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Abstract. We exhibit the Kontsevich matrix model with arbitrary potential as a BKP
tau-function with respect to polynomial deformations of the potential. The result can be
equivalently formulated in terms of Cartan—Pliicker relations of certain averages of Schur
@-function. The extension of a Pfaffian integration identity of de Bruijn to singular kernels
is instrumental in the derivation of the result.
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1 The formula

1.1 The Kontsevich matrix model with arbitrary potential

Let H be the space of Hermitian N x N matrices equipped with the Lebesgue measure

N
dH =[]dHs [ dRe(Hi)dIm(H;).

i=1 1<i<j<N
Given a positive matrix A = diag(A1,...,A\n), we introduce the Gaussian probability measure
on Hy
A(A
APy (H) = % dHe 2 Tr(AH?) (1.1)
272 (2m) =

We use the notations A(X) =[], ;< n(Aj — i) and A(A, p) = [];<; j<n(Xi +p15). We denote
[n] ={1,...,n} and Apin = min{X; | ¢ € [N]}.
Let Vi be a continuous function on R such that the measure e 2

ments on R (take for instance Vj to be a polynomial of even degree with negative top coefficient).
Then the measure dPy (H)e™ Vo) on H y is finite. Let

Vi(z) = Vo(a) + ) topraa™ T,
k>0

2 .
Amin@”+V0(*) 42 has finite mo-

where t = (fa5+1)k>1 are formal parameters. The partition function of the Kontsevich model
with arbitrary potential is defined by

Zn(t) = /H APy (H)e™ Vet (1.2)

This note aims at showing that Zy(t) is a tau-function of the BKP hierarchy [6].
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1.2 Pfaffian formula

First, we establish a Pfaffian formula for Zy(t). The proof proposed in Section 2 consists in
classical algebraic manipulations with matrix integrals and an analysis argument — that one
may find of independent interest, see Lemma 2.1 and Remark 2.2 — to justify the extension of
de Bruijn’s Pfaffian formula [7] to singular kernels like the one appearing in (1.3).

Theorem 1.1. For even N, we have

AN
27(27{)5 Hn:l n!

PfOSm,nSN—l(KN;m,n(t))a (1'3)

where § = lim,_,g f‘ s the Cauchy principal value integral and

zty|>e

ENmn(t) = ][ = yFN;m(x)FN;n(y)e%(xH%(y) dxdy,
Rz T+Y

Frnla) = 22" 055 et (01 - [0 | Ao (= ) -] ),

N 1 .
Ry = gy [ n -t = (1= HEE,

Note that Ry (&) is simply the N-th remainder of the Taylor series of e¢. The expression given
for Fy;,(z) emphasises that it is 22" + O(2?V*2) as © — 0, but we also have the equivalent
expression

FN;n(x) = (_AQ():)TL' det()\?‘)\ﬂ o |/\ZTL—1‘e_%>\m2‘)\;L+1‘ ... ‘)\i\f—l)'

For instance, the formula for N = 2 involves the two functions

1 2 1 2 1 2 1 2
eT2MTT )Ny — 72N ) e aMTT _ gmglew

by, =2
A2 — A ’ 21 () A2 — At

F2;0(93) =

1.3 BKP hierarchy

If we ignored regularisation of the integrals, we would recognise in (1.3) the expression of a BKP
tau-function according to [18], see also [10, Section 7.1.2.3], where the functions yj of equa-
tion (7.1.49) should be taken to

yr(t) :/FN;k(x)th(x) dx
R

and depend on A. Yet, the presence of a regularisation requires some care and the existing results
in loc. cit. cannot be applied as such (cf. Remark 3.4). We propose in Section 3 an adaptation of
the usual proof that works in presence of Cauchy principal integrals. The obtained Lemma 3.3
COVers our case.

Corollary 1.2. For fized A, the formal power series Zn(t) is a BKP tau-function with respect
to the times t, i.e., it satisfies the Hirota bilinear equation of type B

Zn(0)Zy(5) = Re CeDio M-l (¢ o[ 2y (B4 2[=7), (L)
where [z_l] = (%, %, 5—;, .. )
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Expanding the bilinear equation (1.4) near t =t = 0 yields the BKP hierarchy of equations.
In the present case, they give algebraic relations between the odd moments (or the cumulants)
of the Kontsevich model with arbitrary potential, defined as

1 0 0
Mo 41, 200+1 = 7 Zn(t)

N(t) Otag, 41 Otag, 1 60
f?—[ d]P)N(H)eTr(_%AHQ""VO(H)) Ty H241+1 . TI“H%"'H
— N
Ju APy (H )eTr(-3AH> +Vo(H)
N
0 0

= Z (—1)‘1‘71(’1‘ - 1)!HM(£'L)1'EI'

I=partitions of [n] Iel

i

Kop 11, 20,41 = In Z(t)

Note that the hierarchy of equations (1.4) does not depend on N, A and Vp, though the particular
solution Zx(t) does through the initial data Zn(0).
For instance, the first two BKP-equations are

0= (DY —5D3}D3 — 5D3 + 9D1D5)(Zn, Zy)(0),
0 = (D} + 7D} D3 — 35D D3 — 21D} D5 — 42D D5 + 90D, D7) (Zn, Zn)(0) (1.5)

in terms of the Hirota operators Dy(7,7)(t) = (9, — 0; )T(t)T(E)‘E:t. For even Vj, we have
Mo, 41....20,+1 = 0 for n odd, and (1.5) results in

0= M16 + 15M14M171 — 5M3,13 — 15M371M1’1 — 5M373 + 9M571,
0= Mis + 28Ms My,1 + 35(Mya)® + TM3 15 + TOM; s My 1 + 35M31 M
— 35M33My 1 — T0(Ms1)? — 21 M5 13 — 63Ms5 1 My 1 — 42Ms 5 + 90 M7 1. (1.6)

Or, equivalently in terms of cumulants,

0= K6 +30K4 K11 +60(K1,1)° — 5K3 13 — 5K33 — 30K31K1,1 + 9K51,
0= Kis + 56K 6 K11 + T0(K14)* + 840K 4 (K11)? + 840(K11)* + TK3 15
+ 70K31 K4 + 420K3 1 (K11)? 4+ 140K3 13 K1 — 35K3 3K 1 — T0(K31)?
— 21Ky 15 — 126K51 K11 — 42K5 5 + 90K7 1.

When Vj is not even, many more terms contribute.
It is instructive to test these equation in the simplest case Vi = 0. The moments can be
found,! e.g., in [16], with py = Tr A=F

My = py,
M3,1 - 3p%7 M14 = Sp%a
Mie = 15pi1)’, Ms 13 = 6ps + 9pi1)’,

M35 = 3p3 + 12p3, Ms1 = 5p3 + 10p3.

They satisfy the first equation of (1.6), as expected.

'Note that in [16], equation (45) follows from substituting A — A in equation (44). Equation (45) is the
one they use to compute moments, and the Gaussian probability measure it induces agrees with our Py defined
in (1.1).
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2 Proof of Theorem 1.1

A Hermitian matrix H decomposes as

H= Z (ReHoa)Baa+ Y, (V2ReHup)J5(Eap+ Bpa)
1<a<b<N

+ (ﬁ Im H, ) 3= (Eap — Epa).

5
As Eqq, %(anbJrEb,a) and %(Ea’b—Eb@) have unit norm for the standard Euclidean metric on

Mat ((C) R2N *, the volume form on A induced by the Euclidean volume form on Mat y (C) =

R2V? ig 2 dH Denote Uy the unitary group and dv its volume form induced by the
Euclidean Volume form in Mat(C). The corresponding volume is

N(N+1)
2

(2m)
=t n
We also recall the Harish-Chandra-Itzykson-Zuber formula [13]

1 / dv(U) STHAUBU) _ det (e)
HN Lo uy Vol(Un) A(a)A(b)’

where A = diag(ay,...,ay) and B = diag(by,...,bn).
Diagonalising the matrix H = UXUT with X = diag(x1,...,zy) and U € Uy defined up to
action of &y x U{¥ brings the partition function (1.2) in the form

Vol(Uy) =

A(X, A) 1
(2r)% Ni@mNo ™5

x/ (/ dV(U)e%“(AUX%”)(A(w))QHth(“)dxi
RN Un .
VA A) 2
= / (@) det Hevt(“)d:v (2.1)
RN ag) 1<7,,]<N

2% (2m) 3 NIA(~

(N D)

Here we could use Fubini because the integrand in the first line of (2.1) is real positive, andl%n fact
integrable due to the assumptions on V) and A. We observe that A(—f) =(-2)" A(N)
and recall Schur’s Pfaffian identity [20], for N even

(A(z))? ) S (. k.
i IsijsN T+ x; )

So, up to a prefactor, Zy(t) is an integral of the form
N
[ Phicijen(S(m))_det (hn(a}) [ otw:) o (2:2)
RN

0<m<N-1 .
1<j<N i=1

De Bruijn’s identity [7] would allow rewriting (2.2) as

Nt Plocnena( [ S @) 1o pla)olo) sy ). 23)
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but the proof in loc. cit. is solely based on algebraic manipulations, valid when ( fn) _0 is
a sequence of measurable functions on R>0 and S(z,y) = —S(y, x) is a measurable functlon on R?
such that [p» ‘S(az, Y)fm (x ) ( )‘p p(y)dzdy < 4o00. The choice of S(z,y) = x+y in general
violates this integrability assumption due to the presence of the simple pole on the anti-diagonal
combined with the non-compactness of R%. Nevertheless, we show that the conclusion (2.3)
remains valid provided the integral in the Pfaffian is understood as a Cauchy principal value,
under a Schwartz-type condition.

Lemma 2.1. Let p > 0 be a measurable function on R and (fn)fz\[:_o1 be a sequence of CN~1-

functions on R>q such that f;,f) is bounded by a polynomial for any m,¢ € {0,...,N —1}. Let

S(z,y) = Sagi’g) where S is a measurable function on R? such that

Vk,l € Z>o / }Sx y)xkyt ’p p(y) dedy < +o0.

Then, for N even

n

/RN Pfi<ij<n(S(xi,z5))  det (fm(ij)) Hp(ﬂfi)dﬂfi

0<m<N-1 .
I<j<N =1

= N!Pfo<mn<n—1 (]f@ Sz, y) fm (22) fu (v?) p(2)p(y) dxdy>7

where § = lim._,q ||

loty[>e and the integrand in the left-hand side is integrable.

Proof. Take € > 0 and set Sc(z,y) = S(7,y) - 134y|>e- In this situation, we can use de Bruijn’s
formula and write

N
/RN Pf1<i j<n(Se(wi, 7)) ogﬁg%,l(fm (23)) H p(z;)dw;
1<j<N =1

= N!Pfocmn<n—1 ( /R | Se(@:9) fm (%) fu (V) p(2)p(v) dxdy)- (24)

The right-hand side tends to

N!'Pfocmn<N—1 (]{{2 S(z,y) fm (22) fn (y2)p(a:)p(y)dardy>

when € — 0. Call I(x) the integrand in the left-hand side of formula (2.4). We clearly have
lim, o I.(x) = Ip(x) for x almost everywhere in R"V. Provided we can find for I.(x) a uniform
in € and integrable on R? upper bound, the lemma follows from dominated convergence.

To find such a bound, we introduce the matrix W (&) with entries ;' at row index n €
{0,..., N —1} and column index j € [N], which satisfies A(§) = det W (&). Its inverse matrix is

(—1)N" ey _ny (E[z‘])

W), = ,
(W& i [1(& = &)
where ¢y, is the k-th elementary symmetric polynomial and &}; = (517 . ,@, o€ N). Then
-1
el (m(#5)) = A7) | et (Jn(a) - det (W (") )
1<j<N 0<n<N-1

N N—-m—1 e — 2_
= A(z?)  det (Z( ) f"(z’) il “])) (2.5)

0<mn<N-1\ [T (27 = 23)
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Up to a sign that we can take out of the determinant, the (m, n)-entry inside the determinant is
N N 2
- 1
_ N—m—l] (1 + uz?) fn(27)
[u ux 2 7_ 2
}_Il 1 ; ot uag [1j4(27 — 25)

_N—m—l , N (—1)’“9@?’“]%(96?))
- Z N—m—l—k( )(; H#Z(z 2) :

=0 i\ L5 —.fﬁj

N 2
N-m—1 1+ux]
E: II 2
i=1 x T

J#

In the first two steps, [u™] acting on the formal power series of u to its right meant extracting
the coefficient of 4. Up to the use of squared variables, we recognise the divided difference

J Z i

When ¢ is CN71, it can be written (see, e.g., [12, Theorem 2, p. 250]) as an integral over the

(N —1)-dimensional simplex Ay _; = {p € [0,1]V | p1+---+pn = 1}, equipped with the volume
form do(p) =dp; ---dpn-_1:

glé1, -, &n] —/ g NV (pi&y+ - + pnén) do(p).
ANn-1
We use this for gi,(€) = (—1)¥¢* f,,(€). Inserting the integral representation in (2.5) yields
[I(x)| = | A(x®) | Pfi<ij<n (Se(wi, ;)

N—-1-m
det ( Z eN—1-m—k(Z?) / 9;({]7\;—1) (prai + - —|—pNx?V)da(p)>
k=0 AN-1

0<mn<N-1

N

I o).

=1

X

Since !A( ) ‘ cancels the denominators in S, the first line of the right-hand side admits an upper
bound by sum of terms, each of which is a polynomial in 2 multiplied by H{”}ep‘S m1,$])|

where P is a partition of [N] into pairs. In the second line, we first expand the determinant
inside the absolute value and use the triangular inequality to get an upper bound by a sum of
finitely many positive terms, each of which involves an N-fold product of simplex integrals of
functions with at most polynomial growth, since the derivatives f,(f) (and thus g,(CATIL_l)) have at
most polynomial growth. Therefore, they result in a polynomial upper bound in the variable .
We are thus left with an upper bound by a sum of finitely many terms of the form

N
IT 1S@iap| [Tl o) = T1 S ap)|afa] plei)p(z;)

{i.j}eP =1 {ijteP

for various N-tuples of integers q and pair partitions P of [N]. Integrating each term of this form
over R factorizes into a product of N two-dimensional integrals, each of them belng finite by
assumption. This provides the domlnatlon assumption to conclude lim._,q fRN () Hl 1 dw; =
fRN Iy(x H 1 dz; as desired. [ |

Remark 2.2. The proof can easily be adapted to obtain an analogous statement for kernels
of the form S(z,y) = Sle ’g) in which case one can use fy(z) instead of f,(z?).

The assumptions of Lemma 2.1 are fulfilled for

AS’(@'7 y) = z;z7 p(w) — eféAmin12+%(I)’ fm(é') — e*%()\m_'.l*)\min)f’
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where we stress that t are formal parameters. Therefore, coming back to (2.1) and tracking the
N-dependent prefactors, we arrive to the identity of formal power series in the variables t:

N(N—-1)

D)5 /AN
ZN(t) = Pf1<m,n<N Lm,n )
2N 72 A(N) <mnsi (L)
Lm o = (][ T — ye—%Ame—%AnyQ-l—Vt(i)-FVt(y) dxdy> .
’ R2T+Y

We would like to rewrite this formula by absorbing the denominator A(A) in the Pfaffian.
Recall the transposed Vandermonde matrix W(A)T, whose entries are W(X)[, = A indexed by
i€[N]and n € {0,...,N —1}. We have

Pf(L)  Pf(L)
AA)  detW(N)T

-1

—PE(W ) L)),

and by Cramer’s formula for the inverse
T\—1 T L=

Yr () Fin Ve(@)+Va(¥) 44
L Ev @) P w)e rdy,

where v,, are non-zero constants to be chosen later, rows and columns are indexed by m,n €
{0,..., N — 1}, and we introduced

1 N

Fyim(z) = = Z(W(A)T);me_%&x?
M i=1
_ detZ[A]- - AP em e A AN

U A(X)
With Taylor formula in integral form at order N near 0, we can write

(-bx)”

Clng?
e 2N = Py_y(—§Nia?) + '
m!

+ RN(—%/\ZmQ),

Ry©) = gy [ (0w a
s

for some polynomial Py_; of degree at most N — 1 and without its term of degree m (which

we wrote separately). The contribution of Py_; disappears as it is a linear combination of the

other columns, while the contribution of the degree m term simply retrieves the Vandermonde

determinant. Hence,

(—1)ma?m detOIA] - N Ry (=30 AT AT

() = 2mmlop, U A(X)

We now choose v,,, = (2"w)n' to get Fn.n(z) = 2™ + O(xQN) when z — 0. Introducing the
matrix

Knmn(t) = ][ T Y By () v ()€ @ %W dgdy,
R2 T + Yy

we arrive to

N(N 1)

v
ZN(t): N ﬁ Mo = Po<imn<N—1 Knymn(t)
T2

AN A
= IE, ) Pfo<mm<n—1 Knmn(t):
N2 N N STns s
272 (2m)2 [, n!
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3 Proof of Corollary 1.2

3.1 Preliminaries

It is well-known that the BKP integrable hierarchy can be formulated in terms of neutral
fermions (¢;);ez which satisfy the anti-commutation relations {¢;, ¢x} = (—=1)78;4x0, in par-
ticular (¢p)? = % There is a highest-weight representation of the algebra of neutral fermions,
with highest-weight vector (or vacuum) |0) which satisfies ¢_;|0) = 0 = (0|¢; for j > 0 and
(0]¢0|0) = 0. The pair expectation values are

(—1)ks; g if k>0,

(0] ¢%|0) = < 5850 if k=0, (3.1)
0 if k <O0.
We introduce the generating series? ¢(z) := ZjeZ x ¢; for x € R. Vacuum expectations of

products of ¢(z;) are understood in a radial ordering. If all |x;| are pairwise distinct, then
(Ol(1) - p(an)[0) := (=1 0 (r(1)) -+ & (w() ) 0) (3:2)

if |22y | > |Tr@)] > > 22|
From (3.1), one finds

1:131—1'2

(Olp(z1)¢(22)]0) = 5

211 4z’

understood as convergent power series in 1 for |z1| < |z2| and as convergent power series in 72
for |za| < |z1|. The following is known as Wick’s theorem: For pairwise different |x;|, one has
for N even

(Olg(z1)o(x2) - - - P(2n)|0) = Plicki<n ((0[¢(zr)d(21)[0))

1 Tp — Iy 1 Tk — |
=% Pflgc,lgN( ) == ]I ; (3.3)
22 T+ 2 2% ey TR T

and for N odd (0|¢(x1)p(z2) - - - p(zn)|0) = 0.
Next, consider the source operators

Vm € Lo,  Jm = %Z(—l)j(¢—j—m¢j — (0l¢—j-m;0))-

JEZ

One checks that all even Ja,, vanish identically, and that the (J2m+1)m>0 commute with each
other. This gives rise to an infinite family of commuting BKP flows

Y(t) 1= eXm=o Famirtamir - f = (4 g b5, ...

These satisfy v(t)y(t) = y(t + t) and ¥(t)|0) = [0). One finds [Jam+1, ;] = ¢ (2m+1) Which
leads to [Jomi1, d(x)] = 22" lp(x) and

Y(E)p(a) = Xm0 ™" 1 (1) (1), (3.4)

2Up to Lemma 3.1, all statements hold for x,z;,z; € C. The restriction to real variables is motivated by the
intended integration.
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3.2 A residue formula

Let N € Z>( be even. For pairwise distinct |z1],...,|xn| and a sequence of formal variables
t = (t1,ts3,...), we consider

T(t; 21, .., 2n) = 0]y (t)o(a1) - - - d(zN)]0).

Let [z’l] = (l - % ) The group law implies

T(t— 2[2_1] (T1,. ., TN) = <0|’y(—2[z_1] )v(6)(x1) - p(2n)|0). (3.5)

When commuting v(—2[z"!]) to the right just before |0), we see that the exponentials produced
by (3.4) are well defined for |z| > max; |x;|. We use [10, Lemma 7.3.9]

(Oly(=2[=7"]) = 2(0l¢od(2)

and (0|¢oal0) = (0]agy|0) for any element a of the Clifford algebra generated by ¢; (see, e.g.,
[10, Exercise 7.5]) as well as (3.4) to turns (3.5) into

@2m>0 Z2m+1t2m+1r(t —92 [2—1] ;x1, ..., 3N) = 2(0]y(t)d(2)d(z1) - - - d(zN) o 0). (3.6)

Recall that 7(t — 2[z71];21,...,2n) is a convergent power series in 21 if |z| > max; [a;]. At
the very end the to,, 11 will be formal parameters. But at this intermediate point we choose
ltomi1] < R=2™~1 for some large R > R > max; |;|. Then (3.6) is analytic in z in the domain
R < |z| < R. We multiply by a second copy 2(0|y(t)p(—z)é(2}) - - - ¢(2y ) po|0) with analogous
parameter range. The product is analytic in z in the domain max;{|z;|,|z}|} < R < |2| < R
and has there a convergent Laurent series expansion in z. We multiply by 27!, take the contour
integral around a positively oriented circle C' in this annular domain, and make the radial
ordering (3.2) explicit:

A= L §£ <dZeZm20 227n+1(t2m+1_£2m+1)7(t _ 2[271] T, ;«TN)
C

2w z
X T(’E + 2[2_1];x’1, e ,x'N)>

:4?5 dz<0h( t)(2)p(x1) - - - () do|0) (017 (£) p(—2) () - - - d(y ) b0 0).

c <

This would be evaluated to

A= 4(_1)sign(ﬂ')+sign(7r’) (37)
X Z ) (0 (6)pid(2r1)) - - S (@r(vy) 2010) (Ol (£) b (7pr(1)) - - & (2 vy) P0l0)
JEZ

if the sum over j converged absolutely, where we have introduced the permutations 7, 7’ such
that

R>’JJW(1)|>>‘ZL‘W(N)| and R>‘$;./(1)‘>>|CC;_/(N)‘

The next lemma justifies the convergence under mild additional conditions on z’s and z'’s.
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Lemma 3.1. Let R >R >0, assume Slenls 2] 2y
are pairwise distinct and such that max;{|z;|,|z;|} < R. Then
L (S e (9, an) (4 2 i 2ly)
21T C z ’ ) ’ y L1y y LN
= T(t':vl,...,:L‘N) (f;x’l,...,x'N)

—42 POl (4)p(w1) -+ () -+ dlan) Pol0) (0 () d(2p) () - - B2y ) b0]0)

N ——

—42 )01y (t)d () d(1) - ¢(wn)Pol0) (O1y () o (1) - -~ d(27) - - d(ay)pol0).  (3.8)

The expectation values are understood as radially ordered, see (3.2), so that they represent con-
vergent power series in ratios 7= when |z;| < |z (and similar ratios involving mg) The Laurent
J

series in z on the left-hand side converges for R < |z| < R.

Proof. In the right-hand side of (3.7) we anti-commute both ¢+; to the right, but there is
a distinguished order to proceed. If at some step ¢; sits left of qb(a:,r(p)) and ¢_; left of ¢(ac;r ,(q)),

e we anti-commute ¢; to the right through d)(xﬂ(p)) if |:c7r(p)} > ‘x;,(q)‘ orq—1= N,

e we anti-commute ¢_; to the right through qﬁ( q)) if ‘l‘ | > ‘x,r(p)‘ orp—1=N.

The procedure stops at p—1 = ¢—1 = N and produces after the final step
4 1
D (=1)7(0[@¢40]0) (0|60 |0) = 1(012(0)(0]2]0).
JEZL

In the anti-commutators the sum over j is restored in the other factor, where it produces
qb(xwl(q_l))gb(azﬁ(p))gb(xﬂl(q)) or qb(xw(p_l))gb(x;r,(q))gb(xw(p)), respectively. The resulting expec-
tation values evaluate by Wick’s theorem (3.3) to polynomials in the pair expectations. Under
the new condition that all |x;|, |z} are pairwise different, every pair expectation becomes a con-
vergent power series. This is the assertion (3.8) with radial ordering (3.2) made explicit. [

3.3 Integration away from the (anti)diagonal

Let us introduce the complement of the fat (anti)diagonal, first in a bounded version

D%e = {z € RY | max|z;| < R and m<1onZ| — |zj|| > €},
i 1<j

and 1%6 be its indicator function. We will soon pass to the unbounded version 1) . =
limR_mo 1%,5'
Lemma 3.2. Let N be an even natural number and € > 0. Let hy, ..., hy be continuously differ-

entiable functions on R such that h; and b, are bounded by a polynomial, and p is a positive even
function admitting moments of all order. Then the integral (with expectation value in T under-

stood as radially ordered, see (3.2)) is a well-defined formal power series in (t2m+1,fgm+1)m>0
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which satisfies

[y ey TeTman =t — 2o ) 4271 )

N
x 12N (a0, &) [ ] hia)ha(a) plas) p () dida
=1
N
= / T(t; )7 (8 @) 12N (x,x') H hi(z;)hi(2}) p(i) p(2}) da;das.
R2N ’ i—1

Proof. Now we consider t, t formal. Consider a term

(O (6) () b(1) - -~ S n) dol0) OV (E) b)) - -~ B - - - () bolO)

appearing in the last line of (3.8), which by Wick’s theorem (3.3) is anti-symmetric when ex-
changing 7 <> 4. This term is multiplied by a function symmetric in z;, <> 2, and integrated
over a symmetric domain, thus integrating to zero for every 1 < ¢ < N. Similarly for the
next-to-last line of (3.8).

In particular, this is valid for integration over the symmetric domain Dpg  for fixed R, e. We
now change the perspective and view (3.8) as formal power series in the variables t, t. After
commuting y(t) and (t) via (3.4) to the right, the extraction of the coefficient of some monomial
in t, t yields a polynomial of bounded degree in Tp, a:’q and z. Next, commuting in the first line
of (3.8) the 'y(j:2 [z‘l]) via (3.4) to the right we see that only finitely many terms contribute to
the contour integral, and the coefficients are again polynomials in x;, and :Jc’q of bounded degree.
Finally remains the expectation values which by Wick’s theorem (3.3) factor into polynomials
of pair expectation values (0|¢(z;)¢(z;)|0). These can be estimated by a geometric series which
is bounded® by 1+ ¢~ max(|z;|,|z;|). Since p has finite moments on R, the limit R — oo exists
by the dominated convergence theorem. In particular, the vanishing of the last two lines of (3.8)
after integration remains true for R — oc. |

3.4 Regularisation and Pfaffian expression

Lemma 3.3. In the same setting as Lemma 3.2, we have

}Z{:eg i;eZmZO Z2m+1(t2m+1—fzm+1)7~N (t _9 [2—1} )TN (E + 2[2—1]) = Tn(t)Tw ({_})7

where

Tn(t) =Plicij<n (Jiz H; j(t;2,y)p(x)p(y) dwdy>,

2m+1+y2m+1) ) 1113 — y )
2z +y

H; j(t;z,y) = Xm0 t2m (@ hi(x)h;(y). (3.9)

Proof. Commuting (t) with (3.4) to the right and using Wick’s theorem (3.3), one can rewrite
for even N

2m+1 | 2m+1 1lax:, — x;
T(t; 21, ..., 2N) =Pf1<i,j<N<eZm>ot2m+1(% IR j).

2z +x;

3Such a bound is necessary to apply the dominated convergence theorem. It forces us to keep € until the very
end and it will lead to Cauchy principal values.
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Inserting this in Lemma 3.2 and expanding the two Pfaffians, we get

N
/ lliél@, 2) [ p(as)pla)dsda
R2N ' ,
=1
» yg (.iizezmzo 22 (g ) Z (_1)51gn(7r)+s1gn(7r)
C 21z = 2N (N1)2
T, N
N
x H Ha(2i-1),m(20) (t—2 [2_1] ; 337r(2i—1)>$7r(2i))
i=1

X Hoi(2i-1),7/(2i) (E +2 [2_1] ; wér’(Zi—l)? x;r’(Qi))

N
= /R . lliév,e(w,w')Hp(xi)p(wé)dxidxé >
=1

T, €GN

(_ 1)sign(7r)+sign(7r’)
IV (N1)2

N
X H H2i-1) n(2i) (6 Tr(2i-1)s Tr(2i)) Har 20— 1) (20 (3 T (2i-1)r T (20)) (3.10)
=1

where H; ;(t;x;,z;) was given in (3.9).
We would like to show that both sides have a limit as ¢ — 0. To proceed, we decompose in
even and odd parts

ez'rrbzot2m+1”’2m+lhi(x) = h; (z) + zhy (x) with h even.
Then, we restrict the integration over x1,...,zn,2],..., 2y > 0 by taking the even part of the
integrand in each variable and multiplying by 4, namely replacing H; ;(t; z,y) with

(#? +92) b (@b (y)  22%y*h; (2)h; (y)

+ (4. —
Hi,j(t’ €Z, y) - 72— y2 72 — y2

Since the domain of integration D . is symmetric under z; <+ x; and :L'; <> iL‘;-, we can also
replace each factor of H; j(t;z,y) in the integral with

Hij(t;z,y) = %(Hfj(t;w,y) + H5(ty, @) (3.11)
22+ @R (y) = b WA (@) 2y by (@)hy (y) — by (W)h (y)
2z +y) T —y x+y T —y '

If f, g are continuously differentiable functions, we can rewrite

f(@)g(y) - fyg(z) _ fx) - f(y)g(y) B f(y)g(w) - 9(y)
r—y T —y T —y
1
= /O dt(g(y) f'(1 =)z +ty) — f(y)g (1 = t)z + ty)). (3.12)

The two products of H’s in (3.10) are therefore replaced by two products of H’s, and we expand
them with (3.11)~(3.12) to get 8" terms integrated over RZY N DY .. For integration of each
of the2 term, we can use dorgliglated convergence to let € — 0 in both sides of (3.10) because
0< % <z+yand 0 < fcfy < 1—16(95 +y)3 on Ry, h;-t as well as its first order derivative are
bounded by a polynomial, and p has finite moments of all orders.
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Now let us compare to the Pfaffian of the integrated kernel

i(f st pte)ptaody ) =i (tim [ (k01 (o)p(o)p() dedy

= Pf(lim H; j(t;x y)looe(x y)p(x)p(y) da:dy).

e—0 ]R2

Expanding the Pfaffian, the only difference with the right-hand side of (3.10) as we handled it
is that the (7, 7’)-term is now integrated against of the indicator

Hl m(2i—1)s n(2i))1go,e(flf;rf(2z‘—1)’x;r'(m'))

instead of 12V (x,y). As the difference between the two indicators converge pointwise to 0 as
€ — 0, the domination argument used previously to handle each term shows that the limit ¢ — 0
exists and is equal to the ¢ — 0 limit of the right-hand side of (3.10). The same argument
applies for the left-hand side, and this yields the claimed identity. |

22
Finally, Corollary 1.2 follows from Lemma 3.3 by setting h;(x) = V2e~Xi—Amin) T and p(z) =
e~ 3 minz?+V0(@) 4 observing then
A(A by
N1 N
2% (277) [L,— n!

by comparison with Theorem 1.1.

ZN(t) =

Remark 3.4. All the manipulations until (and including) Lemma 3.1 are standard. If we were
ignoring the regularisation issues, the BKP tau-function Ty (t) of (3.3) would be associated with
the group element

g—/FNHqﬁmz i(wi)p(w;)dz;,  I'=R (3.13)

in the notation of [10, Section 7.3]. This element does not naively satisfy the quadratic algebraic
condition [10, equation 7.3.63]: there are correction terms corresponding to the last two lines
of (3.8). There is no contradiction with [10, Theorem 7.3.10] (which can already be found in [6])
as the latter characterises the polynomial solutions of the BKP hierarchy, while our partition
function is not polynomial. Non-polynomial BKP tau-functions associated with (3.13) were
discussed in [10], but only for integration contours such that I' N (—I') = @, and this does not
apply to us. If one wanted to make sense of the quadratic algebraic condition on § to formulate
a generalisation of [10, Theorem 7.3.10], one would need to describe carefully which completion
of the Clifford algebra and which notion of tensor product should be used. For instance, in our
case, we see from the proof that the quadratic algebraic condition only holds in a distributional
sense (after integration).

4 Comments

4.1 Kontsevich cubic model

The original matrix model of Kontsevich [14] is obtained from (1.2) by specialisation to potential
Vo(x) = @ and t = 0, and Kontsevich showed that Zn(0) is a KdV tau-function with respect
to the tlmes s = (81,83, 85, ... ) with sgp11 = 2k+1 Tr A=k, By a result of Alexandrov [1],
it is also a BKP tau-function in the times (2s1,2s3,2s5, ... ).
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4.2 The Q-Schur approach and 2-BKP conjecture

The BKP hierarchy of Corollary 1.2 is independent of the KAV /BKP structure of the original
Kontsevich model since it rather governs the evolution under polynomial deformations of the
potential (parameters t), for fixed A (parameters s). We are mainly interested in expansions
around t = 0, where the BKP hierarchy amounts to quadratic relations between moments.
When Vj is even these relations simplify considerably as we have indicated at the end of Sec-
tion 1. We expect that for arbitrary Vp, Zy(t) is a 2-BKP tau-function in the times t and s
defined by s = 2k2+1 TrA—(25+1) Following the suggestion of an anonymous referee, we prove
this for Vy = 0, using properties of Schur @-functions — for the specific case of the original Kont-
sevich matrix model, see also [15]. In particular, this retrieves in this special case the result of

Corollary 1.2.

Theorem 4.1. For Vj = 0, Zn(t) as a function of t and s = TrA~ (k1) s ¢ 2-BKP

tau-function.

2k+1

Proof. The starting point is the Cauchy formula for Schur @-functions

exp (2 Z(2k+ 1)t2k+1p2k+1> = Z ﬁ@x(t)Q/\(P)a

k>0 AeSP

where the sum is over the set SP of strict integer partitions Ay > Ag > -+ > Ayy) > 0, including
Qz(t) = 1. Note that there are different conventions for the definition of )-Schur functions in
the literature. The key step are two formulae, that can be found, e.g., in [16, equations (55)
and (56)]. Adapted in our notations, the first formula allows computing Gaussian averages of
(@-Schur functions:

2k+1 ~ Qx(s)Qx(1,0,0,...)
[, dPxQA({ T (H)),,) = FPRTER

where 2\ = (2A1,2X2,...,2Xy(y)) and s = (s1,53,85,...) With sop1 = ﬁTrA_(%H). The
corresponding integral over () vanishes if A has any odd part. The second formula comes
from the analog of the hook-length formula for the specialisation to (1,0,0,...) of the Q-Schur
functions

L(N)
Qx(1,0,0, ..
(2x; = 1)!
QQ)\(]-)O705‘ E[

Combining both formulae yields for Vj =0

Zn(t) = /HN dPy (H)exp (Z t2k+1Tr(H2/€+1)>

k>0
= Qa(s)@x(1,0,0,...)
_gS:PQK(A)%( t) (1,00, (@)

By comparison with [17, Lemma 5.5, we recognise a 2-BKP tau-function with
Cjr = 65262k — 1!

in the times t and 2s. The factor of 2 in the times is necessary to compare with the BKP
hierarchy with the factors specified in (1.4) for the BKP equations, while it was absent in [17]
due to the normalisation chosen in their equation (3.22). [
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4.3 Cartan—Pliucker relations

It is known (see, e.g., [10, Theorem 7.1.1]) that a formal power series in t is a BKP tau-function
if and only if it can be expanded as

Z rAQA(3t),

AESP

where the k) satisfy Cartan—Pliicker relations for isotropic Grassmannians. Stopping at (4.1),
we see that Corollary 1.2 is equivalent to the property that, for any potential Vy(x) for which
1 >\minm2+V0 (CE)

e 2 has finite moments, the family

oa= [ ARy ()0
HnN

satisfies the Cartan—Pliicker relations for isotropic Grassmannians. For general Vj, this result
does not seem to be covered by previous work. For Vy = 0, it is covered alternatively by
Theorem 4.1 and corresponds to

o)

ka=Qa(s) [J2ni — D

=1

M

4.4 Topological recursion

Apart from V5 = 0 and V{ cubic, the simplest even case is Vy(z) = —%:ﬁ for some parameter
¢ > 0, and its formal large N topological expansion has been studied during the last years [9, 21],
providing strong evidence [5] that the topological expansion of the cumulants obey the blobbed
topological recursion [4], which is the general solution of abstract loop equations [3]. In [11],
a recursive formula for meromorphic differentials which are generating series of the genus 1
cumulants was given, and a generalisation to higher genera was outlined.

On the other hand, BKP tau-functions of hypergeometric type with mild analytic assump-
tions are known to satisfy abstract loop equations, and thus (perhaps blobbed) topological recur-
sion [2]. In particular, this was applied to prove the conjecture of [8] that spin Hurwitz numbers
(weighted by the parity of a spin structure) satisfy topological recursion. Although Zy(t) is
not a hypergeometric tau-function of BKP in the sense of [19], one may ask if similar tech-
niques could not prove that the topological expansion of the correlators of Zy(t) are governed
by (blobbed or not) topological recursion. We hope to return to this question at a later occa-
sion.

Acknowledgements

R.W. was supported by the Cluster of Excellence Mathematics Miinster and the CRC 1442 Ge-
ometry: Deformations and Rigidity (Funded by the Deutsche Forschungsgemeinschaft Project-
1D 427320536 — SFB 1442, as well as under Germany’s Excellence Strategy EXC 2044 390685587,
Mathematics Miinster: Dynamics — Geometry — Structure). Parts of this note were prepared
during a workshop at the Erwin Schrédinger Institute in Vienna, and during a stay at THES of
G.B: we thank these institutions for their hospitality. We thank anonymous referees for valuable
comments which led to expand Sections 3 and 4.



16 G. Borot and R. Wulkenhaar
References
[1] Alexandrov A., KdV solves BKP, Proc. Natl. Acad. Sci. USA 118 (2021), 2101917118, 2 pages,
arXiv:2012.10448.
[2] Alexandrov A., Shadrin S., Elements of spin Hurwitz theory: closed algebraic formulas, blobbed topological
recursion, and a proof of the Giacchetto-Kramer—Lewaniski conjecture, Selecta Math. (N.S.) 29 (2023), 26,
44 pages, arXiv:2105.12493.
orot G., Eynar ., Orantin N.| stract loop equations, topological recursion and new applications,
3] B G., E d B., Orantin N., Ab 1 i logical i d licati
Commun. Number Theory Phys. 9 (2015), 51-187, arXiv:1303.5808.
orot G., adrin S., Blobbed topological recursion: properties and applications, Math. Proc. Cambridge
4 B G., Shadrin S., Blobbed logical i i d licati Math. P Cambrid,
Philos. Soc. 162 (2017), 39-87, arXiv:1502.00981.
[5] Branahl J., Hock A., Wulkenhaar R., Blobbed topological recursion of the quartic Kontsevich model I: Loop
equations and conjectures, Comm. Math. Phys. 393 (2022), 1529-1582, arXiv:2008.12201.
[6] Date E., Jimbo M., Kashiwara M., Miwa T., Transformation groups for soliton equations. IV. A new
hierarchy of soliton equations of KP-type, Phys. D 4 (1982), 343-365.
e Bruijn N.G., On some multiple integrals involving determinants, J. Indian Math. Soc. 9. s
7] de Bruijn N.G., O Itiple i Is involving d i J. Indian Math. S N.S.) 19 (1955
133-151.
lacchetto A., Kramer R., Lewanski D., A new spin on Hurwitz theory an via theta characteristics,
8] Giacch A, K R., L ki D., A i Hurwitz th d ELSV via th h isti
arXiv:2104.05697.
[9] Grosse H., Hock A., Wulkenhaar R., Solution of all quartic matrix models, arXiv:1906.04600.
[10] Harnad J., Balogh F., Tau functions and their applications, Cambridge Monogr. Math. Phys., Cambridge
University Press, Cambridge, 2021.
[11] Hock A., Wulkenhaar R., Blobbed topological recursion from extended loop equations, arXiv:2301.04068.
[12] Isaacson E., Keller H.B., Analysis of numerical methods, Dover Publications, New York, 1994.
[13] Itzykson C., Zuber J.B., The planar approximation. 11, J. Math. Phys. 21 (1980), 411-421.
[14] Kontsevich M., Intersection theory on the moduli space of curves and the matrix Airy function, Comm.
Math. Phys. 147 (1992), 1-23.
[15] Liu X., Yang C., Schur @-polynomials and Kontsevich—-Witten tau function, Peking Math. J., to appear,
arXiv:2103.14318.
[16] Mironov A., Morozov A., Superintegrability of Kontsevich matrix model, Fur. Phys. J. C 81 (2021), 270,
11 pages, arXiv:2011.12917.
[17] Mironov A., Morozov A., Natanzon S., Orlov A., Around spin Hurwitz numbers, Lett. Math. Phys. 111
(2021), 124, 39 pages, arXiv:2012.09847.
[18] Nimmo J.J.C., Hall-Littlewood symmetric functions and the BKP equation, J. Phys. A 23 (1990), 751-760.
19] Orlov A., Hypergeometric functions associated with Schur @-polynomials, and the BKP equation, Theoret.
g
and Math. Phys. 137 (2003), 1574-1589, arXiv:math-ph/0302011.
[20] Schur J., Uber die Darstellung der symmetrischen und der alternierenden Gruppe durch gebrochene lineare
Substitutionen, J. Reine Angew. Math. 139 (1911), 155-250.
[21] Schiirmann J., Wulkenhaar R., An algebraic approach to a quartic analogue of the Kontsevich model, Math.

Proc. Cambridge Philos. Soc. 174 (2023), 471-495, arXiv:1912.03979.


https://doi.org/10.1073/pnas.2101917118
https://arxiv.org/abs/2012.10448
https://doi.org/10.1007/s00029-023-00834-1
https://arxiv.org/abs/2105.12493
https://doi.org/10.4310/CNTP.2015.v9.n1.a2
https://arxiv.org/abs/1303.5808
https://doi.org/10.1017/S0305004116000323
https://doi.org/10.1017/S0305004116000323
https://arxiv.org/abs/1502.00981
https://doi.org/10.1007/s00220-022-04392-z
https://arxiv.org/abs/2008.12201
https://doi.org/10.1016/0167-2789(82)90041-0
https://arxiv.org/abs/2104.05697
https://arxiv.org/abs/1906.04600
https://doi.org/10.1017/9781108610902
https://doi.org/10.1017/9781108610902
https://arxiv.org/abs/2301.04068
https://doi.org/10.1063/1.524438
https://doi.org/10.1007/BF02099526
https://doi.org/10.1007/BF02099526
https://doi.org/10.1007/s42543-023-00064-6
https://arxiv.org/abs/2103.14318
https://doi.org/10.1140/epjc/s10052-021-09030-x
https://arxiv.org/abs/2011.12917
https://doi.org/10.1007/s11005-021-01457-3
https://arxiv.org/abs/2012.09847
https://doi.org/10.1088/0305-4470/23/5/018
https://doi.org/10.1023/A:1027370004436
https://doi.org/10.1023/A:1027370004436
https://arxiv.org/abs/math-ph/0302011
https://doi.org/10.1515/crll.1911.139.155
https://doi.org/10.1017/S0305004122000366
https://doi.org/10.1017/S0305004122000366
https://arxiv.org/abs/1912.03979

	1 The formula
	1.1 The Kontsevich matrix model with arbitrary potential
	1.2 Pfaffian formula
	1.3 BKP hierarchy

	2 Proof of Theorem 1.1
	3 Proof of Corollary 1.2
	3.1 Preliminaries
	3.2 A residue formula
	3.3 Integration away from the (anti)diagonal
	3.4 Regularisation and Pfaffian expression

	4 Comments
	4.1 Kontsevich cubic model
	4.2 The Q-Schur approach and 2-BKP conjecture
	4.3 Cartan–Plücker relations
	4.4 Topological recursion

	References

