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Abstract. In our preceding research, we introduced the Drinfeld presentation of the quan-
tum affine superalgebra associated to the orthosymplectic Lie superalgebra osp(2m+ 1|2n)
for m > 0. We provided the isomorphism between its Drinfeld–Jimbo presentation and
Drinfeld presentation using braid group actions as a fundamental method. Based on this
work, our current study delves into its R-matrix presentation, wherein we establish a clear
isomorphism between the R-matrix presentation and the Drinfeld presentation. In particu-
lar, our contribution extends the investigations of Jing, Liu and Molev concerning quantum
affine algebra in type BCD to the realm of supersymmetry.
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1 Introduction

The quantum affine algebras Uq(ĝ) associated with affine Lie algebras ĝ manifest at least three
distinct presentations. The original definition of quantum affine algebras was defined as q-
deformation of the universal enveloping algebras of affine Lie algebras, independently intro-
duced by Drinfeld [9] and Jimbo [17], collectively referred to as the Drinfeld–Jimbo presenta-
tion. Drinfeld’s pivotal contribution in 1987 [8] introduced a highly significant presentation of
quantum affine algebras, commonly termed the Drinfeld presentation. The Drinfeld presentation
has yielded a multitude of applications, including vertex representations and finite-dimensional
representations. Subsequently, the R-matrix presentation was proposed by Reshetikhin and
Semenov-Tian-Shansky [33], later refined by Frenkel and Reshetikhin [13]. The R-matrix pre-
sentation incorporates a matrix R(z) associated with the quantum affine algebra, which satisfies
the Yang–Baxter equation

R12(z)R13(zw)R23(w) = R23(w)R13(zw)R12(z)

as documented in the work [33].
In the study of quantum affine algebras, significant advancements have been made in elucidat-

ing the isomorphism among their presentations. Initially, Beck [1] pioneered the establishment of
the isomorphism between the Drinfeld–Jimbo and Drinfeld presentations for untwisted algebras,
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while Jing–Zhang [22, 23], and [39] extended this for the twisted case. Different to Beck’s meth-
ods, Damiani [5, 6] also constructed the isomorphism between the Drinfeld–Jimbo and Drinfeld
presentations. Concurrently, Frenkel and Ding [7] established the isomorphism between the
Drinfeld and R-matrix presentations in type A. Building on Ding–Frenkel’s approach, Jing, Liu
and Molev [20, 21] extended the isomorphism to types B, C and D, and a similar result for Yan-
gians [19]. These developments have established the isomorphism among these presentations,
allowing for various approaches to studying the representation theory of quantum affine algebras.
This provides a rich framework for understanding and exploring these algebraic structures.

As a natural extension of quantum affine algebras, quantum affine superalgebras were in-
troduced to accommodate the Z2-grading through the incorporation of additional generators.
In [37], H. Yamane introduced the Drinfeld–Jimbo presentations of quantum affine superalge-
bras, by considering the classified type A-G affine Lie superalgebras [24, 34] as deformations of
the universal enveloping algebras of the corresponding affine Lie algebras. In particular, using
the method of Beck [1], Yamane also provided the Drinfeld presentation including the complete
Serre relations specifically for type A. Quantum affine superalgebras possess a richer structure
and representation theory due to their grading structure, with predominant focus on type A in
research endeavors. While detailed enumerations are beyond the scope of this discussion, it is
noteworthy that Cai, Wang, Wu and Zhao [4], Zhang [40], and Fan, Hou and Shi [10] constructed
the Drinfeld presentation of quantum affine superalgebras Uq

( ̂gl(m|n)
)
using Frenkel–Ding’s iso-

morphism theorem. However, these constructions do not explicitly present the complete Serre
relations. Furthermore, Zhang [38] utilizes the R-matrix presentation of the quantum affine
superalgebra associated with the Lie superalgebra gl(m|n) to explore its finite-dimensional rep-
resentations and their tensor products. Employing the Gauss decomposition, Lu [30] established
a direct and explicit isomorphism between the twisted q-Yangians and affine iquantum groups
associated with symmetric pair of type AI.

While progress has been made in understanding the relations among these presentations,
the specific relations for the quantum affine superalgebra are still an open question. Further
investigation and research are required to unveil the connections and establish the desired iso-
morphisms. Exploring the relations and structure of the quantum orthosymplectic affine super-
algebra through these presentations will undoubtedly provide valuable insights into its repre-
sentation theory and algebraic properties, such as some work in [36]. As for orthosymplectic
Yangians, Frassek and Tsymbaliuk [11] studied the R-matrix presentations of orthosymplectic
super Yangians and presented their Drinfeld presentations for any parity sequence, which gen-
eralizing the results of [32] of the standard parity sequence. Recently, we have developed an
efficient method for verifying the isomorphism between the Drinfeld–Jimbo and Drinfeld presen-
tations of the quantum affine superalgebra of orthosymplectic Lie superalgebra with a standard
parity sequence, please see [35]. At the same time, Bezerra, Futorny and Kashuba [2] also pro-
vided a Drinfeld presentation for the quantum affine superalgebra of type B with any parity
sequence. They constructed a surjective homomorphism from this Drinfeld presentation to the
Drinfeld–Jimbo presentation using a method as well as Beck’s. Consequently, this paper will
continue to focus on the R-matrix presentation of the quantum orthosymplectic affine super-
algebra for a standard parity sequence, aiming to broaden the results of the quantum affine
algebra to the super case. Specifically, we will establish an isomorphism between the Drinfeld
presentation and the R-matrix presentation of the quantum affine superalgebra associated with
the Lie superalgebra osp2m+1|2n (m > 0).

The paper is organized as follows. In Section 2, we introduce the necessary notations and
present the Drinfeld–Jimbo and Drinfeld formulations of the quantum orthosymplectic affine
superalgebra. Additionally, we review the isomorphism established between the Drinfeld–Jimbo
and Drinfeld formulations, as discussed in our previous works. In Section 3, we discuss some
results related to the universal R-matrix of Uq

[
osp(2m + 1|2n)(1)

]
, which holds significant im-
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portance in the theory of quantum affine superalgebras. Section 4 begins with the construction
of a level-0 representation using Drinfeld generators. Consequently, we explicitly construct the
R-matrix R(z) and introduce a super version of the R-matrix algebras based on these explicit
R-matrices. Moving to Section 5, we establish the Drinfeld formulation within the R-matrix
algebras by employing the Gaussian generators. This presentation facilitates a comprehensive
exploration and analysis of the quantum affine superalgebra. In Section 6, our main focus is on
establishing the isomorphism between the Drinfeld and R-matrix presentations. Technically, we
extend the methods discussed in [20, 21] to the super case. Indeed, the original methods were
provided by Frenkel and Mukhin [12, Section 3.2] for the quantum affine algebra of type A.

2 Quantum affine superalgebra

2.1 Basic notations of Lie superalgebra

Unless stated otherwise, throughout this paper, we consistently set g = osp(2m + 1|2n) and
ĝ = osp(2m+1|2n)(1). First, we provide some notations on the set {1, . . . , n, n+1, . . . , n+2m+
1, . . . , 2n+ 2m+ 1}. Let the grading of a be represented by [a], such that

[a] =

{
0, n+ 1 ≤ a ≤ 2m+ n+ 1,

1, otherwise,

and the involution a = 2n+2m+2−a. Let ε1, . . . , εn+m is an orthogonal basis of a vector space,
and then denote the invariant bilinear form on the set {εi, 1 ≤ i ≤ 2n+ 2m+ 1} as follows:

(εi, εj) = −δij , (εµ, εν) = δµν , 1 ≤ i, j ≤ n, n+ 1 ≤ µ, ν ≤ n+m.

The remaining symbols are indicated by εi = −εi. In particular, we set εn+m+1 = −εn+m+1 = 0.
As is well known, a Lie superalgebra is a Z2-graded algebra, denoted as g = g0̄⊕g1̄, where the el-
ements of g0̄ are referred to as even, and those of g1̄ as odd. For homogeneous elements X,Y ∈ g,
the graded commutator is defined as

[X,Y ]a = XY − (−1)[X][Y ]aY X,

where [X] ∈ Z2, ensuring that [X,Y ]1 = [X,Y ]. The tensor product multiplication is given
by (X ⊗ Y )(Z ⊗W ) = (−1)[Y ][Z](XZ ⊗ YW ). As for our notations, we adopt the following
convention for the simple roots of g

αi = εi − εi+1, 1 ≤ i < n+m, αn+m = εn+m.

The Cartan matrix A = (Aij)
m+n
i,j=1 of g is defined by

Aij =

{
(αi, αj), i < m+ n,

2(αi, αj), i = m+ n.

Note that the half sum of positive roots can be written as

ρ =
1

2

n∑
µ=1

(2n− 2m+ 1− 2µ)εµ +
1

2

m∑
i=1

(2m+ 1− 2i)εn+i.

Therefore, (ρ, α) = 1
2(α, α) for all simple roots α. Set α0 = δ − θ, where θ = 2ε1 is the highest

root of g. Then Π̂ = {α0, α1, . . . , αn+m} is the affine root base of ĝ. Hence,the Cartan matrix Â
of ĝ is derived by appending the 0th row and column, satisfying A00 = −2, A10 = 2A01 = −2,
Aj0 = A0j = 0 for 1 < j ⩽ n+m.
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2.2 Drinfeld–Jimbo presentation Uq(ĝ)

Let q be a formal parameter and α be a root of Uq(ĝ), set

qi := q
|(αi,αi)|

2 for (αi, αi) ̸= 0, qi := q for (αi, αi) = 0, qα := q
|(α,α)|

2 ,

where i = 1, . . . , n+m, and for a ∈ Z+,

[a]i =
qai − q−a

i

qi − q−1
i

, [a]i! = [1]i · · · [a− 1]i[a]i.

We now recall the Drinfeld–Jimbo presentation of quantum affine superalgebra Uq(ĝ), initially
introduced by H. Yamane [37].

Definition 2.1. The quantum affine superalgebra Uq(ĝ) over C
(
q1/2

)
is an associative superal-

gebra generated by Chevalley generators χ±
i
.
= χ±

αi
, Ki

.
= Kαi for i = 0, 1, . . . ,m + n with the

parity of
[
χ±
i

]
= [αi] and [Ki] = 0 and the following relations:

K±1
i K∓1

i = 1, KiKj = KjKi, Kiχ
±
j K

−1
i = q

±Aij

i χ±
j ,[

χ+
i , χ

−
j

]
= δij

Ki −K−1
i

qi − q−1
i

,
[
χ±
i , χ

±
j

]
= 0 for Aij = 0,[[

χ±
i ,
[[
χ±
i , χ

±
i+1

]]]]
= 0 for i ̸= n,m+ n,[[

χ±
i ,
[[
χ±
i , χ

±
i−1

]]]]
= 0 for 1 < i < m+ n, i ̸= n,[[

χ±
i ,
[[
χ±
i ,
[[
χ±
i , χ

±
i−1

]]]]]]
= 0 for i = 1 or m+ n,[[[[[

χ±
n−1, χ

±
n

]]
, χ±

n+1

]]
, χ±

n

]
= 0 for n > 1,[[[[[[[[[[[

χ±
3 , χ

±
2

]]
, χ±

1

]]
, χ±

0

]]
, χ±

1

]]
, χ±

2

]]
, χ±

1

]
= 0 for n = 1, m ≥ 2,[[[[

χ±
2 , χ

±
1

]]
,
[[[[
χ±
2 , χ

±
1

]]
,
[[[[
χ±
2 , χ

±
1

]]
, χ±

0

]]]]]]
= (1−

[
2
]
1
)
[[[[[[

χ±
2 , χ

±
1

]]
,
[[
χ±
2 ,
[[
χ±
2 ,
[[
χ±
1 , χ

±
0

]]]]]]]]
, χ±

1

]]
for (n,m) = (1, 1),

where the notation
[[
Xα, Xβ

]]
= [Xα, Xβ]q−(α,β) if KiXαK

−1
i = q(αi,α)Xα, KiXβK

−1
i = q(αi,β)Xβ

for homogeneous elements Xα, Xβ ∈ Uq(ĝ) and i = 1, . . . , n+m.

Let U+
q (resp. U−

q ) be the subalgebra of Uq(ĝ) generated by χ+
i (resp. χ−

i ), and U0
q be the

subalgebra of Uq(ĝ) generated by Ki. Then we have the following triangular decomposition
of Uq(ĝ), Uq(ĝ) = U−

q ⊗ U0
q ⊗ U+

q .

Quantum affine superalgebra Uq(ĝ) as a Hopf superalgebra equipped with the comultiplica-
tion ∆, counit ε, and antipode S defined as follows:

∆
(
χ+
i

)
= χ+

i ⊗ 1 +Ki ⊗ χ+
i , ∆(χ−

i ) = χ−
i ⊗K−1

i + 1⊗ χ−
i , ∆(Ki) = Ki ⊗Ki,

ε
(
χ±
i

)
= 0, ε

(
K±

i

)
= 1, S

(
χ+
i

)
= K−1

i χ+
i , S(χ−

i ) = −χ+
i Ki,

S(Ki) = K−1
i .

2.3 The Drinfeld presentation Uq(ĝ)

We recall the Drinfeld presentation of the quantum affine superalgebra (see [2, 35, 37]), which
is expected to be isomorphic to the above Drinfeld–Jimbo presentation.

Definition 2.2. The Drinfeld presentation of quantum affine superalgebra denoted as Uq(ĝ)
over C

(
q1/2

)
is an associative superalgebra generated by current generators x±i,k, ai,r, k

±1
i , i =
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1, . . . , n+m and the central element q±
1
2
c, with the following defining relations. The parity of

generators x±i,k is denoted by
[
x±i,k
]
= [αi], while all other generators have parity 0,

q±
1
2
cq∓

1
2
c = k±1

i k∓1
i = 1, kikj = kjki, kiaj,r = aj,rki, kix

±
j,kk

−1
i = q

±Aij

i x±j,k,

[ai,r, aj,s] = δr,−s
[rAij ]i
r

· q
rc − q−rc

qj − q−1
j

,
[
ai,r, x

±
j,k

]
= ± [rAij ]i

r
q∓

|r|
2
cx±j,r+k,

[
x+i,k, x

−
j,l

]
= δij

q
k−l
2

cΦ+
i,k+l − q

l−k
2

cΦ−
i,k+l

qi − q−1
i

,[
x±i,k+1, x

±
j,l

]
q
±Aij
i

+ (−1)[i][j]
[
x±j,l+1, x

±
i,k

]
q
±Aij
i

= 0 if Aij ̸= 0,[
x±i,k, x

±
j,l

]
= 0 if Aij = 0,

Symk1,k2

[[
x±i,k1 ,

[[
x±i,k2 , x

±
i+s,l

]]]]
= 0 for i ̸= n,m+ n, s = ±1,

Symk1,k2,k3

[[
x±m+n,k1

,
[[
x±m+n,k2

,
[[
x±m+n,k3

, x±m+n−1,l

]]]]]]
= 0,

Syml1,l2

[[[[[
x±n−1,r1

, x±n,l1
]]
, x±n+1,k2

]]
, x±n,l2

]
= 0 for n > 1,

where Φ±
i,±r(r ⩾ 0) is given by the formal power series

∑
r⩾0

Φ±
i,±rz

±r := k±1
i exp

(
±
(
qi − q−1

i

)∑
r>0

ai,±rz
±r

)
.

In our previous works (refer to [35]), we introduce the affine root vectors denoted as Eα+rδ,
Fα+rδ, Erδ(i) and Frδ(i) of quantum superalgebra using braid group actions. Here α runs over
the positive roots ∆̂+. For our purpose, we review the isomorphism between Drinfeld presenta-
tion Uq(ĝ) and Drinfeld–Jimbo presentation Uq(ĝ) as follows.

Theorem 2.3 ([35, Theorem 3.6]). There exists an isomorphism between the Drinfeld presenta-
tion Uq(ĝ) and the Drinfeld–Jimbo presentation Uq(ĝ). The isomorphism is expressed in terms
of root vectors as

q±
1
2
c 7→ K

± 1
2

δ , k±1
i 7→ K±1

i for i = 1, . . . ,m+ n,

x+i,r 7→ Erδ+αi
, x+i,−r 7→ (−di)rdi+1Frδ−αi

Kr
δK

−1
i , r ≥ 0,

x−i,r 7→ K−r
δ KiErδ−αi

, x−i,−r 7→ (−di)rdi+1Frδ+αi
, r ≥ 0,

ai,r 7→ K
− r

2
δ Erδ(i) , ai,−r 7→ (−di)rK

r
2
δ Frδ(i) , r > 0,

where di = (εi, εi). Or in terms of the Drinfeld–Jimbo and Drinfeld generators

χ±
i 7→ x±i,0, i = 1, . . . ,m+ n, K±1

0 7→
(
qck21k

2
2 · · · k2m+n

)±1
, K

± 1
2

δ 7→ q±
1
2
c,

χ+
0 7→ ν+0

(
qck21k

2
2 · · · k2m+n

)[[
. . .
[[
x−1,1, x

−
2,0

]]
, . . . , x−m+n,0

]]
, x−m+n,0

]]
, . . . , x−1,0

]]
,

χ−
0 7→ ν−0

[[
. . .
[[
x+1,−1, x

+
2,0

]]
, . . . , x+m+n,0

]]
, x+m+n,0

]]
, . . . , x+1,0

]](
qck21k

2
2 · · · k2m+n

)−1
,

where ν+0 = −([2]N )−1, ν−0 = (−1)[α1]([2]N )−1q2n−2m−(α1,α2).

3 The universal R-matrix

Consider the extended algebra Ũq(ĝ) of Uq(ĝ), which is obtained by adjoining an additional
element d with the relations

[
d, χ±

i

]
= ±δi,0χ±

i , [d, ki] = 0. The algebra Ũq(ĝ) is also a Hopf
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superalgebra, possessing the same comultiplication ∆, counit ε and antipode S as those of Uq(ĝ),
and

∆(d) = d⊗ 1 + 1⊗ d, ε(d) = 1, S(d) = d−1.

By Drinfeld double construction, the universal R-matrix R of Ũq(ĝ) is a solution of the Yang–
Baxter equation R12R13R23 = R23R13R12, and satisfies the coproduct properties

(∆⊗ 1)R = R13R23, (1⊗∆)R = R13R12, R∆(X) = ∆T (X)R, X ∈ Ũq(ĝ),

where ∆T = T∆ and T (X ⊗ Y ) = (−1)[X][Y ]Y ⊗X.

Consider a formal variable z and define an automorphism Dz of Ũq(ĝ)⊗C
[
z, z−1

]
as follows:

Dz(χ
±
i ) = z±δi,0χ±

i , Dz(ki) = ki, Dz(d) = d. (3.1)

We define a universal R-matrix R(z) that depends on the spectral parameter z using the for-
mula R(z) = (Dz ⊗ 1)Rqc⊗d+d⊗c. It then satisfies the following Yang–Baxter equation

R12(z)R13(zwq
−c2)R23(w) = R23(w)R13(zwq

c2)R12(z), (3.2)

where c2 = 1⊗c⊗1. Furthermore, the universal R-matrix R(z) satisfies the following properties:

(S ⊗ 1)(R(z)) = R
(
zq−c⊗1

)−1
, (1⊗ S−1)(R(z)) = R

(
zq1⊗c

)−1
.

Let π denote a representation of Ũq(ĝ), for any two finite-dimensional modules V and W ,
we define an operator as follows RVW (z) = (πV ⊗ πW )(R(z)). Since for any finite-dimensional
representation, πV (c) = πW (c) = 0, it follows from (3.2) that RVW (z) satisfies the Yang–Baxter
equation. We define right dual module V ∗ and left dual module ∗V as follows:

πV ∗(a) = πV (S(a))
st, π∗V (a) = πV

(
S−1(a)

)st
,

where st denotes the super-transposition operation on the module V such that

(Ea
b )

st = (−1)[a]([a]+[b])Eb
a,

here Ei
j ∈ EndV is the elementary matrix with 1 in the (i, j) position and zeros elsewhere.

Let πV denote a finite-dimensional representation of Uq(ĝ), and let Dz be the automorphism
defined in equation (3.1) of Uq(ĝ)⊗ C

[
z, z−1

]
. Then we can define a representation

πV (z) : Uq(ĝ) → End(V )⊗ C
[
z, z−1

]
by setting πV (z)(a) = πV (Dz(a)), a ∈ Uq(ĝ).

Let hρ̂ denote the unique element of the Cartan subalgebra of ĝ satisfying hρ̂(αi) =
1
2(αi, αi).

We define hρ as hρ = hρ̂−gd, where g = 1
2(θ, θ+2ρ). For the representation V ∗∗(z) and ∗∗V (z),

the square of the antipode is given by

S2(a) = q−2hρDq−2g(a)q2hρ , S−2(a) = q2hρDq2g(a)q
−2hρ , a ∈ Uq(ĝ). (3.3)

Proposition 3.1. With the notations established above, we obtain

V (z)∗∗→̃V (zq−g), ∗∗W (z)→̃W (zqg), v 7→ q2hρv, w 7→ q−2hρw.

Proof. It is straightforward to check the action on generators by the antipodes (3.3). ■
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Proposition 3.2 ([16, equations (2.30) and (2.32)]). The following equations hold that

(1) RV ∗,W (z) =
(
RVW (z)−1

)st1, RV,∗W (z) =
(
RVW (z)−1

)st2,
(2)

(((
RVW (z)−1

)st1)−1)st1 =
(
πV
(
q−2hρ

)
⊗ 1W

)((
RVW

(
zq−2g

))st1)st1(πV (q2hρ ⊗ 1W
))
,

(3)
(((

RVW (z)−1
)st2)−1)st2 =

(
1V ⊗ πW (q2hρ

))((
RVW

(
zq2g

))st2)st2(1V ⊗ πW
(
q−2hρ

))
.

Theorem 3.3. Let V and W be two finite-dimensional irreducible Uq(ĝ)-module. Then the
operator RVW (z) is given by the formula

RVW (z) = fVW (z)QVW (z), (3.4)

where QVW (z) is a matrix polynomial over z without common zeros. The function fVW (z) is
a meromorphic function on C such that fVW (0) = 1 and fVW (0) ∼ z−p(V,W ), where p(V,W ) is
the degree of the polynomial QVW (z). Moreover,

fVW (z) =

p(V,W )∏
i=1

(
zqai ; q−2g

)
∞(

zqbi ; q−2g
)
∞
, (3.5)

which are unique over C[[z]]⊗ C
[[
q1/2

]]
, where

(z; q)∞ =
∏
n≥0

(1− zqn),

p(V,W )∑
i=1

(ai − bi) = 2gp(V,W ), ai, bi ∈ C.

Proof. Let us introduce the permutation operator P VW on the tensor product module V ⊗W :
P VW (va⊗vb) = (−1)[a][b](vb⊗va), ∀ va ∈ V , vb ∈W . Consider the irreducible modules V (z)⊗W
andW ⊗V (z), where z is a formal variable. Note that P VWRVW (z) is an intertwining operator:
V (z)⊗W →W ⊗V (z), and it is unique up to scalar factor. Hence, the following equality holds:

RVW (z)(πV ⊗ πW )(Dz ⊗ 1)(∆(a)) = (πV ⊗ πW )(Dz ⊗ 1)
(
∆T (a)

)
RVW (z)

for a = χ±
i , Ki, i = 0, . . . , n+m. This equation, linear over z, z−1, dictates that the factorized

representation (3.4) and QVW (z) are uniquely determined up to a constant. We determine this
constant by imposing the condition fVW (0) = 1.

Let us consider intertwiners V ∗∗(z)⊗W →W⊗V ∗∗(z), where each such intertwining operator
varies by a scalar multiplier determined by the irreducible modules V (z)∗∗⊗W andW ⊗V ∗∗(z).
From the definition of V ∗∗, we derive the intertwining operator P V ∗∗,W

(((
QVW (z)−1

)st1)−1)st1 .
Conversely, the isomorphism V (z)∗∗ ∼= V

(
zq−2g

)
yields another intertwining operator given by

P V ∗∗,W
(
πV
(
q−2hρ

)
⊗ 1W

)((
QVW (z)

)st1)st1(πV (q2hρ ⊗ 1W
))
. Thus, there exist rational func-

tions rVW (z) such that(((
QVW (z)−1

)st1)−1)st1
= rVW (z)

(
πV
(
q−2hρ

)
⊗ 1W

)((
QVW

(
zq−2g

))st1)st1(πV (q2hρ ⊗ 1W
))
. (3.6)

Let p(V,W ) denote the degree of the polynomial QVW (z), then

rVW (0) = 1, rVW (z) ∼= qp(V,W )2g, z → ∞.

By Proposition 3.2 (2) and (3.6), we derive

fVW

(
zq−2g

)
= rVW (z)fVW (z), (3.7)

with fVW (0) = 1. Let

rVW (z) =

p(V,W )∏
i=1

1− zqai

1− zqbi
,

through a straightforward computation, equation (3.7) admits a unique solution over C[[z]] ⊗
C
[[
q1/2

]]
, in the form provided by equation (3.5). ■
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4 R-matrix algebras

Utilizing the Drinfeld generators, we will formulate a level-0 representation of the quantum
affine superalgebra dependent on the spectral parameter z. This representation encompasses
a vector representation when z is regarded as a spectral constant. Consequently, by this vector
representation, we can explicitly derive an R-matrix denoted as R(z), satisfying the Yang–
Baxter equation R12(z)R13(zw)R23(w) = R23(w)R13(zw)R12(z). The explicit expression of the
R-matrix R(z) enables us to investigate and analyze the quantum affine superalgebra, facilitating
the construction of a super version of the R-matrix algebras. This super version corresponds to
the non-super case of the R-matrix algebra of quantum affine algebra introduced by Reshetikhin–
Semenov-Tian-Shansky (see [33]).

4.1 The explicit R-matrix of R(z)

For the sake of convenience, we adopt the following notation νi =
∑i

j=1 dj , di = (εi, εi).

Proposition 4.1 (level-0 representation). Consider the graded vector space V = C2m+1|2n.
The following map gives a representation πV(z)

of the quantum affine superalgebra Uq(ĝ) on

End(V )⊗ C
[
z, z−1

]
:

qc/2 7→ 1, x−i,k 7→
(
zqνi

)k
Ei+1

i −
(
zq2m−2n−νi−1

)k
Ei

i+1
,

x+i,k 7→
(
zqνi

)k
Ei

i+1 −
(
zq2m−2n−νi−1

)k
Ei+1

i
,

ki 7→ diq
di
(
Ei

i + Ei+1
i+1

)
+ di+1q

−di+1
(
Ei+1

i+1 + Ei
i

)
+

∑
s ̸=i,i,i+1,i+1

dsE
s
s ,

ai,k 7→ [k]qi
k

((
zqνi

)k(
diq

−dikEi
i − di+1q

di+1kEi+1
i+1

)
+
(
zq2m−2n−νi−1

)k
×
(
di+1q

−di+1kEi+1
i+1

− diq
dikEi

i

))
for 1 ≤ i < m+ n− 1, and

x−n+m,k 7→ [2]1/2qm+n

(
(zqm−n)kEn+m+1

n+m −
(
zqm−n−1

)k
En+m

n+m+1

)
,

x+n+m,k 7→ [2]1/2qm+n

(
(zqm−n)kEn+m

n+m+1 −
(
zqm−n−1

)k
En+m+1

n+m

)
,

kn+m 7→ qEn+m
n+m + q−1En+m

n+m
+

∑
s ̸=n+m,n+m

dsE
s
s ,

an+m,k 7→
[2k]qn+m

k

(
−
(
zqm−n−1

)k
En+m

n+m +
(
(zqm−n)k −

(
zqm−n−1

)k)
En+m+1

n+m+1

)
+ (zqm−n)kEn+m

n+m

)
.

Proof. It is straightforward to check the action on the generators. ■

Notice that we have the equivalence V (1) = V by setting z = 1. Therefore, it gives rise to
a vector representation πV : Uq(ĝ) → End(V ) from the above proposition. Let R(z)

.
= RV V (z) =

(πV ⊗πV )R(z), where R(z) is the universal R-matrix of Uq(ĝ) via the isomorphism Theorem 2.3.
For the formal variable z, denote z± = zq±c/2, and introduce the L-operators in Uq(ĝ) by the

formulas

L+(z) = (1⊗ πV )R(z−), L−(z) = (1⊗ πV )R21

(
z−1
−
)−1

. (4.1)

Therefore, the Yang–Baxter equation implies the following proposition.
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Proposition 4.2. In Uq(ĝ)⊗ EndV ⊗2, we have

R(z/w)L±
1 (z)L

±
2 (w) = L±

2 (w)L
±
1 (z)R(z/w),

R(z+/w−)L
+
1 (z)L

−
2 (w) = L−

2 (w)L
+
1 (z)R(z−/w+).

Next, we aim to provide an explicit R-matrix R(z) in the form of a matrix polynomial.
To achieve this, we begin by considering the polynomials QV V in Theorem 3.3 for V = W =
C2m+1|2n as follows: for ζ = q2m−2n−1,

QV V (z) =
((
1− q2

)
(z − ζ)zP +

(
q2 − 1

)
(z − 1)(z − ζ)Q+ q(z − 1)(z − ζ)

×
{
I +

(
q

1
2 − q−

1
2
)∑
a̸=a

(−1)[a]Ea
a ⊗ σ̂aa +

(
q − q−1

)∑
a>b

(−1)[b]Ea
b ⊗ σ̂ba

})
.

The graded operators of above are given as follows:

P =
∑
a,b

(−1)[b]Ea
b ⊗ Eb

a, Q =
∑
a,b

(−1)[a][b]ξaξbq
(ρ,εa−εb)Ea

b ⊗ Eā
b̄ ,

and σ̂ab = Ea
b − (−1)[a]([a]+[b])ξaξbE

b̄
ā, σ̂

a
a = q1/2(εa,εa)Ea

a − q−1/2(εa,εa)Eā
ā , where

ξa =


1, [a] = 0,

(−1)a, 1 ≤ a ≤ n,

−(−1)a, n ≤ a ≤ 1.

Remark 4.3. Let Q̃(z) = PQV V (z). According to [14], Q̃(z) satisfies the inversion relation

Q̃(z)Q̃
(
z−1
)
= (z − ζ)

(
z − q2

)(
z−1 − ζ

)(
z−1 − q2

)
× I.

Let t represent the matrix involution super-transposition defined by
(
Ei

j

)t
= (−1)[i][j]+[j]ξiξj

× Ej

i
, and define the diagonal matrix

D = diag
[
qa1 , . . . , qan , qan+1 , . . . , qan+m+1 = q

a
(n+m+1) , . . . , qan+1 , qan , . . . , qa1

]
,

where

a
(n+m+1)

= an+m+1 = 0, ai = −ai i ̸= n+m+ 1, (ρ, εi − εj) = aī − aj̄ .

Denote ts as the transposition with the s-th tensor space. Consequently, we can demonstrate
that

Q = D−1
1 P t1D1, P t1D1 = P t1D−1

2 , D2P
t1 = D−1

1 P t1 . (4.2)

Furthermore, in accordance with the reference [31], we introduce a new R-matrix as follows:

R̃(z) =

(
q − q−1

)
zP(

q − q−1z
) −

(
q − q−1

)
z(z − 1)Q(

q − q−1z
)
(z − ζ)

− (z − 1)(
q − q−1z

)
×
{
I +

(
q

1
2 − q−

1
2
)∑
a̸=a

(−1)[a]Ea
a ⊗ σ̂aa +

(
q − q−1

)∑
a>b

(−1)[b]Ea
b ⊗ σ̂ba

}
. (4.3)

Consider the function g(z) = f(z)
(
z − q2

)
(z − ζ). Consequently, we obtain the expression

R(z) = f(z)QV V (z) = g(z)R̃(z). (4.4)
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It is worth noting that we can compute

R̃(z)D1R̃(zζ)
t1D−1

1 = y(z) =

(
z − q−2

)
(zζ − 1)

(1− z)
(
1− q−2ζz

) . (4.5)

By performing similar calculations on QV V (z) and combining with equation (4.4), we derive

R(z)D1R(zζ)
t1D−1

1 = q2ζ2, (4.6)

and

f(z)f(zζ) =
1(

1− zq2
)(
1− zq−2

)(
1− zζ−1

)
(1− zζ)

.

Moreover, based on Theorem 3.3, the meromorphic function f(z) takes the form

f(z)
.
=

∞∏
i=0

(
1− zζ2i

)(
1− zq−2ζ2i+1

)(
1− zq2ζ2i+1

)(
1− zζ2i+2

)(
1− zζ2i−1

)(
1− zζ2i+1

)(
1− zq2ζ2i

)(
1− zq−2ζ2i

) ,

Hence, the explicit form of the R-matrix R(z) is as follows:

R(z) = f(z)
((
1− q2

)
(z − ζ)zP +

(
q2 − 1

)
z(z − 1)Q+ q(z − 1)(z − ζ)

×
{
I +

(
q

1
2 − q−

1
2
)∑
a̸=a

(−1)[a]Ea
a ⊗ σ̂aa +

(
q − q−1

)∑
a>b

(−1)[b]Ea
b ⊗ σ̂ba

})
.

4.2 The superalgebras U(R) and U
(
R̃
)

Definition 4.4.

(1) The associative superalgebra U(R) over C
(
q1/2

)
is generated by an invertible central ele-

ment qc/2 and elements l±ij [∓p], where the indices satisfy 1 ≤ i, j ≤ 2n+2m+1 and p ∈ Z+,
subject to the following relations:

l+ii [0]l
−
ii [0] = l−ii [0]l

+
ii [0] = 1, l+ij [0] = l−ij [0] = 0, for i > j,

R(z/w)L±
1 (z)L

±
2 (w) = L±

2 (w)L
±
1 (z)R(z/w),

R(z+/w−)L
+
1 (z)L

−
2 (w) = L−

2 (w)L
+
1 (z)R(z−/w+). (4.7)

(2) The associative superalgebra U
(
R̃
)
over C

(
q1/2

)
is generated by an invertible central

element qc/2 and elements l±ij [∓p], where the indices satisfy 1 ≤ i, j ≤ 2n + 2m + 1 and
p ∈ Z+, following the same relations as (4.7), and

R̃(z/w)L±
1 (z)L

±
2 (w) = L±

2 (w)L
±
1 (z)R̃(z/w), (4.8)

R̃(z+/w−)L+
1 (z)L

−
2 (w) = L−

2 (w)L
+
1 (z)R̃(z−/w+), (4.9)

here L±
i (z) ∈ EndC2m+1|2n ⊗ EndC2m+1|2n ⊗ U(R)

(
resp. L±

i (z) ∈ EndC2m+1|2n ⊗
EndC2m+1|2n ⊗ U

(
R̃
))
, i = 1, 2, written by

L±
1 (z) =

∑
i,j=1

Ei
j ⊗ 1⊗ l±ij(z),

(
resp. L±

1 (z) =
∑
i,j=1

Ei
j ⊗ 1⊗ l±ij(z)

)
,

L±
2 (z) =

∑
i,j=1

1⊗ Ei
j ⊗ l±ij(z),

(
resp. L±

2 (z) =
∑
i,j=1

1⊗ Ei
j ⊗ l±ij(z)

)
,

with

l±ij(z) =
∑
p=0

l±ij [∓p]z
±p.
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Note that R̃(z) possesses two properties:

(1) P12R̃12(z)P12 = R̃21(z),

(2) R̃12

(
z
w

)
× R̃21

(
w
z

)
= 1.

Based on the aforementioned properties of R̃(z), we obtain

R̃(z−/w+)L−
1 (z)L

+
2 (w) = L+

2 (w)L
−
1 (z)R̃(z+/w−).

Remark 4.5.

(1) When n = 0, we consider the R-matrix algebra associated with the quantum affine algebra
Uq

(
ô2m+1

)
. In this case, the R-matrix Rq−1(z)

(
q → q−1

)
coincides with the R-matrix

defined in reference [18].

(2) The defining relations satisfied by the series l±ij(z), 1 ≤ i, j ≤ m+n coincide with those for
the quantum affine superalgebra Uq

( ̂gl(n|m)
)
in [10] and also in [40].

Let U±(R̃) be the subalgebras of U
(
R̃
)
generated by the coefficients of all the series l±ij(z).

Proposition 4.6. In superalgebras U(R) and U±(R̃), there exist elements c±(z) ∈ U(R) and

c̃±(z) ∈ U±(R̃) such as

DL±(zζ)tD−1L±(z) = L±(z)DL±(zζ)tD−1 = c±(z),

DL±(zζ)tD−1L±(z) = L±(z)DL±(zζ)tD−1 = c̃±(z), (4.10)

and all coefficients of the series c±(z) and c̃±(z) belong to the center in U(R) and U±(R̃),
respectively.

Proof. Considering the R-matrix R̃(z) in (4.3), multiplying both sides of the defining rela-
tion (4.8) by z/w − ζ and setting z/w = ζ, we obtain

QL±
1 (zζ)L

±
2 (z) = L±

2 (z)L
±
1 (zζ)Q.

It is noteworthy that P t1L±
1 (zζ) = P t1L±

2 (zζ)
t and L±

1 (zζ)P
t1 = L±

2 (zζ)
tP t1 . Thus, it follows

from (4.2)

D−1
1 P t1D1L±

1 (zζ)L
±
2 (z) = L±

2 (z)L
±
1 (zζ)D

−1
1 P t1D1,

D−1
1 P t1L±

1 (zζ)D
−1
2 L±

2 (z) = L±
2 (z)D2L±

1 (zζ)P
t1D1,

D−1
1 P t1L±

2 (zζ)
tD−1

2 L±
2 (z) = L±

2 (z)D2L±
2 (zζ)

tP t1D1,

P t1L±
2 (zζ)

tD−1
2 L±

2 (z)D
−1
1 = D1L±

2 (z)D2L±
2 (zζ)

tP t1 ,

P t1D−1
1 L±

2 (zζ)
tD−1

2 L±
2 (z) = L±

2 (z)D2L±
2 (zζ)

tD1P
t1 ,

P t1D2L±
2 (zζ)

tD−1
2 L±

2 (z) = L±
2 (z)D2L±

2 (zζ)
tD−1

2 P t1 .

Given that the image of the operator P t1 in End
(
C2m+1|2n)⊗2

is one-dimensional, we have

P t1D2L±
2 (zζ)

tD−1
2 L±

2 (z) = L±
2 (z)D2L±

2 (zζ)
tD−1

2 P t1 = c̃±(z)P t1 ,

where we take the trace of the first copy of EndC2m+1|2n, yielding equations (4.10).
To demonstrate that c̃+(z) is central, we only need to verify the case of c̃+(z) and L−

2 (w), as
the other cases follow similarly. It is worth noting that by applying the partial transposition to
both sides of (4.9), we have

L+
1 (zζ)

tR̃(z+ζ/w−)
t1L−

2 (w) = L−
2 (w)R̃(z−ζ/w+)

t1L+
1 (zζ)

t.
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Thus

c̃+(z)L−
2 (w) = D1L+

1 (zζ)
tD−1

1 L+
1 (z)L

−
2 (w)

= D1L+
1 (zζ)

tD−1
1 R̃(z+/w−)

−1L−
2 (w)L

+
1 (z)R̃(z−/w+)

= D1L+
1 (zζ)

tR̃(z+ζ/w−)
t1L−

2 (w)D
−1
1 L+

1 (z)R̃(z−/w+) ·
1

y(z)

= D1L−
2 (w)R̃(z−ζ/w+)

t1L+
1 (zζ)

tD−1
1 L+

1 (z)R̃(z−/w+) ·
1

y(z)

= L−
2 (w)D1R̃(z−ζ/w+)

t1D−1
1 R̃(z−/w+) ·

1

y(z)
c+(z) = L−

2 (w)c̃
+(z),

where we have used (4.5). The proof for c±(z) follows a similar pattern as that for c̃±(z).
It is important to note that relation (4.6) ensures that c±(z) are central within the entire
superalgebra U(R). ■

Introduce a Heisenberg algebra Hq(m+n) related to the superalgebras U(R) and U
(
R̃
)
. The

Heisenberg algebra Hq(m + n) is generated by the elements βp (p ∈ Z \ {0}) and the central
element qc, which satisfy the following relation [βp, βs] = δp,−sϑp, p ≥ 1, where the elements ϑp
are defined by the expansion

exp

(∑
p=1

ϑpz
p

)
=
g(zq−c)

g(zqc)
,

and

g(zqc/w) exp

(∑
p=1

ϑpz
p

)
· exp

(∑
s=1

ϑ−sw
−s

)
= g(zq−c/w) exp

(∑
s=1

ϑ−sw
−s

)
· exp

(∑
p=1

ϑpz
p

)
.

Therefore, we immediately have the following proposition.

Proposition 4.7. There exists a homomorphism U
(
R̃
)
7→ Hq(m+n)⊗C[qc,q−c]U(R) defined by

L+(z) 7→ exp

(∑
p=1

ϑ−pz
−p

)
· L+(z), L−(z) 7→ exp

(∑
p=1

ϑpz
p

)
· L−(z).

4.3 Quasideterminants and Gauss decomposition

Let A = [aij ] be an N × N matrix, where N = 2m + 2n + 1. Denote Aij as the matrix
obtained from A by deleting the i-th row and j-th column. Suppose Aij is invertible. The ij-th
quasideterminant of A is defined as follows:

|A|ij = aij − rji
(
Aij
)−1

cij ,

where rji is the row matrix obtained from the i-th row of A by deleting aij , and c
i
j is the column

matrix obtained from the j-th column of A by deleting aij (please refer to [15, 27]). For example,
the quasideterminants of A = [aij ]2×2 are

|A|11 = a11 − a12a22
−1a21, |A|12 = a12 − a11a21

−1a21,

|A|21 = a21 − a22a12
−1a11, |A|22 = a22 − a21a11

−1a12.
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Furthermore, we denote the quasideterminant |A|ij that boxes the entry aij as

|A|ij =

∣∣∣∣∣∣∣∣∣∣∣∣

a11 · · · a1j · · · a1N
...

...
ai1 · · · aij · · · aiN

...
...

aN1 · · · aNj · · · aNN

∣∣∣∣∣∣∣∣∣∣∣∣
.

Now, we introduce the Gaussian generators in the super R-matrix algebras. In U
(
R̃
)
, set the

universal quasideterminant formulas as below

h±i (z) =

∣∣∣∣∣∣∣∣∣∣
l±11(z) . . . l±1i−1(z) l±1i(z)

...
. . .

...
...

l±i−11(z) . . . l±i−1i−1(z) l±i−1i(z)

l±i1(z) . . . l±ii−1(z) l±ii (z)

∣∣∣∣∣∣∣∣∣∣
,

i = 1, . . . , n, . . . , n+ 2m+ 1, . . . , 2m+ 2n+ 1,

where

e±ij(z) = h±i (z)
−1

∣∣∣∣∣∣∣∣∣∣

l±11(z) . . . l±1i−1(z) l±1j(z)
...

. . .
...

...
l±i−11(z) . . . l±i−1i−1(z) l±i−1j(z)

l±i1(z) . . . l±ii−1(z) l±ij(z)

∣∣∣∣∣∣∣∣∣∣
,

f±ji(z) =

∣∣∣∣∣∣∣∣∣∣
l±11(z) . . . l±1i−1(z) l±1i(z)

...
. . .

...
...

l±i−11(z) . . . l±i−1i−1(z) l±i−1i(z)

l±j1(z) . . . l±ji−1(z) l±ji(z)

∣∣∣∣∣∣∣∣∣∣
h±i (z)

−1.

Denote the matrices as follows:

F̃±(z) =


1 0 · · · 0

f±21(z) 1 · · · 0
...

...
. . .

...
f±N1(z) f±N2(z) · · · 1

 , Ẽ±(z) =


1 e±12(z) · · · e±1N (z)
0 1 · · · e±2N (z)
...

...
. . .

...
0 0 · · · 1

 ,

and H̃±(z) = diag
(
h±1 (z), . . . , h

±
N (z)

)
. Then L±(z) has unique Gauss decomposition L±(z) =

F̃±(z)H̃±(z)Ẽ±(z). Since H̃±(z), F̃±(z) and Ẽ±(z) are invertible, we can write the inversions
of L±(z) as follows:

L±(z)−1 =


1 −e±12(z) ∗
. . .

. . .

−e±N−1,N (z)

0 1


h±1 (z)

−1 0
. . .

0 h±N (z)−1



×


1 0

−f±21(z)
. . .

. . .

∗ −f±N−1,N (z) 1

 .
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In U(R), we denote the entries h±i (z), e
±
ij(z), f

±
ji (z) to express the respective triangular matrices

F±(z), E±(z), and the diagonal matrices H±(z), which are used in the same terms as the formal
series l±ij(z). Thus, we have L±(z) = F±(z)H±(z)E±(z).

Proposition 4.8. From Proposition 4.7, we can express the homomorphism U
(
R̃
)
7→ Hq(m+

n)⊗C[qc,q−c] U(R) as follows:

e±ij(z) 7→ e±ij(z), f±ji(z) 7→ f±ji (z), h±i (z) 7→ exp

(∑
p=1

ϑ∓pz
∓p

)
· h±i (z).

Proof. It follows from the formulas of Gaussian generators. ■

4.4 The homomorphism theorem

Consider the superalgebra U
(
R̃(m|n−l)

)
for l < n (resp. U

(
R̃(m+n−l|0)) for l ≥ n) corresponding

to the R-matrices R̃(m|n−l)(z) (resp. R̃(m+n−l|0)(z)), which possess generators l±ij [∓p] for l <
i, j < l and p = 0, 1, 2, . . . . It is worth noting that when l = 0, R̃(m|n)(z) = R̃(z). In this section,
we will describe the connection of the superalgebras between U

(
R̃
)
and U

(
R̃(m|n−l)

)
for l < n

(resp. U
(
R̃(m+n−l|0)) for l ≥ n).

Theorem 4.9. The mapping

l±ij(z) 7→

∣∣∣∣∣l
±
11(z) l±1j(z)

l±i1(z) l±ij(z)

∣∣∣∣∣ , i, j ̸= 1, 1,

defines a homomorphism U
(
R̃(m|n−1)

)
→ U

(
R̃(m|n)).

To proving Theorem 4.9, we first establish some preliminary results. For v ∈ End
(
C2m+1|2n)⊗t

and fixed ai, bi ∈ Z+, i = 1, . . . , t, define the operators on
(
C2m+1|2n)⊗t

as follows:

|b1, . . . , bt⟩ · v
.
=
∑
xi

Eb1
x1

⊗ · · · ⊗ Ebt
xt

· v, ⟨a1, . . . , at| · v
.
=
∑
xi

v · Ex1
a1 ⊗ · · · ⊗ Ext

at ,

where xi ∈ Z are indeterminate. So that Eb1
a1 ⊗ · · · ⊗ Ebt

at = |b1, . . . , bt⟩⟨a1, . . . , at|.
Now, we treat elements of the tensor product algebra End

(
C2m+1|2n)⊗t ⊗ U

(
R̃
)[[
z, z−1

]]
as

operators on the space
(
C2m+1|2n)⊗t

, with coefficients in U
(
R̃(m|n)). Therefore, for an element

of the form

X =
∑
ai,bi

Ea1
b1

⊗ · · · ⊗ Eat
bt

⊗Xa1···at
b1···bt ,

we adopt the following standard notation Xa1···at
b1···bt = ⟨a1, . . . , at|X|b1, . . . , bt⟩. The operators

⟨a1, . . . , at|X and Y |b1, . . . , bt⟩ are defined in the usual manner. In fact, for fixed b1, . . . , bt ∈ Z+

and X ∈ End
(
C2m+1|2n)⊗t ⊗ U

(
R̃
)[[
z, z−1

]]
, we have

X|b1, . . . , bt⟩ =
∑
xi

Eb1
x1

⊗ · · · ⊗ Ebt
xt

⊗Xb1,...,bt
x1,...,xt

|x1, . . . , xt⟩,

where xi ∈ Z are indeterminate.
Introduce the quasideterminant

s±ij(z) =

∣∣∣∣∣l
±
11(z) l±1j(z)

l±i1(z) l±ij(z)

∣∣∣∣∣ = l±ij(z)− l±i1(z)l
±
11(z)

−1l±1j(z),
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and let the quantum minors series l±a1a2
b1b2

(z) with coefficients in U
(
R̃(m|n)) as

l±a1a2
b1b2

(z) =
〈
a1, a2|R̂

(
q−2
)
L±
1 (z)L

±
2

(
zq2
)
|b1, b2

〉
,

where ai, bi ∈ {1, . . . , 2m+ 2n+ 1}, and set R̂(z) = q−q−1z
z−1 R̃(z).

Lemma 4.10. For any 1 < i, j < 1, we have

s±ij(z) = −l±11
(
zq−2

)−1
l±1i
1j

(
zq−2

)
. (4.11)

Moreover,[
l±11(z), s

±
ij(z)

]
= 0, (4.12)

z± − w∓
q−1z± − qw∓

l±11(z)s
∓
ij(w) =

z∓ − w±
q−1z∓ − qw±

s∓ij(w)l
±
11(z). (4.13)

Proof. By the definition of quantum minors, we have

l±1i
1j (z) =

〈
1, i|R̂

(
q−2
)
L±
1 (z)L

±
2

(
zq2
)
|1, j

〉
= −l±11(z)l

±
ij

(
zq2
)
− (−1)[i]q−1l±i1(z)l

±
1j

(
zq2
)
.

Then from relation (4.8), we find that〈
1, i|R̃(z/w)L±

1 (z)L
±
2 (w)|1, 1

〉
=
〈
1, i|L±

2 (w)L
±
1 (z)R̃(z/w)|1, 1

〉
,

a direct calculation gives

−(z/w − 1)l±11(z)l
±
i1(w) +

(
q − q−1

)
z/wl±i1(z)l

±
11(w) = −

(
qz/w − q−1

)
l±i1(w)l

±
11(z).

Let z/w = q−2, we have

l±11
(
zq−2

)
l±i1(z) = −(−1)[i]q−1l±i1

(
zq−2

)
l±11(z),

and hence

l±1i
1j

(
zq−2

)
= −l±11

(
zq−2

)
l±ij(z)− (−1)[i]q−1l±i1

(
zq−2

)
l±1j(z)

= −l±11
(
zq−2

)
l±ij(z)− (−1)[i]q−1l±i1

(
zq−2

)
l±11(z)

(
l±11(z)

)−1
l±1j(z)

= −l±11
(
zq−2

)
l±ij(z) + l±11

(
zq−2

)
l±i1(z)

(
l±11(z)

)−1
l±1j(z) = −l±11

(
zq−2

)
s±ij(z),

that is, s±ij(z) = −l±11
(
zq−2

)−1
l±1i
1j

(
zq−2

)
, which implies (4.11).

For the remaining two equations, we only verify (4.13) since (4.12) is similar. First, we have
the following equation:〈

1, 1, i|R̃01(z±/w∓)R̃02(z±q
−2/w∓)L±

0 (z)R̂12

(
q−2
)
L∓
1 (w)L

∓
2

(
wq2

)
|1, 1, j

〉
=
〈
1, 1, i|R̂12

(
q−2
)
L∓
1 (w)L

∓
2

(
wq2

)
L±
0 (z)R̃02

(
z∓q

−2/w±
)
R̃01(z±/w∓)|1, 1, j

〉
,

which is derived by the Yang–Baxter equation and relation (4.8). After a easy calculation, we
get

q−2z± − w∓
q−3z± − qw∓

l±11(z)l
∓1i
1j (w) =

q−2z∓ − w±
q−3z∓ − qw±

l∓1i
1j (w)l±11(z).

Therefore,

q−2z± − q−2w∓
q−3z± − q−1w∓

l±11(z)l
∓
11

(
q−2w

)
s∓ij(w) =

q−2z∓ − q−2w±
q−3z∓ − q−1w±

l∓11
(
q−2w

)
s∓ij(w)l

±
11(z).

This implies the equation (4.13). ■
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Consider the tensor product algebra End
(
C2m+1|2n)⊗4 ⊗ U

(
R̃(m|n)) for 1 < i, j < 1. The

following lemma can be derived through direct calculation, similar to [20, equations (3.25)–
(3.31)].

Lemma 4.11. For 1 < i, j < 1, we have

R̂
(m|n)
12

(
q−2
)
R̂

(m|n)
34

(
q−2
)
R̃

(m|n)
14

(
zq−2

)
R̃

(m|n)
24 (z)R̃

(m|n)
13 (z)R̃

(m|n)
23 (w)|1, i, 1, j⟩

= C(z)R̂
(m|n)
12

(
q−2
)
R̂

(m|n)
34

(
q−2
)
R̃

(m|n−1)
24 (z)|1, i, 1, j⟩,

and

⟨1, i, 1, j|R̃(m|n)
23 (w)R̃

(m|n)
13 (z)R̃

(m|n)
24 (z)R̃

(m|n)
14

(
zq−2

)
R̂

(m|n)
12

(
q−2
)
R̂

(m|n)
34

(
q−2
)

= C(z)⟨1, i, 1, j|R̃(m|n−1)
24 (z)R̂

(m|n)
12

(
q−2
)
R̂

(m|n)
34

(
q−2
)
,

where

C(z, w) =
(w − 1)(z − q2)− (q − q−1)2z

(wq−2 − 1)(z − q4)
.

Remark 4.12. Note that, the R-matrix R̃(z) has a singularity at z = q2. However, in
Lemma 4.11 and the proof of Lemma 4.10, we have not considered the singularity of the R-
matrix. Indeed, If we take into account the singularity of the R-matrix, similar to the non-super
case discussed in [20] and [21], as well as in the context of super orthosymplectic Yangians [32],
we have to redefine the following relation l±a1a2

b1b2
(z) = ⟨a1, a2|L±

2

(
zq−2

)
L±
1 (z)R̂

(
q2
)
|b1, b2⟩, where

ai, bi ∈ {1, . . . , 2m+2n+1}. A similar calculation leads to the result s±ij(z) = l±1i
1j

(
zq2
)
l±11
(
zq2
)−1

,
and the relations of (4.12)–(4.13). Moreover, in Lemma 4.11, we find that

C(z, w) =
(wq − q−1)(zq − q−1)

(w − 1)(z − 1)
,

when we replace q−2 with q2.
This means that, whether it is R̂

(
q2
)
or R̂

(
q−2
)
, both can be regarded as a constant coef-

ficient of End
(
C2m+1|2n)⊗ U

(
R̃(m|n)) that satisfies the Yang–Baxter equation and the defining

relation (4.8) over C
(
q1/2

)
.

Under the aforementioned constructions, we now proceed to prove Theorem 4.9.

Proof of Theorem 4.9. By utilizing the Yang–Baxter equation and the defining relations
in U

(
R̃
)
, we derive the following equality:

R̃
(m|n)
23

(
zq2

w

)
R̃

(m|n)
13

( z
w

)
R̃

(m|n)
24

( z
w

)
R̃

(m|n)
14

(
z

wq2

)
R̂

(m|n)
12

(
q−2
)

×L±
1 (z)L

±
2

(
zq2
)
R̂

(m|n)
34

(
q−2
)
L±
3 (w)L

±
4

(
wq2

)
= R̂

(m|n)
34

(
q−2
)
L±
3 (w)L

±
4

(
wq2

)
R̂

(m|n)
12

(
q−2
)

× L±
1 (z)L

±
2

(
zq2
)
R̃

(m|n)
14

(
z

wq2

)
R̃

(m|n)
24

( z
w

)
R̃

(m|n)
13

( z
w

)
R̃

(m|n)
23

(
zq2

w

)
.

Assuming that 1 < i, j, k, l < 1, by Lemma 4.11, we obtain

⟨1, k, 1, l|R̃(m|n−1)
24

( z
w

)
R̂

(m|n)
12

(
q−2
)
L±
1 (z)L

±
2

(
zq2
)
R̂

(m|n)
34

(
q−2
)
L±
3 (w)L

±
4

(
wq2

)
|1, i, 1, j⟩

= ⟨1, k, 1, l|R̂(m|n)
34

(
q−2
)
L±
3 (w)L

±
4

(
wq2

)
R̂

(m|n)
12

(
q−2
)
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× L±
1 (z)L

±
2

(
zq2
)
R̃

(m|n−1)
24

( z
w

)
|1, i, 1, j⟩. (4.14)

Set

L±(z) =
∑

i,j ̸=1,1̄

Ei
j ⊗ l±1i

1j (z) ∈ EndC2m+1|2n ⊗ U
(
R̃
)
,

then (4.14) is equivalent to

R̃
(m|n−1)
24

( z
w

)
L±
2 (z)L

±
4 (w) = L±

4 (w)L
±
2 (z)R̃

(m|n−1)
24

( z
w

)
. (4.15)

Let S±(z) =
∑

i,j ̸=1,1̄E
i
j ⊗ s±ij(z). By Lemma 4.10, S±(z) = −l±11

(
zq−2

)−1
L±(zq−2

)
. Hence,

(4.15) implies that

R̃(m|n−1)
( z
w

)
S±
1 (z)S

±
2 (w) = S±

2 (w)S
±
1 (z)R̃

(m|n−1)
( z
w

)
. (4.16)

Similarly, we also have

R̃(m|n−1)

(
zq±c

w

)
S±
1 (z)S

∓
2 (w) = S∓

2 (w)S
±
1 (z)R̃

(m|n−1)

(
zq∓c

w

)
. (4.17)

Now, (4.16) and (4.17) provide the proof of Theorem 4.9. ■

We highlight certain consequences of Theorem 4.9, which can be verified using similar meth-
ods as in the non-super case (see [20, Theorem 3.9], and [21, Theorem 3.7]). Similar results also
apply to Yangians under the orthosymplectic superalgebras (see [32, Corollary 3.2]). Moreover,
these consequences follow from the Sylvester theorem for quasideterminants (see [15, 27]).

Theorem 4.13. The mapping

ψl : l±ij(z) 7→

∣∣∣∣∣∣∣∣∣
l±11(z) . . . l±1l(z) l±1j(z)

. . . . . . . . . . . .
l±l1(z) . . . l±ll (z) l±lj(z)

l±i1(z) . . . l±il (z) l±ij(z)

∣∣∣∣∣∣∣∣∣ , (4.18)

defines a homomorphism

U
(
R̃(m|n−l)

)
→ U

(
R̃(m|n)) for l < n,

and another homomorphism

U
(
R̃(m+n−l|0))→ U

(
R̃(m|n)) for l ≥ n,

where the generators l±ij(z) of the superalgebras U
(
R̃(m|n−l)

)
or U

(
R̃(m+n−l|0)) are indexed by

l + 1 ≤ i, j ≤ (l + 1).

Remark 4.14. In the case of n = 0, there exists a homomorphism theorem related to the
non-super R-matrix algebra for type B, as documented in [21, Theorem 3.7]. Hence, our result
is encompassed therein.

The mapping (4.18) possesses the following consistency property, see [3]. Denote ψ2m+2n+1
l

as the map ψl in Theorem 4.13, where we establish the equality

ψ2m+2n+1
k ◦ ψ2m+2n+1−2k

l = ψ2m+2n+1
k+l .
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Corollary 4.15. Under the assumptions of Theorem 4.13, the following relations hold:[
l±ab(z), ψl

(
l±ij(w)

)]
= 0,

z± − w∓
q−1z± − qw∓

l±ab(z)ψl(l
∓
ij(w)) =

z∓ − w±
q−1z∓ − qw±

ψl(l
∓
ij(w))l

±
ab(z)

for 1 ≤ a, b ≤ l, and l + 1 ≤ i, j ≤ (l + 1).

Proof. The proof is exactly as [20, Corollary 3.10] or [21, Corollary 3.8]. ■

Assuming l ≤ m+ n, let F̃±(l)(z), Ẽ±(l)(z), and H̃±(l)(z) be defined as follows:

F̃±(l)(z) =


1 0 · · · 0

f±l+2,l+1(z) 1 · · · 0
...

. . .
. . .

...
f±
(l+1),l+1

(z) · · · f±
(l+1),(l+2)

(z) 1

 ,

Ẽ±(l)(z) =


1 e±l+1,l+2(z) · · · e±

l+1,(l+1)
(z)

0 1
. . .

...
...

...
. . . e±

(l+2),(l+1)
(z)

0 0 · · · 1

 ,

and H̃±(l)(z) = diag
(
h±l+1(z), . . . , h

±
(l+1)′(z)

)
. Define the product of these matrices as

L±(l)(z) = F̃±(l)(z)H̃±(l)(z)Ẽ±(l)(z).

Note that L±(0)(z) = L±(z).
The following properties observed in [20, Proposition 4.2] extend to the super case in a similar

manner.

Proposition 4.16. The series l
±(l)
ij (z) coincides with the image of the generator series l±ij(z)

of U
(
R̃(m|n)) for l + 1 ≤ i, j ≤ (l + 1) under the homomorphism l

±(l)
ij (z) = ψl

(
l±ij(z)

)
.

Therefore, we immediately derive the following corollary from Proposition 4.16.

Corollary 4.17. In U
(
R̃(m|n)), we have

R̃(m|n−l)(z/w)L±(l)
1 (z)L±(l)

2 (w) = L±(l)
2 (w)L±(l)

1 (z)R̃(m|n−l)(z/w),

R̃(m|n−l)(z+/w−)L(l)
1 (z)L−(l)

2 (w) = L−(l)
2 (w)L(l)

1 (z)R̃(m|n−l)(z−/w+)

for l < n, and

R̃(m+n−l|0)(z/w)L±(l)
1 (z)L±(l)

2 (w) = L±(l)
2 (w)L±(l)

1 (z)R̃(m+n−l|0)(z/w),

R̃(m+n−l|0)(z+/w−)L(l)
1 (z)L−(l)

2 (w) = L−(l)
2 (w)L(l)

1 (z)R̃(m+n−l|0)(z−/w+)

for l ≥ n.

5 Drinfeld presentations in U(R) and U
(
R̃
)

Based on the definition of Gaussian generators from Section 4.3, we first investigate the rela-
tions among these generators by applying the Gauss decomposition in the superalgebras U(R)
and U

(
R̃
)
. Furthermore, the central elements mentioned in Proposition 4.6 are explicitly ex-

pressed in terms of forms of Gaussian generators. Finally, utilizing these established relations,
it is found that in super R-matrix algebras U(R) and U

(
R̃
)
, their Drinfeld presentation arises.
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5.1 Relations of Gaussian generators

Proposition 5.1. Suppose that l + 1 ≤ j, k, s ≤ (l + 1) and j ̸= s. Then in U
(
R̃(m|n)), we have

the following relations. If s > j,

[
e±lj(z), l

∓(l)
ks (w)

]
= (−1)[j]+[l]

{(
q − q−1

)
w±

z∓ − w±
l
∓(l)
kj (w)e±ls(z)−

(
q − q−1

)
z∓

z∓ − w±
l
∓(l)
kj (w)e∓ls(w)

}
,

[
e±lj(z), l

±(l)
ks (w)

]
= (−1)[j]+[l]

×

{(
q − q−1

)
w

z − w
l
±(l)
kj (w)e±ls(z)−

(
q − q−1

)
z

z − w
l
±(l)
kj (w)e±ls(w)

}
. (5.1)

If s < j,

[
e±lj(z), l

∓(l)
ks (w)

]
= (−1)[j]+[l]

(
q − q−1

)
z∓

z∓ − w±

{
l
∓(l)
kj (w)e±ls(z)− l

∓(l)
kj (w)e∓ls(w)

}
,

[
e±lj(z), l

±(l)
ks (w)

]
= (−1)[j]+[l]

(
q − q−1

)
z

z − w

{
l
±(l)
kj (w)e±ls(z)− l

±(l)
kj (w)e±ls(w)

}
.

If s = j and [j] = 0,

e±lj(z)l
∓(l)
kj (w) =

q−1z∓ − qw±
z∓ − w±

l
∓(l)
kj (w)e±lj(z)−

(
q − q−1

)
z∓

z∓ − w±
l
∓(l)
kj (w)e∓lj(w),

e±lj(z)l
±(l)
kj (w) =

q−1z − qw

z − w
l
±(l)
kj (w)e±lj(z)−

(
q − q−1

)
z

z − w
l
±(l)
kj (w)e±1j(w). (5.2)

If s = j and [j] = 1,

e±lj(z)l
∓(l)
kj (w) =

(
q − q−1

)
z∓

z∓ − w±

{
l
∓(l)
kj (w)e±lj(z)− l

∓(l)
kj (w)e∓lj(w)

}
,

e±lj(z)l
±(l)
kj (w) =

(
q − q−1

)
z

z − w

{
l
∓(l)
kj (w)e±lj(z)− l

±(l)
kj (w)e±lj(w)

}
.

Proof. For convenience, we denote C+
(
Ei

j ⊗Ek
s

)
and C−(Ei

j ⊗Ek
s

)
associated with the param-

eter z+/w− and z−/w+, respectively, to be the coefficients of the position Ei
j ⊗ Ek

s in R̃(z).
Let l = 1, if j ̸= s, then by the defining relations, we have

C±(E1
1 ⊗ Ek

k

)
l±1j(z)l

∓
ks(w) + C±(E1

k ⊗ Ek
1

)
l±kj(z)l

∓
1s(w)

= l∓ks(w)l
±
1j(z)C

∓(Ej
j ⊗ Es

s

)
+ l∓kj(w)l

±
1s(z)C

∓(Es
j ⊗ Ej

s

)
. (5.3)

Since l∓ks(w) = l
∓(l)
ks (w) + f∓k1(w)h

∓
1 (w)e

∓
1s(w), the left-hand side of (5.3) can be written as

C±(E1
1 ⊗ Ek

k

)
l±1j(z)l

∓(1)
ks (w) + C±(E1

1 ⊗ Ek
k

)
l±1j(z)f

∓
k1(w)h

∓
1 (w)e

∓
1s(w)

+ C±(E1
k ⊗ Ek

1

)
l±kj(z)l

∓
1s(w).

On the other hand,

C±(E1
1 ⊗ Ek

k

)
l±1j(z)l

∓
k1(w) + C±(E1

k ⊗ Ek
1

)
l±kj(z)l

∓
11(w)

= l∓k1(w)l
±
1j(z)C

∓(Ej
j ⊗ E1

1) + l∓kj(w)l
±
11(z)C

∓(E1
j ⊗ Ej

1

)
.

Thus, the left-hand side of (5.3) is equal to

C±(E1
1 ⊗ Ek

k

)
l±1j(z)l

∓(1)
ks (w) + C±(Ej

j ⊗ E1
1

)
f∓k1(w)l

∓
11(w)l

±
1j(z)e

∓
1s(w)
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+ C∓(E1
j ⊗ Ej

1

)
l∓kj(w)l

±
11(z)e

∓
1s(w).

Note that

C±(E1
1 ⊗ E1

1

)
l±1j(z)l

∓
11(w) = l∓11(w)l

±
1j(z)C

∓(Ej
j ⊗ E1

1

)
+ l∓1j(w)l

±
11(z)C

∓(E1
j ⊗ Ej

1

)
,

it can transform the left-hand side of (5.3) as

C±(E1
1 ⊗ Ek

k

)
l±1j(z)l

∓(1)
ks (w) + C±(E1

1 ⊗ E1
1

)
f∓k1(w)l

±
1j(z)e

∓
1s(w)

+ C∓(E1
j ⊗ Ej

1

)
l
∓(1)
kj (w)l±11(z)e

∓
1s(w).

Furthermore, we find that

C±(E1
1 ⊗ E1

1

)
l±1j(z)l

∓
1s(w) = l∓1s(w)l

±
1j(z)C

∓(Ej
j ⊗ Es

s

)
+ l∓1j(w)l

±
1s(z)C

∓(Es
j ⊗ Ej

s

)
.

Bring it to the left-hand side of (5.3) and rearranging this equation, we obtain

C±(E1
1 ⊗ Ek

k

)
l±1j(z)l

∓(1)
ks (w)− C∓(Ej

j ⊗ Es
s

)
l
∓(1)
ks (w)l±1j(z)

= C∓(Es
j ⊗ Ej

s

)
l
∓(1)
kj (w)l±11(z)e

±
1s(z)− C∓(E1

j ⊗ Ej
1

)
l
∓(1)
kj (w)l±11(z)e

∓
1s(w). (5.4)

Similarly,

C±(E1
1 ⊗ Ek

k

)
l±1j(z)l

±(1)
ks (w)− C±(Ej

j ⊗ Es
s

)
l
±(1)
ks (w)l±1j(z)

= C∓(Es
j ⊗ Ej

s

)
l
±(1)
kj (w)l±11(z)e

±
1s(z)− C∓(E1

j ⊗ Ej
1

)
l
±(1)
kj (w)l±11(z)e

±
1s(w).

If j = s, the same argument gives that

C±(E1
1 ⊗ Ek

k

)
l±1j(z)l

∓(1)
kj (w)

= C∓(Ej
j ⊗ Ej

j

)
l
∓(1)
kj (w)l±11(z)e

±
1j(z)− C∓(E1

j ⊗ Ej
1

)
l
∓(1)
kj (w)l±11(z)e

∓
1j(w),

C±(E1
1 ⊗ Ek

k

)
l±1j(z)l

±(1)
kj (w)

= C∓(Ej
j ⊗ Ej

j

)
l
∓(1)
kj (w)l±11(z)e

±
1j(z)− C∓(E1

j ⊗ Ej
1

)
l
∓(1)
kj (w)l±11(z)e

±
1j(w).

Moreover, Corollary 4.15 implies that

z± − w∓
q−1z± − qw∓

l±11(z)l
∓(1)
kj (w) =

z∓ − w±
q−1z∓ − qw±

l
∓(1)
kj (w)l±11(z),

z± − w∓
q−1z± − qw∓

l±11(z)l
∓(1)
ks (w) =

z∓ − w±
q−1z∓ − qw±

l
∓(1)
ks (w)l±11(z). (5.5)

From the R-matrix R̃(z), we list the coefficients as below

C±(E1
1 ⊗ Ek

k

)
=

z± − w∓
q−1z± − qw∓

, C±(E1
j ⊗ Ej

1

)
= (−1)[j]

(
q−1 − q

)
z±

q−1z± − qw∓
,

C±(Es
j ⊗ Ej

s

)
=


(−1)[j]

(q−1 − q)w∓
q−1z± − qw∓

, s > j,

(−1)[j]
(q−1 − q)z±
q−1z± − qw∓

, s < j,

C±(Ej
j ⊗ Es

s

)
=


z± − w∓

q−1z± − qw∓
, j ̸= s,

1, j = s and [j] = 0,

qz± − q−1w∓
q−1z± − qw∓

, j = s and [j] = 1.

Therefore, after checking the coefficients of (5.4)–(5.5), we can derive all the relations for the
case l = 1. The general case immediately follows from Proposition 4.16. ■
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As a consequence, we have the following result.

Proposition 5.2. Suppose that l + 1 ≤ j, k, s ≤ (l + 1) and j ̸= k. Then in U
(
R̃(m|n)), we have

the following relations. If k > j,

[
f±jl(z), l

∓(l)
ks (w)

]
= (−1)[j]+[l]

{(
q − q−1

)
w±

z∓ − w±
f∓kl(w)l

∓(l)
js (w)−

(
q − q−1

)
z∓

z∓ − w±
f±kl(z)l

∓(l)
js (w)

}
,

[
f±jl(z), l

±(l)
ks (w)

]
= (−1)[j]+[l]

{(
q − q−1

)
w

z − w
f±kl(w)l

±(l)
js (w)−

(
q − q−1

)
z

z − w
f±kl(z)l

±(l)
js (w)

}
.

If k < j,

[
f±jl(z), l

∓(l)
ks (w)

]
= (−1)[j]+[l]

(
q − q−1

)
w∓

z∓ − w±

{
f∓kl(w)l

∓(l)
js (w)− f±kl(z)l

∓(l)
js (w)

}
,

[
f±jl(z), l

±(l)
ks (w)

]
= (−1)[j]+[l]

(
q − q−1

)
w

z − w

{
f±kl(w)l

±(l)
js (w)− f±kl(z)l

±(l)
js (w)

}
.

If k = j and [j] = 0,

f±jl(z)l
∓(l)
js (w) =

z± − w∓
q−1z± − qw∓

l
∓(l)
js (w)f±jl(z) +

(
q − q−1

)
w∓

q−1z± − qw∓
f∓jl(w)l

∓(l)
js (w),

f±jl(z)l
±(l)
js (w) =

z − w

q−1z − qw
l
±(l)
js (w)f±jl(z) +

(
q − q−1

)
w

q−1z − qw
f±jl(w)l

±(l)
js (w).

If k = j and [j] = 1,

f±jl(z)l
∓(l)
js (w) =

(
q − q−1

)
w∓

q−1z± − qw∓

{
l
∓(l)
js (w)f±jl(z) + f∓jl(w)l

∓(l)
js (w)

}
,

f±jl(z)l
±(l)
js (w) =

(
q − q−1

)
w

q−1z − qw

{
l
±(l)
js (w)f±jl(z) + f±jl(w)l

±(l)
js (w)

}
.

In the following, we consistently define

e±i (z)
.
= e±i,i+1(z), f±i (z)

.
= f±i+1,i(z).

Let c̃±(m|n−l)(z)
(
resp. c̃±(m+n−l|0)(z)

)
denote the central elements in U±(R̃(m|n−l)

)
if l < n(

resp. U±(R̃(m+n−l|0)) if l ≥ n
)
. Note that c̃±(z) = c̃±(m|n)(z). By Proposition 4.6, we find that

DL±(zζ)tD−1 = L±(z)
−1
c̃±(m|n)(z).

Taking the (2m+ 2n+ 1, 2m+ 2n+ 1)-entry on both sides of the above equation and using the
Gauss decomposition, we obtain

h±1 (zζ) = h±
1
(z)

−1
c̃±(z). (5.6)

Lemma 5.3. In U
(
R̃(m|n)), the following equations hold:

h±i (z)e
±
i (z) = q−1e±i

(
q2z
)
h±i (z), 1 ≤ i ≤ n, (5.7)

f±i (z)h
±
i (z) = qh±i (z)f

±
i

(
q2z
)
, 1 ≤ i ≤ n,

h±j (z)e
±
j (z) = qe±j

(
q−2z

)
h±n+j(z), n+ 1 ≤ j ≤ m+ n, (5.8)

f±j (z)h
±
j (z) = q−1h±j (z)f

±
j

(
q−2z

)
, n+ 1 ≤ j ≤ m+ n.
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Proof. By Theorem 4.13 and Proposition 4.16, we consider the R-matrices R̃(m|n−i+1) with
1 ≤ i ≤ n and R̃(m+n−j+1|0) with n + 1 ≤ j ≤ m + n, corresponding to the superalgebras
U
(
R̃(m|n−i+1)

)
(for 1 ≤ i ≤ n) and U

(
R̃(m+n−j+1|0)) (for n+ 1 ≤ j ≤ m+ n), respectively. Let

s = i or j, then s + 1 ̸= s. Applying the Gauss decomposition and defining relation (4.8), we
have

C(Es
s ⊗ Es

s)h
±
s (z)h

±
s (w)e

±
s (w)

= h±s (w)h
±
s (z)e

±
s (z)C

(
Es+1

s ⊗ Es
s+1

)
+ h±s (w)e

±
s (w)h

±
s (z)C

(
Es

s ⊗ Es+1
s+1

)
.

By the super case of [4, relations (33)–(34)], [10, Definition 2] for type A, and the non-super case
for type B [21, Theorem 4.29], we have the commutation relations between h±s (z) and h±s (w)
(also see Section 5.2). Therefore, let w = q2z for s = i or w = q−2z for s = j. By examining the
coefficients of the above equation, we can obtain the relations involving the generators h±s (z)
and e±s (z), and the others are similar. ■

Lemma 5.4. In U
(
R̃(m|n)), we have

e±
(i+1)

(z) = −e±i
(
q2izζ

)
, 1 ≤ i ≤ n, (5.9)

e±
(j+1)

(z) = −e±j
(
q2m+2n−2j−1z

)
, n+ 1 ≤ j ≤ m+ n− 1, (5.10)

and

f±
(i+1)

(z) = −f±i
(
q2izζ

)
, 1 ≤ i ≤ n, (5.11)

f±
(j+1)

(z) = −f±j
(
q2m+2n−2j−1z

)
, n+ 1 ≤ j ≤ m+ n− 1. (5.12)

Proof. By Propositions 4.6 and 4.16, for any 1 ≤ i ≤ n and n+ 1 ≤ j ≤ m+ n− 1, we have

L±(i−1)(z)
−1
c̃±(m|n−i+1)(z) = D(m|n−i+1)L±(i)

(
q2i−2zζ

)t(
D(m|n−i+1)

)−1
, (5.13)

L±(j−1)(z)
−1
c̃±(m+n−j+1|0)(z)

= D(m+n−j+1|0)L±(j−1)
(
q−2j+2zq2m+2n−1

)t(
D(m+n−j+1|0))−1

, (5.14)

where

D(m|n−i+1) = diag[qai , . . . , qai ], D(m+n−j+1|0) = diag[qaj , . . . , qaj ].

Let s = i or j and consider the (s, s) and (s+ 1, s)-entries on both sides of (5.13) and (5.1),
respectively, we find that

h±i
(
q2i−2zζ

)
= h±

i
(z)

−1
c̃±(m|n−i+1)(z),

−e±
i+1

(z)h±
i
(z)

−1
c̃±(m|n−i+1)(z) = qh±i

(
q2i−2zζ

)
e±i
(
q2i−2zζ

)
,

and

h±j
(
zq2m+2n−2j+1

)
= h±

j
(z)

−1
c̃±(m+n−j+1|0)(z),

−e±
j+1

(z)h±
j
(z)

−1
c̃±(m+n−j+1|0)(z) = q−1h±j

(
zq2m+2n−2j+1

)
e±j
(
zq2m+2n−2j+1

)
.

As a consequence, we obtain

−e±
i+1

(z)h±i
(
q2i−2zζ

)
= qh±i

(
q2i−2zζ

)
e±i
(
q2i−2zζ

)
,

and

−e±
j+1

(z)h±j
(
zq2m+2n−2j+1

)
= q−1h±i

(
zq2m+2n−2j+1

)
e±j
(
zq2m+2n−2j+1

)
.

Now (5.7) and (5.8) imply our claims of (5.9) and (5.10), while (5.11) and (5.12) are similar. ■
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Proposition 5.5. In the superalgebra U
(
R(m|n)) and U(R̃(m|n)), we have

c±(m|n)(z) =

n∏
i=1

h±i
(
zζq2i−2

)
h±i
(
zζq2i

) m∏
i=1

h±n+i

(
zq2m−2i+1

)
h±n+i

(
zq2m−2i−1

)h±m+n+1(z)h
±
m+n+1

(
q−1z

)
,

c̃±(m|n)(z) =

n∏
i=1

h±i
(
zζq2i−2

)
h±i
(
zζq2i

) m∏
i=1

h±n+i

(
zq2m−2i+1

)
h±n+i

(
zq2m−2i−1

)h±m+n+1(z)h
±
m+n+1

(
q−1z

)
.

Proof. Considering the matrix L±(0)(z) = L±(z) and taking the (2, 2)-entry of (5.13), by the
Gauss decomposition we find that

h±2 (zζ) + f±1 (zζ)h
±
1 (zζ)e

±
1 (zζ) =

{
h±
2
(z)

−1
+ e±

1
(z)h±

1
(z)

−1
f±
1
(z)

−1}
c̃±(m|n)(z).

Proposition 4.6 and Lemma 5.3 together with (5.6) imply

h±
2
(z)

−1
c̃±(m|n)(z) = h±2 (zζ) + f±1 (zζ)h

±
1 (zζ)e

±
1 (zζ)− e±1

(
q2zζ

)
h±1 (zζ)f

±
1 (zζ).

As the proof of [10] (also see [4] or [40]), we have[
e±1 (z), f

±
1 (w)

]
=

(
q − q−1

)
z

z − w

(
h±2 (w)h

±
1 (w)

−1 − h±2 (z)h
±
1 (z)

−1)
,

together with (5.7), we deduce that

h±
2
(z)

−1
c̃±(m|n)(z) = h±2

(
q2zζ

)
h±1
(
q2zζ

)−1
h±1 (zζ).

On one hand, c̃±(m|n−1)(z) = h±
2
(z)h±2

(
q2zζ

)
, so that

c̃±(m|n)(z) = h±1
(
q2zζ

)−1
h±1 (zζ)c̃

±(m|n−1)(z).

Repeat this process for c̃±(m|n−l)(z), and when l > n, relations (5.8) are used. Thus we only
need to know the formulas for c̃±(1|0)(z). Considering the superalgebra U

(
R̃(1|0)) (it should be

noted that the required relations can be obtained in [21] based on Remark 4.5 (1)), then the
same argument allows us to conclude that

h±m+n+1(z)
−1
c̃±(1|0)(z) = h±m+n+1

(
q−1z

)
h±m+n

(
q−1z

)−1
h±m+n(qz),

which implies that the formula c̃±(m|n)(z) holds. The formula c±(m|n)(z) follows from Proposi-
tion 4.8. ■

5.2 Relations of Drinfeld generators

Now we illustrate the Drinfeld generators and relations in U
(
R̃
)
and U(R) by setting

X̃−
i (z) = e+i (z+)− e−i (z−), X̃+

i (z) = f+i (z−)− f−i (z+),

X−
i (z) = e+i (z+)− e−i (z−), X+

i (z) = f+i (z−)− f−i (z+),

and the δ-function δ(z) =
∑

p∈Z z
p. Note that the R-matrix of Uq

( ̂gl(n|m)
)
is

R(z) =
q−1 − zq

q − q−1z

n∑
a=1

Ea
a ⊗ Ea

a +

n+m∑
a=n+1

Ea
a ⊗ Ea

a − z − 1

q − q−1z

∑
a̸=b

(−1)[a][b]Ea
a ⊗ Eb

b

+
q − q−1

q − q−1z

∑
a>b

(−1)[b]Ea
b ⊗ Eb

a +

(
q − q−1

)
z

q − q−1z

∑
a<b

(−1)[b]Ea
b ⊗ Eb

a.

Compare to the R-matrix R̃(z) and by Remark 4.5 along with the quasideterminant formulas,
in the same way as presented in [4, 10] and [40] (where the original method was provided by [7]
for the non-super case), we can arrive at the following proposition.
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Proposition 5.6. In the superalgebra U
(
R̃(m|n)), we have

h±i (z)h
ϵ
i(w) = hϵi(w)h

±
i (z), n+ 1 ≤ i ≤ n+m,

h±j (z)h
±
j (w) = h±j (w)h

±
j (z), 1 ≤ j ≤ n,

qz+ − q−1w−
q−1z+ − qw−

h±j (z)h
∓
j (w) =

qz− − q−1w+

q−1z− − qw+
h∓j (w)h

±
j (z), 1 ≤ j ≤ n,

z± − w∓
q−1z± − qw∓

h±i (z)h
∓
j (w) =

z∓ − w±
q−1z∓ − qw±

h∓j (w)h
±
i (z), 1 ≤ i < j ≤ m+ n,

h±i (z)
−1
X̃−

i (w)h±i (z) =
q−1z∓ − qw

z∓ − w
X̃−

i (w), n+ 1 ≤ i ≤ n+m− 1,

h±i+1(z)
−1
X̃−

i (w)h±i+1(z) =
qz∓ − q−1w

z∓ − w
X̃−

i (w), n+ 1 ≤ i ≤ n+m− 1,

h±i (z)X̃
+
i (w)h±i (z)

−1
=
q−1z± − qw

z± − w
X̃+

i (w), n+ 1 ≤ i ≤ n+m− 1,

h±i+1(z)X̃
+
i (w)h±i+1(z)

−1
=
qz± − q−1w

z± − w
X̃+

i (w), n+ 1 ≤ i ≤ n+m− 1,

h±j (z)
−1
X̃−

j (w)h±j (z) =
qz∓ − q−1w

z∓ − w
X̃−

j (w), 1 ≤ j ≤ n,

h±j+1(z)
−1
X̃−

j (w)h±j+1(z) =
q−1z∓ − qw

z∓ − w
X̃−

j (w), 1 ≤ j ≤ n,

h±j (z)X̃
+
j (w)h±j (z)

−1
=
qz± − q−1w

z± − w
X̃+

j (w), 1 ≤ j ≤ n,

h±j+1(z)X̃
+
j (w)h±j+1(z)

−1
=
q−1z± − qw

z± − w
X̃+

j (w), 1 ≤ j ≤ n,(
q∓1z − q±1w

)
X̃±

i (z)X̃±
i (w) =

(
q±1z − q∓1w

)
X̃±

i (w)X̃±
i (z), n+ 1 ≤ i ≤ n+m− 1,(

q∓1z − q±1w
)
X̃±

i−1(z)X̃
±
i (w) = (z − w)X̃±

i (w)X̃±
i−1(z), n+ 1 ≤ i ≤ n+m− 1,(

q±1z − q∓1w
)
X̃±

j (z)X̃±
j (w) =

(
q∓1z − q±1w

)
X̃±

j (w)X±
j (z), 1 ≤ j ≤ n− 1,(

q±1z − q∓1w
)
X̃±

j−1(z)X
±
j (w) = (z − w)X̃±

j (w)X̃±
j−1(z), 1 ≤ j ≤ n,

X̃±
n (z)X̃±

n (w) = −X̃±
n (w)X̃±

n (z),

together with[
X̃+

i (z), X̃−
j (w)

]
=
(
q − q−1

)
δij

×
(
δ

(
zq−c

w

)
h+i+1(w+)h

+
i (w+)

−1 − δ

(
zqc

w

)
h−i+1(z+)h

−
i (z+)

−1

)
for 1 ≤ i ≤ m+ n− 1. The commutation relations for ϵ = ± are as follows:

X̃±
i (z)X̃±

j (w) = X̃±
j (w)X̃±

i , 1 ≤ i, j ≤ m+ n− 1, |i− j| > 1,

h±i (z)X̃
ϵ
j (w) = X̃ϵ

j (w)h
±
i (z), 1 ≤ i ≤ m+ n, 1 ≤ j ≤ m+ n− 1, |i− j| > 1.

Let m = 1, n = 0, then there is an R-matrix R(1|0)(z) associated with the Lie superalge-
bra osp3|0 (∼= o3). By Remark 4.5 (1), considering the decomposition of the Gaussian genera-
tors h±k (z), e

±
i (z), f

±
j (w) in terms of the series l±ij(z), we can perform the same calculations as

in the non-super case of type B (cf. [21, Lemmas 4.8–4.11]). This yields the following relations
directly.
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Proposition 5.7. In the superalgebra U
(
R̃(1|0)), it holds that

h±1 (z)h
±
1 (w) = h±1 (w)h

±
1 (z), h±1 (z)h

∓
1 (w) = h∓1 (w)h

±
1 (z),

h±1 (z)h
±
2 (w) = h±2 (w)h

±
1 (z),

z± − w∓
q−1z± − qw∓

h±1 (z)h
∓
2 (w) =

z∓ − w±
q−1z∓ − qw±

h∓2 (w)h
±
1 (z),

h±2 (z)h
±
2 (w) = h±2 (w)h

±
2 (z),(

qz± − q−1w∓
)(
q−

1
2 z± − q

1
2w∓

)(
q−1z± − qw∓

)(
q

1
2 z± − q−

1
2w∓

)h±2 (z)h∓2 (w)
=

(
qz∓ − q−1w±

)(
q−

1
2 z∓ − q

1
2w±

)(
q−1z± − qw±

)(
q

1
2 z∓ − q−

1
2w±

)h∓2 (w)h±2 (z),
h±1 (z)

−1
X̃−

1 (w)h±1 (z) =
q−1z∓ − qw

z∓ − w
X̃−

1 (w),

h±1 (z)X̃
+
1 (w)h±1 (z)

−1
=
q−1z± − qw

z± − w
X̃+

1 (w),

h±2 (z)
−1
X̃−

1 (w)h±2 (z) =

(
q−1z∓ − w

)
(z∓ − w)(

z∓ − q−1w
)(
q−1z∓ − qw

)X̃−
1 (w),

h±2 (z)X̃
+
1 (w)h±2 (z)

−1
=

(
q−1z± − w

)
(z± − w)(

z± − q−1w
)(
q−1z± − qw

)X̃+
1 (w),(

q∓1z − q±1w
)
X̃±

1 (z)X̃±
1 (w) =

(
q±1z − q∓1w

)
X̃±

1 (w)X̃±
1 (z),[

X̃+
1 (z), X̃−

1 (w)
]
=
(
q1/2 − q−1/2

)
×
(
δ

(
zq−c

w

)
h+2 (w+)h

+
1 (w+)

−1 − δ

(
zqc

w

)
h−2 (z+)h

−
1 (z+)

−1

)
.

Moreover, by Corollary 4.15, we have the following Propositions immediately.

Proposition 5.8. In the algebra U
(
R̃(m|n)), it holds that

h±i (z)h
±
m+n+1(w) = h±m+n+1(w)h

±
i (z), i ≤ m+ n,

z± − w∓
q−1z± − qw∓

h±i (z)h
∓
m+n+1(w) =

z∓ − w±
q−1z∓ − qw±

h∓m+n+1(w)h
±
i (z), i ≤ m+ n.

Proposition 5.9. In the superalgebra U
(
R̃(m|n)), we have the commutation relations as follows:

e±i (z)h
∓
m+n+1(w) = h∓m+n+1(w)e

±
i (z),

e±i (z)h
±
m+n+1(w) = h±m+n+1(w)e

±
i (z), i ≤ m+ n,

f±i (z)h
∓
m+n+1(w) = h∓m+n+1(w)f

±
i (z),

f±i (z)h
±
m+n+1(w) = h±m+n+1(w)f

±
i (z), i ≤ m+ n,

e±i (z)f
∓
m+n(w) = f∓m+n(w)e

±
i (z), e±i (z)f

±
m+n(w) = f±m+n(w)e

±
i (z), i ≤ m+ n− 1,

e±m+n(z)f
∓
i (w) = f∓i (w)e

±
m+n(z), e±m+n(z)f

±
i (w) = f±i (w)e

±
m+n(z), i ≤ m+ n− 1,

e±m+n(z)e
∓
i (w) = e∓i (w)e

±
m+n(z), e±m+n(z)e

±
i (w) = e±i (w)e

±
m+n(z), i ≤ m+ n− 2,

f±i (z)f
∓
m+n(w) = f∓m+n(w)f

±
i (z), f±i (z)f

±
m+n(w) = f±m+n(w)f

±
i (z), i ≤ m+ n− 2.

Proposition 5.10. In the superalgebra U
(
R̃(m|n)), we have the non-commutation relations as

follows:(
q−1z∓ − qw±

)
e±m+n−1(z)e

∓
m+n(w)
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= (z∓ − w±)e
∓
m+n(w)e

±
m+n−1(z) +

(
q−1 − q

)
w±e

±
m+n−1,m+n+1(z)

−
(
q−1 − q

)
z∓e

∓
m+n−1(w)e

∓
m+n(w)−

(
q−1 − q

)
z∓e

∓
m+n−1,m+n+1(w),(

q−1z − qw
)
e±m+n−1(z)e

±
m+n(w)

= (z − w)e±m+n(w)e
±
m+n−1(z) +

(
q−1 − q

)
we±m+n−1,m+n+1(z)

−
(
q−1 − q

)
ze±m+n−1(w)e

±
m+n(w)−

(
q−1 − q

)
ze±m+n−1,m+n+1(w),

(z± − w∓)f
±
m+n−1(z)f

∓
m+n(w)

=
(
q−1z± − qw∓

)
f∓m+n(w)f

±
m+n−1(z) +

(
q−1 − q

)
w∓f

±
m+n+1,m+n−1(w)

−
(
q−1 − q

)
w∓f

∓
m+n(w)f

∓
m+n−1(w)−

(
q−1 − q

)
z±f

±
m+n−1,m+n+1(z),

(z − w)f±m+n−1(z)f
∓
m+n(w)

=
(
q−1z − qw

)
f∓m+n(w)f

±
m+n−1(z) +

(
q−1 − q

)
wf±m+n−1,m+n+1(w)

−
(
q−1 − q

)
wf∓m+n(w)f

∓
m+n−1(w)−

(
q−1 − q

)
zf±m+n−1,m+n+1(z).

Proof. Indeed, by (5.1) and (5.2) we have

e±m+n−1(z)h
∓
m+n(w)e

∓
m+n(w)− h∓m+n(w)e

∓
m+n(w)e

±
m+n−1(z)

=

(
q−1 − q

)
w±

z∓ − w±
h∓m+n(w)e

±
m+n−1,m+n+1(z)−

(
q−1 − q

)
z∓

z∓ − w±
h∓m+n(w)e

∓
m+n−1,m+n+1(w),

and

e±m+n−1(z)h
∓
m+n(w) =

q−1z∓ − qw±
z∓ − w±

h∓m+n(w)e
±
m+n−1(z)

−
(
q − q−1

)
z∓

z∓ − w±
h∓m+n(w)e

∓
m+n−1(w).

Hence, those two equations give the claims of relations e±m+n−1(z)e
∓
m+n(w), and the others are

similar. ■

Now, from the above results and applying Theorem 4.13 and Proposition 4.16, we conclude
the following theorem.

Theorem 5.11. (1) In the super R-matrix algebra U
(
R̃(m|n)), it satisfies the following relations

with the series hi(z) for i = 1, . . . ,m+ n+ 1, and X̃±
j (z) for j = 1, . . . ,m+ n:

h±i (z)h
±
j (w) = h±j (w)h

±
i (z),

qz± − q−1w∓
q−1z± − qw∓

h±i (z)h
∓
i (w) =

qz∓ − q−1w±
q−1z∓ − qw±

h∓i (w)h
±
i (z) for i ≤ n,

h±i (z)h
∓
i (w) = h∓i (w)h

±
i (z) for n+ 1 ≤ i ≤ n+m,

z± − w∓
q−1z± − qw∓

h±i (z)h
∓
j (w) =

z∓ − w±
q−1z∓ − qw±

h∓j (w)h
±
i (z) for i < j,(

qz± − q−1w∓
)
(z± − qw∓)(

q−1z± − qw∓
)
(qz± − w∓)

h±m+n+1(z)h
∓
m+n+1(w)

=

(
qz∓ − q−1w±

)
(z∓ − qw±)(

q−1z± − qw±
)
(qz∓ − w±)

h∓m+n+1(w)h
±
m+n+1(z).

The relations involving h±i (z) and X̃
±
j (w) are

h±i (z)X̃
−
j (w) =

z∓ − w

q−(εi,αj)z∓ − q(εi,αj)w
X̃−

j (w)h±i (z) for i ̸= m+ n+ 1,
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h±i (z)X̃
+
j (w) =

q−(εi,αj)z± − q(εi,αj)w

z± − w
X̃+

j (w)h±i (z) for i ̸= m+ n+ 1,

h±m+n+1(z)X̃
−
m+n(w) =

(
q−1z∓ − w

)
(z∓ − w)(

z∓ − q−1w
)(
q−1z∓ − qw

)X̃−
m+n(w)h

±
m+n+1(z),

h±m+n+1(z)X̃
+
m+n(w) =

(
z± − q−1w

)(
q−1z± − qw

)(
q−1z± − w

)
(z± − w)

X̃+
m+n(w)h

±
m+n+1(z),

and

h±m+n+1(z)X̃
ϵ
i (w) = X̃ϵ

i (w)h
±
m+n+1(z) for 1 ≤ i ≤ m+ n− 1, ϵ = ±.

The relations involving X̃±
j (z) are(

z − wq±(αi,αj)
)
X̃±

i

(
zqi
)
X̃±

j

(
wqj

)
=
(
zq±(αi,αj) − w

)
X̃±

j

(
wqj

)
X̃±

i

(
zqi
)

for 1 ≤ i, j ≤ m+ n and (i, j) ̸= (n, n), together with

X̃±
n (z)X̃±

n (w) = −X̃±
n (w)X̃±

n (z),

and [
X̃+

i (z), X̃−
j (w)

]
= δij

(
qi − q−1

i

)(
δ

(
zq−c

w

)
h+i+1(w+)h

+
i (w+)

−1 − δ

(
zqc

w

)
h−i+1(z+)h

−
i (z+)

−1

)
for 1 ≤ i, j ≤ m+ n. The Serre relations are for ϵ = ±,

Symz1,z2

[[
X̃±

i (z1),
[[
X̃±

i (z2), X̃
±
i (w)

]]]]
= 0 if i ̸= n,m+ n,

Symz1,z2,z3

[[
X̃±

m+n(z1),
[[
X̃±

m+n(z2),
[[
X̃±

m+n(z3), X̃
±
m+n−1(w)

]]]]]]
= 0,

Symz1,z2

[[[[[
X̃±

n−1(z1), X̃
±
n (w1)

]]
, X̃±

n+1(z2)
]]
, X̃±

n (w2)
]
= 0 if n > 1.

(2) In the super R-matrix algebra U
(
R(m|n)), it satisfies the following relations with the

series hi(z) for i = 1, . . . ,m+ n+ 1, and X±
j (z) for j = 1, . . . ,m+ n:

h±i (z)h
±
j (w) = h±j (w)h

±
i (z),

g
(
(zqc/w)±1

)qz± − q−1w∓
q−1z± − qw∓

h±i (z)h
∓
i (w) = g

(
(zq−c/w)±1

)qz∓ − q−1w±
q−1z∓ − qw±

h∓i (w)h
±
i (z)

for i ≤ n,

g
(
(zqc/w)±1

)
h±i (z)h

∓
i (w) = g

(
(zq−c/w)±1

)
h∓i (w)h

±
i (z), for n+ 1 ≤ i ≤ n+m,

g
(
(zqc/w)±1

) z± − w∓
q−1z± − qw∓

h±i (z)h
∓
j (w) = g

(
(zq−c/w)±1

) z∓ − w±
q−1z∓ − qw±

h∓j (w)h
±
i (z)

for i < j,

g
(
(zqc/w)±1

)(qz± − q−1w∓
)
(q−1/2z± − q1/2w∓)(

q−1z± − qw∓
)
(q1/2z± − q−1/2w∓)

h±m+n+1(z)h
∓
m+n+1(w)

= g
(
(zq−c/w)±1

)(qz∓ − q−1w±
)
(q−1/2z∓ − q1/2w±)(

q−1z± − qw±
)
(q1/2z∓ − q−1/2w±)

h∓m+n+1(w)h
±
m+n+1(z),

and the remaining relations as same as U
(
R̃(m|n)) by replacing the generators hi(z), X̃

±
j (z)

as hi(z), X
±
j (z).
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Proof. Here, we only need to prove the Serre relations. Since the Serre relations in both
U
(
R̃(m|n)) and U

(
R(m|n)) have the same forms, we will focus only on the relations for the

superalgebra U
(
R̃(m|n)). Set

X̃±
i (zq−νi) =

(
qi − q−1

i

)
ẋ±i (z) =

(
qi − q−1

i

)∑
p∈Z

ẋ±i,pz
p,

h±i+1(zq
−νi)h±i (zq

−νi)−1 = Φ±
i (z) = K±1

i exp
(
qi − q−1

i

)∑
ℓ≥1

ȧi,±ℓz
±ℓ.

Therefore, the Serre relations take the forms

Symr1,r2 [[ẋ
ϵ
i,r1 , [[ẋ

ϵ
i,r2 , ẋ

ϵ
i±1,s]]]] = 0 if i ̸= n,m+ n,

Symr1,r2,r3 [[ẋ
ϵ
m+n,r1 , [[ẋ

ϵ
m+n,r2 , [[ẋ

ϵ
m+n,r3 , ẋ

ϵ
m+n−1,s1 ]]]]]] = 0,

Syms1,s2 [[[[[ẋ
ϵ
n−1,r1 , ẋ

ϵ
n,s1 ]], ẋ

ϵ
n+1,r2 ]], ẋ

ϵ
n,s2 ] = 0 if n > 1,

where ri and sj are arbitrary integers. Furthermore, by the defining relations, we can derive
that [

ȧi,±s, ẋ
±
j,k

]
= ± [sAij ]i

s
q∓|s|c/2ẋ±j,s+k.

Now, as the original methods of [28], the Serre relations can be proved by an induction on the
integers ri and sj , and more details please see [35, Section 5.1] and [29, Section 4]. ■

6 Isomorphism theorem

In this section, the superalgebra Aq is defined using the Drinfeld generators obtained from U(R).
The statement suggests the existence of a homomorphism, denoted as AR, from Aq to U(R).
Additionally, the quantum affine superalgebra Uq(ĝ) can be viewed as a quotient algebra of Aq.
This implies that Uq(ĝ) can be embedded into Aq. By leveraging the L-operators of Uq(ĝ) and
the vector representation from Section 4.1, an inverse map of the given homomorphism AR can
be established. This suggests that Aq is actually isomorphic to U(R).

6.1 The superalgebra Aq

Definition 6.1. Let Aq be the superalgebra generated by the generators hi(z) (i = 1, . . . ,
m+ n+ 1), and X±

j (z) (j = 1, . . . ,m+ n) with the same relations in U
(
R(m|n)).

Combining the generators x±i,p in Uq(ĝ) with the formal power series

x±i (z) =
∑
p∈Z

x±i,pz
p,

and defining

Φ±
i (z) =

∑
m=0

Φ±
i,±rz

±r = K±1
i exp

((
qi − q−1

i

)∑
ℓ≥1

ai,±ℓz
±ℓ

)
. (6.1)

Proposition 6.2. The coefficients of c±(z) as the form in Proposition 5.5 are central elements
of algebra Aq. Moreover, the map such that

qc/2 7→ qc/2, (−1)[αi]x±i (z) 7→
(
qi − q−1

i

)−1
X±

i (zq−νi), 1 ≤ i ≤ m+ n,

Φ±
i (z) 7→ h±i+1(zq

−νi)h±i (zq
−νi)−1, 1 ≤ i ≤ m+ n,

define an embedding τ : Uq(ĝ) → Aq.
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Proof. The central elements and the homomorphism are obvious. To show the injectivity, we
will construct a homomorphism ρ : Aq 7→ Uq(ĝ) such that ρ ◦ τ is the identity homomorphism
on Uq(ĝ).

We first construct a map ρ1 : Aq 7→ Uq(ĝ) such that

X±
i (z) 7→ (−1)[αi]

(
qi − q−1

i

)
x±i (zq

νi), 1 ≤ i ≤ m+ n, h±i (z) 7→ Γ±
i (z).

To explain the element Γ±
i (z), there exist power series κ

±(z) with coefficients in the center of Aq

such that κ±(z)κ±(zζ) = c±(z), where

κ±(z) =

∞∏
p=0

c±
(
zζ−2p−1

)
c±
(
zζ−2p−2

)−1
. (6.2)

Then we have the endomorphism ρ2 : Aq 7→ Aq such thatX±
i (z) 7→ X±

i (z), h±i (z) 7→ κ±(z)h±i (z).
So that h±i (z)κ

±(z)h±i (zζ)κ
±(zζ) = h±i (z)h

±
i (zζ)c

±(z). Hence, denote that

Γ±
i (z)Γ

±
i (zζ) =

n+m∏
k=1

Φ±
k (zζq

−νk)−1
i−1∏
k=1

Φ±
k (zζq

νk)
n+m∏
k=i

Φ±
k (zq

νk)−1, i = 1, . . . ,m+ n,

and

Γ±
m+n+1(z)Γ

±
m+n+1(zζ) =

n+m∏
k=1

Φ±
k (zζq

−νk)−1 ×
n+m∏
k=1

Φ±
k (zζq

νk).

Set Φ̃±
j (z) = k∓j Φ

±
j (z), then

Γ±
i (z) =

∞∏
p=0

n+m∏
k=1

Φ̃±
k

(
zζ−2pq−νk

)−1
Φ̃±
k

(
zζ−2p−1q−νk

)
Φ̃±
k

(
zζ−2p−1qνk

)−1
Φ̃±
k

(
zζ−2p−2qνk

)
×

i−1∏
k=1

Φ̃±
k (zq

νk)
n∏

k=i

ki

for i = 1, . . . ,m+ n, and

Γ±
m+n+1(z) =

∞∏
p=0

n+m∏
k=1

Φ̃±
k

(
zζ−2pq−νk

)−1
Φ̃±
k

(
zζ−2p−1q−νk

)
Φ̃±
k

(
zζ−2p−1qνk

)−1

× Φ̃±
k

(
zζ−2p−2qνk

) n+m∏
k=1

Φ̃±
k (zq

νk).

Under the constructions above, it is straightforward to show that ρ1 is a homomorphism. In
fact, we demonstrate that the relations between the generators h±i (z) and X

±
i (w) are preserved

under the map ρ1, as the remaining relations among all the generators can be verified in a similar
manner. In algebra Uq(ĝ), we have

Φ+
i (z)x

±
j (w) =

(
z±q

(αi,αj) − w

z± − wq(αi,αj)

)±1

x±j (w)Φ
+
i (z),

Φ−
i (z)x

±
j (w) =

(
w±q

(αi,αj) − z

w± − zq(αi,αj)

)∓1

x±j (w)Φ
−
i (z).
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A direct calculation gives that

Γ±
i (z)x

+
j (w)

(
Γ∓
i (z)

)−1
=
z±q

−(εi,αj) − wq(εi,αj)

z± − w
x+j (w),

Γ±
i (z)x

−
j (w)

(
Γ∓
i (z)

)−1
=

z∓ − w

z∓q−(εi,αj) − wq(εi,αj)
x−j (w)

for i ̸= n+m+ 1, and

Γ±
m+n+1(z)x

+
m+n(w)

(
Γ∓
m+n+1(z)

)−1
=

(
z± − q−1w

)(
q−1z± − qw

)(
q−1z± − w

)
(z± − w)

x+m+n(w),

Γ±
m+n+1(z)x

−
m+n(w)

(
Γ∓
m+n+1(z)

)−1
=

(
q−1z∓ − w

)
(z∓ − w)(

z∓ − q−1w
)(
q−1z∓ − qw

)x−m+n(w).

This implies that

ρ1
(
h±i (z)X

ϵ
i (w)

(
h±i (z)

)−1)
= ρ1

(
h±i (z)

)
· ρ1(Xϵ

i (w)) · ρ1
((
h±i (z)

)−1)
,

where ϵ = ±1.

Set ρ = ρ1 ◦ ρ2, it is easy to see that the map ρ ◦ τ is the identity map on Uq(ĝ) by the
formulas c±(z) in Proposition 5.5. ■

Proposition 6.3. Between the algebras Uq(ĝ) and Aq, we have the tensor product decomposition

Uq(ĝ)⊗C(q1/2) C = Aq,

where C is the subalgebra of Aq generated by the coefficients of the series c±(z).

Proof. In the proof of Proposition 6.2, we can define a surjective homomorphism ρ̃ : Aq →
Uq(ĝ)⊗C

(
q1/2
) C such that

X±
i (z) 7→ ρ(X±

i (z))⊗ 1, 1 ≤ i ≤ m+ n,

h±i (z) 7→ ρ
(
h±i (z)

)
⊗ κ±(z), 1 ≤ i ≤ m+ n.

On the other hand, there is a map from Uq(ĝ)⊗C(q1/2) C to Aq by

a⊗ 1 7→ τ(a), a ∈ Uq(ĝ), 1⊗ κ±(z) 7→ κ±(z).

It is easy to see that the above map is a inverse homomorphism of ρ̃. ■

6.2 Decomposition of universal R-matrix and inverse map

First, we recalled some properties of the universal R-matrix. Using the same notations of [26],
we set

expq(x)
.
= 1 + x+

x2

(2)q!
+ · · ·+ xn

(n)q!
+ · · · =

∑
n≥0

xn

(n)q!
, (a)q

.
=
qa − 1

q − 1
.

Consider the ℏ-adic settings and let q = exp(ℏ) ∈ C[[ℏ]]. Introduce elements h1, . . . , hn+m

by defining Ki = exp(ℏhi). Let ∆̂, ∆̂+ and Q̂ be the affine root system, affine positive root
system and affine root lattice of ĝ, respectively. There exists a bilinear map Q × Z → Q̂ such
that (αi, 0) 7→ αi for i = 1, . . . ,m+n and (−θ, 1) 7→ α0. Let ∆+ denote the reduced root system
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obtained from the positive root system ∆+ of g by excluding roots α such that α/2 are odd
roots. Then the reduced positive root system with multiplicity of ĝ, denoted by ∆̃+, is given by

∆̃+ = ∆̃
re

> ∪ ∆̃im ∪ ∆̃
re

< ,

where ∆̃
re

> = {(α, k) | α ∈ ∆+, k ⩾ 0}, ∆̃im = {(0, k) | k > 0} × I, ∆̃re
< = {(−α, k) | α ∈ ∆+,

k ⩾ 1}. Establish a fixed ordering on ∆̃+ (see [25, Section 3] and [35]), and for any α ∈ ∆̃+, set
q̂α = (−1)[α]q(α,α).

Proposition 6.4 ([25, Theorem 4.1]). The universal R-matrix R (up to a multiplicative con-
stant) of Ũq(ĝ) has a unique solution, and takes the form

R =
→∏

α∈∆̃+

Rα · K = R>0R0R<0 · K,

where

R>0 =
∏

α∈∆̃+\∆̃im

expq̂−1
α

(
(−1)[α]

(
q − q−1

)
c(α)−1Eα ⊗ Fα

)
,

R<0 =
∏

α∈∆̃+\∆̃im

expq̂−1
α

(
(−1)[α]

(
q − q−1

)
c(α)−1E−α ⊗ F−α

)
,

R0 = exp

(∑
k>0

m+n∑
i,j=1

(−1)[kδ]
(
q − q−1

)
cij(k)Ekδ(i) ⊗ Fkδ(j)

)
,

where K = T q−c⊗d−d⊗c, T = exp
(
ℏAsym

ij
−1
hi ⊗ hj

)
for i, j ∈ {1, . . . , n+m}, and

(
Asym

ij

)n+m

i,j=1
=

Asym = CA is the symmetric Cartan matrix and C = diag(1, 1, . . . , 1/2). c(α) be the coefficients
determined by [Eα,Fα] = c(α)

Kk
δ −K−k

δ
q−q−1 , where (cij(k)) is an inverse to the matrix (c̃ij(k)) with

the elements determined by

[Ekδ(i) ,Fkδ(j) ] = c̃ij(k)
Kk

δ −K−k
δ

q − q−1
.

From Section 3, we have R(z) = R>0(z)R0(z)R<0(z), where

R>0(z) =
∏

α∈∆+

∏
k≥0

expq̂−1
α

(
(−1)[α](qα − q−1

α )zkc(α+ kδ)−1Eα+kδ ⊗ Fα+kδ

)
,

R<0(z) = T −1
∏

α∈∆+

∏
k>0

expq̂−1
α

(
(−1)[α](qα − q−1

α )zkc(−α+ kδ)−1E−α+kδ ⊗ F−α+kδ

)
T ,

R0(z) = exp

(∑
k>0

n+m∑
i,j=1

(
qi − q−1

i

)(
qj − q−1

j

)
q − q−1

k

[k]q

(
Asym

ij

(
qk
))−1

zkqkc/2ai,k ⊗ aj,−kq
−kc/2

)
T .

Here Asym
(
qk
)
=
(
Asym

ij

(
qk
))n+m

i,j=1
=
([
Asym

ij

]
qk

)n+m

i,j=1
be the q-deformed matrix of the symmetric

Cartan matrix.
Furthermore, the inverses of Asym and Asym(q) for g are (i ≥ j)

(
Asym

ij

)−1
=

{
−j, 1 ≤ j ≤ n,

j − 2n, n < j ≤ m+ n.

(
Asym

ij (q)
)−1

=
A∗

ij(q)

det
(
Asym(q)

) ,
where

det
(
Asym(q)

)
= (−1)n([m− n]q − [m− n− 1]q),
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and

A∗
ij(q) =



(−1)n+1[j]q, 1 ≤ j < n, i = m+ n,

(−1)n[j − 2n]q, n ≤ j ≤ m+ n, i = m+ n,

(−1)n+1[j]q([m− n+ i]q − [m− n+ i− 1]q), 1 ≤ j ≤ i < n,

(−1)n[j − 2n]q([m+ n− i]q − [m+ n− i− 1]q), n ≤ j ≤ i < m+ n,

(−1)n+1[j]q([m+ n− i]q − [m+ n− i− 1]q), 1 ≤ j < n ≤ i < m+ n.

For the L-operators L±(z) as defined in equation (4.1), let us establish the following notations:

L̇+(z) = L+(z)κ+(z), L̇−(z) = L−(z)κ−(z).

By the defining relation of κ±(z) (see (6.2)), the coefficients of the series in z±1 belong to Aq.
Therefore, by Proposition 4.2, we have

R(z/w)L̇±
1 (z)L̇

±
2 (w) = L̇±

2 (w)L̇
±
1 (z)R(z/w),

R(z+/w−)L̇
+
1 (z)L̇

−
2 (w) = L̇−

2 (w)L̇
+
1 (z)R(z−/w+).

Proposition 6.5. The map defined by RA : L±(z) 7→ L̇±(z) establishes a homomorphism from
the superalgebra U(R) to Aq.

Proof. This is straightforward. ■

Denote the matrices

Ḟ+(z) = (1⊗ π)R>0
(
zq−c/2

)
, Ė+(z) = (1⊗ π)R<0

(
zq−c/2

)
,

Ḟ−(z) = (1⊗ π)R>0
21

((
zq−c/2

)−1)−1
, Ė−(z) = (1⊗ π)R<0

21

((
zq−c/2

)−1)−1
,

Ḣ+(z) = (1⊗ π)R0
(
z−c/2
q

)
κ+(z), Ḣ−(z) = (1⊗ π)R0

21

((
z−c/2
q

)−1)−1
κ−(z)−1.

For the Drinfeld generators x±i,k of Uq(ĝ), let

x−i (z)
≥0 =

∑
k≥0

x−i,kz
k, x+i (z)

>0 =
∑
k>0

x+i,kz
k, x−i (z)

<0 =
∑
k>0

x−i,−kz
−k,

x+i (z)
≤0 =

∑
k≥0

x+i,−kz
−k.

Then set for 1 ≤ i ≤ m+ n− 1,

f+i (z) = (−1)[αi]
(
qi − q−1

i

)
x+i (z−q

νi)>0, e+i (z) = (−1)[αi]
(
qi − q−1

i

)
x−i (z+q

νi)≥0,

f−i (z) = (−1)[αi])
(
q−1
i − qi

)
x+i (z+q

νi)≤0, e−i (z) = (−1)[αi]
(
q−1
i − qi

)
x−i (z−q

νi)>0,

and

f+n+m(z) = (−1)[αn+m]
(
qn+m − q−1

n+m

)
[2]1/2qn+m

x+n+m(z−q
m−n)>0,

f−n+m(z) = (−1)[αn+m]
(
q−1
n+m − qn+m

)
[2]1/2qn+m

x+n+m(z+q
m−n)≤0,

e+n+j(z) = (−1)[αn+m]
(
qn+m − q−1

n+m

)
[2]1/2qn+m

x−n+m(z+q
m−n)≥0,

e−n+m(z) = (−1)[αn+m]
(
q−1
n+m − qn+m

)
[2]1/2qn+m

x−n+m(z−q
m−n)>0.
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Proposition 6.6. Under the above construction, we have the following decomposition:

L̇±(z) = Ḟ±(z)Ḣ±(z)Ė±(z) =



1
f±1 (z) 1

. . .
. . .

f±n+m(z) 1
−f±n+m−1(zq) 1

∗ . . .
. . .

−f±1
(
zζq2

)
1



× Ḣ±(z)×



1 e±1 (z)
. . .

. . . ∗
1 e±n+m(z)

1 −e±n+m−1(zq)
. . .

. . .

1 −e±1
(
zζq2

)
1


,

where

Ḣ±(z) = diag
(
h±1 (z), . . . , h

±
n+m(z), h±n+m+1(z), c

±(1)(z)h±n+m(zq)−1, . . . ,

c±(m−1)h±n+1

(
zq2m−1

)−1
, c±(m)h±n

(
zq2m−3

)−1
, . . . , c±(n+m)(z)h±1 (zζ)

−1
)
.

Proof. We only consider the decomposition of L̇+(z) since L̇−(z) is similar. By the isomorphism
relations in Theorem 2.3, for simple roots αi with i = 1, . . . ,m+ n, we can write the product∏

k≥0

exp(−1)[αi]q−1
i

(
(−1)[αi]

(
qi − q−1

i

)(
zq−c/2

)k
Eαi+kδ ⊗ Fαi+kδ

)
as ∏

k≥0

exp(−1)[αi]q−1
i

(
(−1)[αi]

(
qi − q−1

i

)(
zq−c/2

)k
x+i,k ⊗ x−i,−k

)
.

Suppose that i ≤ n, then by the representation πV presented in Proposition 4.1 for V (1) = V ,
we get

(1⊗ πV )
∏
k≥0

exp(−1)[αi]q−1
i

(
(−1)[αi]

(
qi − q−1

i

)(
zq−c/2

)k
x+i,k ⊗ x−i,−k

)
=
∏
k≥0

exp(−1)[αi]q−1
i

(
(−1)[αi]

(
qi − q−1

i

)(
z−q

i
)k
x+i,k ⊗ Ei+1

i − (−1)[αi]
(
qi − q−1

i

)
×
(
z−q

2n−2m−i+1
)k
x+i,k ⊗ Ei

i+1

)
.

Expanding the q-exponent and using the definition of f+i (z) and x+i (z)
>0, we deduce that

1 + f+i (z)⊗ Ei+1
i − f+i

(
zζq2i

)
⊗ Ei

i+1
for i ≤ n as required. A similar calculation shows that

this holds for n < i, thereby giving us the expression of Ḟ+(z). For Ė+(z), first from the
definition elements of ki ˜7→Ki = exp(ℏhi), we have

(1⊗ πV )(T12) = exp

(
ℏ
n+m∑
i=1

n+m∑
j=1

(
Asym

ij

)−1
hi ⊗ πV (hj)

)
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= exp

{
ℏ
n+m∑
i=1

(
n−1∑
j=1

(
Asym

ij

)−1
hi ⊗

(
Ej+1

j+1 − Ej
j − Ej+1

j+1
+ Ej

j

)
+
(
Asym

in

)−1
hi ⊗

(
−En+1

n+1 + En
n + En+1

n+1
− En

n

)
+

m+n−1∑
j=n+1

(
Asym

ij

)−1
hi ⊗

(
Ej

j − Ej+1
j+1 − Ej

j
+ Ej+1

j+1

)
+
(
Asym

i,m+n

)−1
hi ⊗

(
Em+n

m+n − Em+n
m+n

))}
= exp

{
ℏ
n+m∑
i=1

(
n∑

j=2

((
Asym

i,j−1

)−1 −
(
Asym

ij

)−1)
hi ⊗

(
Ej

j − Ej

j

)
+
(
Asym

i1

)−1
hi ⊗

(
E1

1
− E1

1

)
+

m+n∑
j=n+1

((
Asym

ij

)−1 − (Asym
i,j−1)

−1
)
hi

⊗
(
Ej

j − Ej

j

))}
.

By the formulas of
(
Asym

ij

)−1
, it is evident that the image (1 ⊗ πV )T forms a diagonal matrix

given by

diag

(
n+m∏
i=1

ki, . . . ,
n+m∏
i=j

kj , . . . , km+n, 1, k
−1
m+n, . . . ,

n+m∏
i=1

k−1
i

)
. (6.3)

Following the same calculation procedure as for Ḟ+(z), and utilizing the relations kix
±
j,kk

−1
i =

q
±Aij

i x±j,k, we derive the expression for Ė+(z) in the decomposition. For Ḣ+(z), actually, using
the vector representation πV , we obtain Ḣ+(z) with the form

Ḣ+(z) = exp

(∑
k>0

n+m∑
i,j=1

(
qi − q−1

i

)(
qj − q−1

j

)
q − q−1

k

[k]q

(
Asym

ij

(
qk
))−1

zkai,k ⊗ πV (aj,−k)

)
× (1⊗ πV )T κ+(z),

and it is a diagonal matrix due to the action of the generators. For the exponent in this
expression, consider the (i, i)-entry, we have

exp

{∑
k>0

n+m∑
i=1

(
q−1
i − qi

)
Asym

i1

(
qk
)−1

zkai,k

}
⊗ E1

1 , (6.4)

and

exp

{∑
k>0

(
n∑

i=1

(
qi − q−1

i

)(
qνj−1kAsym

i,j−1

(
qk
)−1 − qνjkAsym

ij

(
qk
)−1)

+
n+m∑
i=n+1

(
qi − q−1

i

)
×
(
qνjkAsym

ij

(
qk
)−1 − qνj−1kAsym

i,j−1

(
qk
)−1))

zkai,k
}
⊗ Ej

j (6.5)

for j = 2, . . . , n+m,

As the coefficient of E1
1 in (6.4),

exp

{∑
k>0

n+m∑
i=1

(
q−1
i − qi

)
Asym

i1

(
qk
)−1

zkai,k

}
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= exp

{∑
k>0

(
n∑

i=1

(
q − q−1

) [m− n+ j]qk − [m− n+ j − 1]qk

[m− n]qk − [m− n− 1]qk

+
m+n−1∑
j=n+1

(
q − q−1

) [m+ n− j]qk − [m+ n− j − 1]qk

[m− n]qk − [m− n− 1]qk

+
(
qm+n − q−1

m+n

) 1

[m− n]qk − [m− n− 1]qk

)
zkai,k

}
.

By a directly calculation,

exp

{∑
k>0

n+m∑
i=1

(
qi − q−1

i

)
Asym

i1

(
qk
)−1

zkai,k

}

= exp

{∑
k>0

(
n∑

i=1

(
q − q−1

)
× qik − q−ikζ−k

1 + ζ−k
+

m+n−1∑
j=n+1

(
q − q−1

)q(2n−j)k − q(−2n+j)kζ−k

1 + ζ−k

+

(
qm+n − q−1

m+n

)(
q(n−m)k − q(m−n+1)k

)
1 + ζ−k

)
zkai,k

}
.

Using the Taylor formula, we expand the fractions into power series as

exp

{∑
k>0

m+n−1∑
i=1

∞∑
p=0

(
q − q−1

)
(−1)p

(
ζ−pkq−νik1 + ζ−(p+1)kqνik

)
zkai,k

}

× exp

{∑
k>0

∞∑
p=0

(
qm+n − q−1

m+n

)
(−1)p

(
ζ−pkq(n−m)k1 + ζ−(p+1)kq(m−n+1)k

)
zkam+n,k

}
.

Set Φ̃+
i (z) = k−1

i Φ+
i (z), where Φ

+
i (z) is the definition (6.1). Then the above expression take the

form

∞∏
p=0

n+m∏
k=1

Φ̃+
k

(
zζ−2pq−νk

)−1
Φ̃+
k

(
zζ−2p−1q−νk

)
Φ̃+
k

(
zζ−2p−1qνk

)−1
Φ̃+
k

(
zζ−2p−2qνk

)
.

Therefore, applying Propositions 5.5 and 6.2, we deduce that

exp

{∑
k>0

n+m∑
i=1

(
qi − q−1

i

)
Asym

i1

(
qk
)−1

zkai,k

}
(1⊗ πV )T κ+(z) = h+1 (z)

for Φ̃+
i (z) = k−1

i h+i+1(zq
−νi)h+i (zq

−νi)−1 and the formulas of diagonal matrix (6.3).
Moreover, by the similar arguments and the formulas of Asym

ij

(
qk
)
, the expression in the

position Ej
j , j = 2, . . . ,m+ n, of (6.5) can be determined as

Υj =
∞∏
p=0

j−1∏
k=1

Φ̃+
k

(
zζ−2pq−νk

)−1
Φ̃+
k

(
zζ−2pqνk

)
Φ̃+
k

(
zζ−2p−1q−νk

)
Φ̃+
k

(
zζ−2p−1qνk

)−1

×
∞∏
p=0

n+m∏
k=j

Φ̃+
k

(
zζ−2pq−νk

)−1
Φ̃+
k

(
zζ−2p−1qνk

)−1
Φ̃+
k

(
zζ−2p−1q−νk

)
Φ̃+
k

(
zζ−2p−2qνk

)
,

and hence Υj(1⊗ πV )T κ+(z) = h+j (z) via Propositions 5.5 and 6.2. The remaining expression
in the position Ei

i
, i = 1, . . . ,m+ n, are similar. So, we have the diagonal matrix Ḣ+(z). ■
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Remark 6.7. The submatrix decomposition in this proposition for the indexes n + 1 ≤ i ≤
2m+ n+ 1 have the similar result in [21] via Remark 4.5 (1).

Now, the main result in this section, we claim the following.

Theorem 6.8. The superalgebra U(R) is isomorphic to Aq.

Proof. It is straightforward to observe that the map AR : Aq → U(R), defined as follows:

X+
i (z) 7→ X+

i (z) = f+i (z+)− f−i (z−), 1 ≤ i ≤ m+ n,

X−
i (z) 7→ X−

i (z) = e+i (z+)− e−i (z−), 1 ≤ i ≤ m+ n,

h±j (w) 7→ h±j (w), 1 ≤ j ≤ m+ n+ 1,

defines a homomorphism. On the other hand, Propositions 6.3 and 6.6 collectively imply that
the homomorphism RA serves as the inverse map of AR, thereby completing the proof. ■

Definition 6.9. The R-matrix presentation of quantum affine superalgebra UR
q (ĝ) is an as-

sociative superalgebra over C
(
q1/2

)
generated by an invertible central element qc/2 and ele-

ments l±ij [∓p], where the indices satisfy 1 ≤ i, j ≤ 2n+2m+1, subject to the following relations:

l+ii [0]l
−
ii [0] = l−ii [0]l

+
ii [0] = 1, l+ij [0] = l−ij [0] = 0 for i > j,

R(z/w)L±
1 (z)L

±
2 (w) = L±

2 (w)L
±
1 (z)R(z/w),

R(z+/w−)L
+
1 (z)L

−
2 (w) = L−

2 (w)L
+
1 (z)R(z−/w+),

DL±(zζ)tD−1L±(z) = L±(z)DL±(zζ)tD−1 = 1.

Here z± = zq±c/2, and L±
i (z) ∈ EndCN ⊗ EndCN ⊗ U(R), i = 1, 2, written by

L±
1 (z) =

∑
i,j=1

Ei
j ⊗ 1⊗ l±ij(z), L±

2 (z) =
∑
i,j=1

1⊗ Ei
j ⊗ l±ij(z),

with

l±ij(z) =
∑
p=0

l±ij [∓p]z
±p.

Using the same notation of the R-matrix superalgebra U(R), we have the following result
immediately.

Corollary 6.10. The mapping

qc/2 7→ qc/2, x±i (z) 7→ (−1)[αi]
(
qi − q−1

i

)−1
X±

i (zq−νi), 1 ≤ i ≤ m+ n− 1,

x±m+n(z) 7→ (−1)[αm+n]
(
qm+n − q−1

m+n

)−1
[2]−1/2

qm+n
X±

m+n(zq
n−m),

Φ±
i (z) 7→ h±i+1(zq

−νi)h±i (zq
−νi)−1, 1 ≤ i ≤ m+ n,

define an isomorphism Uq(ĝ) → UR
q (ĝ).
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