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Abstract. Recently, Wald and Henkel (2018) derived the leading-order estimate of the
Humbert functions ®5, &3 and =5 for two large arguments, but their technique cannot handle
the Humbert function ¥,. In this paper, we establish the leading asymptotic behavior of the
Humbert function ¥y for two large arguments. Our proof is based on a connection formula
of the Gauss hypergeometric function and Nagel’s approach (2004). This approach is also
applied to deduce asymptotic expansions of the generalized hypergeometric function ,F,
(p < q) for large parameters, which are not contained in NIST handbook.
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1 Introduction

Humbert [14] introduced seven confluent hypergeometric functions of two variables which are
denoted by &1, ®o, &3, ¥y, Yo, =1, Zo. In this paper, we mainly focus on the Humbert
function Wy, which is defined by

o0

(@)mtn(b)m 2™ y"
\I’l[a) b7 C, Cl?%iU] = Z L/Tniﬁ’ |SU‘ < ]-7 |y’ < 0,

o (©)m () m!

where a,b € C and ¢, ¢ Z<o. This function has a Kummer-type transformation [10, equa-
tion (2.54)]

_ T
Uyla,bye, ;o y] = (1 —2) "0y [a,c— b;c,c; —7 g :c] (1.1)

Using the series manipulation technique, we can obtain [5, equation (83)]

ila bie, iyl = ((Z'))Z

n=0

a+nb, }y" (1.2)

2F1[ ST
c n!

where 9 F denotes the Gauss hypergeometric function defined below in (1.3). Similar analysis
of [20, equation (14)] gives

= O(n_wpg), n— oo, nE€ ”Zso,

2F1[a+n’b;$”
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where
w = min{Re(b), Re(c — b)}, pe = max{1,[1 —z|'}.

Then the summand in (1.2) has the order of magnitude

O<nRe(a—c’)—w(px|y|) )’ n — oo,

n!
which implies that the series (1.2) converges absolutely in the region
Dy, = {(z,y) € C*: z # 1, larg(l —z)| <, |y| < oo}

So the series in (1.2) provides an analytic continuation of ¥; to Dy, .

There are some useful identities about ¥; in the literature (see [5, 10, 11, 14]), as well
as many applications in physics (see [2, equation (5.2)] and [3, 4]). But we still know very
little about the asymptotics of W;. Recently, in order to study the asymptotics of Saran’s
hypergeometric function Fx when two of its variables become simultaneously large, Hang and
Luo [13] established asymptotic expansions of ¥y for one large variable. By using a Tauberian
theorem for Laplace transform, Wald and Henkel [26] derived the leading-order estimate of the
Humbert functions ®5, ®3 and =2 when the absolute values of the two independent variables
become simultaneously large. They also considered W; and pointed out that their technique
fails for ¥y (see [26, p. 99]). In this paper, we give an incomplete answer to their problem by
establishing the leading asymptotic behavior of ¥; when |z| — 0o and y — +o0.

This paper is organised as follows. In Section 2, we demonstrate three lemmas which will be
used later. Section 3 devotes to the asymptotics of ¥; for two large arguments. In Section 4, we
present asymptotic expansions of the generalized hypergeometric function ,F, (p < q) for large
parameters, which are not contained in the NIST handbook [22]. The proofs in Sections 3 and 4
are based on Nagel’s approach [21]. The main results are Theorems 3.6, 4.1, 4.3, 4.5 and 4.7.

Notation. In this paper, the number C generically denotes a positive constant independent
of the parameter n, the index of summation ¢ and the variable z. Moreover, the generalized
hypergeometric function ,F; is defined by (see, for example, [22, p. 404])

(1.3)

a1,---50p | _ ) S = (al)""'(ap)”ﬁ
Nl R R RCIEE 0 e e

where ay,...,ap, € Cand by,...,b, € C\ Zgo.

2 Preliminary lemmas

In this section, we deduce three lemmas which will be used in the sequel. The first is a sharp
bound for the ratio of Pochhammer symbols.

Lemma 2.1. Ifa € C and b € C\ Z«o, then

(@)n
(b)n

Proof. The proof for a € Z¢g is trivial. If a € C\ Z«o, Stirling’s formula implies that

< CnRela=b), n € Z~op.

. _,L(a+n)
lim n ¢ ————= =1
nooo ' T(b+n)

which concludes that nb_“% is bounded uniformly for n € Z~g. |
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The second is a simple estimate of the function ®,(x), which is the “horizontal” generating
function of Stirling numbers of real order (see [8, Section 8]). More properties of ®,(z), con-
taining the asymptotic behavior for fixed z € R and a — +o00, are studied in [25, Section 3.2].

Lemma 2.2. Define

X 1a
x) zzyxk, a,r € R.
k=1

Then ®4(z) ~ 2%, x — +o00. Thus
O, (z) < Ka%e”, x =1,
where K > 0 is a constant independent of x.

Proof. Take a, = %T and b, = % in [24, p. 12, Problem 72]. |

The third is a global estimate for the confluent hypergeometric function 1 F;.

Lemma 2.3. Let a,c € C. Choose N € Z~q such that Re(c+ N + 1) > 0 and define

l
Gf(z) =10 |:aj:£, :|, le Z;O. (21)
Then for £ > N +1,
|Ge(2)] < Ce?, (2.2)

where v > 0 is a constant independent of £, N and z.

Proof. Since G¢(0) = 1, we can assume that z # 0. Recall the inequality [15, equation (2.3)]

1 [b : } < cosg 1Fy [‘b " |z| sec } (2.3)
with § = arg(by) € (—m, ) and the inequality [9, p. 37, equation (3.5)]
ezgz<1F1-aoz]<1—+aoz bp >ap >0, z#0. (2.4)
|bo’ bo b
But when ag > by > 0 and z > 0, we have ((ZS)): < (‘;—g)k since b°+] decreases with respect

to 5 2 0. Thus

11 I:b ) :| < eﬁz, ag = b() > 0, z > 0. (2.5)

Recall Re(c+ N 4+ 1) > 0 and note that (/) := max{l ot H'} is bounded uniformly for ¢ € Z~.
Therefore, a combination of the inequalities (2.3)—(2.5) clalms that for £ > N + 1,

|Ge(2)] < 2y(0)e¥H Ol < Cenl,
where

v:= sup V2y(¢) = V2.

66220

This completes the proof. |

Remark 2.4. Lemma 2.3 can be easily generalized to the following form. Let ay,...,ap,b1,...,
b, € C, and let N € Z~ such that Re(b; + N +1) >0, 1 < j < p. Then for £ > N +1,

r ar+4,.. ap+£
Plog+4,...,0p+ 0

where v > 0 is a constant independent of £, N and z.

} ‘ < Cell, (2.6)
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3 Asymptotics of ¥; for large arguments

In this section, we establish the leading asymptotic behavior of W1 under the condition

T — 00, larg(l —z)| < m, Yy — 400, =7 (3.1)

Y
1—=x

satisfying 0 < y1 <7 < 72 < o0.

First of all, we derive a new series representation for ;. Our starting point is the behavior
near unit argument of the Gauss hypergeometric function, which is given by the well-known
connection formula [6, equation (1.2)]

I‘(a)I‘(b)QFl[a,b;Z] __D(@T®)T(s) Fl[la,bs;l_z}

I'(c) I'(a+s)T'(b+ s)

+s,b+
+T(—s)(1— 2)* QFl[“ 1S+ 1 ]
with |arg z| <7, |arg(l — 2z)| < 7 and s = ¢ — a — b. Furthermore, (3.2) is valid if s ¢ Z.

Expanding the right-hand side of (3.2) as follows (see [7, equation (1.1)]):

I'(a)T'(b) b ] ZTla+n)I'(b+n)I(s—n) n
T(c) QFl{ ¢’ ] _Z(_l) TlatsThtsyml &7

+Z F'a+s+n)'(b+s+n)'(-s—n)

T(a+ s)I'(b+ s)n! (=2 (33)

and then applying (3.3) to (1.2), we get

. _ S (@)n(b)n a—c+la+n [(1—-2)"
\Ijl[a/ybacc xy]_CIZ(a+b—C+1) F2 C/,a‘i_b_c—f—l—i_n,y T (34)
ca b c—a )n CL—C—F]_,CL—{—b—C—n. Y (1—x>”
red Zc—a—bﬂ) FQ[ dia—c+1l-n ’1—z| nl

where |arg(l —z)| < 7w, a+b—c ¢ Z,

I'(e)I'(c—a—0b)
I'(c—a)l(c—0b)’

L)l (a+b—c)

C1= T(a)L'(b)

Coy =

and 2 F is defined in (1.3). Both series in (3.4) converge absolutely for |z — 1| < 1 and |y| < oo.
Combining (1.1) with (3.4) gives the following series representation.

Theorem 3.1. Assume that ¢, ¢ Z<y and a — ¢ ¢ Z. Then when a — b ¢ Z,
Ui, bye, s, y] = fe(b, ) (1 — 2)"Vi(z,y) + fe(a,0)(1 — 2)""Va(z,y) (3.5)

holds for |arg(l — x)| <7, |z — 1| > 1 and |y| < oo, where

2 (a)p(c—b)y, a—c+la+n y |(1—-2)™"
@ y) :nz%(a—b+1)n2F2[c’,a—b+1+n’1—35] nl 7 (3:6)
= (D)nlc—a)y, a—c+la—b-—n |(1—2x)"
Va(ary) :=;M2FQ[ PRt e (3.7
and
fo(a,) = LD
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Remark 3.2.

(1) The series (3.6) and (3.7) converge absolutely for |z — 1| > 1 and |y| < occ.

(2) When s = c—a—>b € Zin (3.2), the corresponding connection formulas of the Gauss hyper-
geometric function appear as [1, equations (15.3.10)—(15.3.12)]. Thusif s=c—a —b € Z,
one may derive the corresponding series representations of Wy.

Next we derive a uniform estimate of oFb for large parameters by using Nagel’s approach
[21, equations (A16)-(A19)].
Define for e = £1 that

Fo(2) = [? 2122 z}, g5 (z) == ng’g [Z’z; z], (3.8)
where o F; is given by (1.3).
Lemma 3.3. Let ¢ ¢ Z<o and d ¢ Z. Then

|fi(z) —gn(z)| < CB™- max{l,nRe(d_b)}z”ez, n>=1, z2= -z, (3.9)
where

B :ilé% Zi:ﬂ; >1, p:= Re(a — ¢) + max{0,Re(b —d)},

and zg = 1 chosen such that zPe® > 1 holds for z > zg.

Proof. The constant B exists and satisfies B > 1, since lim | gi—z = 1. Next, we just
prove the inequality for € = —1 since the proof for € = 1 is similar.
Note that

Since ¢ := Re(a + b — ¢ — d) < p, we get from Lemmas 2.1 and 2.2 that for z > zp,

o0 4
‘92(2)‘ < CnRe(d—b) + CnRe(d—b) qu% < CTLRe(d_b)(l + <I>q(z))

< CnReld=b) ya02 < CnReld=b) ,poz. (3.10)

Assume that z > 29 and write

=
g a)g(b—TL)g Zz . oQx* *
(e " Z ) (c)e(d—n)g €8 515

‘(bn)g :1:[ bn+j.‘ B
d—mn), Llld—n+j
7=0
and using Lemma 2.1 can get
157 < czn:B%Re(a—@ie < CB" ieRe(a—@zf (3.11)
e o o '

=1 ’ =1
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If £ > n+ 1, adopt Lemma 2.1 to obtain

(b—mn)e (1 =0)n(b)r—n Re(d—b) Re(b—d)
= < - ,
‘ =l ~ [T = D@ | S T
Thus
o0 ¢
|5§’<(%fmu—m E: ﬁ“m—dan-nf“@—ﬁé?
l=n+1 ’

Since 1 < £ —n < £, we have (£ — n)Re(bt=d)  gmax{O.Re(b=d)} " Therefore,

> l
* ela— ela—c max e(0— z
|52| < C’nR (d—b) Z KR ( )+ {0,Re(b d)}ﬁ (312)
{=n+1
Using Lemma 2.2, the inequality (3.9) follows from (3.10)—(3.12). [

A direct application of Lemma 3.3 gives the following theorem.

Theorem 3.4. Let {v,} be a sequence satisfying vo = 1 and v, = O(e"™), where r > 1. Define

V(z) = Zvnf;i(z)z_”, V*(z) = Z Ungr (2)27 ", z#0,
n=0 n=0

where f5(z) and ¢5(z) are given by (3.8), ¢ ¢ Z<o and d ¢ Z. Then
Viz) = V*(z) = O(zp_lez), z — 400,
where p = Re(a — ¢) + max{0,Re(b — d)}.
Remark 3.5. By substituting the asymptotic expansion of 9 F» (see [23, p. 380])

2F2 |:(l,b—|—l/' :| ~ F(C)P(d—i—l/) a+b—c—d_z

cdti” e z— 00, |argz|<m/2 (3.13)

T(a)T(b+ 1)~ ’
into the series

o 27T+~ +v) at+l,8+v 1
A0 =3 G F[ ]

5,6+1+v" 2

Jursénas [16, Section 4.2] claimed that

(o +)T'(9)
Ma+1I(B—a—7)

The reminder term in the expansion (3.13) is given in [18], but it is not valid uniformly for
large v and large z. Thus, Jur§énas’ expansion is not rigorous. Furthermore, Lemma 3.3 fails
for the asymptotics of A(z), so it is of interest to give a rigorous proof of (3.14) in our future
work.

Az) ~ e VA=) |zl =0, Re(z) <0. (3.14)

We now state and prove the main result.

Theorem 3.6. Assume that
c,c & Z<o, a—ba—c¢Z, Re(c—b) > 0.
Then under the condition (3.1),

/ b
Uy [a,b;e,dsz,y] ~ F(I;()CI)‘E(C—)Z)) <1 g w) y“_%_cley. (3.15)
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Proof. Recall (3.5) and note that Vi(x,y) converges absolutely. Thus, the main contribution
of U1 comes from Va(x,y). Using (3.13) and Theorem 3.4, we can obtain

—b b 1 _
Va(z,y) =171 [a c’ ;y} 1Fo [_? 1_33] + O(yp ley)

F(C/) —b—c y p—1_y
~ a c 1
Ta—b? ° +O0(y"e"), (3.16)

where p = Re(a — ¢ — ¢ + 1) + max{0, Re(c — b —1)}. Since
Re(a—b—cd)>p—1 < Re(c—0b) >0,
the result follows from (3.5) and (3.16). [

Numerical verification of Theorem 3.6 is given in Appendix A.

4 Asymptotics of the generalized hypergeometric function

Our derivation in Section 3 depends on a rough estimate of o F5 for large —n. In this section,
Nagel’s approach is also used to explicitly establish the asymptotic behavior of oF5 for large
parameters. We also present the asymptotic behavior of ,Fj for large —n.

4.1 Asymptotics of 3 F5

Let us examine the complete asymptotic expansions of o F5 for large parameters.

Theorem 4.1. Let ¢ € (0,7), ¢ ¢ Z<o and z # 0. Then for any positive integer N,

ab+ A ] = (a)(d—b) (=2)F _ [a+k, _
2 L Z} - kZ:O CHCES AL [c+k’z} +ORT), b

where A — oo in the sector |arg(A + d)| < ™ — 4.

Proof. If denoting

’U(Z) = 1F1 [z;z], dk =

we can obtain

a,b+ A N O
B | 2| = SR g Rk
2 Q[C,d—l—)\’z} 2Nt d)

Note that the k-th derivative of v(z) is given by [22, p. 405, equation (16.3.1)]

o) (z) = ECCL)):lFl [CCL 1_ :; z} .

Applying Fields’ result [12, Theorem 3] yields

a,b+ A — (=) (—2)F © (@pld—b)r (=) Ta+k
QFQL’dIA;Z}:kZOM(k!) v(k)(z)zz()k( )i ( )1F1[+ ] (4.2)

with A 4+ d ¢ Z<o, and also gives the asymptotic expansion (4.1). [
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Remark 4.2.

(1) The series (4.2) can be reformulated as follows:

a,b ~ (a)p(d = D)k (—2)" _ [a+k.
F » L — F 4.
v 2o RO er k) 4
which is a specialization of Luke’s result [19, Section 9.1, equation (34)]
A1y ..., 0p, b
F P
p+1 q+1[ Ly, q,d ]
_N- @)k (ap)e (A= b)k (=2)° L [ar+k,ooap k) (4.4)
k=0 (c1)k - (cgr (A kU P er ket ke '
where p < g with z € C, or p = ¢ + 1 with Re(z) < %
(2) Jursénas [16, Section 4.1, p. 69] mentioned an asymptotic formula
a+1,8+v 1 a+1l 1
2F2|:5,ﬁ—}—1+1/,_:|N1F1|: 5 7_;7 VeZ?O) V — 0. (45)

without proof, whereas our Theorem 4.1 gives a full asymptotic expansion of (4.5).
The asymptotics of o F5 for A = —n is given below.
Theorem 4.3. Let ¢ ¢ Z<o, d ¢ Z, b—d & Z=p and z # 0. Then for any positive integer N,
N-1

a,b—n a)n(d = b (—2)F 0tk )
2F2|: ’d_n;z] = ;::0 ((c)):((d—n;l;( k!) F [cik;z] +0O(n N)7 (4.6)

where n — 400 through integer values.

Proof. We shall follow Nagel’s approach. For nonnegative integers n and ¢, write

(=1° . (a)e(d—b)e
' (c)ett

Clearly, |g,| < C/R) where a := a4+ d — b — ¢ — 1. Moreover, (4.3) suggests that

F()_2F2[cd n

R(z):=F Z ar(n)geG(z (4.7)

where Gy(z) is given by (2.1).
Take n large, let m = [logn] and divide the series (4.7) into five parts:

m n/2 n

N 00
=D AED A A+ D+ =80+ S+ Sy + S5+ S, (4.8)

1 N+l m+l pj241  ntl

where N € Z~ is chosen so that Re(c + N 4 1) > 0. Therefore, the inequality (2.2) holds.
Let us derive estimates for the sums in (4.8).
Case 1. 1 </ < N. Now ay(n) ~ n~¢. Thus

N-1
ar(n)geGe(2)z" + O(nN).
=1



Asymptotics of the Humbert Function ¥, for Two Large Arguments 9

Case 2. N+ 1 < ¢ < m. Now both n and n — ¢ are large. The use of the identity
(2)e = (=1)*(1 = 2 — €)¢ gives

1 Tl -d+n-20
l—d+n—10), T({1—-d+n)

ar(n) = ( (4.9)

By Stirling’s formula, we get as(n) ~ n~¢ and thus

m l
< Cl?l Re(a) 2] .
|S1] < Ce E 14 (n

{=N+1

For n large, /Re(@) (ETJ)E decreases with respect to £ > N + 1 and then

I2| Reo) (12NN (logn
|S1] < Ce"™*'m(N + 1) = =0 .

n niN+1

Case 3. m+1</4<K % Stirling’s formula shows that

_T-d+n-0 _ < f)d(n—f)!'

= 1— =
ae(n) I'l—d+n) n n!

It follows from % <1-— % < 1 that

(n—0)! C 2\*
< = < -] .
lae(m)l < € n! (n—ﬁ—i—l)---(n—l)n\c n
As in Case 2, the monotonicity gives
n/2 ¢ m+1
2|z| 2|z| _1

z Re(a z Re(a logn

|S2| < Ce! 'ZE +:1e ( ><n> < CeFlpm el ><n = O(n 218",

Case 4. % + 1 < £ < n. Choose the least number r € Z>q so that
|(1—d+n—20)+r] >4z >0.

Note that ﬁ is bounded uniformly for n > 1. Using (4.9) gives

/—1
lagm)| = ] |1 —d+n—0)+4]" <Az
j=0

Thus
|S3| < C’e”'zl(4\z|)7" Z ERG(O‘)ZI*@ — O(nRe(a)Jrlzfn)'
{=n/2+1

nRe(d) (ein) 1—Re(d)

nl(l—n)! from

Case 5. { > n+ 1. Now we can obtain |as(n)| < C

ag(n) = D" WaDen (=D
0 (1 — d)n(d)f—n (1 - d)”(d)é—n n|(€ — n)‘ .
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It follows that

4
|S4| < Cev| |n § : gRe o) 1 —Re(d) ’Z’
! (£ —n)!
{=n+1

. 2" A z
— el |nRe(d)’n‘! Z(]Jrn) e(o )]1 Re(d)’]' '
j=1

‘ J

Note that rnax{n,j} <j+n<2- max{n,j}. Then for p,q € R, we have

o0

Z(j+n> < COn pz q +C Z ]p+q

j=1 j=n+1

J
max{0,p} E 'maX{q7p+q}ﬁ
j=1

which shows that
00 ;

|S4| < Cey|z|nmax{Re(d),Re(aer)}w ZjlfRe(d)+max{0,Re(a)}ﬂ
= nl gl

J:

Now the asymptotic expansion (4.6) follows from the estimates above.

Remark 4.4. When b — d € Z~, the series (4.3) terminates. Therefore, when ¢ ¢ Z<g, d ¢ Z
and b — d € Z~g, take N =b—d+ 1 in Theorem 4.3, and as a result, the asymptotic expansion

of 9Fs[a,b —n;c,d — n; 2] is given by (4.6) with the error term vanishing.

4.2 Asymptotics of ,F, (p < q)

We have established the asymptotics of 3F» for large parameters. More generally, by using
Nagel’s approach, we can further obtain the following result about the generalized hypergeo-

metric functions ,F, defined in (1.3).

Theorem 4.5.

(1) Letp, q, r and s be nonnegative integers satisfying g = p+ 1 and s = r — 1. Define

ar—mn,...,ap —n,by,..., b

*F;sl)(z) = p+TFq+s |:Cl _na-..7cq_n7d17".7ds’

and assume that c1,...,¢q € Z and du, . ..,ds ¢ Z<o. Then for any positive integer N,

= (a1 — g (ap — ) (b))~ (b)g 2" nP—a)N
ch—n R N AT AT I G

as n — +oo through integer values.
(2) Letp € Z>¢. Define

aly...,0p,b—n
fqgQ)(Z) = pr1Fpi1 [01 c;),d . Z]

and assume that c1,...,cq & Z=o and b,d ¢ Z. Then for any positive integer N,

1
_ api (=0 (=25 | ar+k,...,ap+k
_Z )k(d—n)k pp[

k!
k=0

as n — +oo through integer values.

cl—i—k,...,cp—i—k’z

-
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Proof. The proof is much akin to that of Theorem 4.3, so it is sufficient to give some key
estimates. To get (1), as in the proof of Theorem 4.3, establish the estimate

(1+0(n), 1<C<N,
1+O<10gn>, N <0< m,
(a1 —mn)e---(ap—n)y _ n
(1 —n)e-(cp—m)g o(1), m<tl< 3,
O(wm), 5 </l <n,
O(n*(t—n)=2), €>n

as n — 4oo through integer values, wher

em = [logn], A = Z?:l Re(bj — a;) and w > 1 is
a constant independent of £ and n. To get (2), u

se (2.6) and (4.4). And the rest is the same. W
Remark 4.6.

(1) Knottnerus [17] derived the asymptotic expansions of

ar+r,...,ap+1r
pq[l—i_’ pHT r—+4oo, reZ

b1+, .. b —I—T‘ ’
with p < ¢+ 1 and

ar+ 7., Q1+ T 0k, ., Aptl

121, r— 400, rEZ
bL 47y b+ 7 Bty - by +

p+1fp [
with 1 < k < p. These results are also quoted and presented in [19, Section 7.3], [21, Ap-
pendix 1] and [22, Section 16.11 (iii)]. Our Theorem 4.5 gives the full asymptotic expansion
of ,F, (p < q) for large —n, which does not appear in NIST handbook [22] and Luke’s
book [19].

(2) Nagel’s approach cannot be applied to the asymptotics of

— Ny Q-1 — N, Ak, - -+, Apt1

1z n— +oo, nez
m—n bl — Dby ] +oo, )

p+1Ep

where 1 < k < p, since the condition Re(b;y — n) > Re(a; —n) > 0 is needed for the
Euler-type integral representation of ,1F,. We are interested in finding a more effective
method than Nagel’s approach.

We end this section with the other results of 9 F3 for large parameters.
Theorem 4.7.

(1) Assume that c,d ¢ Z. Then for any positive integer N,

N-1

n,d—n — c—n)p(d—n) k!

as n — +oo through integer values.
(2) Assume that a,b,c,d ¢ Z. Then for any positive integer N,

N-1

n,b— P
2F2[c—n d—n Z} = Z

k=0 (

(@ —n)p(d — D) (—2)* [ c—a
1F1

—n)k(d—n)k k! .Z:| +O(n_N)

c—n+k

as n — +oo through integer values.
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Proof. Assertion (1) follows immediately from Theorem 4.5(1). In order to prove Asser-
tion (2), we only need to note that combining (4.3) and the Kummer transformation [22, equa-
tion (13.2.39)] yields

2FZ{a—n,b—n z]

] @ md=b (= [ c—a
c—n,d—n’ _ekzzo(c—n)k(d—n)k k! 1F1[c—n+k’z]'

In addition, it is easy to verify that

cC—a
lFl[c—n—i-k’Z]

where K is independent of n and k. The rest of the proof is similar to that of Theorem 4.5 and
is omitted here. [

< K,

A Numerical verification of Theorem 3.6

By using MATHEMATICA 12.1, we provide a numerical verification of Theorem 3.6. The value
of W, is evaluated by using the following integral representation

a Yy

|:c/7 1 o Il't:| dt7

where a € C, Re(¢) > Re(b) >0, ¢ € C\ Z<y, y € C and x € C\ [1,+00). The value of the
right-hand side of (3.15) is denoted by AEy,. Tables 1 and 2 below clearly illustrate that the
ratio Ag}p approaches to 1 as ¢ — —oo (y = v(1 — x) — +00).

1

r 1
Uy[a,bye, sz, y] = (©) / 7 A =) — )T Ry

T (c—b) Jy

Table 1. Numerical comparison when ¢ =a =3, b = %, c= % and v = 1.

T Ag;l
1 —10 1.06951
2| —100 1.00745
3 | —1000 1.00075
4 | —2000 1.00037
5 | —3000 1.00025

Table 2. Numerical comparison when a = 3, b = %, c= %, cd=2and~y= %

v Agil
1] —10 0.98215
2| —100 1.00223
3 | —1000 1.00025
4 | —2000 1.00012
5 | —3000 1.00008
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