for some My, € C°M x (77 @ o). We may now compare the Gram matrices,

Gog = Gap + 2M(ag), 57, + O(s?).

A

However, observe that G’ of and G, must be the identity to second order, and so M(,g)y = 0.

So because Myg, = M[aﬁh,

A

A A
£ —Mpay = —Mpra = Myga = Maap = ~Mang = —Mag,.

Moy

Thus, we have that Mg, A 0.
So this means that

1
Sa = Sa T Mariy95 591542573

By the same considerations, we have that

Gap = Gap = AM(ag)y,m, 57 5y,
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However, at second order the left-hand side necessarily occupies a window tensor representation —
but M is symmetric in three indices, and thus cannot contribute to this tensor representation.
Therefore, it must vanish along A, and hence s’ — s = (’)(34). By a similar argument, we
may apply induction to find that s/, = s, to arbitrarily high order. Thus, the defining map is
independent of the choice of the extension of F()|. [

As the defining map constructed above is unique and fixed for a given parallelization, we call
any such defining maps canonical defining maps. Note the canonical defining map for a given
parallelization is also an associated defining map.

Remark 3.2. Note that for one-dimensional submanifolds, a geometrically-determined canon-
ical parallelization exists, i.e., the rotation minimizing frame. As such, all of the obstructions
produced above (while still generically non-vanishing) depend only on the embedding and not
on a choice of parallelization.

Remark 3.3. A related construction can be performed using Fermi normal coordinates — for
explicit details, see [25, 26]. Clearly, given a Fermi normal coordinatization, one can use our
construction to build a canonical defining map. However, because our construction necessarily
requires that the Gram matrix coefficients have certain symmetries, it is not clear that the curves
generated by these defining maps are geodesics. On the other hand, given a (canonical) defining
map, it is not clear how this determines a coordinate system in general.

When the submanifold embedding is particularly geometrically simple, we may do better. To
see this, we first need a technical lemma.

Lemma 3.4. Suppose AT — (M, g) has vanishing normal curvature, that (M, g) is flat, and
that there exists a defining map satisfying = 0 and Gog = dop+ O(s™) for some m > 2. Then

b A

ai ., 9%
Not -+ Nyt Vg, V., n2 =0

71 aj o
forany 1 <j<m-—1.

Proof. We prove by induction on j. For that, we first examine the case where j = 1. We
must show that n‘fyvang 2. However, because m > 2, equation (3.4) holds, and thus this
condition is equivalent to the condition that § = 0, which is satisfied by hypothesis. Note that
this entirely covers the case where m = 2, so going forward we assume that m > 3.

Now fix some 1 < j < m — 2, and suppose that the equation in the lemma holds for all
1 < /¢ < j. We wish to show that this implies that the equation holds for j + 1. We compute

ar %y L b A ar “( AR AV b
Moy Nyjp Var o VagaMa = = Ny - My (Va0 ) Vay - Vg Mg
ay % @j+1 - b
+ n')q n'Yj val n’Yj+1 az vaj+1na
A
A 4 a; a;
A par % . i+1 b
=Ny My Vay o Vag Tyl Vg N
A 4 a; a;
4 ar % . J+1y7b
=N, My; Va, Vajnwﬂv Najiia-

The inductive hypothesis is used repeatedly in the above computation when moving normal vec-
tors inside of covariant derivatives. Furthermore, note that we can always rearrange covariant
derivatives because (M,g) is flat. However, as a result of this, we know that the expression
must be symmetric in {’yl, . ,’yj+1}. Now we may swap the Greek indices in the expression
n3 1 VPna,. o at the expense of a Gram matrix — however, that Gram matrix is only differen-
tiated j + 1 times, which because j + 1 < m, vanishes along A by hypothesis. Thus, we have

S Ve Vagnl & St n§ Ve, - Vo gV

Ty aj+1"a m Naji1yjr
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Repeating this process of moving n’s out, rearranging covariant derivatives, and pushing differ-
ent n’s in, we arrive at

a L pditly L b A_ par, “lpditly L AVL
niy Ny Vay 0 Vg ng = —na) n,y] 1’ Vay  Va, Va, 1y Vingy, o,

which vanishes because it is symmetric in ;7,41 and hence can be replaced with j+1 derivatives
of the Gram matrix. [ |

We are now equipped to produce a unique unit defining map.

Corollary 3.5. Let A% F — (Md,g) have vanishing normal curvature and let (M,g) be flat.
Then there exists a unique unit defining map (up to constant rotations).

Proof. Observe from Lemma 2.3 that we may choose a parallelization such that § = 0, as
the submanifold embedding has vanishing normal curvature. This parallelization is unique up
to constant rotations. Given this parallelization, we may use Theorem 3.1 to determine the
canonical defining map for this parallelization. Then it suffices to show that each obstruction F@
vanishes for this parallelization. Evidently, F(?)|, vanishes because § = 0 and (M, g) is flat. We
would like to show that each subsequent obstruction vanishes along A. To do so, we will induct
on 1.

Suppose that i > 2 and that Gag = 6ap + O(sT1). Then, from Theorem 3.1, FF1) occupies
a generalized window tensor representation of S*, and thus it can be computed by projecting
appropriately the expression ﬁ(% AV -V, Gap. By Lemma 3.4 and the flatness

Yit+1) @i+l
condition on (M, g), the only term that may appear in FU+1) is of the form

~a1 ...~al+1 DY
AR OV V Va1 VbSg-

But as this expression is symmetric in Latin indices, it is necessarily symmetric on all the
Greek indices except 5. Thus, the generalized window projection of this expression necessarily
vanishes, as this expression is symmetric in ¢ + 2 Greek indices. Thus, F (i+1)| A = 0, and hence
Gap = 0ag + O(s"?), completing the induction. [ |

Notably, the unique unit defining map is that which produces a parallelization with vanish-
ing 8 and is as described in Theorem 3.1.

4 Conformal geometry

We now take a detour to explain the conformal calculus that will be used in the following sections.
Much of what is summarized here can be found in more detail in any of [3, 6, 7, 17, 19].

Consider a conformal manifold (M d c) with d > 3. We may view this conformal manifold
as a smooth ray subbundle @ C ®?T*M coordinatized by (p,tQQ) forp € M, t > 0, and
g € c a metric on M. Indeed, this ray subbundle is a principal R} bundle and hence, for each
w € R, induces a natural associated line bundle, called a density bundle of weight w, associated
to Q via the irreducible representation Ry > ¢ — t=* € End(R). Such a density bundle is
denoted EM[w]. Sections of this bundle can then be viewed as functions ¢ on Q with the
property that

e(p, 2%g) = Q¢ (p, 9).

We call such a function a (conformal) density. For practical purposes, it is often more convenient
to view a density as a double equivalence class of functions, ¢ = [g; f] = [QQQ; Qv f}, where f
is some function in C*°M. Note that we can tensor a density bundle of weight w with any
bundle VM over M to obtain a weighted bundle denoted by VM [w].
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Of particular importance is the so-called conformal metric g which is the tautological section
of ®2T*M|2] given by g = [g; g]. In the conformal setting, the conformal metric can be used for
raising and lowering indices on tensor-valued densities.

A feature of conformal geometry is that, on the tangent bundle T'M, there is no connection
that respects the conformal structure. Indeed, even on densities, the naive exterior derivative
only respects the conformal structure on weight-0 densities. On the other hand, for any g € c,
there exists a true scale 0 < 7 € I'(EM[1]) which is a weight 1 positive density that determines g
via g = g/72. Then, for any true scale 7, we can define a connection on weight-w densities via
VT = 1% odor™™. A straightforward calculation shows that for any two true scales 7 and
7/ = Qr and any ¢ € T'(EM|[w]), we have that

(V" = V7)o = —wYe,

where T := dlog 2. Nonetheless, this family of connections is insufficient for generating invari-
ants of a conformal structure, so instead we turn to tractors. The standard tractor bundle over
(M, c) is a rank d + 2 vector bundle 7 M, which for any choice of metric g € ¢ is canonically
isomorphic to

TM £ eM1] @ TM[-1) @ EM[-1].

We call this isomorphism a choice of splitting. In a choice of splitting, we may thus decompose
a section of the standard tractor bundle T' € T'(7 M) according to

T4 L (7t 7%, 77).
Any choice of splitting can be related to another according to

T4 L <T+, T+ Yot 77— Y — ;TQTGT"‘),

where T¢ := g®Y,. Observe that 7+ is independent of choice of splitting and hence is confor-
mally invariant.

Note that for any T,U € I'(T M), there exists an inner product that is independent of the
choice of splitting given by (in a choice of splitting)

TU £ gur'p’ + 7t + 7 put,

where U4 £ (,u"‘, ue, ,u_). Indeed, this inner product defines the tractor metric h € T(@QT*M)
expressible in a choice of splitting as

0 0 1
hagZ (0 g, O
1 0 0

Furthermore, this tractor metric provides an isomorphism between the standard tractor bundle
and its dual

TME M) o T*M[1] @ EM[-1].

The standard tractor bundle also appears in the construction of other useful bundles. By ten-
soring the standard tractor bundle with the weight-1 density bundle, we obtain 7 M[1], which
has a canonically defined section called the canonical tractor, given in any choice of splitting by
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XA £(0,0,1) e T(TM[1]). More generally, we shall use the terminology tractor bundle to refer
to any tensor product of copies of the standard tractor bundle and density bundles.
Notably, there exists a well-defined and canonical standard tractor connection on T M,

VT I(TM) = T(T*M @ TM)

Vort — 1,
T8 VITE L | Vorb + ghr™ + (P9)br™
Vo~ — Pngb

It is this connection that ensures that the 1-form-valued tractor above is independent of the
choice of splitting (and hence is a section of a tractor bundle). Note that this connection can be
extended to tractor bundle. However, this connection does not map to 7*M x T M. Instead,
we can use the tractor connection to build a tractor-valued operator known as the Thomas-D
operator, given in a choice of splitting by

Dy: T(T*M[w])) - T(T"M @ T*M[w — 1)),
(d+ 2w — 2)wT®
T® — DAT® £ [ (d+ 2w —2)VIT® |,
—(AT +wJ9)T?®

where A7 = gabVaTVZ is the tractor Laplacian. From the Thomas-D operator, we can define
another useful operator on 7®M[w] — the hatted Thomas-D operator

- 1

Dpy=———D
AT dfow—2""

which is well defined so long as w # 1 — %. While the Thomas-D operator is not a derivation,
it has the useful feature that D4 o D4 = 0. Furthermore, its failure to be a derivation is well
controlled and given by the following formula [22]:

¢
DTy Ty) = T+ (DATY) - T,
i=1

d+23 7 wi— 2,55

where for each 1 <i < ¢, T; € T'(T®*M|w;]), and the weight constraints d+2 Zle w; —2 # 0 and
{wi #1-— %}le are satisfied. While it is clear that this operator is not a covariant derivative, it
often plays the role of one. Indeed, the commutator of two hatted Thomas-D operators produces
a curvature-like tractor called the W-tractor, according to

[Da, Dp|TP = Wap? pT* X(aWpicPgDYTE,

+ -

d+2w—4
where such a commutator is defined. The W-tractor has Riemann-like symmetries, is trace-free,
and satisfies

XA Wapep = 0= D Wapep.

This tractor is composed of the Weyl tensor, the Cotton tensor, and a generalized notion of the
Bach tensor. See [5, 18] for more details. Note that we will use the same letter for both the
W-tractor and the Weyl tensor, but it will be clear from context (i.e., which indices are being
used) which object is appearing in a given formula.
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Because all of the aforementioned tractor objects respect the conformal structure of (M, c),
any combination of these tractors and tractor-valued operators can be used to produce a con-
formally invariant quantity. It is this feature that makes the tractor calculus analogous to the
Ricci calculus of Riemannian geometry, and we will utilize this advantage heavily in the sections
that follow.

5 Orthonormal frames for normal bundles
of conformal submanifold embeddings

We now turn to the case of conformal submanifold embedings A% — (M d c). As the tangent
bundle decomposition for a Riemannian submanifold embedding in equation (2.1) only depends
on the orthogonality of vectors rather than their lengths, a conformal structure admits an
identical decomposition. Furthermore, given any representative g € ¢ and an orthonormal
frame {(n9)2} with respect to g of NA, we can promote such an orthonormal frame to an
orthonormal frame-valued density (OFVD) {n%} := {[g; (n9)%]} with weight —1. Then it follows
that g(na,ng) = dap.

Interestingly, normal fundamental forms are conformally-invariant. Indeed, given an OFVD
and a metric representative g € ¢, by direct computation of the conformal transformation of
the Levi-Civita connection and the orthonormal frame-valued density, it follows that (.. €
[(T*X[0] x H). So, the normal curvature is also invariant. Thus all of the results of Section 2
directly generalize to the equivalent conformal structures without additional consideration. Un-
fortunately, the results of Section 3 do not generalize directly in the conformal setting. Instead,
additional obstructions and other troublesome features arise.

Remark 5.1. The conformal invariance of the normal fundamental form may seem to contradict
the observation that, for a curve A' < R3, the normal fundamental form of the Frenet frame
picks out the torsion. However, this observation is naive. The normal fundamental form is
conformally invariant when the orthonormal frame vectors are density valued. However, rescaling
of the metric generically changes the plane of osculation for a given curve and hence rotates
the Frenet frame. Thus the failure of a spacecurve’s torsion to be conformally-invariant is
a consequence of the changing orientation of the Frenet frame.

6 Defining densities for parallelized conformal
submanifold embeddings

As in the Riemannian setting, we would like to better study the conformal submanifold em-
bedding A%F — (M d c) by studying the jets of geometrically-determined defining densities —
densities of weight 1 that, in any metric representative, are represented by a defining map for A.
To do so, we will attempt to construct the conformal analog of associated defining maps. We be-
gin by picking any g € ¢ and constructing the canonical defining map s for the provided OFVD
in that metric representative. We can then promote this associated defining map to a defining
density o, of weight 1. (Note that we are abusing language by calling an element of I'(EM[1] x0)
a defining density.) Had we picked another metric conformally related to the first, the difference
between the two densities would be at least second order in a defining density. For that reason,
the initial choice of arbitrary metric to begin the construction is irrelevant for what follows (as
we will change higher order terms anyway). That is, for a given OFVD, modulo terms of second
order in a defining density, there exists a unique defining density o, = [g; sg] € I'(EM]1]) such
that dog 2 g(ng,-). (Note that do, can be defined given a choice of scale and depends on this
choice. However, it is easy to see that its restriction to A is independent of this choice, and
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hence can be regarded as a section of T*M[1]|x.) Our goal will be to maximally improve this
density so that we can extract invariants of the parallelized conformal submanifold embedding.

In general, the Gram matrix of a defining map is not conformally invariant away from A.
Even in the codimension 1 case, for two metric representatives g, 2%g € ¢, we find that

2,12
A9 ga, = 1A(Qs9) [, = [ + 5Ta)[Gz, = [nd + 57T a2 # |ds? 2.

From this computation, we have shown explicitly that G # (Y9 except on the submanifold A.
Going forward, we will be dropping the superscripts denoting metric representatives when the
context is clear.

The natural analog of the (Riemannian) Gram matrix for a defining map to the conformal
case is the conformal Gram matriz of a defining density. Given a defining density for a subman-
ifold o, we can build a family of scale tractors,

~ k
{N(;4 = DAJa}azr
The conformal Gram matrix is defined according to
Gop = hapNiNJ.

The conformal Gram matrix is conformally invariant by construction. Furthermore, upon re-
striction to the submanifold A, in any representative g € ¢ the conformal Gram matrix agrees
with the Riemannian Gram matrix of the representative of o, given by [g; sq]. Indeed, for g € ¢
any metric representative and o, = [g; 5] a defining density for A% < (M, ¢), the components
of G,p are given by

2
Gagp = [9:Gapl = 195 (V*5a)(Vasp) = —s(a(A7 + J%)sp) |

Note that we are overloading notation: going forward we use G,z to refer to a representative
of the conformal Gram matrix, rather than the Riemannian Gram matrix. However note that
every representative is the same, as the conformal Gram matrix has weight 0 — we merely mean
that we refer not to the double equivalence class [g; Gog] but just Gag.

In the Riemannian setting, we found that, for a given parallelization of NA, a unique family
of canonical defining maps could be obtained to arbitrary order. Further, when the background
was flat and the normal curvature vanished, we found that this family consists entirely of unit
defining maps. We proceed now with a similar program in the conformal setting.

6.1 First order

Given an initial choice of defining density built from an associated defining map for A —
(M, c), it is easy to see that any representative of the conformal Gram matrix agrees with the
Riemannian Gram matrix for the same associated defining map along A. It follows then that
_ (1)
Go3 = 0ap + FOéﬁWUV
for some F(1) € T(EM[—1] x (7 @ ==)), similar to the Riemannian setting. As in that setting, we
will pick some FD) that extends F) |, with the goal of showing that this choice is immaterial.
Note, however, both the trace and trace-free parts of these representations will play a role in
what follows.
We will now improve ¢ at second order to cancel F(1) along A. Let

5= (1)
Oa = Oa + Aa’yl’yz 0~1072,
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where AN € T(EM[-1] x (@ @ ==)). Going forward, we will implicitly work in a fixed scale
g € c. To begin, we compute

_ 1
N = N + 214;(21%)7%1 Syy + 0(32)’

Adq = Asq + 245+ O(s).

Thus, we have that

2
Ga/j = ﬁgﬁag — *§(Q(Ag + Jg)gﬁ)

d
_ e a (1) 2 440
= Ngnag +4n5 oA g )52 — gs(a(Ag + J9)sg) — gs(oéAﬁ)Aw +0(s?)
_ (1) 440 2
=Gap+ 4A(a5)757 - gs("‘Aﬁ)w + O(s )

_ (1) (1) 4 (1) 9
=00 + (Faﬁw + 4A(a5)w 3 W(aAﬁ)w> Sw+ O(s%).

Indeed, we see that a trace of A1) appears here. Thus we must be careful to check that all
irreducible components of F!) can be cancelled. In this case, we have that

FO = H o0 @ (0. e0),

and similarly for A(). Note that the trace-free parts of F(!) can be cancelled for the same reason
they can be cancelled in the Riemannian case. To force the traceful parts to vanish, we demand
that

0=FD 1440 _ 240 ng

aow aow d woao
0= F{l, +240, +240), - 240, - 2 A,
2(d—k—1)
= FB, + 240, + 2570,

The determinant of this linear system (With Aé}gw and AE}O)M as variables) is 8(d — k)/d, and
thus for all k # d, we can solve for the traces of A() such that they cancel the traces of F(1),
We have thus shown the intermediate proposition:

Proposition 6.1. Let A% F — (Md,c) be a conformal submanifold embedding with a paral-
lelization given in a choice of metric representative by {ny}. Then there exists a defining map
0o € T(EM[1] x ©) unique up to order o such that doa|n = [g;naa] and its conformal Gram
matriz satisfies

Gaﬁ = 5045 + 0(02).

Given such a defining map that satisfies Gog = 045+0O (02), it will be useful to evaluate N, &4\ A-
Doing so requires the evaluation of V-n,|a in a choice of metric representative. First, note that,
unlike in the Riemannian case, we have that

2
ngNes = 0o + ES(QASﬁ) + (9(82).

Hence, following (with a slight modification) the computation leading to equation (3.3), we find
that

A 1
ngvanbg = Baap + Enmv-n,g.
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Consequently, we have that

A 1
Vanpg = Uaps + npaBaas + NaaBbas + 8naanbav'nﬁ-
It thus follows that
V'?’LB é dHﬁ,

where Hg = ﬁﬂgﬁ is the mean curvature, and so

We may also compute the tractor equivalent of the bulk formula for the normal fundamental
form, given by

Bl := Njo-DNjj € T(TM[-1] x 7).
By direct computation, this tractor has the property that
XaBis = DaBi; = 0.

This tractor necessarily takes the form

0 0
b a 1_a A, a

ijﬁ z n[avbnm — En[av-nﬁ] +0(s) | & i
* *

Finally, it is useful to express the projecting part of the tractor equivalent of V,ny,

PABa::bANBa
0 0 0 N 0 0 0

= |0 Vanea + saPab + gabPa 0 f[aba + Qn(aﬂﬁb)ﬁa *1,
0 * * 0 * *

*
Il

where p, 1= —é(Asa—l—Jsa) and I, := II,, — gH, € F(@%T*A[l]) is the trace-free component of
the second fundamental form. With this tractor in hand, we define a scalar-valued density called
the submanifold rigidity density K.g := PABQP[;B which is ubiquitous. A short calculation
shows that

A o
KQ/B = Hiﬁ - QBb’y(aBg)»y'
We now proceed to higher orders.

6.2 Second order

As in the Riemannian case, we now proceed to adjust o, at third order to eliminate as much
from the second order term G,g as possible. Pulling from the Riemannian case, we expect to
fail here as well. Suppose that o, has

2
Gaﬁ = 6a6 + Fo(cﬁ)'yyyg O~ 02+
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As a reminder, F(® may depend on the initial choice made of F(!). Now, we can decompose F'(2)
into irreducible representations so that

FO e e HY, o oo, @ 300, @ H & 2.

On the other hand, we can define 6, = o, + Ag%w%ow 0-,0+5. Then we can decompose A(?)

in a similar fashion, yielding
AV eHH o, & 2, @ H e 1.

So naively one might predict there will be obstructions of the form
FO e o M, @ 1.

To check this naive understanding, we will explicitly compute for the last time in this case. As
before, we have that

_ 2
Mg = N + ‘3141&()%72%)571 oMy + (9(53)7

A5, = Asy + GA%)MSM + (9(82).

Plugging these into the formula for Gz, we have

~ 2
Gaﬁ = ﬁgﬁag — gg(a(Ag + Jg)gﬁ)
a 2 2 12 2
= NgMag = 28(a(A7 + J%)sg) + <6A§a),8>mw2 - dém(aAg))sz) Swn Swr
_ 2) ) 12 (2)
= 501/3 + (Fa6w1w2 + 6A(a5)wlw2 — ddwl(O‘AB)'Y’YDJ2) Swi Swa -

Note that there is implicit symmetrization over w; and wy in these displays. Just as in the
Riemannian case, it is straightforward to see that the F9, and o, components of F(?) can be
cancelled directly, and it is impossible to cancel the @, component of F®) | We now consider the
remaining components of F2). If the trace-free parts of this coefficient are to vanish, we must
demand that

0= Fp(izww&)o +6 S?)(wwz)o - %Ag)lwz)opp’

0= F((jzwz)opp G(dd_Q) Ei)lwz)opp’

0= F,O((Qilw)op - 3A£2p)(w1w2)o :M_dk_z)AEi)lw)opp’
0= Fﬁgalw]p 3(d_dk_2) fi)lwﬂpp’

0=Fg,+ X2

0= F/g)w + (M_;J_I)Ag)w‘

To more easily visualize this system of equations, we denote x; = A , To = AP )
(2) 2) : o . pp(wiwa)o (w1w2)opp
T3 = A[wlm]pp, and x4 = Ay5pp. Then the matrix describing the linear system of equations is
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given by
6 -1 0 0
0 82 0 0
3 Sld—k-2) 0 0
0 0 3(d—k-2) 0
0 0 0 8(d2)
0 0 0 Sld—k—1)

This matrix has rank at most 4. Furthermore, when k£ = d — 2, this matrix has rank 3. (Note
that the rank also drops when k = 1, but all components of F® collapse to a single function,
which is uniquely determined by fixing the single function A(z).) So as expected, we can remove
at most 4 traced degrees of freedom from F® using A?), except when k = d — 2, in which case
we can only remove 3 degrees of freedom. Indeed, for k # d — 2, we have an obstruction given by

F(2) :HE‘O @ D:‘o @ 1
When k = d — 2, we instead have an obstruction of the form

FO =M & 1, & A oL

For the sake of uniformity, when k # d—2, we will choose to eliminate as much of the components
of F? in go and o as possible. Certainly, as in the Riemannian case, we can easily remove the
trace-free parts of these components, so we examine the traces.

First, observe that

5aﬁ5’y§F(2) — 1 (F(Q)

(2)
(aBv9) 3 aaff + 2Fa,8,8a) .

So we demand that

6(3d —4-2k) o) _,

2) 2) _
Foaps T 2Fagpa + d aoBp =

This has solutions so long as (d, k) # (2,1), and thus we can always remove the full trace of
F ((0622975) in that setting. In fact, when (d,k) = (2,1), we may directly compute this full trace
term (which is in fact the only possibly obstruction, as k = 1) and see that it vanishes. However,
as A is not determined by the total trace of F?), we may not proceed there.

Next we consider the trace-free symmetric part of the trace of the totally-symmetric compo-

nent. By the same considerations as before, this component is given by

1
6 (Frem + 4P ap)oy + Flag)on)-

Thus, we demand that

(2) 6(3d — 2k —8) (2) _
F’Y’Y(aﬁ)o + 4F’Y(045)0’Y + F(aﬁ)O’Y’Y + 18Ay'y(aﬁ)o + f (aB)ovy — 0. (61)
To fully determine both of the components of A) above, we can also demand that the trace-free
symmetric part of the trace of the 59 component of F?) vanishes. This component of F(2) can
be expressed as

) (2)
6 (F(aﬁ)ow N Fw(aﬁ)o)'
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So, we must have that

O @ @

(2) _
(aB)ory ¥y(aB)o Yy(aB)o + 6A( =0. (6.2)

afB)oyy
Combining equations (6.1) and (6.2), we find that the determinant of the system is 2 (3d—k—4),
which never vanishes for 1 < k < d—1. Thus, we can completely remove the trace-free symmetric
pieces of both go and oo

Finally, we wish to remove the antisymmetric part of the trace of the #° component of F(2),
which is given by F So long as k # d — 2, this piece can be removed as well. This accounts
for all of the degrees of] freedom in A, and thus we are left with a completely undetermined (5
component of F®)| precisely as in the Riemannian setting.

Having fixed A®®) and in so doing, forced F®) € T(EM[-2] x &), it is now instructive to
compute this obstruction. We begin by noting that

Gap = bap + (B FL )07, 05, (6.3)

Furthermore, we have that

+oF® _op@ _ op()

(2) (2)
P F, 3(2F Y208 7 (aB)r2 (aﬁ)“ﬂ)

aByive aByive

Now consider the following projection:

An By 1
Py NANEDADBGag

Using equation (6.3) and simplifying, we find that

L2 FO L P p@) _p@)

A (2)
FgN. N DADBG B8 = 2F 9(d — 2)5a5( PY1Y2P PY271P Y1Y20p PPY1Y2

H ' afyivz
2

T m%m (F, fEa)ﬁp tF (,B)ap E o(zﬁ)pp E p(pzvﬁ)

+ 9(dl_2)5710‘ (Fv(z)ﬁpp T F(p')yzﬁ ngviﬁp Fp(gzyzp)
s+ Fs iy~ F)

+ 9((11—2)571ﬂ (Fﬂgzr)xpp + Fp(p')yza - Fp(wgap Fp(oz)vzp)

+ oy il Fifhaa = oy = ) (60)

We may also compute the same projection using the fact that G5 = N, - Ng. This compu-
tation is somewhat involved, but results in

A~ A 2
PB}NﬁNWB;DADBGaﬁ_ 26@710466 Wvl(aﬁ)w

2 o "
+ m [5’7172 (_Hiﬁ + 2Baapﬁp/3) + 5a5(— 1o + ZBa’Ylpﬁp'yg)

+ 671(0‘(f[%’)72 255 /8‘1972) + 672(04(]12 25& Bap’h)] (6.5)

Now, as traces are combined in non- trivial ways with the above expressions, it is fruitful to
compute the irreducible components of F'(2 ] A independently. To do so, first observe that

T2 @ = 6205 B FLY)

(2) (2)
s = 3 2(E® _F

aaff aﬁﬁa)
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Evaluating this trace combination on equation (6.4), we have that

A(3d — 2k — 4)

(2) (2) 2(3d — 2k — 4)
od_2)  Foass T

A arB =
TriNANEDsDpGos = aaBp aﬁﬁa)_w

2 2
NG Tr2 F®.

But we can also take the double trace of equation (6.5). Doing so yields

Ak —1) . 2(3d — 4k — 2) 2
Tr2 NANBDsDpGap 2 -2 =12 + 20— 2 2 F W50
g N Nya DaD5Gag 3@ —2) ot~ =gy Peslas — 3Wass
Thus, we have that
2k —1) -y  3d— 4k —2 d—2
T2F(2)é_ H2 S @ - — .
"m 3d — 2k — 4 Moo T 35 o) =g Paeslas = 355 Wassa

In general, this obstruction Tr? F©) depends in a non-trivial way on the parallelization of NA
through the appearance of 3, however for special choices of (d, k), we find that this obstruction
is a true submanifold invariant that does not depend on the choice of orthonormal frame. This
follows because I, and n, both occupy tensor representations of O(k), unlike 5. This occurs
when 3d — 4k — 2 = 0, i.e., for any integer n € N, then TY;HF(Z) is a true invariant so long as
(d,k) = (4n+2,3n + 1).

We next consider the tracefree part of the trace of F(?). As above, it is useful to compute
which component this is in terms of F® prior to projection. There we have that

(2) 1.0 1.0 2.0
[(t- £ 0T FP] 5 = 3F (@B)opp T 55 ppla)e 3F p(aB)op’
where t.f. is a projection operator to the trace-free part of a tensor. Taking this trace of
equations (6.4) and (6.5), we find that

A k=2 ., 3d — 2k — 2

@ A__ k=2 _Bd-2%k-2 o g
(b8 oTrg) P2 o5 = =550 5 =2y Waore ~ 330 = k= 2 et s

d—2
S S S 7 74
3(3d —k —4) o
Unlike the double trace obstruction, there are no pairs (d, k) such that this is a true extrinsic

submanifold invariant. The final component of F(?)| the trace-free part, can be read off from
equations (6.4) and (6.5).

Now, giv(egl that F2) occupies the Wl(ngiow tens(o)r representation, we have that F(Qﬁ)7 5= Fv(gl)) 5
2
and that F(aﬁy) = 0. It follows that Faﬁ% + 2F’y(aﬁ) =0, and so
2 (2 2 2 F®
T?“BHF( ) = 3me and  [(t.f. 0T ) F( >]a6 S Foplas)e’

We now summarize all of these results in the following theorem.

Theorem 6.2. Let A“F — (Md,c) be a parallelized submanifold embedding with k # d — 2.
Then there exists a family of defining densities oo for A that agree modulo terms of order o*
such that

F®
Gap = Oap + Fogy 3,00 07
where F?) € C®°M x @, and

@ A, 1
t. 1. FO!B’YWz - < ’B‘Wl O‘B/D’ W (065)’Yz>
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k-2 . 3d — 2k — 2 d—2
@ A 2 . o o4z k=2 a 972
p(eBle — T 2(3d —k—4) (@Pe  2(3d — k — 4) Bap(@Ps)ep 2(3d — k —4) PleP)er
and
6(k—1) - 3(3d — 4k — 2) 3(d — 2)
pO A E T 2 T T g a8 — = Wagsa.
008~ 37 ok _ 4 aa T 37 op — 1 PeasPas — 35 o4 Wess

We call these defining densities associated defining densities for AT=F — (M d g).
We now consider the case where k = d — 2. As observed above, we may not set Fv([Qo)th to
zero, and hence this term obstructs setting the Gram matrix to the identity. Indeed, we can

compute this obstruction and find that

é vaﬁaaﬁ .

As noted in Section 2.3, when A is closed and NA admits a parallelization, there exists such
a parallelization such that this obstruction vanishes. Further, this is only conformally invariant
for K = d — 2: the divergence of a weight-0 1-form is only conformally invariant on surfaces.
Regardless, we find that o, cannot be uniquely fixed to third order, as there is no constraint
equation controlling A(i)ﬁ . To that end, when &k = d — 2, we define an equivalence class of
defining densities, given by the following relation:

(2)
Fv[aﬁh

[0a] ~ [0a + Ajay)00,0)]

for any Ay, € I'(EM[-2] xB).

Note that despite the trouble that this sporadic obstruction provides, the remainder of the
obstruction still occupies a window tensor representation and the projections to its components
are unchanged from the k # d — 2 case.

Remark 6.3. As in Remark 3.2, because the orthonormal frame used to parallelize the normal
bundle is geometrically determined for curves embedded in a conformal manifold, the obstruc-
tions at second order produced above are true submanifold invariants. The Bishop frame used
here is of course different from the frame constructed in Fialkow’s classical work [12] on conformal
curves, and would give rise to a different (but related) family of obstructions.

6.3 Third order

While there is an obstruction at second order, we can still ask which components at third order
can be removed by a judicious choice of o,. As the case where k = d — 2 is qualitatively different
from that of k # d — 2, we consider these situations separately, beginning with the case where
k # d — 2. We will follow the method applied in the Riemannian case. To that end, our goal
will be to show that there exists such a defining density and then establish that this defining
density is independent (to sufficiently higher order) on the initial choice of F(1).

We can now proceed to extend o, as in the Riemannian setting,

- 3)
Oa F 0o 1= 0o + Agy 107574071 T12 07305

so that the Gram matrix takes the form

2
Gaﬁ = 5a5 —+ FO(éﬁ)’Yl’}/QO-’le-’YQ

+|FC)

(3) 24 (3)
aByiv27y3 +84 B 0 AB)“N’D’)’S 041072073~ (66)

(@B)mvays ~ g mle

Now we could, in principle, perform the same representation theory analysis as in the second
order case. Surely, we may force the trace-free part of F(®) to occupy a generalized window
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symmetry, as that calculation amounts to a rehashing of the Riemannian case. However, com-
putations involving the representation theory of the remaining components quickly get out of
hand. Instead, we are only interested when there are obstructions, special or otherwise. Be-
cause F3) has five Greek indices, there are no total trace terms, so the terms we will examine
are terms that have one Greek index, i.e., are the result of a double trace.

First, observe that when k£ = 1, there is only one maximal trace term, F1(11)L117 and only one
term that contributes to the correction, A§1)111 As we are considering the case where k # d — 2,
this means that d # 3. So in this setting, it is easy to see that we may remove Fl(lill in its
entirety.

When k # 1, it is useful to consider the three distinct traces we may obtain at third order
that can appear in equation (6.6). Tracing, we obtain

- 8 8(d —2)
3 _ 3 3
r v(wzom r v(wzom o gAr(x“zvpp d Agw)ppa’
- 8(d—k—2)
3 _ (3 3
E v(p)moc =L v(p)moc + #Agw)ppa’
(3 3 Ad—k—=3) 4d—2) 3
F c(w)vpp F c(w)vpp d Agw?vpp d A(w)ppa

The vanishing of these expressions clearly leads to an overdetermined system, so we must
choose at least one trace that is unresolved by even the most judicious choice of A®). In this
case, we choose Fv(pzrfa to always be unfixed for reasons that will become clear later. In general,
we can solve the remaining system. Suppose we let o, — 7, such that F’)(”‘/LPOC vanishes (this is
always possible) — we do this by performing an arbitrary total-trace transformation of o, and
then fixing AS%W to depend on Fv(i))/i)pa and an arbitrary choice of A%)ppa such that

P 80 =0

Under the same modification of o, we have that

d—k—3 4(d—2)(d—k —2)
3 3 _ (3 3 3
E o(w)wp = I c(w)”/pp E c(w)wp 2 E v(v)ppa d Agw)ppa

Thus, for k # d — 2, we can fix A(%)ppa so that Fo(g)wp = 0. It is entirely expected, however,
that we would not be able to remove all of the maximal traces — we expect that at least an
entire generalized window’s worth of obstructions will appear at third order, and that includes
precisely one maximal trace term.

We now examine whether the construction provided so far is independent of the choice of F(!)
by mimicking the argument in Section 3.3. To do so, suppose that we had chosen two distinct
extensions of F( ]A, call them F) and FU'. When k # d — 2, these choices lead to two
(naively) distinct defining densities o, and o/, that are determined modulo terms of fourth
order. However, as their differentials must agree in any choice of metric representative along A,
we must have that they differ at second order,

ol =04+ Mo(c“r)rm Oy Oy
Notice that this procedure is just like modifying o, so that we may cancel F(). The only
distinction here is that F() is already established as vanishing, so we need only ensure that
this uniquely fixes M (1)] A = 0. Indeed, so long as k # d, this is the case, by considerations in
Section 6.1.

Similarly, the same style of argument applies to check that o, and o/, agree to third order.
Again, we find that so long as k # d — 2, o, is independent of the choice of F(V) modulo terms
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of order o — the only pieces of F(?) that may be affected by a change in o at third order are
precisely those terms that we forced to vanish in F(?). Hence, we must have that M (2)| A =0.

While we do not proceed with the irreducible representation at third order (as the calcu-
lations get very messy but remain uninteresting), it is still clear that such a decomposition is
possible. Thus, one may choose A®) to eliminate all but a preferred set of components of F'®).
As described above, one preferred component (when k # d — 2) might be Fﬁgi)p,ya. Regardless of
the choices made, so long as o, and ¢/, are constructed so that F(®) and F (3)" have the same
vanishing components, M®) is necessarily fixed to zero. This implies that the non-vanishing
components of F (3)| A are independent of the choice of (M) and o, is fixed modulo terms of
order o°.

We now turn our attention to the case where k = d—2. Rather than dealing with a unique o,
for a given choice of F(V), we instead deal with a unique equivalence class [0a]. We will attempt
to fix the behavior of our equivalence class at fourth order, according to

3
[0a] = [0—04 + Agv)wmsn 0410742073 074] :

To enable us to work concretely with this equivalence class, we will pick an arbitrary represen-
tative o, and then parametrize the equivalence class by the arbitrary set of functions A. That
is, we consider

- 3
O = 0q + Alay)010,0, + Agw)wﬂm Oy Oy Oy Oy
where A is treated as a free (function-valued) set of parameters. Then we have that

3) 24 3)
af)mrers 36’71 (O‘A

~ o ( A
Gop = Gop + <8A( 0 s+ 207035 Nia- DA,

8 ~ 4 .
+ &NVS'Dsz(a(Sﬁ)w + de'DAp(a‘sﬂ)715v273>‘771‘7%‘773'

We wish to examine the maximal trace terms again. These take the form

8(d—2) 2(d + 2)

3 3 5
F “Ev)ppa o gA&“pr TAgw)ppa o TN v DAay,
3
F ﬂgp,)ow’
4 4(d —2) d+2 A
3 3 3
F. csv)vpp - gA&%pp d Agw)ppa — 5 Ny DAay.

Evidently, there is no choice of A®) that can eliminate F(f,zwa, regardless of the representa-
tive that was chosen. Furthermore, so long as Fﬁ)ppa # 2F 55y pp, this system is inconsistent, and
hence we may only choose to set one of these two maximal trace terms to zero. For consistency
with the case where k # d — 2, we can always fix A®) so that Fﬁ)ppa — F's'?;ppa = 0 — this choice
is made so that we may compute a Willmore-like obstruction explicitly, as will be shown in the
next section. In that case, we have that

(3 _ 3
r csv)vpp r csv)vpp o §F ﬂsv)ppa

Importantly, F, ,%)wp is independent of the choice of representative. Furthermore (as in the
argument for the case where k # d — 2), for different choices of extensions of F(), if both [o4]
and [o],] are constructed so that Fﬁ)ppa and Fﬁ)ppa vanish, then M®) cannot affect Fo(m)fypp\ A

It thus follows that this obstruction is independent of the choice of F(1) and thereby is a true
invariant of the parallelized submanifold embedding.
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Observe that this part of F®) is only an obstruction when k = d — 2. This observation is key
and suggests that this component of F®) is a special invariant of the system. Furthermore, the
uniqueness of this obstruction is fortuitous, as it is precisely this term that mimicks the obstruc-
tion density at order d that occurs when this same procedure is applied to hypersurfaces [22].
In fact, for d = 3 and k = 1, this is precisely the celebrated Willmore invariant, as we will see in
the following section. This suggests that for all A% < (M d c), we have that Fc(g)wp represents
a parallelized submanifold Willmore invariant.

7 A holographic submanifold Willmore invariant

As noted above, when d — k = 2, F®) has a special codimension-dependent obstruction that can
be forced into one of its maximal traces, namely Fo(é:?ylypp. In this section, we provide a holographic
formula for this obstruction and compute it explicitly.

Drawing inspiration from [22], we can construct an extrinsically-coupled conformal Laplacian
on A. Indeed, this conformal Laplacian exists on all tractor bundles with weight 2"'75_‘1. This is
captured by the following straightforward result.

Theorem 7.1. Let A% — (Md, c) be a conformal submanifold embedding with some conformal
defining map that satisfies Gog = dapg + 0(02). Then the operator

Py i= No-DN,-D: F(T‘I’M{MD’ - F(T‘PM{M]N
2 A 2 A

is tangential and has principal symbol —kAT, where AT = g“bVIVZ and V' is the tangential
tractor-coupled Levi-Civita connection.

Proof. Explicit computation in a choice of metric representative g € ¢ yields

No-DNoy-D 2 [V + (0 — 1)pal 0 [(d+ 2w — 2)(Va, + wpa) — (A +wl)]
d—Fk—2 d—Fk—2 d—k)(d—Fk—2
é—]{? AT+4 (vnapa)_ J - ( )( )HO‘HO‘ :
2 2 4
Evidently, this operator is tangential. |

Remark 7.2. Note that this operator P, is a submanifold generalization of the extrinsic con-
formal Laplacian described in [22].

We are now equipped to provide a holographic formula for Fo(ésv)ﬂfpp. From a straightforward
computation, one finds that

3

3 AnvA A A A A RA
Ny-DN,-DNg; = d— —X Fo(zvavwwz + ﬁX N, DKW — Ny-DB;,
A A (2 A
+ d— 2N’Y Kya N’YlFO(é’Y)2’Y2“/1 - ﬁNw 0(4"/)1’7272

Because we are interested in F(®)| it is sensible to only consider the projection of the above
display to the tractor bundle on A. As such, we have

A A~ A~
TRNGS = —3XAF® ., + XN, DK\ — (d—2)T(N,-DBZ,),

where T also refers to the projection to the submanifold tractor bundle, such that IV, ATX A
for any tractor T, ie., TTA := T4 — N AN,-T. From the principal symbol calculation of P,
and the fact that Fc(w)wlayw2 appears as a coefficient for X 4, we have that the leading structure
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of this maximal-trace obstruction is AH, — as expected for a Willmore invariant. So, we may
indeed use this obstruction to define a holographic Willmore invariant for a parallelized surface
embedded in d dimensions.

To explicitly compute this Willmore invariant requires more care. Indeed, if one were to
calculate naively, one would realize that this computation involves tractor expressions such as

N,-DF®
wyalw®

For a given choice of F(1), these terms are uniquely determined, as F(® is determined to all
orders by F) and AM) (which itself is fixed in terms of F(l)). Furthermore, as P, is a tangential
operator and Fc(gwp is a parallelized submanifold invariant, the dependence of such terms on
the choice of F() must either cancel with one another or themselves vanish. Thus, such terms
may simply be absorbed into F'®) by writing schematically

F® = Qo) 4 p@1)g

where
F@) .= @ _ g NAD,F®.

Then N,-DF(2) 2 0 and the terms involving F(31) are simply absorbed into F(3). While this

may seem like we are changing the obstruction density, this is equivalent to simply choosing

another F(1), as doing so simply reshuffles pieces of F(?) off A into F®). However, as Fayxpp|a i

independent of F(1), this choice may be made with no ill-effects. (Note that this is the beginning

of a solution to an extension problem which will be discussed in greater detail in Section 8.)

Thus, for the sake of the computation that follows, we may drop terms involving N,-DF®,
To explicitly compute Fc(g)'ypp, we must first handle TN,Y-D@B&“V.

2T(N,-DBZ,) L T[N,-D(N, DNA — N,-DNA)]
£ T(—(Ny-D)’NZ + [Ny-D, No-D]N2* + No- DN,-DN2)

B T(=(Ny D)’ NA + Woahy + 25,0 PP + Ny DNBWPAB)

2 7(—(Ny-D)’NL + Woo, + 2Bpya PP+ N, D(BA DAGW+ 1 XAKW»

1
—(Ny-D)’ N2 + Wy + 2B o PPA + N, D( DAGWer QXAKW>>

1>

N 1 A .
T(—(NV- D)’NA + Woo™, + 2Bpyo PPA + 5 Na- DDAG.,, + mXA N, DKW).

In the above computations, we have used the fact that D 4XB = hap. Also, WWA7 denotes the
W -tractor contracted suitably with the tractor N with the corresponding Greek indices. Now,
to complete this calculation, we examine the term TNa-lA)lA)AGW. To do so, we recall that we
may drop terms of the form N,-DF® along A. Thus, we have

A HA A A PHA
TNo-DDAG oy & TNo-DDAEL), | 05,08, + FC), 5 5.08,08,05,)

A . 2) 2 a4 (2) (2)
A TNa-D(20(51N52>FwﬁIBQ T=2X " (Cais s, + 206, Nay DF»wMJ)

N 6 A (3) 2
TN D <_dQX 981 G5253)F775152B3 + O(U )

A6 Jac)
__ﬂX Ga(8,Gp:85)Fy5, 8,8
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6 A3
_ﬂX Fv(v)app

1>

Ao,

In this computation, we used the fact that Ffs?y)app| A is the only maximal trace that we have
chosen to remove in general.

Combining the above two results with the formula for T(NA,-D)zNg?, we have thus obtained
a formula for the obstruction in terms of a tangential operator and lower-order terms,

A3 A 14 d—2_ 4 d—2 BA
X FC(Y’Y)WPP:T(_GPQNCV —TW’ya ’Y_TBB'YO‘P’Y

Loan 7 1L a ~
+ G XAN Do — 2 X NO,DKW>. (7.1)

To express the obstruction in terms of Riemannian quantities, we require a few more calculations.
Note that both PN A VTV NA and BBWPAJ/BA A gaVbTN:;‘ both contain V' N,, so we
compute

0
A, _
V;ll—]VBa =4 _V;—nba — JavHo . (72)
—V.H, — gabecng

Further computation of P,V is tedious but straightforward: a simple application of the projected
tractor connection suffices.

Furthermore, computation of the last two terms can also be performed explicitly by noting
that

- A
No-DKgy = (Vy, +2H,) [(Vanbﬁ)(van:) — dpgpy + 25(5P“bvanm)].
We may thus calculate
~ A b b
No-DKg, = Q(Van(ﬁ)V|a|vanb7) + QdH(BVMp,y) + 25a(5Pa Vanbv) +2H,Kp,
A b b b b
= 2(10¢5 + n3B05 + 1,855 + 1510 H ) Via) Vaniy) + 24H 5V o)y
+ 25a(ﬁpab (Mapr) + Ma|pBboly) + MlpBaply) + ”alpnble“/)) +2Ha Ky
A b b b b —ab
= 2(L{5 + np B+ nBys + (9" = %) Hp) Via| Variey) = 2H(gVo| (Asy) + T55))
+ 25&(,8Pab (Waty) + Ml pBopl) T MjpBaply) T MalpnivpHyy) +2HaK gy
A o frab b b
= 2(I5 + n5B(s + 1o Bs) o VeVarn
+200( P (Waty) + Na)pBrpl) + MojpBaply)) + 2Ha Ky
A o
= 208 EEV  Vany) + 20605805V Vinay) + 2n6n0 85, Ve Vamny,)
+200(5 P (Way) + 1a)pBrpl) + MojpBaply)) + 2Ha Ky
A o
= 208 175 (Vy Venyy) + Reavan)) + 2n5n5 85 5(V) Venay) + Repaans))
+ 2ngn2,ﬁg(a (vjz—vcnb“/) + Rcabdng)) + 25a(ﬂpab(ﬁabv) + ”a\pﬁbplv) + nblﬂﬁaph))
+2H,Kg,. (7.3)
Further evaluating both equations (7.2) and (7.3) requires a few non-standard submanifold
identities. Tracing the Gauss equation (2.4) by applying § = g — nq ® n, to both sides yields
the Fialkow—Gauss equation, namely

_ o 1_
(d —k— 2)(PC:|;) - Pab + HaHaba + igangz)
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o 1
_ 172 T
- H(ab)aa - W,

aaba ~ mgab(ﬁia + Wagga)-

Similarly (when d—k > 2), tracing again with g yields a generalization of the theorema egregium,

Ak 1 .
J-Poo=J - H 4+ (T2, — §Woeta).
2 +2(d—k—1)( aa = 9 Wocda)

Similarly, tracing the Codazzi-Mainardi equation (2.5) leaves us with

(d k — 1)Pa6 - v'f[aﬁ (d k — 1)(V HB + ﬁaﬁa ) + Haaﬁbﬂa + W'yﬁq/ Gab-

Conversely, we can take the tracefree part to obtain

P _— . .
Wabca - m(WBaﬁ[agb]C) = 2v[a Hb}ca + 2B[aa6 Hb]cﬁ

2 - . .
T d—p— 19 (V- + MyepBag)-

We are now equipped to evaluate equations (7.2) and (7.3). When k = d — 2, we find that

0
A’
VINBQ = . Haba + nbﬁﬁaﬁa (74)
~V-llaa — B85 1bag + HpBaas — Wagas

and

1. 1o~ Ag L L g g
ngy‘DKfya - éNoé‘DK’y’y = 7]10466 + gﬁg’wgﬁ"/ﬂaba

2 _
- 5(11% VaBras + 2B6apV-13) — 3

4 1.
— = % Waaps-

o 2 2
gﬁﬁg'y Hab’y + §/BgﬁW566a + §B27Wa5'ya + 3

Finally, we compute AT Npg,,

0

ATNg, ™| .
~(VaVo + Py + H, HM)H“‘) (1Y aBoary + 2Bbar Va I15)
+/8aa[3/8bﬂ'y + Qﬁaaﬁv H + ﬁaﬁtha - V WaT/ﬂa

- [535&7;3 + Ha'y - v'/Ba'y]Nny (75)

Note that in the above computation, one must be careful to notice that the tractor in equa-
tion (7.4) is a bulk tractor. After differentiation to obtain equation (7.5), one must then project
the resulting tractor to TA. For example, differentiating the middle slot of equation (7.4) yields
a term in the middle slot of the form VT“ Hope = V10, — Ny Hac,yH Projecting the resulting
tractor yields a term proportional to H H'ya in the bottom slot, found in equation (7.5).

With these identities in tow, we can explicitly compute, in terms of more familiar tensors,
the obstruction Fc(yi)wp present in equation (7.1). Indeed, in a choice of scale g € ¢, we find that

A d 2 . o 1o, 1 o
Fo(fy)fypp (V Vb + P, b + H’Y Hab"/) Hgab - g chgadWade 3 szH Haca
d 2 d+2 1=
— ?N 6 [Habvaﬁba'y + 26ba’y Hab] +3 ch IBCLIB’YIBI’B’Y
d +6 o

a d a
H bﬂaaﬁ’/@bﬁfy + BWa,B'yaBﬁy 6 Wﬁw'yaﬂaﬁa

6
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where

1
WVCW BBa S F(gA[—g] X D)
is a novel conformal submanifold invariant for every d — k # 3. This can be verified by explicitly
computing the conformal transformation g — §2g. Furthermore, the combination

IVq = Capp + HyWaggp +

19V o Bpary + Bhary Vo lI2 € T(EA[-3] x 1)

2
d—Fk—-1
is conformally invariant for all d—k # 1, and can be constructed from an appropriate combination
of the tractor second fundamental form [22], the tractor projection of B to the submanifold, and

the submanifold Thomas-D operator. Finally, the operator
Lap := VoV + Py + H, Moy, T(O2TA[-3]) — T(EA[-3))

is invariant under local rescalings of the metric when A is a surface, as is the case here.

Further simpliﬁcation of the obstruction can be obtained by noting that in the setting of
d—Fk =2, I, is a trace-free symmetric 2 x 2 matrix. It follows from the Cayley—Hamilton
theorem that Ha Hb is proportional to the identity matrix, and so the 13 term vanishes,
leaving us with

A d—2 d—2

1.
Fo(g),ypp = _TLab Hgb — gllgfgadWade — TN + terms containing (. (7.6)

Notably, this obstruction is similar to but distinct from the general codimension Willmore in-
variant for surfaces from [9], expressed in our notation as

— Lo T2 1V,

Observe that when d = 3 and k =1, all of W, IV, and 8 vanish. So for a surface embedded
in a 3-volume, we have that

A

F® 2 —é (VaVy + Py + Hl,) T,

which matches [14] the famous Willmore invariant [41] up to a factor of 1/2.

Remark 7.3. An interesting question is whether this Willmore invariant is variational for higher
codimension surface embeddings, and if so, what energy functional it comes from. We leave this
for future work.

8 The extension problem

Recall from the previous section that it is sometimes useful to extend functions (or arrays
thereof) on A to a tubular neighborhood, at least formally. To that end, we consider these
so-called extension problems in both the Riemannian and conformal settings for submanifold
embeddings. Such problems are of more general interest, see [19]. A Riemannian problem can
be stated as

Problem 8.1. Let f € C™A and let s, be a canonical defining map for A4 — (Md,g). Find
a formal power series to as high order as possible for f € C*°M solving

Vi =0, fla=Ff

However, unlike the hypersurface case, we will find that such a problem can not, in general,
be solved. But, as formulated this problem depends on a choice of frame (and its extension off
the submanifold) which makes this problem less interesting. Trivially, when f is constant, we
may extend uniquely so that f is constant as well. When f is non-constant, we can modify
this problem to become more geometrically meaningful and also allow solutions. We will handle
these two modifications first, and then we will consider the conformal extension problem.
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8.1 The symmetric extension problem

Rather than solving Problem 8.1, we instead weaken the constraint equations, so that the prob-
lem of interest takes the following form.

Problem 8.2. Let f € C®A and let s, be a canonical defining map for AR (Md,g). For
a given m € Z>1, find f € C*°M satisfying f|p = f and

A A - A
Vnaf =0, n?;?zz)vmazf =0, SRR n(goltl.?alivar--amf =0.
In the above and going forward, ngl"¢n = ngl ---ng" and similarly Vg, ...q, 1= Vg, -+ V,,. To

solve this problem requires a series of technical results.

Lemma 8.3. Let A — (M, g) be a Riemannian submanifold embedding with a defining map S
and let m € Zx>o. Suppose that the defining map satisfies Gog = 0ap + (’)(32) and

a1--Gp—1

AgA aa
n(al...a v0741 *Qp— le’Y(;) - o

= n( va1--~anty)5

P
for all 2 <n < m. Then, for each 1 < p < m+ 1, we have that

ai-ap A 07 p 7é 17
o) Ve 58 = {5a15, p=1.

Proof. The case where p = 1 follows trivially. We consider the case where p > 2 and prove via
induction. When p = 2, the identity reduces to the fact that n-8 Ao,

Now fix p, and suppose that the identity holds for all £ < p < m. We wish to show that the
identity holds for £k = p + 1. We then compute

ap+1 1 A ap -1 ap Ap+1 —1
napnap+1 % v@pv&p-H = Nay, vr V%Gamlﬁ B napn % v“pnap+10‘p+l

A 1 a

= p— p+1y7p—1

—napV Va,Goppip — nap g V' Vi Napapi
A a —1 1 a +1 1

:nazg)vp VGPGQP+1B 2 p . vap+lGapap+1
A

= 0.

The first identity holds via the Leibniz identity and the induction hypothesis: moving n past
any number of covariant derivatives costs additional products, each of which has strictly fewer
than p + 1 symmetric normal derivatives on s. By the induction hypothesis, these additional
terms vanish. The third equality follows by the same observation, as well as by noting that all
such expressions are symmetric in o, and ;1. The final identity follows by the proposition
hypothesis. The lemma follows. |

Corollary 8.4. Let A — (M, g) be a Riemannian submanifold embedding with a defining map sq
and let m € Z>2. Suppose that the defining map satisfies Gog = 0ap + (’)(82) and

Agd

ai--an

ar-an—1
n var'-anfle'yé) 0 n(almanval...anGv)g

(a1

for all 2 <n < m. Then, for every 1 < p < m, we have that

a1 “ap Val"'apn%) é 0.

(a1 -ap
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Proof. We prove by induction. For p = 1, this follows simply because n( Va n 8 = 5?046) Lo,
Now suppose the identity holds for all £ < p < m — 1. Now consider the case where k = p + 1
and compute:

A Al A
Moy oy Mo VPV a gy = 0000 1l VPV n S VG, ) 2 0.

(ar-ap apt1 T (ar-ap ap+1ﬁ) o1-ap apt+1p3)
The second identity follows by commuting normal vectors to the right, which costs nothing via
the Leibniz rule according to Lemma 8.3. The third identity follows from the hypothesis. |

Corollary 8.5. Let A — (M, g) be a Riemannian submanifold embedding with a defining map sq
and let m € Zx>o. Suppose that the defining map satisfies Gog = 0ap + (’)(32) and

aran—1 ANA aran
n(al..‘an_lVa1~~-an_1bG75) =0= n(al...anval---anG7)5

for all2 <n <m. Then, for each 1 <p<m+1 and 1 < /¥, we have that

ai--a b b A Oa p 7& f?
n(al_,,gp)vm-..ap (351 . Sﬁgnﬁll : nﬂé) = {p|n(a1 . .anp)’ p=14.
Proof. For p < /, the result is trivial. Furthermore, for p = /¢, the result follows trivially by
noting that each covariant derivative must act on a unique sg, yielding no-ng = do3.

Finally, consider the case where p > £. Then, following Lemma 8.3, we may only have one
derivative acting on each s. Thus, in each term in the Leibniz expansion there exists at least
one normal vector that is acted upon by more than one normal derivative. However, note that
each normal vector has had its Greek index 3; has been replaced by a Greek index o for some j
as a consequence of the action of the normal derivatives on s. Hence, we are examining terms
of the form present in Corollary 8.4. Therefore, all such terms vanish and the result follows. W

We require one more technical lemma.

Lemma 8.6. Let A%+ — (Md,g) be parallelized by {ny} and let sy be the corresponding
canonical defining map. Then

ail-Gn—1

Ag A ara,
(al"'an 1

Vayan- leWS) —n( var"anG'y)(S

ai--Qn
for eachn € Z>;.

Proof. We will prove this by analyzing a fixed term F()s in the expansion of Gop and using
induction on n. The base case (n = 1) trivially holds because G = § + O(s*). Now fix some
n > 2, and suppose that for each 1 < j < n, we have that

a1-ai_1 A A aias--a
n(al (]1 Val...aj_lev(;) =0= n(a1a2 ]a Val...aij)(;.
We would like to show that this identity holds in the case where j = n + 1 as well. To do so, it
is sufficient to show that, for each 7, we have that

AGA aa,

v/ (%) 02 n(al...anvar--anb (J{r‘ﬂ%))%m%&y1 ... 3%)_ (8_1)

n(al Qpg1 ¥ A1 Ant1 (FV)MI__%S% e S’Yi)

Certainly, for n + 1 < i, we find that the identity holds as V"*!s 20, 1t n + 1 = 4, then
we must compute the appropriate symmetrization over i + 1 indices of F(). However, for
either symmetrization, because F() occupies a generalized window representation according to
Theorem 3.1, this term necessarily vanishes.
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Finally, consider the case where n 4+ 1 > i. The leading derivative term on F) takes the
form V"1 F(@) However, such a term vanishes because F() (even away from A) occupies the
generalized window representation, and this term symmetrizes over i + 1 indices of F(9). On the
other hand, subleading terms must be considered: those terms of the form (Vési)V”+1_£F(i),
where ¢ > i. Note that at least one s is differentiated twice, but no s is differentiated more
than n — ¢ 4+ 2 times. Note that via the induction hypothesis, we may use both Lemma 8.3 and
Corollary 8.4 to examine these terms, as n — i + 2 < n (because i > 2).

Now, consider the term on the left-hand side of equation (8.1). All such terms of the form
(Vé si) VI F() for this term contain at least one multiplicand that vanishes due to Lemma 8.3.
Thus, we need only consider the right-hand side of equation (8.1).

In that case, there are two types of terms in a Leibniz expansion that must be examined.
The first type of term is one that contains a multiplicand of the form to which Lemma 8.3
is applicable. These terms must therefore vanish. Hence, we must only examine terms of the
second type, namely those terms where each of ¢ — 1 factors of s are acted upon by V,, exactly
once, and one remaining s is acted upon by Vf;ivb:

arag—; +1—£ 77(%)
(n(al Qg val”'al—ibSWl‘)vn F”/(S)%Oq"-a[_l'
But note that here F(®) is symmetrized over i + 1 indices, and therefore must vanish.
Having shown that all terms in a Leibniz expansion for both the left and right-hand sides of
equation (8.1) vanish for all ¢, we have that the lemma follows. [

We are now equipped to solve Problem 8.2.

Theorem 8.7. Let A — (M,g) be a parallelized Riemannian submanifold embedding with
a canonical defining map sq, let f € C*A, and let m € Z>y. Then there exists a unique
f € C°M modulo terms of order m + 2 with f|pn = f satisfying

;A alaz P A ai - Am41 s A
Vnaf = 07 n Vaulzf = 07 ceey n ...m tll “Am41 f =

(a1a2) (@1+am+1)

Proof. We begin by fixing m. Then let f € C®°M be any function satisfying f|y» = f and
define

1
b b1, b
f=7F- Sﬁlnﬁllvfnf + 7351552n511n,822vb1 Vi, f

1
6851352853n51n62n5 Vi, Vi, Vi f + - (8.2)

Now, we would like to show that this ansatz satisfies the conditions of the theorem. In particular,
we must check that

ai--a F
n ! Valu-aqf

(al“'aq)

vanishes for all 1 < g < m+1. Now we examine a generic term from f , say the term containing s’.
That is, consider

(=) o PR
1l n((l(;r?gcq)var“aq (851 e Sﬁ@nﬁ}l o nﬁivhmbéf) ‘

Trivially this expression vanishes when ¢ < £. When ¢ > ¢, we may rewrite this expression as

(1" arag <= (4 b b
i Mt 2\ ) (Vararssy - sgmg - 18) (Vappriva, Voo f)-
r=0
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Now from Lemma 8.6, we have that the hypothesis of Corollary 8.5 holds for every m. Fur-
thermore, as ¢ > ¢, we have that this sum includes the case where r = ¢. Thus, we have
that

(_1)6 ai--a . q b
7 n(;l_._zq) Z (VayarSg, - swn%ll g ) (Vayrvag Vorbg f)

r=0 r
7\ a--a
= (1) <€> n(;l,_g‘q)val...aqf.

It follows then that

q
ai---a 5 A e 4 a1---a A
o (B (1) ot 20

=0

by the binomial theorem. Thus f satisfies the required derivative constraints.

To complete the proof, it suffices to check that if we had initially chosen a distinct f' € C°M
and built the ansatz accordingly, we find that f/ — f = Say ** SamssOar--amss, fOr some smooth
Oay--amso- Now, note that because f|o A f, we must have that f' — f = s,T, for some
smooth T,. We must check that the first m + 1 symmetric normal derivatives of this difference
vanishes. However, from the above computation it is clear that m + 1 symmetric normal deri-
vatives of (s,T,) vanishes. And as the ansatz operator is linear, this shows that the difference
of the ansatz must vanish to sufficiently high order. This completes the proof. |

Remark 8.8. Note that the condition in the display of Theorem 8.7 is independent of the choice
of parallelization, and hence by uniqueness of the result, so is the extension.

8.2 The restricted extension problem

Alternatively, we may hope that we can extend f to force many normal derivatives to vanish as
in Problem 8.1 if certain constraints are placed on the embedding map A?~* — (M d g). We
find that, contrary to the case of hypersurface embeddings, which have solutions to all orders
by the Picard—Lindel6f theorem, this extension problem encounters an obstruction. To see this,
we proceed order by order.

Suppose that fo € C°M is any function such that fo|x = f, and let fi = fo — 54V, fo-
Then a straightforward computation shows that

Vo f1 = Fapsp
for some array of functions F'. Now suppose that we wish to proceed to a higher order by writing

fo=fi+ SaSBAocB-

Observe that here, we may consider only Ans = A(ap)- If f2 is to solve Problem 8.1 to second
order, then we must have that A oc F'. However, F' is not necessarily symmetric. While we can
choose A so that F,g) is cancelled, we cannot do the same for Fl,g. In fact, this is our first
obstruction, and it can be calculated:

A A a a A = 5
F[a,B] = _vn[avnm = N (van%])vbfl - nan%v[avb}fl = _ﬂgﬁvbf-

Indeed, unless f is constant or 8 = 0, the submanifold extension problem cannot be solved
beyond first order. The case where f is constant is uninteresting, as the solution is merely that
f = f. So going forward, we assume that § = 0 to proceed — that is, that A — (M, g) has
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vanishing normal curvature and we choose a parallelization of NA such that 5 = 0. Then, from
the above considerations, we have that there exists fo such that

Vi fo = Fopyspsy.

We wish to adjust s such that F' vanishes along A, as before. So, we write f3 = fo+ AngySa535y-
Indeed, by purely representation theory considerations, we have that F,z, € C*°(M,5? @ on),
whereas A,gy € C*°(M,=). We now attempt to compute this obstruction as we did for the
obstruction at first order.

To do so, a straightforward calculation shows that

Al Al 1
Fopy = 5V Vi, Vi fo = 51505 (VoVen) Va fo + 5nnng ViVeVa fo
Al -1
= 5nns (VeVeng) Vaf + 5ngnsngViVeVa o
Al | o1
= Snns (V1 Vinea) Vaf + 5 Byas®Vaf + 5ngningViVeVafo

Al = 7, 1
= §R'yo¢ﬁavaf + §n%ngnZVchvaf2a

where the third identity follows from the known behavior of the normal derivative of f5, and
the last identity follows because S = 0. Of interest is the component of F' that occupies the F
representation — the totally symmetric component is removable via a judicious choice of A,

1 _
g(Faﬂv"‘Fﬁav — Fyga — Fyap) = (P Ryap® ) Vaf
1
+ 5 (EnSna VeV eVafo + ngnSng Va VeV fo — ngnsng VeVaVe s
— nﬁn naVv Vchfg)

A —
= (Paﬂ Ryap* )vaf-

A
PBHFan =

Thus, we see that while not a necessary condition, a sufficient condition to proceed to higher
orders is to demand that (M d g) is flat. In fact, this assumption allows us to solve the problem
entirely.

Theorem 8.9. Suppose N“F — (Md,g) is parallelizable, let sq be a canonical defining map,
and let f € C*°A. Then there exists f € C°A such that f|p = f and

Vo f = O(s).
Solutions are obstructed at second order by the invariant
BosVuf.

Further, if the embedding has vanishing normal curvature and the embedding is parallelized by
the rotation minimizing frame, then we may find f € C°M satisfying

Vo f = O(5%).

Finally, if the embedding has vanishing normal curvature, (Md,g) s flat, and the embedding is
parallelized by the rotation minimizing frame, then there exists a unique f € C°M satisfying

V[ =0.
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Proof. The first two cases follow by the above considerations. Now suppose that R = 0 = R.
We prove by induction. Suppose that there exists f € C*°M such that f|y = f and

Vnaf = Faﬁl"'ﬂanlSBl e Sﬁ'mfl'
First, we will show that F' is totally symmetric. By differentiating m times, we find that
1
= et = Vi Vg, Vo .

From Lemma 3.4, it follows that up to m — 1 normal derivatives on n¢ vanish. So,

1 b b
(m _ 1)!F0¢51'"Bm71 = ngznﬁll o 'nﬂmfllvbl o 'vbmflvaf'
By hypothesis, covariant derivatives commute, and so F is totally symmetric.
Now define f = f 4+ Ay, ..y, 5y, * - - S4,, for arbitrary A. Then
. 'anmf: =V, Vi, (f + AayeamSar ** Sam)

A
= (m - 1)!Fﬁ/m(71_.7m71) + m!Afyl...fym.

>

\Y

Ty

Because F' is totally symmetric, there exists a judicious choice of A such that we can totally
eliminate F', and so we have that V,, f= O(s™). This completes the induction.

Now observe that there is a unique extension that sets the symmetric normal derivatives (to
a certain order) to zero, as given by equation (8.2). As the extension constructed here has all
normal derivatives vanishing (up to a certain order) it thus follows that it is indeed unique. W

We have thus determined sufficient conditions to solve Problem &.1.

8.3 The conformal extension problem

Considering the success of the Riemannian symmetric extension problem, we consider the con-
formal equivalent.

Problem 8.10. Let A — (M, c) be a parallelized conformal submanifold embedding with an
associated defining density oo, let f € T'(EA[w]), and let m € Z>,. Find f € I'(E M [w]) satisfying

fla = f and

N,-Df 20, NA1A2)DA1A2féo, ey NAAmeD o f 20

(a1 (a1-amt1

We provide the following ansatz to second order:

- N 1 A A
f=f-0s, N Dp, f+ iaglaﬁzNéllNéz)oDBlDBzf
d— 2k 4 2w — 2
2k(d — k + 2w — 2)

w (2) 3
+ ﬁaﬁlaﬁz (KﬁlﬂQ - F,Bl Q’Y’Y)f + O(U )’

04,06, Ny Ng2Dp, Dp, f

. A . .
where NV, (%1 N BBQ 2)0 satisfies 0, g, IV, (]le N BBz 2)0 = 0. Formally, we are allowing ourselves to interchange
between D and D, noting that this will exclude some weights at the end of the construction.
By direct computation, one can check that indeed,

Agd

N‘Docf NlillNAQDAlﬁAQf‘

( az)
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However, as the Thomas-D operator is not a derivation, it becomes increasingly challenging to
construct f so that more symmetric normal Thomas-Ds vanish on f For brevity, we will halt
the solution here, observing that we can find a canonical extension unique to second order in f
that solves Problem 8.10 to second order. Observe that this extension is only well defined when
w#1—-9Ek 14

For those sporadlc weights, we must be more careful. When w =1— %l, we have trivially that
Ny-Df =0, but the condition is vacuous and hence we lose uniqueness — so we are halted here.
However, when w =1 — %, we may instead omit the offending term from our ansatz. In doing
so, the ansatz no longer solves the problem to second order, but instead solves the following
system:

N-Dof 20, N2 Dya,f=0.

Notably, we are obstructed from finding a solution that solves the full problem and instead can
only solve the trace-free equivalent. This observation is consistent with the existence of the
extrinsically-coupled conformal submanifold Laplacian operator described Theorem 7.1. In fact,
a slight modification of the operator P» yields the problematic operator in the ansatz. To see
this, we first perform a useful computation,

N,-DN# = NPD*Npg
A nrB NA AT B
= Np(, D N,B)JFNBHD N

1 a A
:iD Gyp + x4 K(Wﬁ)'i_BwB

d—2
= %DA(UPIUPZF'g,Z’)plpg) + ﬂX Kyp) + Bwﬂ
S e S T T
+ﬁx K,y + Blg + 0(c?).

Consequently, we may write the P in terms of the operator P2T =N 51 'N 5132 2 153115 B, Via

k(k —d+2)

Py 2 kN,-DNy-D 2 kP + k(No-DN2) D 2 kP + =2

(oo = Faos):

Notably, as P» is a tangential operator, so is PQT. So we find that, when f € F(EA[W]) satis-
fies P2T f A 0, the ansatz without the offending term solves the whole extension problem to order
two — otherwise, this obstruction genuinely prevents a full solution.

We may now summarize the results of this subsection in the following proposition.

Theorem 8.11. Let AYF — (Md,c) be a parallelized conformal submanifold embedding with
an associated defining density oo. Then, for any f € T'(EA[w]) with w #1— (d—k)/2,1 —d/2,
there exists a unique f € T'(EM[w]) modulo terms of order o3 such that

N-Dof20, NA4%2p, ., rio.

(a1a2)

Furthermore, if P2Tf A 0, there exists a unique solution (modulo terms of order 03) even when
w=1—-(d—k)/2.
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