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Abstract. Associated to a symmetric space there is a canonical connection with zero torsion
and parallel curvature. This connection acts as a binary operator on the vector space of
smooth sections of the tangent bundle, and it is linear with respect to the real numbers.
Thus the smooth section of the tangent bundle together with the connection form an algebra
we call the connection algebra. The constraints of zero torsion and constant curvature makes
the connection algebra into a Lie admissible triple algebra. This is a type of algebra that
generalises pre-Lie algebras, and it can be embedded into a post-Lie algebra in a canonical
way that generalises the canonical embedding of Lie triple systems into Lie algebras. The
free Lie admissible triple algebra can be described by incorporating triple-brackets into the
leaves of rooted (non-planar) trees.
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1 Introduction

The connection algebra of a smooth manifold with an affine connection is the vector space
of smooth sections of the tangent bundle with the connection viewed as an R-linear binary
operator. On a Euclidean space this algebra is a pre-Lie algebra, and on a Lie group it is
a post-Lie algebra. Understanding the connection algebra is interesting by itself, and it also
has potential applications for developing algorithms for numerical integration. In the case of
pre-Lie algebras, [6] and [4] have demonstrated its relation to numerical integration and B-series.
Methods for numerical integration on Lie groups developed in [16] and [13] laid the foundation for
LB-series, a generalization of B-series for which the underlying algebraic structure is a post-Lie
algebra [7, 9].

Pre-Lie algebras were first defined by Gerstenhaber [10] and Vinberg [27]. Chapoton and
Livernet proved in [5] that the free pre-Lie algebra is given as the span of non-planar rooted
trees. Another proof of this was given by Loéfwall and Dzhumadil’daev in [8]. Post-Lie algebras
were first described by Vallette in [26], but this structure also appears in the D-algebra described
in [21]. In [19, 26], it is also shown that the free post-Lie algebra is given as the free Lie algebra
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over the planar rooted trees. An explicit basis and the dimension of the graded components are
given in [18].

Symmetric spaces are the natural next level of complexity beyond Lie groups. Due to No-
mizu [22], there is a canonical connection associated to a symmetric space with zero torsion and
parallel curvature. In this article we will focus on the type of algebra defined by this connection,
a type of algebra we have named Lie admissible triple (LAT) algebra. Geometric integration
algorithms have recently been introduced for symmetric spaces [17]. The analysis of numeri-
cal algorithms on symmetric spaces motivates the study of (Lie)-Butcher series on symmetric
spaces. In the present work, we characterise the free algebra generated by the canonical connec-
tion on symmetric spaces. This is a first step in developing a comprehensive theory for series
developments on symmetric spaces.

When investigating connection algebras, it is convenient to define a triple-bracket as the
skew-symmetrization of the associator. Geometrically this is the Ricci identity [24]. A LAT
algebra is defined by two relations, both best described using the triple-bracket.

A key question when investigating an algebraic structure is what the free object looks like.
The main result of this article provides a basis for the free LAT algebra. This is presented in
Theorem 3.6. To be able to describe the free LAT algebra it is necessary to have a description
of the free algebra, which is the linear span of the free magma. The free algebra is commonly
described by planar rooted trees, but when working with the triple-bracket this description is
inconvenient. We present an alternative basis for the free algebra that works well with the triple-
bracket. Theorem 5.1 provides the theoretical link between the planar rooted trees and this new
basis. This theorem is purely combinatorical and might be interesting beyond the context of
this article.

The article is organised as follows: Section 2 introduces the concept of connection algebras
and reviews some of the known results in this area. The link between symmetric spaces and LAT
algebras will also be made clear. In Section 3, we discuss tensor-algebras, D-algebras and the
free algebra, the goal being to state the main result in Theorem 3.6. The proof of this theorem
will be given later in the paper, but the tools developed in this section is already enough to give
a simple proof of the known fact that the free pre-Lie algebra can be described by non-planar
rooted trees, see Theorem 3.5.

While the main goal of the next four sections are to provide a proof of the main theorem,
these sections do contain some results that are interesting on their own. In Section 4, in Propo-
sition 4.2, we provide a Hall basis for Lie triple systems. In Section 5, we present an alternative
basis for the free tensor algebra. This basis consists of elements that combine symmetric and
skew-symmetric parts under a few simple conditions that ensure uniqueness, see Theorem 5.1.
Section 6 utilizes this theorem to provide a basis for the free algebra that is convenient when
working with the LAT relations, before we finally prove the main theorem in Section 7.

In the last section, Section 8, we relate LAT algebras to post-Lie algebras by an embedding
that generalize the standard embedding of a Lie triple system into a Zs-graded Lie algebra
provided by Jacobson in 1951 [14]. This result is presented in Theorem 8.6.

2 The connection algebra

Consider a (real) smooth manifold M and denote by X,; = I'(T'M) the vector space of smooth
vector fields on M. Let V be an affine connection on M. Then (X)s,V) will be an algebra
over R which we will call the connection algebra of M. Two important geometric objects related
to the connection are the curvature

R(X,Y)Z =VxVyZ -VyVxZ —Vxy|,%,



Lie Admissible Triple Algebras: The Connection Algebra of Symmetric Spaces 3

and the torsion
T(X,Y)=VxY —-VyX - [X,Y],,

where [ _, _]; is the Jacobi-Lie bracket of vector fields. Since we will work with the connection as
a product in a non-associative algebra it will be convenient to introduce an alternative notation.
We let X > Y := VxY whenever the latter is defined, but we will also use notation > for
a binary product in a purely algebraic setting. The (negative) associator of > is given by
ass(z,y,z) =z > (y> 2z) — (v >y) > z and we define the triple-bracket as

[x,y, 2] = ass(x,y, z) — ass(y, z, 2),
and we immediately note that
RX,Y)Z -T(X,)Y)>Z =[X,Y, Z].

This relation is called the Ricci identity, although it is often stated in the torsion free case [3, 24].
The Bianchi identities are two fundamental relations connecting the torsion and the Riman-
nian curvature tensor of a manifold. For X,Y, Z € X, we have

0= Y T(T(X,Y),Z)+(VxT)(Y,Z) - R(X,Y)Z, (1 Bianchi),
O(X,Y,2)

0= Y (VxR)(Y,Z)-R(X,T(Y,Z)), (2 Bianchi),
O(X,Y,2)

where ) . means the sum over all cyclic permutation of the indicated arguments.

2.1 Some algebras related to constant curvature and torsion
Various geometries are related to properties of the triple-bracket of the connection:

e A pre-Lie algebra is (A, >) where [z,y, z] = 0. A manifold has a pre-Lie connection on Xy
if and only if M is locally an Abelian Lie group, i.e., locally a Euclidean space.

e A Lie admissible algebra is (A,r>) where [x,y, 2] + [y, z,2] + [2,2,y] = 0. The bracket
defined by the skew product [z,y] := x>y — y > x is a Lie bracket if and only if (A, >)
is Lie admissible. A connection algebra is Lie admissible if and only if the connection is
torsion free, T = 0, in which case X >Y — Y > X = [X,Y]; (see [20, Proposition 2.13]).
This carries little geometric information, since any connection has a related torsion free
connection with the same geodesics.

e A post-Lie algebra is (A,r>,[_, _]) where [_, _] is a Lie bracket and where > and [_, _]
relate as
[zyl>z=[2,y,2,  w>lyz]=[e>y 2]+ [y 2> 2]

A connection algebra (X, V) is post-Lie if R = 0 and VT = 0, in which case there are two
Lie brackets on the vector fields [X,Y] = —T(X,Y) and [X,Y]; = XY -Y> X +[X,Y].
A post-Lie connection exists on X, if and only if M is locally a Lie group. More generally,
a post-Lie structure exists on an anchored vector bundle if and only if the bundle is an
action Lie algebroid [19].

In this paper, we are interested in the canonical connection on a locally symmetric space
(such as the Levi-Civita connection on a Riemannian symmetric space). This is a connection

where T"=0 and VR = 0.
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Remark 2.1. For any locally symmetric space, there is a canonical connection such that VR = 0
and T = 0. Equivalently, any manifold with such a connection is a locally symmetric space.
A locally symmetric space is a (globally) symmetric space if it is connected, simply connected
and geodesically complete [15, 22].

Definition 2.2 (LAT). An algebra (A, >) is called a Lie admissible triple algebra if the triple
bracket verifies

[z,y, 2l + [y, 2, 2] + [2,2,9] = 0, (2.1)
wb[z,y, 2] — [w>z,y, 2] — [z,w>y, 2] —[z,y,w>z] = 0. (2.2)

A connection algebra with 7" = 0 verifies (2.1), hence [X,Y,Z] = R(X,Y)Z and VR = 0

is expressed in (2.2). So the algebra of a torsion free connection with constant curvature is
a Lie admissible triple algebra. On the other hand, if the connection algebra is LAT, then

equation (2.1) implies that the connection is torsion free and then equation (2.2) gives exactly
constant curvature. The proposition below follows.

Proposition 2.3. A connection algebra (Xpr,>) is LAT if and only if the manifold (M, V) is
a locally symmetric space.

Lemma 2.4 (LTS). If (A,r>) is an LAT then (A,[-, -, -]) is a Lie triple system (LTS), defined
as a vector space with a tri-linear bracket satisfying

[x7y7 Z] = _[yvxvz]v

O = I::B7 y7 z] + [y’ z’ $] + [27 x? y]’

[u7 ’U, [x’ y’ Z]] = [[u7 /U? x:l? y’ Z] + I:x7 [u7 ’U, y:l’ Z] + IZ‘/'E’ y’ [u’ /U’ Z]]'

Proof. Equation (2.3) follows from the definition of the triple bracket, (2.4) is (2.1), while
follows from (2.2) by a tedious but straightforward computation. [

o~ o~ o~ o~

2.
2.
2.
2.

Lie triple systems have been studied extensively in relation to symmetric spaces, see, for
instance, [15] and [2]. Just as the tangent space of a Lie group has the structure of a Lie
algebra, Lie triple systems appear as the tangent space of symmetric spaces. In recent years,
the theory of post-Lie algebras has been developed in different directions. Post-Lie algebras
form a refinement of Lie algebras, enriching them with structures relating to connections and
geodesics. In this paper, we study the new concept of Lie admissible triple algebras, which in
many ways relate to Lie triple systems similarly to the relationship between post-Lie algebras
and Lie algebras.

Note 2.5. The algebraic structure we call Lie admissible triple has previously appeared in the
context of integrable systems under the name G-algebra, although with different sign on the
associator [11, 25].

3 Tensors, trees and the free Lie admissible triple algebra

The free Lie admissible triple algebra LAT(C) over the set C is defined by the universal prop-
erty: If A is a Lie admissible triple algebra and f: C — A, then there exists a unique algebra
homomorphism ¢ such that the diagram below commutes:

C —— LAT(C)
\
|
A.
The main result of this article is stated in Theorem 3.6 at the end of this section. In this
theorem, we provide a basis for LAT(C) in terms of rooted trees and triple-brackets.
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3.1 Tensor algebra

Consider a vector space W over a field K with a basis C. Let T(W) be the free tensor algebra
over W, that is

TW) =PWo=KaWaoWeW)e(WeWeW)a- .
=0

The natural basis for T'(W) is given by all elements on the form
1R T2 X & Tk, r;€C, keN.

For simpler notation, we will denote the tensor product between elements by a simple dot:
x -y :=x ®y. Since the tensor product is associative but not commutative, the basis elements
of T(W) can be thought of as all the words over the alphabet C, and the number of basis elements
in the graded component W% is given by the number of words of length k one can make from the
elements in C which is n¥, where n := |C|. If w is a word in T'(W), we will write |w| = k& meaning
that the length of the word w is k. We extend this definition to any element of homogeneous
degree in T'(W) with respect to the tensor product; if w € W®¥, then |w| = k, even if w is not
a word, but a linear combination of such.
Since the tensor algebra is associative, we may define a Lie bracket by

[z yl=z-y—y-z (3.1)

for z,y € T(W). In addition, we may define a map s called a symmetrization map by

5(331---%):% Z o(zy - xg),

’ oESE
where z1,...,z; € C and S is the symmetric group acting by permuting the elements of the
words of length k. Let J be the ideal in T'(W) generated by the Lie bracket [_, _]. An important

relation between permutations of words and the bracket is given in the following proposition.

Proposition 3.1. For any w € T(W) with |w| = k and any permutation p € Sk, we have
w—pw)ed.

Proof. First notice that for a,b € C and a word w € T'(W), we have
a-b-w—b-a-w=lab -weJ.

This implies that the statement is true for words of length 2. Assume true for |w| < k and
consider

a-w—a-pw)=a-(w—pw)ed.

Any permutation o can be given as a composition of permutations that leave the first position
fixed and the permutation that switch the first two positions and leave the rest fixed, hence we
get

a-w—ola-w)eJ

and the proposition follows by induction. |
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3.2 D-algebra

The algebra of covariant derivations from a general connection has the structure of an enveloping
algebra of a post-Lie algebra, called a D-algebra [21]. We need this basic structure in order to
understand the free LAT.

For an algebra (A,>>), let (T'(A),-) denote the tensor algebra. Let D(A) = (T'(A),-,>) be
defined by extending > to T'(A) as

x> (uv) = (x>u) v+u(x>v), (Leibniz rule) (3.2)
(zu)>v=z> (u>v)—(x>u)>v=ass(z,u,v),

for all x € A and u,v € D(A).

Note 3.2. D(A) is introduced in [21] with the name D-algebra. It forms the enveloping algebra
of the post-Lie algebra (g,>,[-, -]), where g = Lie(A) C D(A) and [-, _] is defined as in
equation (3.1). The rich algebraic structure of the D-algebra is studied in [9, 19, 21].

3.3 Trees and the free algebra

Let (Alg(C),>) denote the free algebra (non-associative, non-commutative) over a set of gener-
ators C, also referred to as a set of colours, or sometimes an alphabet. The free magma Mag(C)
is the set of all bracketed expressions in the generators,

Mag({e}) = {0, 0> 0, (0> 0)>0,0> (e>0),...}.

We identify Mag(C) with planar binary trees, where the leaves are coloured from C and the
internal nodes represent >. Alg(C) is the linear space where the trees in Mag(C) form a basis,
called the monomial basts. _

Another basis for Alg(C) we call the tree basis, is given by Tree(C), the planar (or ordered)

trees where all nodes are coloured from C. We define Tree(C) C Alg(C) as
Tree(C) = {(ti-ty - tx) > c | tr, ... tg € Tree(C), k > 0, c € C}.

The trees are graphically represented as branches tq,...,t; attached to the root c¢. For k =0
we get C C Tree(C) and build up general trees by recursion:

%

Treo({e}) = {.,I,E,V,...,;I,%l,...},

where the arrow indicates that the branches are ordered. The arrow is omitted in the graphical
presentation if the tree is symmetric with respect to branch permutations. We can rewrite from
tree basis to monomial basis using (3.2) and (3.3), e.g.,

gzass(o,z,o) = ass(e,0>0,0) =e>> ((e>e)>0e) — (6> (e>0)) >oe.

In the tree basis, the product in Alg(C) is expressed as left grafting [1, 21]. For t,t1,...,t; €
Tree(C), c € C, (3.2) and (3.3) give

t0> ((tytg-ty) > ) = (bty -ty tp) > e+ (E> 1) to-tp) >+ -
+(t1‘t2-~(tl>tk))l>c,
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as shown in this example

wﬂf:§?+$#;§

Below, in Corollary 3.4, we show that any permutation of branches in a tree can be expressed
via an iterated triple bracket. The simplest example is

? — ? = ass(o,e,m) — ass(e,0,m) = [0, e,m|.

3.4 Free pre-Lie

Recall that an algebra is pre-Lie if [, _, -] = 0. Thus, the free pre-Lie is the free algebra divided
by this relation:

Definition 3.3 (free pre-Lie). The free pre-Lie algebra is preLie(C) := Alg(C)/J, where J is
the ideal generated by the triple bracket.

We revisit the classical characterisation of the free pre-Lie algebra [5, 8]. Let Tree(C) be the

non-planar trees over C, obtained by forgetting the ordering of branches in Tree(C) and (7¢, »)
the linear span of Tree(C) with product » being grafting without branch ordering, as

RCT XK

In this non-planar case, the enveloping algebra is the symmetric algebra S(7¢). S(7¢) acts on T¢
as (3.2) and (3.3), forgetting the ordering. Define the projection w: D(Alg(C)) — S(7¢) by for-
getting the ordering. This is a homomorphism for both products t> and -, and is uniquely defined
from the universal property of D(Alg(C)). The following result is a corollary to Proposition 3.1.

Corollary 3.4. For any w € D(Alg(C)), |w| = k, r € Alg(C) and any permutation p € Sk,
we have

w>r—pw>reJ.

Proof. By Proposition 3.1, we have w—p(w) € J C D(Alg(C)). Then w— p(w) must be a linear
combination of elements on the form u- [y, z] - v for u,v € D(Alg(C)) and y, z € Alg(C). By (3.2)
and (3.3), we may rewrite (u - [y, z] - v) > r into something only depending on >, and by the
observation

ly, 2] >w=[y,z,w], Vy,zwe Alg(C),
it follows that w > 7 — p(w) >r € J. [ |

Theorem 3.5 (free pre-Lie algebra).

0 J — Alg(C) ™ To 0

is a short exact sequence, hence preLie(C) = (T¢,»).

Proof. Since 7 is a homomorphism for > and 7([z,y, 2]) = 7((z-y) >z — (y-z) > 2) = 0, we
must have 7(J) = 0. If w(a) = 0, then a must be a sum of differences of equivalent trees with
permuted branches, and Corollary 3.4 implies a € 7, so the sequence is exact. |
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3.5 Free Lie admissible triple algebras

The free Lie admissible triple algebra is the quotient LAT(C) = Alg(C)/Z, where Z is the two
sided ideal generated by (2.1) and (2.2). Let H(S) denote a Hall basis for the Lie triple system
generated by S, henceforth called the “Hall triple set”, see Definition 4.1.

Theorem 3.6. A basis for LAT(C) = Alg(C)/Z is the smallest subset B C Alg(C) such that
B = H(S),

where
S={s(by-by---bp)>c|by,...,bp €B,ceC, k>0}

are symmetrised trees of basis elements.

The proof will be presented in Section 7. We present the basis explicitly. For C = {e}, the
basis elements are up to order 5:

B=1{ed% E'\V \; Y % $,e,0,

'\?’?y; iS00 D.yJI\;\I}V [i,.,.}, Voo 00,1,

where non-planar trees are identified with the corresponding symmetrised sum of planar trees

v‘;:;(gﬂi), \z/‘:;(%u\%\z}), ete.

The dimensions of the first graded components are given as 1,1,2,5,13, 34, 96,263, ....
From order 5 and higher, we get trees where the leaves can be from the Hall triple set:

[I, o o] > e, 5(0 . [I, o, o]) > e, etc.

However, due to (2.2), we never get trees with internal nodes from the Hall triple set.
Summary: The basis B for LAT(C) consists of

e Trees with internal nodes from C' and leaves from the Hall triple set of trees.

e The Hall triple set of trees.

4 Hall basis for free Lie triple system

Recall that an LTS is a vector space with a tri-linear bracket satisfying (2.3)—(2.5). We construct
a Hall basis for LTS(C), the free LTS over a set C. A classical result [14, 15] states that an LTS
can always be embedded in a Lie algebra (g,[-, -]) as a subspace closed under the triple bracket
[a, b, c] := [[a,b],c]. In particular, LTS(C) can be embedded in Lie(C), the free Lie algebra [23]
over C. Lie(C) has a Zy grading where Lie monomials with an odd (resp. even) degree have
grade 1 (resp. 0). The odd monomials span LTS(C). In particular, any odd monomial can be
rewritten as a sum of iterated triple brackets. For example, using the Jacobi rule and skew
symmetry of [_, _], we find

[[[a, 0] [¢, d]}, ] = [a,b, [¢, d, e]] = [¢,d, [a, b, ]].



Lie Admissible Triple Algebras: The Connection Algebra of Symmetric Spaces 9

Hence any Hall basis for Lie(C) yields a basis for LT'S(C), by restricting to the odd monomials.
However, such bases will in general contain odd monomials which are not simple iterated triple
brackets, but must be rewritten as sums of triple brackets. For example, the Lyndon basis [23]
for Lie({a, b, c,d, e}) contains the odd monomial [[[a, €], [¢, d]], b].

To obtain a basis for LTS(C) consisting of only triple brackets, we propose a Hall-type basis
obtained directly on LTS(C), independent of an embedding in Lie(C). Let (Mags(C),[-, -, -])
denote the triple magma over C, i.e., all possible iterated triple brackets formed from C. This
can be represented as planar ternary trees with leaves coloured by C. Let |_|: Mags(C) — Z
be the grading |c¢| = 1 for ¢ € C and |[a, b, c|| = |a| + |b| + |¢| for general a, b, c¢. Let Algs(C)
denote the vector space spanned by Mags(C) over some field K, and let M C Algs(C) be the
ideal generated by the Lie triple relations (2.3)—(2.5).

Definition 4.1 (Hall triple set). We define the Hall triple set H as

e C C H C Mags(C).

e H has a total ordering < such that |u| < |v| implies v < v. The ordering on the same
grade is arbitrary, e.g., a lexicographical rule.

e [u,v,w] € H if and only if u,v,w € H, u > v < w and one of the following hold:

— either u € C,
— or u = [a,b,c] where ¢ < v.

Proposition 4.2. H is a basis for the free Lie triple system LTS(C).

Proof. First, we show by induction in the grading that any monomial in Algs(C) can be
expressed as a sum of the Hall elements added with terms contained in M. We introduce
a rewriting based on (2.3)—(2.5). Given a monomial [u,v,w]. As induction hypothesis, we
assume u,v,w € H.

(1) Using (2.3) and (2.4), rewrite [u, v, w] so that the smallest element is in the middle:

(a) If u =, [u,v,w] — 0.
(b) If u < v, [u,v,w] — —[v,u,w.

(c) Ifu>v>w, [u,v,w] = [u,w,v] — [v,w,ul.

After this, we have obtained terms of the form [u,v,w], where u > v < w. If u € C or
u = [a, b, c], where ¢ < v this is Hall, and we stop.

(2) For [u,v,w], where u > v < w, u = [a,b, c] and ¢ > v, rewrite using (2.5):
[[a, b, c],v,w] — [a,b, [c,v,w]] — [e,[a, b,v],w] — [c,v,[a, b, w]]. (4.1)
Repeat (1) and (2) on the three terms in (4.1) until all terms are Hall.

We need to show that this rewriting will always stop.

Consider the first term on the right in (4.1), [a,b,[c,v,w]]. If ¢ € C or if ¢ = [, ", "]
with ¢ < v then [a, b, [c,v,w]] € H. To see this, recall we have assumed u = [a,b,c] € H, so
a = [d',a",a"] with @ > b is not possible. Furthermore, b < a and b < ¢ implies b < [c, v, w],
and we have ¢ > v < w, which shows that it is Hall. If ¢ = [¢/,¢”, "] with ¢ > v, we use the
induction hypothesis to write [c, v, w]| as a sum of Hall elements h; € H, h; > b. This yields Hall
elements [a, b, h;] € H.

Now we continue to rewrite the two rightmost terms in (4.1). We will argue that the Hall
elements [a, b, h;] € H produced from the first term cannot reappear in the rewriting of the last
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two terms. If this is so, each round of rewriting removes some Hall words completely from the
remaining terms, and the iteration must eventually stop.

To see that [a, b, h;] € H will not reappear, we first consider the second term |[c, [a, b, v], w].
Rewriting could give [[a, b, v], ¢, w] or [[a,b,v],w,c]. However, since v < ¢ and v < w, we will
never use (4.1) and get back terms of the form [a,b,[...]].

The last term is [c,v, [a, b, w]], where v < ¢ and v < w, thus v < [a,b,w]. The smallest term
is v in the middle, so we will not use rewriting (¢) and get back terms with a, b moved to the
left, hence [a,b,[...]] can not reappear.

This shows that H spans LTS(C). To see that H is a basis, we note that the rewrit-
ing rules guarantee that (2.3)—(2.5) hold for all a,b,z,y,z € H. By tri-linearity, these rela-
tions must also hold in the span of H, and hence H is a basis for the quotient LTS(C) =
Algs(C)/((2.3), (2.4), (2.5)). u

Definition 4.3. Given a totally ordered set C, let : Algs(C) — Algs(C) be the linear projection
that rewrites any element of Mags(C) into a sum of Hall elements according to the algorithm
described in the proof above, i.e., such that ker($)) = M and Im($)) = LTS(C).

For LTS({a,b}), the Hall triple set up to order 7 is

H = {a,b, [baa], [bab], [[baa)aa], [[baa]ab], [[baa]bb], [[bab]bb], [balbaal], [ba[bab]], [[[baa]aa]aal,
[[[baa]aa]ab], [[[baa]aalbb], [[[baa]ab)bb], [[[baa|bb]bb], [[[bab]bblbb], [ba|[baa]aal],
[ba[[baa]abl], [ba][baa]bb]], [ba[[bab]bb]], [ba[balbaal]], [ba[balbabl]], [[baa]a[baal],
[[baa]blbaal], [[bab]b[baal], [[baa]a[bab]], [[baa]b[bab]], [[bab]bbab]], ... }.

The dimensions of the graded components, 2,2, 6,18, 56,186, ... are computed by the classical
Witt formula for odd grades, see A001037.

5 OSBB-words: a basis for the free tensor algebra

In this section, consider a vector space W over a field K with a totally ordered basis C, and
let < denote the total order on C. Let T (W) be the free tensor algebra over W, equipped with
the structure and notation introduced in Section 3.1.

Recall from Section 3.3 that one way to generate the planar rooted trees is to graft an ordered
forest (or a word) onto a root. If instead this process is done by only grafting unordered forests
s(x1---xp) onto a root, we would generate the non-planar rooted trees, which is a basis for
the free pre-Lie algebra. This algebra is defined by the relation [_, -, -] = 0, hence the triple-
brackets together with non-planar trees should in some sense be sufficient to describe the full
free algebra Alg(C). The triple-bracket can be described by grafting a bracket [z, y] onto a tree;
[z, y] > 2z = [x,y, 2]

The motivation to continue this journey of combinatorics on the tensor algebra is to be able to
generate a basis for the free algebra using triple-brackets and non-planar trees instead of planar
trees, which corresponds to a basis on the free tensor algebra using symmetrized elements and
brackets. This alternative basis on the tensor algebra is presented in Theorem 5.1 below, after
we have developed some language.

e Symmetric word: Let x1, ...z, k > 0 be elements from the set C. The element s(z1 - - - z)
is called a symmetric word. Note that the empty word is a symmetric word.

o Symmetric-bracket word: If y,z € C, then the element s(zy --- ) - [y, 2] is called a sym-
metric-bracket word.
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e SBB-word An element w = wy - - - w;s is called a symmetric-bracket-block word, or an SBB-
word, if w; is a symmetric-bracket word for 1 < ¢ < s and ws is a symmetric word. As
long as w; is non-empty, we say that w has s blocks, where w; is a block of w for 1 < i < s.
If wg is the empty word, w has s — 1 blocks.

e OSB-word: A symmetric-bracket word s(z---xg) - [y, 2] is ordered if z < y and z < x;
for all ¢, where < is the given total order on C. We abbreviate ordered symmetric-bracket
word to OSB-word.

e OSBB-word: An element w = wy - - -ws is called an ordered symmetric-bracket-block word,
or an OSBB-word, if w is an SBB-word, and in addition w; is ordered for 1 < i < s.

We make a clarifying note on the use of the word word. A word is an element of the natural
basis of T'(W). The list above contains five special types of elements of homogeneous degree
in T (W) which are strictly speaking not words, but since they are closely associated concepts,
we have chosen to name them this way.

Theorem 5.1. Let C be a basis of some vector space W, and let < be a total order on C. Then
the OSBB-words over C form a basis of the free tensor algebra T'(W).

Before we are ready to prove this theorem, we need to prove the weaker claim that any word
in T'(W) can be written as a linear combination of SBB-words.

Proposition 5.2. Any word can be rewritten as a sum of SBB-words.

Proof. This is immediately true for words of length 1. Assume true for words of length less
than k£ and let w € T(W) be any word of length k. Then w — s(w) € J by Proposition 3.1.
We get

w=5w)+ (w—sw)) =sw)+v
where v is a linear combination of elements on the form vy - [z, y] - vo with both || < k and

|va] < k, hence we can rewrite them as a sum of SBB-words by assumption. |

Proof of Theorem 5.1. Step 1. Prove that any word can be written as a sum of OSBB-words.
By Proposition 5.2, it is sufficient to show that this is possible for any SBB-word. Assume this is
true for SBB-words of length less than k and let w be a SBB-word of length k. Then w = wy - - - ws.
Assume that wy = s(x - @y, - u) - [y, 2] with u < z < y. The Jacobi identity gives

u-ly,z) =y, 2] - u—y-[zu] +[z,ul-y+z-[lyu] —[y,u]-z=:J(u<z<y).

Then we can write

1 n
Wy = n+1(5(x1...xn).u.[yjz}—|—i2515(x1-..;%i...xn.u)-xi-[y,Z])
1 n
= n+15(g:1---xn)~J(u—<z-<y)+igl(n+1w1+w($1“'$n'u)'[ya2]>7

where v;(x1 - xy - u) € J is the terms you get from rewriting s(xy @yorxpy U)o xy —
s(x1 -+ xy, - u) according to Proposition 3.1. Solving for wy, we get

w1 =6(z1-xp) - J(u < z—<y)+ZVi(x1-~xn~u)-[y,z] (5.1)

7

zs(wl---wn)-([y,Z]-u—y-[27UJ+[2,U]-Z/+Z-[y,u]—[y,u]-Z)JrZw-[y’fZ]-

We need to show that each of these parts resolve into OSBB-words when concatenated with
wz DY wS'
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e The terms [z,u] -y and [y,u] - z in J(u < z < y) are similar and give words on the form
n-p-ws---ws, where p is either y or z. Notice that 7 is an OSB-word and |p-ws - - ws| < k
and can therefore be written as a OSBB-word by assumption.

e The term [y, z] - u from J(u < z < y) gives us a SB-word s(z1---xy) - [y, 2] connected
to a word u - ws - - -ws. The latter part has length smaller than k£ and can be written as
a OSBB-word by assumption. If s(xi---xy,) - [y, 2] is not ordered, we find the smallest
element z; and rewrite as above, but for x; instead of w. Since repeating this process
reduces the length of the word by one, hence the first block will resolve into an OSB-word
in the end, while the rest is a word of length shorter than k and can therefore be rewritten
as an OSBB-word.

e Consider y- [z, u]. By Proposition 3.1, we get s(x1---xy,) -y [z,u] =6(x1- 2 -y) - [2,u] +
n-[z,u]. The first term is OSB. We can write 1 as a sum of SBB-words by Proposition 5.2,
n=mn---nr. Since [na---ny - [2,u] - wa - - - ws| < k, we can rewrite this as a sum of OSBB-
words by assumption. If n; is not ordered, we detect the smallest element and redo this
process. Since this reduces the length of the first block, the process must terminate. The
case z - [y, u] is the same.

e Lastly, consider v;(z1 -z, - u). We rewrite this as a sum of SBB-words n; - --7,. Again
N2 Ny [y, 2] - wa - - ws has length shorter than k£ and can be rewritten as an OSBB-word
by assumption. If n; is not OSB, we detect the smallest element and redo this process.
Since the length of 7; is reduced by each iteration, it must terminate.

Step 2. Prove that the rewriting is unique. Let ag(n) denote the number of OSBB-words of
length k£ made from n letters where the letters can be used any number of times. For convenience,
let ag(n) = 1 for all n. We need to show that oy (n) = n*. First, note the following recursive

formula for ag(n):
antmy = (0 1Y) +i<21 (" f}l_g)‘“))amm. (5:2)

=2

Each part is explained as follows:

o (k'(tfﬁil)) is the number of symmetric words we can make of length k from n letters.
e The ¢ denotes the length of the first block in an OSBB-word that is not symmetric, hence

the shortest possible length of the first block is 2 in the case it is just a bracket.

e The j denotes the number of the last letter in the bracket of the first block with the
enumeration being given by the order on the letters, counting from the smallest letter as
number 1, and the largest letter is then number n. Notice that j only counts until n — 1,

since there must at least be one larger letter available to put in the bracket.
e (n— j)((i_?:(;;_j)) is the number of OSB-words of length ¢ with the last letter of the
bracket being number j counting from smallest to largest. The factor (n — j) corresponds
(i=2)+(n—j)
(n—7)
to choosing letters for the symmetric part, all of which is larger or equal to the last letter
of the bracket.

to choosing a larger letter to be the first letter in the bracket, and ( ) corresponds

e If we ignore the n, we can read the formula as: The number of OSBB-words of length k
is equal to the number of symmetric words of length & plus the number OSB-words of
length ¢ times the number of OSSB-words of length k& — i for each 2 < ¢ < k, that is, for
each possible length of the first block.
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We want to prove that ax(n) = n* by induction on k. First, note that clearly aj(n) = n.
Assume that «,(n) =n" for all r < k, and note that by (5.2), we have

k—1 /n—1 . .

=2 \j=1 (n=1J)
By assumption, ax_;(n) = n*~% as long as 7 is positive, hence nag_1_;(n) = ax_;(n). We note
that the coefficient of ay_1_;(n) in (5.3) is equal to the coefficient of ay_;(n) in (5.2). These
observations let us rewrite ay(n) as

ay(n) = iy () 4 ”Zlm 4 <(k: =2)+(n- j)) N (k: (+n(ﬁ I)l)>

(n—j)
—“((k_g)f(ﬁ_”)- j

Here Z;L:_ll (n—j) ((kf?glt%‘*j )) is the term in (5.2) corresponding to the term in the summation

when ¢ = k which can not be captured in ay_1(n), and the last two terms correspond to the
first term in (5.2) and the first term in (5.3). By assumption, nay_1(n) = n*, and the rest
of the terms cancel by Lemma A.1, hence we have aj(n) = n*, and the theorem follows by
induction. |

5.1 An order on the OSBB-words

To construct OSBB-words, we depend on a total order on the elements we construct the words
with. We want to use OSBB-words to construct a basis for the free algebra, but then we must
construct a total order on the basis simultaneously. We start by constructing a general order on
the OSBB-words, depending on the order of the elements the words are made from.

Definition 5.3. Let W be a vector space with a basis C and a total order <=~<¢ on C. Define
a total order <Ao==a, on the set of OSBB-words in T'(W) by

(i) Compare symmetric words: Let w = s(x1---xy) and n = s(y1 - - ym) be two symmetric
words and let the indexing be such that z; > --- > xp and y; = -+ = ypm. Weset w =a nif

e 1> 1m, or

o |w|=1n|, z; =y; for i < jand z; > y;.

(ii) Compare OSB-words: Let w = s(z1---xp) - [u,v] and n = s(y1---ym) - [w, 2] be two
ordered symmetric-bracket words and let the indexing be such that =1 = --- > =, and
Y127 0 = Ym. We set w =a n if

® > 1m, Or
e n=mand v > z, or
e n=m,v=2zand u > w, or

en=m,v=2zu=w,and §(zx1---zp) =A (Y1 Ym)-

(iii) Compare symmetric word and OSB-word: Let w = s(x1 - - xy,) - [u, v] be an OSB-word and
n=5(y1 - Ym) & symmetric word, again assuming the x;’s and y;’s are listed in decreasing
order. Then w > 7 if and only if

o |w[>[nl.
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(iv) Compare OSBB-words: let w = w;---wg and 7 = n---n, be two OSBB-words. Let
w = nif

e |w[>[nl, or
o |w|=|n|, w; =mn; for i < jand w; >a 7;.

The following lemma is a generalization of a normal quality of the lexicographical order on
words: if one letter in a word is replaced by a smaller letter (lets say we replace an “A” with
a “B”) the resulting word would be smaller. When considering OSBB-words, the case becomes
a bit more technical, since replacing letters with smaller letters means the resulting word need
not be an OSBB-word.

An OSBB-word w will consist of |w| elements from the underlying algebra put together

by s, [-,-] and . If w = s(z]---2p,) - [y, 2] 5(x'f$§k) we introduce the notation
w(ul, . ,u‘w‘) = 5(u1 e um) . [Un1+1, um+2] . '5(u|w|_nk . -u|w|), by which we mean: maintain
the same structure of the word with respect to s, [, -] and -, but exchange the i’th input

with u;. Notice that az(ul, e ,U|w|) need not be an OSBB-word since the condition that the
second argument of each bracket must be minimal in its block might not be satisfied.

Lemma 5.4. Let w = w(ul,...,u|w|) be an OSBB-word, and let v; = w; for all i. Rewrite
(D(vl, . ,UM) as a linear combination of OSBB-words. Then each term n in this linear expan-
sion satisfies 1 <A w.

Proof. We do this by induction on the length |w|. The statement is clearly true for |w| = 1,
and assume it is true whenever |w| < k. Consider the case |w| = k. We introduce the notation
{u; <> v;} to mean that w; is replaced by v;. Notice that rewriting @(ul, R U T ,’LL|w|)
as a sum of OSBB-words 7;, then changing {u; <> v;} in each of the OSBB-words n; and then
rewriting all those terms as OSBB-words will give the same result as rewriting w(ul, con{ug &
Uity {w < vl ,uw) into a linear combination of OSBB-words directly. This is because
we have equality at each step, and the rewriting into OSBB-words is unique. Hence it is sufficient
to show that the lemma holds when u; = v; for all 7 except one. Furthermore, if w = wy -+ - w;
and we exchange an element from another block than w;, by assumption the lemma holds for
the OSBB-word ws - - - wg, and we get n = wy - 19 where 7 is the result after solving the reduced
problem. Then 1y <A ws - - - w, implies n <A w.
Let w1 =s(x1---xy) - [y, 2].

e Let 2 X 2z, then &y - s(x1---x,) - [y, 2] is an ordered-symmetric-bracket block and @; -
Wy Ws SA W.

e Let gy =y, then @; - s(xy -+ xy) - [U, 2] is either an OSB-word, equal to zero (if § = z), or
@1 = —s(x1--xy) - [2,7] is an OSB-word. In all cases &1 - wy -+ ws <A w.

o If Z; =< x;, we must rewrite s(z1---{x; <> T;} - xpn) - [y,2] - w2+ ws as a sum of OSBB-
words. If Z; = z, we are done. If not, we must consider equation (5.1) from the proof
of Theorem 5.1. By inspection, we can see that the first block after rewriting will either
have Z; as the last term of the bracket or have shorter length than wy, and we get n <A w.

This concludes the proof. |

6 Using OSBB-words to build bases for the free algebra

The basis B of LAT(C) presented in Theorem 3.6 is not naturally compatible with the tree basis
Tree(C) of the free algebra. In fact, it is not a priori clear that the elements of B are linearly
independent in Alg(C) as the elements in B could be very complicated to write in the basis
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——

Tree(C). By using Theorem 5.1, we will be able to construct a basis for Alg(C) in which B is
a subset, hence we conclude at the end of this section that the suggested basis for LAT(C) is at
least a linearly independent set.

6.1 An ordered basis of Alg(C)

The tree basis for the free algebra Alg(C) is the set of planar rooted trees colored by the set C.
Any tree 7 in this basis will have a specific number of vertices, and we let ||y denote this
number: The number of vertices | _ |y of a tree in Tree(C) is given by

e |c|ly =1 for any ¢ € C, and
—
° |(t1 . -'tn) > C‘V =14+ ‘tl‘v + -+ ‘tn|V for t1,...,t, € Tree(C).

Then the free algebra Alg(C) is a naturally graded vector space
Alg(C) = P,
i=1

where V), is the vector space spanned by all the trees with k vertices. This definition can
immediately be generalized to the standard basis elements of the D-algebra by |t;---t,|y =
[tily + -+ |tn|v. Furthermore, it is clear that rewriting an element w from the standard basis
preserves both the length of the word |w| and the number of vertices |w|y, hence | _|y is well
defined for OSBB-words of elements on which | _ |y is well defined. Lastly, if w is an OSBB-word
and ¢ € C, we may define |w > ¢|y = 1 + |w|y, something that corresponds to the notion that
wbceV where k =1+ |w|y.
Let C be a totally ordered set. Consider the following set S C Alg(C):

e ifceC thence S,
e if w is an OSBB-word of elements from S, then w>c € S,

where we use the order <s defined by w > ¢y <5 n > co if

(i) lwlv < nlv, or
(ii) |wly = |n]v and w <A 7, or

(iii) w =7 and ¢; < ca.
Proposition 6.1. The set S is a basis for Alg(C).

Proof. By induction on |_|y. Since ¢ € S for any ¢ € C, and this is a basis for Vi, we see that
the elements in S with ||y = 1 is indeed a basis for V. Assume that the elements y € S with
lyly = j is an ordered basis for V; for all j < k. Thus by assumption, any tree in the tree basis
of V; can be written uniquely as a linear combination of elements in S.

Step 1. Show that any element in V; can be written uniquely as a linear combination of
elements in S. Let z € Vi be a planar rooted tree in the tree basis for Alg(C). Then z =
(t1---ty,) > c. By assumption, each ¢; can be uniquely rewritten as a linear combination of S
giving x = ), a;(w; > ¢), where a; € R and w; are words of elements form S satisfying |w;| = n
and |w;|y = k—1. By Theorem 5.1, each of these words w; can be uniquely rewritten as a linear
combination of OSBB-words, since w; is a word of elements y; from S with ’y; }V < k, and these
are ordered by assumption. this means that any element in Vj, can be uniquely written as a
linear combination of elements from S.

Step 2. Show that the order <g is well defined on elements in V. Let x,y € S be two
elements with |z|y = |y|ly = k. Then x = w > ¢; and y = n > ¢ for some OSBB-words w and 7
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of elements in S with less than k vertices. We may compare z and y by comparing w and 7
using <A and by comparing ¢; and ¢ using the given total order on C. Notice that the order
on S prioritize the number of vertices, hence z is clearly comparable to any z € V; for j < k.
By induction on the number of vertices, the elements = of S with |z|y = ¢ is an ordered basis
of V; for any 4, hence § is a totally ordered basis for Alg(C). |

6.2 An ordered basis for Alg(C) that contains B

We will now define another basis for the free algebra that is the one that most closely capture the
important features for understanding the Lie admissible triple algebra. Although the basis S
does give an understanding of the intrinsic relations that follows from the definition of the
triple-bracket, it is not a convenient basis when working with the LAT-relations.

Definition 6.2. Define a map 1 by
P: § — Alg(C),
c—c,
s(xy - xp) > er— s((x1) - Y(xy)) >,
(s(x1--2n) - [y, 2] - w) > e — s((21) - P(2n)) > [W(y), P(2), Y(w > )]
and extend to Alg(C) by linearity.
Proposition 6.3. The map v is a linear automorphism of Alg(C).

Proof. To prove this, we start by showing that ¢(x) = x 4+ ¢ where ¢ is a linear combination
of elements in S that is smaller than x. This is clearly true for ¢ € V4. Assume this is true for
y € V; with j <k, and let x € V},. There are two cases:
o If v = s(xy---xp) > ¢, we have ¢(x) = s(¢(z1) -+ ¢(xy)) > c. By assumption, ¢(x;) =
x; + qi, and since all the terms in ¢; are smaller than x; by assumption, we immediately
have ¢ (x) = x + ¢, where all the terms in ¢ are smaller than x.

o £ = (s(w1--@) [y, 2]-w) e, we have (z) = s(b(@1) - (@a)) > [0(y), (=), b(wr ).
By assumption, ¢ (z;) = x; + ¢, ¥(y) =y +p, ¥(2) =z+7rand p(w>c) =w>c+s. It
is clear that the terms in s has the form n > ¢. We need to show that if Z; < x;, § < v,
Z =< z and n <A w, then

s(T1- - Tn) - [0, 2] - 2 s(@r - wn) - [y, 2] - w.
This follows from Lemma 5.4.

This means that the map 1) acts as an upper triangular matrix with 1’s on the diagonal on each
graded component V; with respect to the ordered basis S. Clearly such a matrix is invertible,
hence 1 is an automorphism. |

Let D be defined as the image of S by the map . Then D is a basis of Alg(C). We may
define D iteratively by
(i) if ¢ € C, then ¢ € D,
(ii) if x = s(z1...2,) > ¢, where x; € D, then z € D,

(ili) if z = s(z1...2n) > [y1,Y2,y3], where x;,y; € D with y1 > yp and yo < z; fori=1,...,n
and j =1,2,3, then z € D.

It is sufficient to compare this definition with the image of 1) to see that the two definitions of D
are the same. The set D is a totally ordered set by ¥ (x) < ¥ (y) if and only if x <s ¥.

Corollary 6.4. The set B from Theorem 3.6 is linearly independent in Alg(C).
Proof. Observe that B C D. |
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7 Proof of Theorem 3.6

To prove Theorem 3.6, we will construct a linear map ¢: Alg(C) — Alg(C) such that ker(¢) =7
and Im(¢) = span{B}. The map will be defined explicitly (or iteratively) on the basis D.
Let mp be a linear projection defined by

mp: Alg(C) — Alg(C),
cr—c

(21, x2, T3] +— [7p(21), 7D (22), 7D (3)],
s(z1- ) > c—> s(mp(z1) - -mp(ay)) >c,

s(xy - xy) > Y1, Y2, y3) — 7TD<Z [s (s, - ..xim) > y1,8(25, - 25,,) > Y2,
1,J,.K

ﬁ(x’ﬂ o "Tkuq) > y3]> )

where I, J, K are pairwise disjoint subsets of {1,...,n} such that TUJU K ={1,...,n}, and
for any s < t we have ig < i, js < j: and ks < kt. Observe that Im(7wp) contains no elements
on the form s(xy---xy,) > [y1, Y2, y3]. Define a set

D={xeD|r=s(x1 - ay)>c, 7, €D} CD

and note that (Im(wp),[-, -, -]) C Algs(D), hence we may define a Hall map $ as in Defini-
tion 4.3 and restrict it to the image of 7p.
Let wg be the projections defined by

m: Im(rp) — Alg(C),
c—c,
[x1, 22, 23] > H([7H(v1), 7H(22), TH(23)]),
s(xy- o xy) > er— s(mg(xy) - mg(z,)) > e
Note 7.1. The notation mp and 7y is chosen for the following reasons: Firstly, they are both
linear projections, which we indicate by the letter w. The projection 7p is constructed to account
for the relation (2.2), which is a derivation property by the triangle product on the triple-bracket,

hence the letter D. In particular, this choice is not connected to the set D. The letter H in g
is there to indicate its relation with Hall bases.

Proposition 7.2. For any = € Alg(C), we have x — wp(x) € T.
By Lemma B.1, we know that

(1 xp) > [r1, 72, 73]

— Z [(fﬂu . -:cim) > 7y, (le . ':cle‘) > 7o, ($k1 - '"Tkuq) > 7“3] e,
LJK
where I, J, K are pairwise disjoint subsets of {1,...,n} such that TUJUK = {1,...,n}, and
for any s < t we have 15 < 4, js < j; and ks < k. In this proof we will always let I, J and K
denote a triplet of sets with these properties.

Proof. By induction on |z|y: If |z|yy = 1, we have z € C and z — 7p(z) =2z —x =0 € 7.
Assume x — mp(z) € Z when |z|y < k, then consider the case |z|yy = k. By linearity of mp, we
may assume x € D. If © = s(x1 -+ x,,) > ¢, we have

n

x—7p(x) = Zs(ﬂp(:cl) (g — () - x,) e

=1
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Since |z;|v < k, we have z;—mp(x;) € Z, hence also x—np(x) € Z. If v = s(xy - - - ) >[r1, 72, 73],
we have

xr — WD(.ZU) :5($1 .. -’Bn) > [r177q27’r3]

—7TD<Z [5(1,‘1'1 .. -a:im) l>7’1,5($j1 .- 'ijJI) l>’l”2,5(l‘k1 “'l‘k\m) I>T‘3})

1,J,K

=s(x1-xpy) > [7"1,7“2,7"3]

— Z [5(%1 “.xi\l\) > 7“1,5(3,’]'1 .”mj\J\) DT’Q,B(QEkl .- -xlel) D‘r’g]

1,J K
+ Z [ﬁ(mil ---xim) Drl,ﬁ(mjl---xjm) Drg,s(:vkl . -xlel) D’f‘g]
1,J, K
_7TD<Z s (24, "‘xim) > r1,5(), -.-x]m) > 72, §(2k, - 'xklkl) >T3]>
1,J,K

=a+ Z [51 - WD(BI)7IBJ7BK] + [TFD(ﬁf)vBJ - WD(ﬁJ)?ﬁK]

1K
+ [mp(B1), mp(Bs), Bk — 7p(BK)],

where
a=s(xy---xzp) > [r1,72, 73]
— Z [5(1'1‘1 B -.CL‘Z'H‘) I>’I”1,5(I'j1 e 'ijJI) > T’Q,ﬁ(l‘kl -'-xk‘m) DTg] el
I,J, K

by Lemma B.1 and

51:5($¢1~--xi|1|)>7‘1, szs(a:jl-'-:xjul)brg, 5K=5($k1"'$km)>r3-
Since |5ty < p, we have 8 — wp(B;) € Z for t =1, J, K, hence  — wp(x) € Z. [ |

Proposition 7.3. If x € Im(7p), then x — mg(x) € T.

Proof. If |z|y = 1, we have x — mg(z) = 0 € T by definition, since x € C. Assume the
proposition holds for all x with |z|y < k, then consider the case |z|y = k. If z = s(x1 -+ - zp) >,
we have

n

v—mu(x) = s(ru(r)- - (2 —wp (@) 20) >,

i=1
where |z;|y < k, hence z; — g (x;) € T by assumption, and we get z — my(x) € Z. If x =
[x1, z2, 23], we have
x—mg(x) = [v1, 22, x3] — H([wr (21), 7o (22), TH(23)])
= [z, 22, @3] — [mu (1), 7 (x2), T (23)] + [7h (21), 7h (22), 7H (23))]
= 9([rr(z1), mH(z2), 71 (23)])
=[xy — g (x1), 2, 23] + [ (1), 2 — TH(22), 3]
+ [mr(z1), T (22), 23 — T (23)] + ([TH (1), T (22), TH(23)]

= 9([rr(x1), 7 (22), TH(73)]))-

Since z; — mp(x;) € T by assumption and

[ (1), 7H(22), TH(23)] — H([7H (1), TH(22), TH(23)]) € T

by the definition of §), we conclude that x —mg(z) € Z. The proposition follows by induction. W
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Let ¢ :== g omp.
Lemma 7.4. The ideal T is the kernel of ¢.

Proof. Step 1. It is clear by the definition of 7wp that ¢(z) can never contain a term or a factor
of a term on the form

(Y1 yn) > [r1, 72, 73]
and hence ¢(z) can never contain a factor satisfying
ub [v,w,z] — [u>v,w,z] — [v,u>w,z — [v,w,u> z].

It is also clear by the definition of 7y that ¢(z) can not contain a non-Hall triple-bracket as
a term or a factor of a term, hence ¢(x) can never contain a factor of the form

[u, v, w] + [v,w, u] + [w,u,v].

We conclude that either ¢(z) =0 or ¢(x) ¢ Z.

Step 2. Let x € 7 and assume ¢(z) # 0. By Propositions 7.2 and 7.3, we know that
x — ¢(x) € Z, but by step 1 we have ¢(z) ¢ Z. This is a contradiction and we conclude that
¢(x) = 0, which proves that Z C ker(¢).

Step 3. Now, let  be any element in ker(¢). By Propositions 7.2 and 7.3, we know that
x — ¢(x) € Z, but ¢p(x) =0, hence z € Z and Z C ker(¢). [

Lemma 7.5. The image of ¢ is equal to the span of B.

Proof. By induction on |_|y. If x € B with |z|y = 1, then ¢(x) = x since ¢(c) = ¢ for all
elements c € C.

(i) If 2 = (21 - - ) > ¢, we have by induction

o(x) =s(p(x1) - p(ay)) >ec=s(x1- ) >c= .
(ii) If z = [21, 22, 23], we have by induction

¢(z) = [¢(x1), O(22), P(23)] = [21, 22, 23] = 2.

Hence we get ¢(x) = x for all x € B which proves that B C Im(¢). Notice that for ||y =1 we
have ¢(z) € span{B}. Assume ¢(y) € span{B} for all y € D with |y|y < k and let x € D with
x|y = k. If 2 =s(x1---2p) > ¢, we get ¢(x) = 8(p(z1) - -+ ¢p(xy,)) > ¢ and since |z;|y < |x|y, we
have ¢(z;) € span{B} by assumption, and then ¢(z) must be in the span of B.

If v =s(z1-- ) > [y1, Y2, y3], we have

¢(x) =Y H([d(ci), 6(6i), (%)),

i€l

where «;, 8; and 7; are as described in the definition of 7p and ¢ € [ is any indexing of these
elements. Since |a;|ly < |z|v, |Bilv < |z|v and |v|v < |z|y for all ¢ € I, we know that
(o) € span{B}, ¢(5;) € span{B} and ¢(~;) € span{B} for all i € I, and furthermore, by the
definition of $ we know that $H([¢(a;), ¢(5;), ¢(7i)]) will be a Hall Lie triple element of elements
from B, hence it is itself in B. This means that ¢(x) € span{B} for all z € D, and since D is
a basis of Alg(C), we know that Im(¢) C span{B}. [
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Proof of Theorem 3.6. Since ¢ is a linear map, we have

Im(¢) = Alg(C)/ ker(¢).

By Lemma 7.5, Im(¢) = span{B}, and by Lemma 7.4, ker(¢) = Z. By definition, LAT(C) =
Alg(C)/Z and we have

LAT(C) = span{B}.

Furthermore, by Corollary 6.4 we know that the set B is linearly independent, hence B is a basis
for the free Lie admissible triple algebra. |

8 Embedding of LAT into post-Lie

Let £ be a Lie algebra with an involutive automorphism o: £ — £, that is an isomorphism
satisfying o2?(x) = z for all # € £. Then £ decomposes into £ = L_ @ L where L_ :={z € L |
o(z) = -z} and L4 :={z € L | o(x) = x}. We observe that

[£+7 £+] C £+7 [E—v E-l—] - ﬁ—a [ﬁ—a E—] - £+'
In other words, L is a Zo-graded Lie algebra, and we may define a triple-bracket
[o, -, -] LoXLoxXL_ — L

by [z,y,z] := [[z,y],2]. This makes £_ into a Lie triple system, defined in Lemma 2.4. The
following proposition is originally due to Jacobson [14], and improved by Yamaguti [28].

Proposition 8.1. Let T be a Lie triple system. Forxz,y € T let D, be the linear transformation
D, (z) = [z,y, z]. Let Der(T') be the subspace of all linear transformations of T' spanned by D ,,
and let L be the direct sum vector space Der(T) & T. Then L becomes a Za-graded Lie algebra
with the bracket

[(A,2),(B,y)] = (Ao B = Bo A+ Dyy, Aly) — B(x)).
The map o defined by o((A,z)) = (A, —x) is an involutive automorphism.
Proof. See [15, Proposition 2.3]. |
Remark 8.2. Let £ = Der(T) ® T be as in the proposition above, but define the bracket by
[(A,z),(B,y)] = (—AoB+ Bo A+ D,,, B(x) — A(y)).

This will also define a Lie algebra, and o: (A,x) — (A, —z) is an involutive automorphism of
this Lie algebra as well.

It is natural to ask how this theorem extends to Lie admissible triple algebras. The relation
between LAT and Zs-graded Lie algebras have been examined in [11, 25]. This embedding can
be further specialized by demanding that the Zs-graded Lie algebra has a post-Lie structure,
and that the products of the Lie admissible triple algebra agrees with the post-Lie product.

Proposition 8.3. Let (A,[_, _],») be a post-Lie algebra. Define a product > by
1
ey =awy+ eyl
then (A,1>) is Lie admissible. The skew associator is

1
asse (2,1, ) — asse (3,2, ) = — [ ), 2]
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Proof. See [19, Proposition 2.7]. [

Proposition 8.4. Let (A,[-, _],») be a post-Lie algebra. Define a product > by
1
ey =ary+ eyl

then (A, >) is a Lie admissible triple algebra.
Proof. Define
[l‘, Y, Z] = aSS\>(IE, Y, Z) — assp (yv x, Z)'

By Proposition 8.3 above, we know that
1

[.T,y, Z] + [y,z,x] + [vaay] = _Z([[x7y]a Z] + Hyvz}vx] + [[wa]?y]) =0.
We need to show that > acts as a derivation on [_, _, _],
1 1 1
we el = ww (=4 lloal, 1) + o —lle ) 2]

=~ ol + [l w )+ g (=3 (o lowall 2]+ [l o 2])

OW>%M&H%Mw>MwHﬂ&%w>d

([[w, 2], 91, 2] + ([, [w, ], 2] + [z, ], [w, Z]]))

[u—

> el + gl el ) = (lw )21+ 5l sl 2)

—_ N

1 ([[:c,y],w > 2]+ 5[0, [w,z]])
=w>z,y, 2+ [z, w>y, 2] + [z, y,w> 2] ]

Example 8.5. Let (A, >) be a LAT-algebra, hence it is also a Lie admissible algebra. Define
[,y =xz>y—y>a forall x,y € A, then (A, |-, _]) is a Lie algebra. For any Lie algebra if we
define z » y := [y, x], we get a post-Lie algebra, hence (A, [_, _], ») is a post-Lie algebra where
x»y=y>xr—x>y.

This is not the embedding we are interested in, as this is not related to the Lie triple embed-
ding in Proposition 8.1. What we want is to embed the Lie triple algebra (A, [-, _, -]) into a Lie
algebra £ = Der(A) @ A, and then extend the Lie admissible triple operator > to an operator »
on L in such a way that

(i) (L£,[-, -],») is a post-Lie algebra,

(ii) and the post-Lie operator reduces to the LAT operator when restricted to A, i.e.,
> |, =D

If we let (£,[-, -]) be the standard Lie algebra embedding of the Lie triple system (A, [, _, _]),
where (A,r>) is a LAT algebra. Using the post-Lie relations, we see that the extension must
satisfy

r»y=x>y,

Dﬁvy >z = [I‘,y] >z = [IE,?/, Z] = Dx,y(z)7

z» Dy,Z =z » [y,Z] = [.CU > y,z] + [y,a: > Z] = Dz»y,z + Dy,x»zv

Dyy » Dyy = [z,y] » [u,v] = [[2,y,u], v] + [u, [2,9,v]] = Dpgy a0 + Dujz,y0-
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Theorem 8.6. Let (A,1>) be a Lie admissible triple algebra with triple-bracket
[x,y, z] = assp(x,y, 2) — assp (Y, 2, 2).

For each pair x,y € A, define
Dyy: A— A, z— [x,y, 2]

and let Der(A) = {D,, | z,y € A}. Let L =Der(A) @& A, and let x,y € A and A, B € Der(A).
Define a bracket by

[z,y] = Dy y, [A, x] = —A(x), [A,B] = —Ao B+ Bo A.
Extend > to all of L by

TP y=x>y, Aw x=A(x),
(x> A)(y) =z » A(y) — Az » y), Aw» B=AoB—BoA.

Then (L,[-, _],») is a Za-graded post-Lie algebra.
For the sake of convenience, we will write assy (z,y, 2) — assp. (y, z, 2) = [z, ¥, 2].

Proof. (L,[_, _]) is a Zy-graded Lie algebra by Proposition 8.1 and Remark 8.2. Throughout
this proof, let z,y, z,w,t € A and A, B,C € Der(A). From the definition of (z » A), we get

(x> Dy.)(w) =z » (Dy.(w)) = Dy.(x»w)=z®»[y,z,w] —[y,z,2 > w]
=z >y, z,w + [y, z» 2,0 = Dy, + Dyawz)(w),

which gives the equality
X > Dy}z =5 D$>y7z + Dy,:EPZ' (81)
From the definition of A » B, we get

(D;B,y > Dz,w)<t) = (Dz’,y © Dz,w - Dz,w o Da;,y)(t) = [90,,% [Z,’LU,tH - [Z,’UJ, [x7y7t]]
= H-xaya Z], wat] + [27 [.’L’, y7w]7t] = (D[l‘,y,z],w + Dz,[x,y,w})(t)v

which gives the equality
D‘Iuy > DZ,”LU - D[:L‘,y,z],w + Dz,[x,y,w}- (8.2)

We need to verify that the post-Lie relations are satisfied for all combinations of inputs from

Der(.A) and A.
(i) Using (8.1), we get

e [y, zl=2w» Dy, =Daipy.+ Dyaw.=[x»y, 2]+ [y,z» 2]
(ii) By the definition of z » A, we get

o Ayl = —zw (A(y) = —(z > A)(y) — Az > y) = [z > A, y] + [A 2> y].
(iii) Follows from skew symmetry and the relation above

zo [y, Al = -z [Ayl=—[z» Ayl —[A,z >y =[x >y, A+ [y,z » Al
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(iv) Let B =D, .. Using (i) and (ii), we can compute

> [A,B] = 2> [4,[y,2]) = 2> ([A,5], 4 + [5,[4,2])
ew (Augho o] (gl » o]+ o w5, A ol]+ [ (45
= (e Ayl 2]+ [[A, 2 eyl 2]+ [[A gl 2w 2] 4 [ ey, [A, 2]
+lys [z > A2 + [y, [A, 2 > 2]
= [e > Afy, 2] + [A, [z >y, 2]] + [A [y, 2 > 2]
=[z» A B]+ A,z » B].

(v) Let A= D,,,, then by (8.2), we get
Aw [2,y] = Doy » Doy = Dy a]y + Dazw,y = [A» 9] + [2, A py].
(vi) Let A= Dy, and B = D, ., then

Aw [Bvx] = _[w7t7 [yvz7$“ = _[[w7t7y]7zvm] - [y7 [w7tvz}7x] - [yazu [w,t,x]]
=[A» B,z]+ [B,A» z].

(vii) From skew symmetry and the relation above gives
Aw [z,B]=—-Aw» [B,x]=—[A» B,z| - [B,Aw» x| =[A» z,B|+ [z, A» B].

(viii) Aw» [B,C] = —[A,[B,C]] = —[[4,B],C] — [B,[A,C]] = [A» B,C]+ [B,A» C].
(ix) [z,y] » 2 = Dy y(2) = [z,y, 2].

(x) From the definition of (z » A)(y), we have (z » A)(y) —z » A(y) + A(z » y) = 0, hence

we get

[A, 2] oy = —A(z) >y + ((z > A)(y) —z > Aly) + Az > y))
—(Awz)py+(@vApy—zr (Apy)+A» (z»y) =[4 29

(xi) By skew symmetry and the relation above, we get
[JJ,A] >y = —[A,l’] >y = _[A’Iyy] = [x,A,y]
(xii) By the Jacobi identity, we have [B, [A, z]] — [[B, 4], z] — [4, [B, z]] = 0, hence

[A7 B] > = [Av B] >z — ([B> [A,:BH - HBvA]vx] - [Aa [B’x]])
=[A,[B,z]] + [A,B] » = — [B,[A, z]] + [[B, 4], 2]

=Aw» (Brz)— (A B)px—Be (Apz)+ (Br» A)» x=[A B,z

(xiii) Let A = D, ,,, then by repeatedly using (8.1), we get

[z, y,Al=2®» (y» D) —(@»y)» D,y —y» (x» D,y)+ (y»z)» D,y
=z » (Dypzw + Dzypw) — (D(:t»y)»z,w + Dz,(z»y)»w)
—yY» (Dapzw + Dzaww) + (Digpaypzw + Dz (yraypw)
= Dw»(y»z),w - D(m»y)»z,w - Dy»(x»z),w + D(y»z)»z,w
+ Dz,x»(y»w) - Dz,(z»y)»w - Dz,y»(z»w) + Dz,(y»x)»w

+ Dy»z,x»w + Dmbz,ybw - owz,y»w - Dybz,z»w
= Dy w + Dz oy,
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By (8.2), we have
[x7y] > A= Dz,y > DZ,'LU = D[x,y,z],w + Dz,[:c,y,w] = [%%A]-
(xiv) From (iv), we have z » [A, B] — [z » A, B] — [A,z » B] = 0, hence we get

[A,z] » B=[A,z|» B+ (z» [A,B]— [z » A, B|—[A,z » B))
=—(Avz)p B—azw» (A B)+(z» A)» B+ Aw» (z» B)=[A,z, B].

(xv) By skew symmetry and the relation above, we get
[z, Al » B=—[A,z] » B=—[A,z,B] = [z, A, B].
(xvi) The Jacobi identity gives [B,[A,C]] — [[B, 4], C] — [A,[B, C]] = 0, and we get

=—(A» B)»C—Br» (A C)+ (B A)» C+Aw» (B» ()

= [A, B,C]. |
Remark 8.7. There is a way to get a post-Lie structure associated to a homogeneous space
by considering a sub-bundle of the tangent bundle of the frame bundle [12]. The construction

of a post-Lie algebra on this bundle is very similar to the construction of a post-Lie algebra on
Der(A) & A presented in Theorem 8.6.

For a Lie admissible triple algebra A, let g(.A) be the associated Zs-graded post-Lie algebra
of A.

Corollary 8.8. Let B be the basis of LAT(C) given in Theorem 3.6. Let B be defined by

(i) if v € B then z € B, and
(i7) if x,y € B with x >y, then [x,y] € B.

Then B is a basis for g(LAT(C)).

Proof. By Theorem 8.6, g(LAT(C)) = LAT(C) & Der(LAT(C)) where Der(LAT(C)) = {[z,y] |
z,y € LAT(C)}. By Theorem 3.6, we know that B is a basis for LAT(C), and by definition of
Der(LAT(C)) we get that {[z,y] | z,y € B, x > y} is a basis of Der(LAT(C)). |

A  Appendix

Lemma A.1. For all positive integers n and k, the following relation holds:
n—1 .

, (k‘—2)—|—(n—j)> (/{:+(n—1)> <(k—1)+(n—1)>
Ye-n(*T055 (n-1) (n-1) —

Proof. Let Sr(n) be given as the left-hand side of (A.1). Notice that this equation is trivially
true for all k¥ when n = 1, and assume that is true for all £ when n < N for some integer N.
Notice that

N-2 .
S > | () M )
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T (V) ()

Bu(N) — (N — 1><(k R (2])v+_(f)7 . D) - (k J(FJ\SJi I)l)> * (k Zéji ;>2)>'

Rewriting this equality and using the assumption, we get

=515 o n( 5+ (V) ()

I
.

Using Pascal’s rule, (') = (m_l) + (m_l), we get

T r—1
k+N -2 k+N -2 (k—1)+ (N —-1)
N)=(N-1 =N
e == () () = (T
and the lemma follows by induction on n. |

B Appendix
Recall

x> (uw) = (x> u)v + u(z > v),
(zu)>v=z> (u>v)—(r>u)>v

for x € Alg(C) and u,v € D(Alg(C)).
Lemma B.1. Let xg,...,zp,r1,72,73 € Alg(C). Then

(1 @) > [r1,72,73]

— Z [(1‘11 "'iCim) >y, (:Ejl "'l‘jm) > 7o, (J?kl "-:Ele‘) I>7”3] GI,
IJK

where I, J, K are pairwise disjoint subsets of {1,...,n} such that IUJUK ={1,...,n}, and
for any s <t we have is < iy, js < ji and kg < ky.

Proof. If n = 1, this is true by definition of Z. Assume it is true for n = k, then we get
(zoz1 - k) B> [r1,72,73] = 20 > (21 - - - 1) D> [11, 72, 73])

—Z (xo > xg) - xp) D> [r1, 72, 73],

and we know that

(1 xk) > [r1,72,73]

—Z xll' T Drl,(le'--xjw)Drg,(a:kl-~ka)>7‘3]EI
1,J,K

(xl--'(SUoDlUs)"'mk)D [7“1,7"2a7“3]

—Z mzl- .%'Zm DTl,(i'jl-”:i'jm)DT‘Q,(QN,’klu-i'le‘)DTg]EI,
1,J,K
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where Z; = x; whenever t # s and Z; = 2o > 5. We also have
Z (3:0 > [(1:11 o 'wim) > 71, (le e 'xjm) > 12, (xkl e 'xk|K|) D> 73]
I,J K
— [$0 > ((x“ ---xim) Drl), (ajjl ---acjm) > 1o, (mkl “‘ﬂfk‘K‘) \>T3]
- [(m“ "'xim) > 71, xo B ((le "'xﬂm) > T2)’ (mkl : "xk\m) > r3]
— [(m“ ---xim) > ry, (:cjl ---xjm) > 19, xo > ((mkl---xklm) Drg)]) el
Notice that

ir|

xob((xil--':cim)brl):(a:oxil- $ T Drl—l—z Tiy - xODxS)-"xim)Dn,

521

hence we can rewrite the relation above as

Z (930 > [(33“ -'-xim) >ry, (le ~-zj|(,|) > 7o, (l“kl "‘$k‘K‘) [>T3])
I1,J, K

—ZZ ZL‘“- szII Drl,(i‘jl--'i'jul)DT‘Q,(i‘kl-"i‘k‘K‘)l>7“3]

s=11,JK

— Z x“ . \I\ >y, (le x -lej‘) > 7o, (xkl . IKI) > 7“3] €l
IJ K

where f, J and K are defined in the same way as I, J and K, just on the set {0,1,...,k}. When
put together, this gives

o > (( -"l'k)l>[7“1,?”2,7"3]

_Z Lig = Ty I>7'17(37]'1”‘35jm)'>7'27(xk1”'wkuq)|>7Q3D
1,J K

_Z( xODIS)"'CCk)D[Tl,T%TB]

- Z Ty, - me D 1, (jjl ) "fju\) > 72, (:Ekl o 'j’fu{\) > T3]>

1,J, K
+ Z (‘TO > [(‘Til'”xim) > 71, (le'”xju\) > 72, (wkl”'mkm) Dr?’})
1,J K
_ZZ Ty - xzm D7"1;(:EJ'1"'3~3J‘|J\)DTZ’(“:U/’fl"'jlel)DT?’]
s=11,J,K
— Z Tiy - III DT’l, (.fl]'jl .”xj\j\) > 7o, (l’kl ~--.fl]'k|m) DTg]
IJK

=x0 > ((x1---2x) > [r1,72,73)) (zo > xs) - xp) D 11,712,173

M?r

5:1

o Z [(1'“ h 'xim) > 71, (le o 'xj\j\) > T2, (xkl . .xku‘q) > 7“3]

= (wowy -~ ) > [r1,72, 73]
- Z [(3721 ”"Tilfl) > 7y, (le . --x]m) > 7o, (»Tkl . ~xk|m) > 7“3] el
IJK

Hence the statement is true for n = k£ + 1, and the lemma follows by induction. |
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