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Abstract. In this paper, we consider the following curvature equation

n+m
Au + e" = 47T<(90 — 1)50 + (91 — 1)51 + Z (9; — 1)5tj> in Rz,

j=1
u(z) = —2(1 + ) In|z| + O(1) as |z| — oo,

where 6y, 61, 0, and 9; are positive non-integers for 1 < j < n, while 9;- € N>o are
integers for n +1 < j < n+ m. Geometrically, a solution u gives rise to a conical metric
ds? = }e|dz|? of curvature 1 on the sphere, with conical singularities at 0, 1, oo, and ¢,
1 < j < n+ m, with angles 276y, 276, 270, and 27r03— at 0, 1, oo, and t;, respectively.
The metric ds? or the solution u is called co-azial, which was introduced by Mondello and
Panov, if there is a developing map h(x) of u such that the projective monodromy group is
contained in the unit circle. The sufficient and necessary conditions in terms of angles for the
existence of such metrics were obtained by Mondello-Panov (2016) and Eremenko (2020).
In this paper, we fix the angles and study the locations of the singularities t1, ..., t,1m. Let
A C C*™ be the set of those (t1,...,tn+m)’s such that a co-axial metric exists, among
other things we prove that (i) If m = 1, i.e., there is only one integer ¢;, ; among 7, then A
is a finite set. Moreover, for the case n = 0, we obtain a sharp bound of the cardinality
of the set A. We apply a result due to Eremenko, Gabrielov, and Tarasov (2016) and the
monodromy of hypergeometric equations to obtain such a bound. (ii) If m > 2, then A is
an algebraic set of dimension < m — 1.
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1 Introduction

Let (SQ, go) be the 2-dimensional sphere with the standard smooth metric go. In this paper, we
consider the following classical problem in conformal geometry: Given ti,...,txy € S? and a set
of positive real numbers 6, ...,60;,, is there a metric of constant curvature 1 conformal to gg
such that the metric is smooth on §?\ {t1,...,ty} and has conical singularities at ¢; with the
angle 2m0;;? This problem has been widely studied in the literature, and in particular, it was
solved in [8, 9, 10] in the cases where there are at most 2 non-integer angles among {6;,,...,0:, }
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(We simply say that the angle is non-integer if 6; ¢ Z). In this paper, we consider the case that
there are at least 3 non-integer angles among {6y, ..., 60, }. Without loss of generality, we may
assume that three singularities with non-integer angles are 0, 1, and oo. Then it is well known
that this problem is equivalent to solving the following curvature equation

n+m
Au+e¥ =A4Ax (Oé050 + a1671 + Z atjétj> n R2 ~C,
j=1
u(r) = =22+ ac) Infz[ + O(1)  as [z — oo, (1.1)

where ), is the Dirac measure at p, n > 0, m > 1, ag, a1, oo, t; € Re_1\Zforalll <j <mand
ar; € Nforall n+1 < j < m. Geometrically, a solution u(z) of (1.1) leads to a conformal metric
ds? = %e“|dac|2 of curvature 1 on S? with angles 270, at conical singularities p € {0,1,00,;},
where the angles are given by

Op =ap+1, p € {0,1,00,t1,...,tntm},
SO

9p6N227 pE{tn+1,...,tn+m}, 9p€R>0\Z, pE{O,l,OO,tl,...,tn}.

It is known that if (1.1) has a solution u(z), then there is a developing map h(z) such that h(x)
is a multi-valued meromorphic function on C satisfying

8|1 (z)?

TP CECT OOt b

u(z) =In
This is known as the Liouville formula and this h(x) is multi-valued and has its projective
monodromy group contained in PSU(2). More precisely, given any ¢ € ((C, qg) where ¢g € C
is base point, the analytic continuation of h(z), denoted by ¢*h(zx), is also a developing map
of u(x) and so ¢*h(zx) = ng))is for some projective monodromy matrix (%) € PSU(2).

The curvature equation (1.1) has been extensively studied in the past several decades. For the
recent development of this subject and its application, we refer [2, 3,4, 5, 6, 8,9, 10, 11, 13, 15, 16,
17, 18] to the interested reader. So far, the existence of solutions for (1.1) with general singular
sources is challenging and seems to be out of reach. Mondello and Panov [17] studied a reduced
problem: To describe possible angles (i.e., to describe the data {6o,61,000,04,.-.,0,,.,}) such
that (1.1) has solutions for some singular set {t1,...,tntm}. They introduced the measure
di (Zptm+3,0 — 1) = dy (Z2T™ 3, ) on

0= (907017900701517 ce. 76tn+m)7
i.e.,
0-1=-a-= (Oéo,Oél,Oéoo,Oétl,...,Oétn+m),

where Z2T™+3 is the subset of Z"*™+3 consisting of vectors with odd sums of coordinates,
and d; is the ¢;-distance. Then they proved the following interesting result.

Theorem 1.1 ([17]). Suppose that the angles 0y, 01, Ooo and 6y, 1 <i < n+m, are fivzed. Then
the following hold.

1. If (1.1) has a solution u(z) for some singular set {t1,...,thtm}, then

di (Z239 —1) > 1.
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Furthermore, if
di (ZyTm3,6 — 1) =1, (1.2)

then there is a developing map h(z) such that the projective monodromy group of h(x) is
contained in the unit circle, i.e., any projective monodromy matriz of h(z) is diagonal.

2. Conversely, if d; (Zg+m+3, 0— 1) > 1, then there exists some singular set {t1,...,tntm}
such that (1.1) has solutions.

Definition 1.2. In [17], the corresponding metric %(e”(‘c)|dﬂr:|2 (if exists) is called co-azial if there
is a developing map h(x) such that the projective monodromy group of h(x) is contained in the
unit circle. In this paper, we also call this solution u(z) co-azial for convenience.

For the case (1.2), Theorem 1.1 shows that solutions must be co-axial if exist. However,
the existence of co-axial metrics does not necessarily imply (1.2). Thus, there arises naturally
the following question: Are there sufficient conditions on angles that guarantee the existence
of a singular set {t1,...,t,+m} such that (1.1) has a co-axial solution? This question was
completely solved by Eremenko [9].

Theorem 1.3 ([9]). If (1.1) has a co-azial solution u(x) for some singular set {ti,...,thtm},
then there are €, € {£1} for p € {0,1,00,t1,...,tn} such that

K= Z eptp € Z>0, (1.3)
p€{0,1,00,t1,...,tn }
n+m
Y 0y — (n+m+3)— kK +2€ 2. (1.4)
j=n+1

Moreover, if there is n € Rsq such that ¢ = nb =n(by,...,by) with b; € N, ged(b1,...,by) =1,
where

C = (00,01,900,0t1,... ,th,l,.. .,1),
——
k/_j'_k//

then we also have

q
2 n+1<g<n+m Z_: (1.5)

Conversely, if there is no such n such that ¢ = nb, then (1.3) and (1.4) are also sufficient; if
there is such n such that ¢ = nb, then (1.3)—(1.5) are also sufficient.

As we have remarked earlier, the existence of co-axial solutions does not necessarily im-
ply (1.2). Let us recall Eremenko’s example [9]: (6o, 01,0, 04,,0:,) = (B, 5,28,203,3) for some
B € R \ N, for which it follows from Theorem 1.3 that co-axial solutions exist but it does not
satisfy (1.2).

Here we have an interesting observation about Mondello-Panov’s condition (1.2) and Ere-
menko’s condition (1.5).

Theorem 1.4. Suppose that (1.2) holds. Then (1.3) and (1.4) imply (1.5) automatically,
namely (1.1) has (co-azial) solutions for some singular set {ti,...,tn+m} if and only if (1.3)
and (1.4) hold for some €, € {£1}.
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Theorem 1.4 will be proved in Section 4. Define
Nyt i= {(tl, oy tpim) € CPTM t; = 0,1 or t; = ty, for some j # k}

Throughout the paper, we let 6y, 61, 0, and 99, 7 =1,...,n+ m, be fixed real numbers such
that 0o, 01, 00, and 67, j = 1,...,n, are non-integers and 0}, j =n +1,...,n +m, are integers
greater than 1. Let
A=Ag:={(ts,.. . tnym) € C"™\ Dpy | (1.1) with 6;; = 6],
j=1,...,n+m, has co-axial solutions}. (1.6)
An (n + m)-tuple (t1,...,tn4m) in A will be called admissible for (1.1). By Theorem 1.3, we

know that A # @ if and only if (1.3)—(1.5) hold. In this case, a natural question that interest
us is:

What are the geometric and algebaric properties of the set A, such as its dimension
and so on?

This paper aims to study this problem. Note that (1.4) implies m > 1, this is the reason why
we assume m > 1 in this paper.
Let us consider the special case m = 1 first. Denote

Qo = Q(00, 01,000, 0}, ..., 0,) S R.

Theorem 1.5. Let m = 1 and (1.3)—(1.5) hold with 0;; = 0%, i.e., A# @. Then A is a finite
set with #A < 2"2 x (0!, — 1)\. Furthermore, for each t = (t1,...,tn+1) € A, all t;’s are
algebraic over Qg and the field

Qo(A) == Qo({tj | (t1,...,tns1) € A})

is a Galois extension of Qg and

[Qa(A) : Qg] < M < o0,

where M is a constant depending on n and 6;, ;.

In the special case when there are only three non-integer angles, i.e., when n = 0, we can get
a much sharper bound for the cardinality of A. In the following, we will write ¢; and 6] simply
by t and 6.

Theorem 1.6. Assume that n =0 and m = 1. Assume that €y, €1 € {£1} are signs such that
k=0 4+ €bo + €101 € Z and 0 = k mod 2. Then the cardinality of the set A is

0, if 0 < |k,
(6% — K2) /4, if 6> |k|,

counted with multiplicities (see Section 5 for an explanation of multiplicities). Moreover, if
t € A, then the degree of t over Qg is at most (92 — k2)/4.

We remark that the condition # = k mod 2 is necessary for A # @&, by (1.4). Interestingly,
a key ingredient in the proof of the theorem is the monodromy of the classical hypergeometric
equations.
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Remark 1.7. Theorem 1.6 yields a sharp non-existence result for (1.1) when n =0 and m = 1.
That is, when 8 = k mod 2, if ¢t € C is transcendental over Qg or is algebraic of degree greater
than (6% — k?)/4 over Qp, then (1.1) has no solutions (not just co-axial solutions). Indeed,
suppose (1.1) has a solution u(z), since § = k mod 2 easily yields dy (Z3,6 — 1) = 1, it follows
from Theorem 1.1 that u(z) is co-axial, i.e., t € A, a contradiction with Theorem 1.6. It would
be an interesting problem to obtain a similar result for the case n > 0.

Let 6 = 2 in Theorem 1.6. Then the set A is non-empty if and only if £ = 0, and in this case,
we will prove in Example 5.7 that A = {—€plp/0}, so we obtain the following corollary.

Corollary 1.8 (see Example 5.7). Consider the curvature equation
Au+e" =4n((0 — 1)00 + (01 — 1)61 +6;)  inR*=C,
u(e) = ~2(1 + b) Info| + O(1) s |z = oo, (L7)

with 6p,01,0x € Roo \N. Then (1.7) has co-azial solutions for some t € C\ {0,1} if and only
if there are €y, €1 € {1} such that O + €0 + €101 = 0. In this case,

1) if t # —€0bp/0, then (1.7) has no solutions;

2) if t = —€pbo/00, then (1.7) has co-azxial solutions.

Let & = 3 in Theorem 1.6. Then the set A is non-empty only when |k| = 1. In this case,

to simplify notations, we will write €9y and €101 simply by 8y and 6;. Then we will prove in
Example 5.8 that A = {QOG‘X’iV —k0061 00 }, so the following result holds.

(6o+61)0c0
Corollary 1.9 (see Example 5.8). Consider the curvature equation
Au+ e =4r((0g — 1)6 + (01 — 1)61 +26;)  inR?* = C,
u(z) = =2(1 4 0so) In|z| + O(1) as |z| — oo, (1.8)
with 6p,01,0x € Ruo \ N. Then (1.8) has co-azial solutions for some t € C\ {0,1} if and only

if there are €y, €1 € {£1} such that k := 0o + €00 + €101 = £1. In this case (we write eoby
and €101 simply by 6y and 6, for convenience),

1) ift ¢ {900"?521 9_1]‘)”2‘;510"" }, then (1.8) has no solutions;

2) ifte {909“(’;0; 5522519* }, then (1.8) has co-axial solutions.

For general cases m > 2, we can not expect that A is a finite set. Let Q denote the algebraic
closure of Q.

Theorem 1.10. Let m > 2 and (1.3)—(1.5) hold, i.e., A # @. Then A is an algebraic set of
dimension < m — 1. Furthermore, if we further assume

90,91,900,9/1,...,9;€@>O\Z, (1.9)
then for any t = (t1,...,tnem) € A, the transcendence degree of Q(t) over Q is < m — 1.

One of the main ideas in our proofs of all the main results is the integrability of the curvature
equation. This integrability property allows us to connect the partial differential equation with
a second-order Fuchsian ordinary differential equation. In Section 2, we will derive those ODE’s.
Applying integrability in terms of the developing maps, we will prove an equivalent condition for
the existence of co-axial solutions. Based on this equivalent condition, we will prove Theorems 1.5
and 1.10 in Section 3. In Section 4, we give a proof of Theorem 1.4. In the final section, we
present a proof of Theorem 1.6 using hypergeometric equations.
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2 The integrability of curvature equations and complex ODEs

In this section, we briefly review how to connect the integrability of the curvature equation (1.1)
with a class of second order ODEs in complex variables; see, e.g., [2, 9]. Given a solution u(x)
of (1.1), we define

Q)= = (unle) - gua?). weC

Then it is easy to see Qz(z) = 0, so Q(z) is a meromorphic function in C with poles belonging
to

I .= {0, 17t1, “e 7tn+m}.

More precisely, at each p € Z, since A(ln|z — p|) = 276,, by (1.1) and a standard elliptic
regularity argument (cf. [1]), we obtain that u(z) — 2y, In|z — p| is bounded near p, i.e.,

uw(x) =20 In |z — p| + O(1) for = near p.
Consequently,

ap(ayp + 2)

4 (x—p) 2+ O((a: — p)fl) for x near p,

Q(r) =

and

= wx_z + O(ac_g) for £ — oo.

Q@):Z{ b G : (2.1)

where

o (o + 2
Bp:: P(Z )7

and d,’s are some constants satisfying

Z dp =0, Z(ﬁp +pdp) = Boo- (2.3)

pET peT

pe{0,1,t1,. .., tnim, o0}, (2.2)

Thus, dp and d; can be uniquely determined by

d:= (dt17“'7dtn+m)7 t:= (tl,...7tn+m)

as

h=Po— Y, Botrdp), do= Y, (Bp+(p—1)dp) — oo,

peZ\{0,1} peZ\{0,1}

while d could be considered as n + m unknown coefficients.
On the other hand, as mentioned in the introduction, the Liouville theorem (see, e.g., [2])
says that for a solution u(z) of (1.1), there is a developing map h(z) such that

8|1 (x)[”

u(x)zlnm, reC:=C\T (2.4)
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The developing map h(z) is multi-valued in C and due to (2.4), the projective monodromy group
of h(x) is contained in PSU(2). More precisely, given any ¢ € m (C, qg) where gg € C is a base
point, the analytic continuation of h(z), denoted by ¢*h(zx), is also a developing map of u(x)

and so (*h(z) = ?Zg))is for some projective monodromy matrix (¢5%) € PSU(2).

To connect @Q(x) and h(x), we note that (2.4) implies

(oo = () (PN ) hee)? = 2, 25)

where {h(x),x} is the Schwarz derivative. We refer the reader to [2] for details of computation.
Consider the following second order linear ODE with the complex variable z:

y'(@) = Q)y(), weC. (2.6)

Then a classical result (see [19]) says that for any basis (91, 72) of (2.6), the Schwarz derivative
{92/91, 2} always satisfies

{92/91, 2} = —2Q(z).

From this and (2.5), we conclude that if (2.6) is derived from a solution of (1.1), then there is
a basis (y1,y2) of (2.6) such that

h(z) = ya(z) /y1 (2). (2.7)

Furthermore, the projective monodromy group of (2.6) with respect to y; and ys is the same as
that of h(x), i.e., is contained in PSU(2).

Conversely, given Q(z) via (2.1)—(2.3), if the corresponding ODE (2.6) has a basis (y1,y2)
such that the projective monodromy group of the ratio h(x) = yo(x)/y1(x) is contained in

/ 2
PSU(2), then u(z) :=1n % is a solution of (1.1).
For the reader’s convenience, we now briefly recall some basic notions of ODEs like (2.6). We
refer the reader to [14, 19] for a comprehensive introduction. Generally, (2.6) is called Fuchsian
because the pole order of Q(z) is at most 2 at any singularities. Note that the Riemann scheme

(see [14, p. 11] for the definition of the Riemann scheme) of (2.6) is given by

0 t thrm o0

at tntm oo
ao_% a1_71 at_lTl .. at_ﬁ _(O‘Ta—|—1) . (2.8)
T R R

Observe that the exponent difference at ¢; is an integer for n +1 < j < n 4+ m. Since Q(x)
comes from a solution u(z) of (1.1), it is well known that (2.6) is apparent at ¢; (i.e., no
logarithmic singularity near ¢;) and so the local monodromy matrix of (2.6) at t; is (—1)* I
for alln+1 < j < n+m. In this paper, we will also consider a Fuchsian differential equation (2.6)
which may not come from a solution of (1.1). In this case, unless otherwise specified, we always
assume that (2.6) with the Riemann scheme (2.8) is apparent at t; for alln+1<j <n+m.

It is well known that the necessary and sufficient condition of (2.6) being apparent at t; for
alln+1 < j <n+m can be derived from the Frobenius method.

Theorem 2.1. There are polynomials

~

Py(d.t) € Qo(t)[d] = d;" + Lo.t. in d € Qy(t)[d]

of total degree 0, ind, j =n+1,...,n+m, such that (2.6) is apparent at t; for alln +1 <
j<n-+mifand only if d and t satisfypj(d,t):Ofor allj=n+1,...,n+m.
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Furthermore, P;(d,t) can be written as

Pi(d,¢)
Mper e (0 = )™

Pj(d,t) = (2.9)

for some N; € Z>o and P;(d,t) € Qpld,t] such that P;(d,t) and Hpez\{t (P — DN are
coprime. Thus, (2.6) is apparent at t; for alln+1 < j < n+m if and only if Pj(d,t) =0 for
allj=n+1,...,n4+m.

Proof. Let us take t,1,, for example and in the following proof, we write ,,,, = t for con-
venience. By the Frobenius method, (2.6) is apparent at the singularity ¢ if and only if it has
a solution of the form

oo
:5 cjujfo“/Q, u=x—t cy=1.

Observe that

Q@ZEX@%W+ %)]:g+%+§:hwﬁiw+uiiA

peT PET\{t}
B di & Bp(j + 1) 4+ dy( 9
@"’_E"’_Z( > p)”? Z”uj ’
j=0 peZ\{t}
where
t— .
o = Bt’ m = dt> j Z Bp p)]( p)7 J =2,
PET\{t}
i.e., HpEI\{t} (t — p)jnj S QQ [d, t]
Consequently, y"(z) = Q(x)y(z) if and only if
J(G—0)c; = an kCks Vi >0, (2.10)

where (j — o /2)(j — /2 —1) —no = j(j —ax — 1) = j(j — 6;) is used. Clearly, (2.10) holds
automatically for j = 0, and (2.10) with j = 1 leads to ¢; = 1%,5' By an induction argument,
for any 2 < j < 6; — 1, ¢; can be uniquely solved by (2.10) as

cj =r;[d] +1lot. in d] € Qy(t)[d]
with total degree j in d, where r; € Qp \ {0}. Furthermore,
II ¢=pYe; e Qold,t).
PET\{t}
Consequently, (2.10) with j = 6, leads to the existence of rg, € Qp \ {0} and a polynomial
P(d,t) = d +1.o.t. in d € Qy(t)[d]

with total degree 6; in d such that

0:—1

Z ni—xer =710, P(d,t).

k=0
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Then it is standard by the Frobenius theory that (2.6) is apparent at the singularity ¢ if and
only if P(d,t) = 0. Furthermore, the above argument also implies the existence of an integer
0 < N < 6; such that

Pd.t):=P(d.t) [[ (t—p)" € Qld.Y
peT\{t}

and P(d, 1), [[,eq (i (t — p)N are coprime. [

The case n = 0 is special and we plan to study the solvability of (1.1) for this case in another
paper. In this case, the ODE (2.6) can be transformed into a Heun equation and this Heun
equation has been well studied in [8, 12]. In Section 5, we will use some results from [8] and
hypergeometric equations to prove Theorem 1.6.

3 Proofs of Theorems 1.5 and 1.10

This section is devoted to the proofs of Theorems 1.5 and 1.10. In the following we use notations

1:= {0717t1>"-7tn+m}, 1 = {O,l,tl,...,tn}.

3.1 General setting

As mentioned in the introduction, following [17], we call the metric %eu(z)]dx\Q and also the
solution u(x) of (1.1) to be co-azial if there is a developing map h(z) of u(z) such that the
projective monodromy group of h(x) is contained in the unit circle, that is, for any v € m; (C, qo),
the analytic continuation of h(z) along v, denoted by ~*h(z), satisfies y*h(x) = A(y)h(z) for
some A(7) € C satisfying |[A(7y)| = 1. Clearly, this is equivalent to that the monodromy group of
the associated ODE (2.6) with Q(z) = —3 (ugs () — Jus(2)?) is commutative. In Section 2, we
have discussed the equivalence between the existence of a solution u(z) of (1.1) and a Fuchsian
ODE (2.6) with Q(z) given by (2.1) satisfying P;(d,t) = 0 for all n +1 < j < n+ m (see
Theorem 2.1) such that the monodromy group is conjugate to a subgroup of SU(2). This
equivalence can be further strengthened as follows when the solution u(x) is co-axial.
In fact, given such an ODE (2.6), take the basis of local solutions near oo as follows

o
yr(z) =2 5 cpyad, cyo =1,
=0
oo
y (z) =z 2 Tt Z c_jx, c—o=1. (3.1)
=0

Suppose that (2.6) comes from a co-axial metric. By (2.7), we have h(z) = yo(x)/y1(z) for
some solutions y;(z) of (2.6). Consider a large circle |z| = R and let h(e*™'z) be the analytic
continuation of h(x) along the circle. Then by the co-axial condition, one has

h(e%ix) = A\h(z)
for some A # 0. On the other hand, there is a matrix M = (¢ %) € SL(2, C) such that
2mi
(167 o, ().
Y2 (e $) y2 ()

These two identities together imply that b = ¢ = 0. Thus, after multiplying by some nonzero
constants, we may assume that

h(@) := yi(2)/y—(2), (3.2)
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which satisfies
h(z) = o 1% (1 + O(ac_l)) =g 0= (1 -+ O(ac_l)) as T — 00. (3.3)

Then under the basis (y,(x),y_(z)), we have My, = (e_w(;a‘” oridoo ) with e~ £ e Here
for any p € TU{oo}, we use M, € SL(2,C) to denote the monodromy matrix of ODE (2.6) with
respect to a simple loop in m; ((C, qo) that encircles p once. Now suppose that the monodromy
group of (2.6) is commutative (this holds if (2.6) comes from a co-axial solution u(x)), then it

follows that all the monodromy matrices under the basis (y(z),y—(z)) are diagonal, i.e., M, =
(eiﬂap 0 ) forpeZ; ={0,1,¢1,...,t,}. This implies that after analytic continuation,

0 eqiwiozp

+
y+(x) = (z — p)Pr (c;t+0(|x—p|)) near p € Iy,

where {p}, p, } = {—%, % + 1} are the local exponents of (2.6) at p and C;)t # 0. Thus there

exists €, € {£1} for p € Z; such that
h(z) :(x—p)epef’(cp+0(a:—p)) asx —pely, c,#0.

From here and (3.3), we see that h(x) can be written as

h(z) = h(x) [ (x —p)=?, (3.4)

p€Ty

where h(z) is meromorphic in C and satisfies h(z) = gV me0bo—e1bi=3 0, ;b (1+0(z7h)) as
T — 00, SO

~

h(z) is a rational function. (3.5)

Conversely, given an ODE (2.6) with (2.8) which might not come from a solution of (1.1),
we consider h(z) = y4(z)/y—(z) as in (3.1) and (3.2). If there are e, € {£1} for p € Z; such
that (x) has the expression (3.4) with h(z) being a rational function, then for any v € m ((C, ),
v*h(z) = A(y)h(x) with |A\(7)| =1 (i.e., the projective monodromy group of h(z) is a subgroup
of the unit circle, or equivalently the monodromy matrices of (2.6) are all diagonal under the
basis (y4+(x),y—(x))). Thus

LSNP
o) = e

is well defined in C. Then a direct computation shows that u(x) is a co-axial solution of (1.1)
with h(z) being a developing map. Therefore, the above argument proves the following result.

Lemma 3.1. The equation (1.1) has co-azxial solutions if and only if there is an ODE (2.6)
with the Riemann scheme (2.8) such that h(x) = y+(x)/y—(x) has the expression (3.4) for some
ep € {£1} for p € Z; and some rational function h(x).

Remark that h(z) or equivalently h(z) might have zeros or poles at tn4; for some j > 1.
More precisely, the Riemann scheme (2.8) indicates that the exponent difference is ay; +1 = 0,
at t;, so near t; with n +1 < j <n +m, we have

h(z) = = (x — tj)ﬁ(ct]. + O(CL‘ — tj)) for some § € {0, :I:th}, ct; #0,
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and so does h(z). From here and (3.5), there is Z; € J; € Z and €, € {£1} for p € J; \ Z1 such
that

) = [ (o - pyrte Bt 2= )

ves [T (= = b)”

where a;’s and by’s satisfy

(3.6)

a;j, by € C\Z, {at, ... am, } N{b1,...,bym,} = 2.
In other words,
TNy = {tntj | h(tns;) € {0,00}, 1 < j < m}.

Then by h(z) = y4(x)/y—(x), we see that each a; (resp. b;) is a zero of y () (resp. y—(z)) and
must be simple, namely each a; is a simple zero of h(x) and each b; is a simple pole of h(x), so
a; # ai and b; # by, for any j # k. Therefore,

Any two elements of the collection [p € Z; a;,1 < j < my; by, 1 < k < mo] are
distinct.

Clearly, (3.3) implies
Z Epgp +mp —mg = —0. (3.7)
peET

By (3.6), we have

mi

roon eplp 1 B 1
W(x)=h(z)| ) x—p+Zx—aj Zm—bj
PEN Jj=1 Jj=1
_ h(z)G ()
e (z = ) TT72 (2 — aj) TT72, (2 — b))
- G(z)
— H (a; — p)epep 1 — 75 (3.8)
pedi I (55 - bj)
where G(x) is a polynomial defined by
mq me
G(z) := H(a: — aj) H(az — bj) Z epbp H (x —q)
j=1 j=1 pETL qeJ1\{pr}
mo mi mi
+[[e-n][E-0)> I @-a)
pETL Jj=1 k=1j=1,#k
mi ma2 ma2
- [[e-n][E-a)d I =-b)
PR j=1 k=1 j=1,#k
= (Z epblp +my — m2> gratme =l g — g ol 4 l.o.t., (3.9)
pET1

where |J1| :== #J1 > n+ 2 and
L:=my+mg+ ’jﬂ —1.

Note that the last identity is due to (3.7).
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Lemma 3.2. Suppose h(z) given by (3.6) is a developing map of a co-axial solution u(x)
of (1.1), and let G(x) be defined by (3.9). Then

L=mi+ma+|Al-1= > a (3.10)
pEI\T1
G(z) =0 [] (@—p)™. (3.11)
pEI\J1

Proof. Since h(x) is a developing map of u(z), it follows from (2.5) that

- () 45"

Let G(p) = 0, first we claim that p € 7\ J;. Suppose not. Then

p@é {O,l,tl,...,tn+m,a1,...,aml,bl,...,bm}.

Denote by v > 1 to be the zero order of G(x) at p, then h'(x) = ¢(z — p)Y(1 + O(x — p)) with
¢ # 0 and so a direct computation via (3.12) implies

—y(v +2)

2(z — p)? +0((z—p)7), (3.13)

—2Q(x) =

a contradiction with the fact that Q(z) is holomorphic in C\ {0,1,¢1,...,t44+m}. This proves
pE I\ J1-

Now for each p € T\ 71, we claim that p is a zero of G(x) with order «,. Suppose h/(x) = c¢(z—

p)Y(1+O(x —p)) with ¢ # 0 and v € Z>¢. Again a direct computation via (3.12) implies (3.13),
so y(v +2)/4 = By = ap(cyp + 2) /4, namely v = «,. This proves (3.10) and (3.11). |

Corollary 3.3. Suppose that h(x) given by (3.6) is a developing map of a co-azxial solution u(x)
of (1.1). Then mi,ma € Z>o are determined by

2my = Z 6, — Zepé?p—(n+m+1), (3.14)
pEI\N pEJ

2mg = Z 9p—|—Zep9p—(n+m—|—1), (3.15)
pEI\T peEJ

where J := J1 U{oo} and oo = 1. In particular, T\ J, # @.

Proof. Note that (3.7) and (3.10) can be written as

mi—my=— Y by — 0o =—_ b,

peET peJ
mi + mg = Z Oép—‘jl‘"f'l: Z 9tp—|I\~71\—’~71’+1
pEI\T1 pEI\J1
— Z Qtp—(n+m+1),
peI\ 1

50 (3.14) and (3.15) hold, which also imply Z \ J; # @. [
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We now do some preparatory work for the proofs of Theorems 1.5 and 1.10. Denote t =
(t1y- s tnem), @ = (a1,...,am,) and b = (b1, ..., by,). Recall that Z; C J; ; Z, we denote
t1 = (t)t,eqn and t2 = (¢))i,en\ 5 for convenience. For example, if

J=10,1t1, ..., tu,tnt1 ooy tnyi} for some 0 <i<m —1,
then ¢ = (t1,...,tn+i) and t2 = (tnyiti,- - -, tntm). Recall
Qg = Q(eﬁaelaeoovellv . ,an) ; R.

Then it follows from (3.9) that

L
G(z) = —bs (acL +Y _Rj(a,b, tl)xL—j> , (3.16)

J=1

where Rj(a,b,t1) € Qpla,b,t1] is of total degree j for any j < L — 1, while Rr(a,b,t1) €
Qp[a, b, t;] is of total degree L — 1 due to the non-homogenous term x — 1 in the expression
of G(x).

On the other hand,

L

I -por= I (e=t)" =2t +30Cj(t)a", (3.17)

PEI\T1 t;€T\J1 Jj=1

where we use (3.10) and Cj(t2) € Q[t2] are symmetric polynomials of ¢, of degree j. Compar-
ing (3.16) and (3.17), we conclude that (3.11) holds if and only if (a, b, t) is a common zero of
the polynomials

Bj(a, b,t) = Rj(a, b,tl) — Cj(tg), 1 < j < L. (318)
Remark that Bj(a,b,t) is of total degree j.

Definition 3.4. We say that a common zero (a,b,t) € C™+m21H7 of the polynomials B;’s
in (3.18) is admissible if any two elements of (a, b, 1, ..., tph+m) do not equal and none of them
equals to 0, 1.

Then the above argument shows that once (2.6) comes from a co-axial solution u(z) of (1.1),
then there exist 7y C J; ;Cé 7 and €, € {£1} for p € Ji such that mi, mg defined by (3.14)
and (3.15) are non-negative integers, (3.10) holds and the corresponding polynomials B;’s
in (3.18) has an admissible zero (a, b, t). The following result shows that the converse statement
also holds.

Lemma 3.5. Suppose there exist Iy C Jp ;Cé T and €, € {£1} for p € Ji such that mi, ma
defined by (3.14) and (3.15) are non-negative integers, i.e., (3.10) holds and the corresponding
polynomials Bj’s in (3.18) are well defined. If B;’s have an admissible zero (a,b,t), then (1.1)
has a co-azial solution u(x) with its developing map given by (3.6).

Proof. Under the above assumptions, we consider the function h(z) given by (3.6). Then h'(z)
is given by (3.8) with G(z) given by (3.9). Since (a, b, t) is an admissible zero of polynomials B;’s,
we see that G(x) satisfies (3.11). Inserting (3.11) into (3.8), we obtain

HpGjl (z — p)»frt HpGI\Jl (x —p)*r

B (z) = =0
H;n:Q1 (95 - bj)2

(3.19)
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Furthermore, (3.14) and (3.15) imply (3.7), so
h(z) =z~ 0 (1+ O(x_l)) as r — 0. (3.20)

It follows that

W(z) = bz %1 (14+0(z7"))  asz— co. (3.21)
Define Q(z) via this h(z) by (3.12), i.e., Q(z) = —3{h(x),z}. Then by (3.19)-(3.21), a direct
computation shows that
_ 5ol b on T={0,1,t1,...,t 3.22
Q($)_4($—p)2+l‘—p+ () near p € _{a 715"'7m+n}) ( )
92
Qz) = e —|— O(x7%) near r = 0o, (3.23)
dp.

Qz) = by O(1) near r = bj, (3.24)

T — bj

for some d;, € C, and Q(z) is holomorphic at elsewhere. We need to prove dp, = 0.

Consider the corresponding ODE (2.6) with this Q(z). Again by Q(z) = —1{h(z),2},
a classical result says that there is a basis (yi(x), y2(z)) of solutions of (2.6) such that h(z) =
y1(x)/y2(x). From here and the expression (3.6) of h(x), we conclude that any solution of (2.6)
has no logarithmic singularities at any singularities. On the other hand, by (3.24) we know that
the local exponents of (2.6) at b; are 0, 1, so there is a local solution of the following form

g(x):1+cl(x—bj)+02(m—bj)2—|—--- near bj.

Inserting this and (3.24) into §"(z) = Q(z)y(z) we immediately obtain dp, = 0, i.e., Q(x) is
holomorphic at any b;. Thus it follows from (3.22) and (3.23) that the Riemann scheme of (2.6)
is (2.8), and (2.6) is apparent at ¢; for any n +1 < j <n+m.
Let ( ( (x)) be the basis of local solutions of (2.6) given by (3.1). Then (y1(x), y2(z)) =

) Y- (
(y+ (z)) (%Z) for some ad — bc # 0, so h(x) = % Since under the basis
)

x
(y ( ) _()), we have Mo, = (efﬂa"o 9 ), so we see from (3.20) that

0 eTicoo

o~ 2miace ayy (v) + cy_(x) _ e_%‘@‘”h( ) = ae~2Mey (1) + cy_ (:):)
by+(x) + dy—(x) be~2mieccy  (z) + dy— ()

From here and e 2™ £ 1 we easily obtain b = ¢ = 0 and so h(x) = ay,(x)/dy_(x) =
y+(z)/y—(z), where a/d = 1 follows from (3.20) and (3.1). Then by Lemma 3.1, we conclude
that (1.1) has a co-axial solution u(z) with h(z) being its developing map. [

Therefore, the problem turns to study the admissible zeros of the polynomials B;’s. The
number of the polynomials is L = my + mg + |J1| — 1 with |71| < |Z| -1 =n+m + 1, and
the number of variables is m; + mg + n +m > L. Thus there are two different cases: (i)
my +ma+n-+m =L and (ii) m; +m2 +n+m > L. For the case (i), we may expect that the
number of common zeros of the polynomials B;’s is finite, but we can not expect the validity of
this assertion for the case (ii).

Therefore, let us study the case mj + mg +n +m = L first. In this case, |71| =|Z| — 1 =
n+m+1,s0Z\ J; consists of a single point belonging to {t,+; | 1 < j < m}. Without loss of
generality, we may assume

Ji = {07 17t17 s ’tn—i—m—l}a I\ J1 = {tn+m}- (325)
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Then ¢t = (t1,...,thtm—1), (3.17) becomes

L
L\ .
I (o 2% = (o o = 4 310 ()

PEI\TL j=1
with
L=mi+me+n+m=ay,, (3.26)

and so the polynomials B;’s become

L
Bj(a,b,t) := Rj(a,b,t;) — > (~1 ( > ems  1<ji<L. (3.27)
7j=1
Define
there is a, b such that (a, b, t) is
— — n+m ) s Uy
A=A = {t €C ‘ an admissible zero of the polynomials B;’s in (3.27) } '

Then Lemma 3.5 shows A C A, where A is defined by (1.6). The first main result is as follows.

Theorem 3.6. Suppose that for Ji given by (3.25), there exist €, € {£1} for p € J1 such
that my, mo defined by (3.14) and (3.15) are non-negative integers, i.e., (3.26) holds and the

corresponding polynomials B;’s in (3.27) are well defined. Suppose that A # @. Then A is

[% —1)!
a finite set with #A < M

mi!lms!

Furthermore, for each t = (t1,...,tnym) € A, all t;’s are algebraic over Qp, and the field

@H(A) = QG({tj | (tla cee atn+m) € A})

18 a Galois extension of Qg and

[Qo(A) : Qp) < M < o0,

where M is a constant depending on the integer angles 0y, ’s.

Proof. Given any to = (to,1,...,t0n+m) € A. Then the polynomials B;’s in (3.27) have an
admissible zero (a, b, t) such that t = t;. We claim that

The polynomial system Bj(a,b,t) =0 with 1 < j <L

has at most L! = (04, — 1)! solutions. (3.28)

Ot =1 due

Once this claim is proved, we can conclude that A is a finite set with #A4 < prop g
to the fact that B; is invariant under any permutation of ai,...,a,,, and any permutation of
bi,...,bm, for all j.

To prove the claim (3.28), we consider the homogenization of this polynomial system
Bj(a,b,t,¢) ==&’ B;j(a/e,bje,t/c) =0,  j=1,... L. (3.29)

We show that the solution of (3.29) with € = 0 must be 0, i.e., (a,b,t) =
First of all, since 0,1 € 71, we see from (3.9) and (3.27) that
Br(a,b,t) H H

(—1)FeE

n+m>»

H::]S
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and so

n+m—1 mi m2

- €of
Br(a,b,t,c) = %5 H t; H a; H bj — (—1)Ltﬁ+m-
=1 j=1 j=1

Thus EL(a, b,t,0) = 0 implies t, 4, = 0.
To prove that (a,b,t1,...,typ+m—1) = 0, we define

_ n+m—1 Hm1 (1_ _ a.)
B(x) = gttt £ 1) 0 =V T )
]1:[1 ( J) H;nﬁl (5'3 - bj) ,

i.e., replace the non-homogenous factor z — 1 of h(x) in (3.6) with x. Then

n+m—1 ~
%/(QZ> — peoboterth—2 H (.’IZ . tj)etjﬂtj—l%7
g=t [T (= = b))

where the expression of G(z) is obtained from that of G(z) in (3.9) by replacing the term z — 1

with z. In other words,

L
é(a:) = —0 (acL + Zfij(a, b,tl)J:L_j),

J=1

where ]:éj(a, b, t1) is the homogeneous part of degree j of R;(a,b,t), and so

By (@b b1t 0) = By(atit) — (<17 ()

Thus Ej(a, b,t1,0,0) =0 for any j yields Ej(a, b,t1) =0 for any 7 and so

G(x) = =0zl = —fozmitmatnim,

Suppose the number of those a;’s being 0 is 71, the number of those b;’s being 0 is no and denote

L={je{l,...,n+m—1}|t; =0}
Then
(z) = g0t en o0y tmne (o o2y
and so

E'(x) — peofoterbitd;ep, e 0t +”1_"2_1(cl + o(x))

for some ¢, ¢’ # 0. Therefore,

€0bo + €161 + Z €t,0t, +n1 —ng —1
JEl2

=¢€pby + €161 — 2+ Z(thetj — 1)+ mq +mgo+n+m—2ny,

JEI2

namely ny +ng + #I> = m1 +mo +n+m — 1. Since nj < m; and #Iz < n+m — 1, we obtain

ny = my, ng =mg and #lo =n+m —1, i.e., (a,b,t;) = 0.
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Therefore, the homogenized system (3.29) has no solutions at infinity. Then by the Bezout
theorem, the polynomial system Bj(a,b,t) = 0 with 1 < j < L has exactly L! solutions by
counting multiplicity. This proves the claim (3.28). Furthermore, it follows from Lemma 3.7
below that for any solution (a,b,t), every element of (a,b,t) is algebraic over Qy, i.e., every
element belongs to Qg, where Qg denotes the algebraic closure of Qg.

Let (a,b,t) be an admissible zero of the polynomials B;’s. Let o: Qg — Qg be any automor-
phism of Qp such that o(z) = z for any x € Qp. Then it follows from B;(a,b,t) € Qpla, b, t]
that

(o(a1),...,0(am,),0(b1),...,0(bmy),0(t1), ..., 0(tntm))

is also an admissible zero of the polynomials Bj’s, namely (o(t1),...,0(tnt+m)) € A as long
as (t1,...,tntm) € A. This proves that Qpy(A) is a Galois extension of Qp, and [Qg(A) : Qy]
is bounded by a constant depending on the integer angles 6;;’s, because the degree of the
minimal polynomial of each ¢; is bounded by (6;,_,, — 1)! and #A < (04,,,, — 1)!. The proof is
complete. |

Lemma 3.7. Given complex numbers yi,...,yr, let K be the algebraic closure of the field
Qy1,-..,yk). Let Hj(x1,...,x¢) € K[z1,...,2¢] for j =1,...,L. Suppose that the polynomial
system

Hj(xl,...,xg):(), 1§]§€, (330)

has only finitely many solutions. Then the coordinates of any solution (t1,...,ts) of (3.30) are
algebraic over Q(yi,...,ye).

Proof. Let I be the ideal of K[z1,..., x| generated by the polynomials H;. For i =1,...,¢,
consider the elimination ideal I; = I N K[z;]. Under the assumption that (3.30) has finitely
many solutions, I; is generated by some polynomial f;(z;) € KJ[z;] whose roots are precisely
those t; such that (¢1,...,t,) is a solution of (3.30) for some (t1,...,ti—1,tit1,...,ts), by the
closure theorem in the elimination theory (see [7, Theorem 3, Section 3.3]). Since all roots of f;
are in K, this shows that the coordinates of any solution (¢1,...,t;) of (3.30) are algebraic over

Qs -- -, ye)- u

3.2 Thecasem =1

This section is devoted to the proof of Theorem 1.5.

Proof of Theorem 1.5. Let m = 1 and (1.3)-(1.5) with 6;; = 6} hold, i.e., the set A in (1.6) is
non-empty. Given any ty = (to,1,...,ton+1) € A. Then there exist Zy C Ji ; 7 and €, € {£1}
for p € J; such that my, my defined by (3.14) and (3.15) are non-negative integers, (3.26) holds
and the corresponding polynomials Bj’s in (3.18) has an admissible zero (a,b,t) with t = .
Since m = 1 implies 71 U {tp+m } = Z, we always have

jlzII:{O,l,tl,...,tn} and I\Ilz{tn+1},

ie., it satisfies (3.25) and so the polynomials B;’s become (3.27). Then by Theorem 3.6, we
have ty € -A(ep) and #A(€p) < (O, —1! (0, —1)!

—  mq!ms!  milms!
Remark that in general, the set

ep € {£1}, m1, mg defined by (3.14) and (3.15) are
A=< (ep)pery

non-negative integers and so (3.26) holds
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might contain multiple elements. Of course #A < 2772, Since the above argument implies

A= J A,

(ep)EA

we conclude that A is a finite set with #A < 2""2(9/ ., — 1)! and Qp(A) is a finite Galois
extension of Qg with [Qy(A) : Qy] < M’, where M’ is a constant depending on n and the integer
angle 6], ;. The proof is complete. [

3.3 The general case m > 2

Since n +2 < |J1| < n+m+ 1, we have m; +mg+n+m > L = m; +mg + |J1]| — 1, and
in particular, the case m; +mo +n +m > L appears generally, so we can not expect that the
corresponding polynomial system

Bj(a,b,t) = Rj(a, b, tl) - Cj(tg) = O, 1 < j < L (331)

has only finitely many solutions. This is the difference from the m = 1 case. Our key observation
is following.

Lemma 3.8. The solution set W of the polynomial system (3.31) in C™1+tm2T+™ s qn affine
algebraic set of dimension n+m+1— |Ji| <m — 1.
Consequently, the dimension of the set of admissible zeros of the polynomials B;’s is < m—1.

Proof. Note that

W = {(a,b,ty,t5) € C"™ ™2™ | Bi(a, b, t1,t) =0, Vj},
and

W=W\ {(a,b,t1,tz) € C™ M2t | 45— 0 for some ¢; in ¢y}
is an open subset of W. Fix any (n +m + 2 — |71])-tupe

tao = (tj0) € {ta € {1} x C"P™H=ITl ¢ £ 0 for any ¢; in ¢},
(i.e., the first component of t3 is 1.) we claim that

there are L! points (by counting multiplicities) in W satisfying ta = tta

.32
for some t € C. (3.32)
Once this claim is proved, then the dimension of Wisn+m+1—|Ji1| < m — 1.
To prove this claim, we insert ¢y = tta into (3.17), we obtain
L . .
H (l’ — tjjot)atj =zl + Z Cj (t270)t]l'L_].
t; €I\ 7j=1
Then the polynomial system (3.31) becomes
Ej(a, b, tl, t) = Rj(a, b, tl) — Cj(tlo)tj == O, j == 1, PN ,L. (333)

The advantage of this new polynomial system (3.33) is that the numbers of unknowns and
equations are the same. Note that Cp (ta0) = (—1)F Ht%j # 0. Then the same proof as (3.29)
shows that the homogenized system of (3.33) has no solutions at infinity, so it follows from
the Bezout theorem that the polynomial system (3.33) has exactly L! solutions by counting
multiplicity. This proves the claim (3.32). [
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Proof of Theorem 1.10. Due to the finite choices of J; and (€p)pe s, the assertion that the
dimension of A is < m — 1 follows from Lemma 3.8.
Now we further assume (1.9). Then

Q9 = Q(00)91700079/17 cee 76;) ; @

Given any tg = (fl, . ,fn+m) € A, i.e., (1.1) has a co-axial solution for some ty = (fl, e ,tn+m)
satisfying fj # 0,1 for any j and t~j +£ 1), for any j # k. Without loss of generality, we may
assume the corresponding

j].:{o?]-at].y"')tn-i-i}v |\.71|:n+1+27

I\ j]_ - {tn+i+la ... atn+m}7

for some 0 <7 <m — 1. Denote

tio= (L:l, RN t~n+i), tao = (1 tntit2  tnim )

P tpgir1’ T tagiga

Then there is (ag, bo) such that (a,b,t),t) = (ao, bo,tl,g,fnﬁﬂ) e CmtmetlNil=1 ig 5 golution
of (3.33). Since Qy C Q implies

Ej(a,b,tg,t) S @[@H—HZ fm_m } [a,b,tg,t],

totiv1’ 7 tpgita

it follows from Lemma 3.7 that (tl,g, fn+i+1) is algebraic over @[if‘fﬁ ey gt"+fr1

transcendence degree of @(fl, .. ,fn+m) over Q is < m — 1. The proof is complete. [ |

] , namely, the

4 Eremenko’s theorem

Eremenko’s Theorem 1.3 is a deep result, and in this section, we would like to make some
discussions about it and prove Theorem 1.4. By using the notions in Section 3, we suppose that
there exist Z; C J1 G T and ¢, € {£1} for p € J := J1 U {oc} such that

K=" ey € Lz, (4.1)
peJ
K= Z 0, — EF—m+m+1)e 2Z>0. (4.2)
pEI\T1
Set
c:= (90,91,(900,9,51,...,Qp,l,...,l).
p runs over J k' +E"

Suppose that

FEither c is incommensurable or there is n # 0 such that ¢ = nb =n(by,...,by)
with b; € N, ged(by,...,by) =1 and
a (4.3)

2 max (9j S bj.

JEI\T1 —

7j=1

Then the proof of Theorem 1.3 in [9] actually yields the following result, a more precise form of
Theorem 1.3.
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Theorem 4.1 ([9]). Equation (1.1) admits a co-azial solution for some singular set {t1,...,
tntm} with the developing map

) = [ (o - pyote (=)

peT H;RZQI (I’ - b])
if and only if (4.1)-(4.3) hold.

It is not difficult to see that the conditions (1.3)—(1.5) in Theorem 1.3 imply (4.1)—(4.3) in
Theorem 4.1. Theorem 4.1 shows that under the conditions (4.1)-(4.3), the polynomials B;’s
in (3.18) always have an admissible zero. This is really a remarkable result.

Example 4.2. Consider the case {0, 01,0x,0:} = {%, %, %,Gt} with 0; € N>o. If 6, is small,
then it is easy to calculate those t’s such that (1.1) has co-axial solutions. For example, if 6; = 2,
then ¢t = %; if 6, = 3, then t = % When 6; > 4, the polynomial system B; = 0 becomes very
complicated. In Section 5, we will give more examples.

Example 4.3. Consider the case {0y, 01,000,0:,,01,} = {%,%,%,%,GQ} with 0, € N>o. If
0:, = 3, then ty = 1203,

Now we turn back to the condition (1.5) in Theorem 1.3 if the vector ¢ is commensurable.
Under the conditions (1.3)—(1.4), it is not difficult to see that (1.5) holds automatically provided

k'+k" > 1 and 6;; > 1 for all j. A more interesting thing is the assertion of Theorem 1.4, which
says that (1.5) holds provided that Mondello-Panov’s condition (1.2) holds.

Proof of Theorem 1.4. Here we prove a more general result than Theorem 1.4. To simplify

the notations, we reformulate this problem. Given n > 1 positive non-integer numbers 61, ..., 0,
and m — n > 0 positive integer numbers 6,41, ...,6,, € N>2. Suppose
di(Z),60-1) =1, (4.4)

and there are €; € {£1} for 1 < j < n such that

n

k= ZEjHj S ZZO’ (4'5>
j=1
m
K= )" 0j—m—K +2€ 2L (4.6)
j=n+1
Let
C = (91,...,97“1,...,1),
~——
k/+k//
and suppose ¢ is commensurable, i.e., there is € Ry such that ¢ = nb = n(by,...,b,) with

bj € N and ged(by,...,by) = 1. We want to prove that

n

q
_ -1
2 max 0 < ; bj = ; b+ (K +k")n~ . (4.7)

Then Theorem 1.4 is equivalent to (4.7) with the case n > 3.
Clearly, (4.4) implies n > 2 and (4.5) and (4.6) imply m —n > 1. By renaming 6;’s if
necessary, we may always assume

0<b0) <l <---< 0y, 2<O0p41 <Opia < <O
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By (4.6), we have

m
K4k = > 0j-m+2>0,+2(m—n—1)—m+2,
j=n+1

ie.,

max 0; =0, <k +k' —m+2n <k +k'+n-1,
n+1<5<m

so to prove (4.7), it suffices to prove

o —2<> b+ (n ' -2) (K +E"). (4.8)
j=1
On the other hand, since ¢ = nb = n(b1,...,b,) with b; € N, we have n # 1, which implies
n~te N>g if &' + k” > 1. Thus we always have

(77_1 — 2) (k:' + k:”) >0 and ij > n.

This implies that (4.8) holds if n = 2. Thus it remains to consider the case n > 3. We consider
two cases separately.

Case 1. k' + k" > 1. This is a simple case. Then N := n~! € N> and for 1 < j < n,
0; = b;j/N ¢ Z. Consequently, dist(6;,Z) := mingez |0; — k| > 1/N for all 1 < j < n, so

=dy(Z,0 —1) =) _dist(6;,Z) > n/N,

j=1
i.e., N > n. Thus
n
S b+ (-2 (K +E") Zb + ( YK +K") >n+n-2.
j=1

This proves (4.8).
Case 2. k' + k" = 0. This case is not trivial. Note that (4.8) is equivalent to

n n
271—2§ ij :n_lzej. (49)
j=1 j=1
Note that 1 < by < by <---<b,. If b3 > 2 then we have
n
D bi>1+41+2n—2)=2n-2,

=1

e., (4.9) holds. So we only need to consider the remaining case that by = by = b3 = 1, i.e.,
n =601 =0y = 03. Let £ > 3 such that

bp=---=b =1, bey1 > 2. (4.10)
Now we claim that b, > ¢. Once this claim is proved, then
n
b= l42n—C—1)+0=2n-2,
j=1

i.e., (4.9) holds and the proof is complete.



22 Z. Chen, C.-S. Lin and Y. Yang

Assume by contradiction that b, < ¢ — 1. Since k' = k" = 0, we have

i Gj:m—Q,

j=n+1

and there is J; C {1,...,n} such that =2 jes, bj, where Jo = {1,...,n}\ Ji. This

JEJ
implies . ; bj = deh bj, so
n
ij is even. (4.11)
=1

On the other hand, by (4.4) there is (k1,...,km) € Z™ such that 377", k; is odd and

m

Z]ejflfkj} =1.

j=1
Since 0; € Z for j > n+1, we have kj = 0;—1for j > n+landso 37" k=370 1(0;—1) =
m —2— (m —n)=n—2. Denote k; = k; 4 1, then we obtain

Z|0j—l;7j‘:1 and Z/;j:ij+2isodd.
j=1 j=1 j=1

Note that 6; = bjn = b;j0;. Let 61 = a +r with a € Z and r € (0,1).
Case 2.1. 0 <7 < 1/2. Then

n L
L= 10 = ki > > |00 — ky| > ¢,
= i=1

sor <1/¢ <1/3. Consequently, for any 1 < j < n, bj < by, < ¢—1 implies §; = b;j0; = bja+b;r
with bjr € (0,1). From here and 1 = Z;?:l\aj — kj|, we claim that

0, —kj| =bjr  andso  k;=bja, Vi (4.12)

Indeed, we have |6, — kj ;| € {bjr,1—bjr} for all j. Recalling (4.10), if there is 1 < jo < ¢ such
that ‘9]0 - krjo‘ =1—r, then

122\91—/2j\2(£—1)r+1—r>1,
j=1

a contradiction. Thus }9]- - l;:]‘ = b;r = r for all j < /{. Consequently, if “93'0 - 'I%jo = 1—1bj,r for
some £ + 1 < jo < n, then it follows from b;, < ¢ — 1 that
n ~
1:Z‘Qj*kj| Z€T+1*bjo7"> 1,
j=1

a contradiction. This proves the claim (4.12) and so a7, bj = >, ki is odd, a contradiction
with (4.11).

Case 2.2. 1/2<r < 1. Then 0 =a+1—(1—r) and

n 14
L= 105 = ks| = 3 _[00 = k| = 01 =),
j=1

=1
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so1l—r <1/¢ <1/3. Consequently, for any 1 < j < n, b; < b, <{— 1 implies ; = b;0; =
bj(a+1) —bj(1 —r) with b;(1 —r) € (0,1). Then as in Case 2-1, we can prove that

0; —kj| =b;(1—7) andso  kj=bja+1), Vj
which implies so (a +1) 330, bj =377, k; is odd, again a contradiction with (4.11).
The proof is complete. |

As mentioned in the introduction, the converse statement of Theorem 1.4 can not hold in
general, i.e., (1.3)-(1.5) can not imply Mondello-Panov’s condition (1.2). For example, let
{00,01,050,0:,,0:,} = {%,%,%,%,@2} with 0y, € 2N + 1. Then it does not satisfy (1.2) but
satisfy (1.3)—(1.5), so co-axial solutions exist for some singular set {¢;,¢2}. But this is not the
case for n = 0 (i.e., exactly three non-integer angles).

5 Proof of Theorem 1.6

The goal of this section is to prove Theorem 1.6. Write ¢; and 6, simply by ¢ and 6. The
function Q(x) in the differential equation (2.6) associated to the curvature equation (1.1) in the
case under consideration is

~ Bo | do b1 d; By dy

2,2 5.1
Q) x2+x+(x—1)2+x—1+(m—t)2+x—t’ (5.1)
where 8, = ap(o, +2)/4 = (02 — 1) /4 and d’s satisfy (2.3), i.e.,
do+di+di =0,  Po+ P+ B+ di+td = Poo. (5.2)
Before we proceed further, we note that the set {a,/2+1, —c,,/2} is invariant under the substi-
tution ay — —2 — oy, = —0, — 1. For simplicity of discussion later on, we assume that ag and o
satisfy
oy = 6090 — 1, ] = 6191 - 1, (53)

where €, €1 are given in the assumption of Theorem 1.6. Thus, cg+a1+ae = €9bg+€101+000—3
is an integer.

In view of (5.2), we regard dy and d; as functions of d := d; and let Q4.(z) denote the
rational function Q(t) in (5.1). By Theorem 2.1, there exists a polynomial P(d,t) € Qy[d, t] of
degree 0 in d such that the differential equation

y"(2) = Qar(2)y(z) (5:4)

is apparent at ¢ if and only if P(d,t) = 0, where Qp = Q(6p,01,0~). The degree of P(d,t)
in d is 6, but its total degree is in general strictly larger than 6 (see (2.9)). In our proof of
Theorem 1.6, we shall introduce another pair (A, ¢) of unknowns in place of (d,t).

Let
[e7i1051 [e7s1077

2+2

Qa1 | ooy
2 2

Ai=tdy+t =t(t—1D)di +t(Bo+ b1+ Bt — Poo) + 1 (5.5)
where the second equality follows from (5.2). Indeed, the parameter A is used as the accessary
parameter of a certain Heun equation considered in [11], where for the simplicity of computation,
the apparent singularity was put at x = 0 instead of x = ¢ in this paper, and the condition for ap-
parentness at x = 0 was shown to be equivalent to the vanishing of the characteristic polynomial

of a finite Jacobi matrix (see [11, Proposition 2.4 and equation (2.8)]). For the convenience of
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the reader, we recall the equivalence, stated in our setting, as follows (see also [6, Lemma B.8]):
(5.4) is apparent at ¢ if and only if A is an eigenvalue of the 6 x 6 matrix

B A
D2 BQ A2
Ds B A
M = M(t) = P (5.6)

Dg_1 Bp—1 Ap—1
Dy By

(undisplayed entries are all 0), where

Aj = A;(t) =1t =1)j(j - 0),
By = By(t) == (26— 1)(j — 1)(G —2) — (7 — DI(t — Do + o + (24 — T)ag] + ta'a,
Dy = Ds(t) = (j—2)(j = 3) — (j — D0 + a1 + o) +a'a,

with

/ a0+a1+at+aoo Zi Ao — O — (] — O
a = — — 1, o=

2 ’ 2

That is, (5.4) is apparent at ¢ if and only if A is an eigenvalue of M(t), i.e., a zero of the
polynomial

P(A\t) :=det(Ag — M(t)).
The polynomial P(\,t) has the following properties.
Lemma 5.1.

(i) The total degree and the degree in A of P(\,t) are both 6.
(ii) The roots of P(X,0) are (j —1)(ap+ax —7+2),j=1,...,6.
(iii) Let Poo(N) := limy_yoo P(Mt,t)/t?. Then the roots of Ps()\) are

=G =D+ a—j+2) = Boo— B+ Bo+ B

dod XMoo j=1,....6. (5.7)

2 2

Proof. Statement (i) follows easily from the observations that deg, A;(t) = 2, deg, B;(t) = 1,
and Dj(t) are constant polynomials.

The second property follows immediately from the fact that A;(0) = 0 and hence the roots
of P(X,0) are simply B;(0). The third property is proved in [6, Theorem B.3]. Since the
conclusions are stated in different ways, here we provide a sketch of proof.

Let u = 1/x. We check directly that y(x) is a solution of (5.4) if and only if y(u) := uy(1/u)
satisfies

d? ~
() = Qu)iw) 6

where Q(u) = w~*Q(1/u). Clearly, this is a Fuchsian differential equation with Riemann scheme

0 1 1/t 00
—00/2  —a1/2 —o/2  —(ap/2+1)
Ooo/2+1 a1/24+1 o/2+1 ap/2
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Thus,

~ o B do B dy Bi dyjy
Qu =t Yot u i Y o T

for some complex numbers c%, glvl, and Jl /¢ satistying

dijy

C?()—I—C?l—l—gl/t:o, C?1+T+ﬁoo+ﬂl+ﬁt:50-

In fact, computing the partial fraction decomposition of @(u), we find that
do = 261 + 26, + di + t2d;, dy = 261 — d, Jl/t = —2tB — t°d;.
We now apply parts (i) and (ii) to (5.8). Let

~ dy o] ooy
t 2t 2

By parts (~1) and (ii), there is a polynoinijﬂ ﬁ(X, 1/t) such that (5.8) is apparent at 1/¢ if and
only if P()\, 1/t) = 0 and the roots of P()\, 0) are
(= Do +ar —j+2), j=1,...,0.
On the other hand, we see from (5.2) and (5.5) that
dy = t(t = 1)dy + 2t6; + Boo + B1 — fo — By
= At t(Boo + Bi — fo — fr) — toL A0

2 2

+/800+61_60_6ta

so A and A are related by

A o] ooy

A= oot B fo = B~ — :

b 2B+ B — o — )+ o (@100 — 001,

Letting t — oo, we conclude that the roots of Px () are given by (5.7). [

Corollary 5.2. Let A\ and 5\j be given by (5.5) and (5.7), respectively. Let yi(xz;\,t) and
y—(x; N\, t) be solutions of (5.4) of the form

Y+ (ZL‘; A, t) = xa0/2+1 Z C+J()‘7 t)l‘j, C+,O(>‘a t) =1,
j=0

y_(m; M\, 1) = = 0/? Zc,’j(A,t):Uj, c_o(At) =1
=0

Then as t — oo with \/t — 5\]-, y+(z; N\, t) converge to solutions of the Fuchsian differential

equation with Riemann scheme

0 1 o0
Cao/2 —an/2 —(Gw)2+1) |, (5.9)
Oéo/2+1 041/2—{—1 @00/2

where Qoo = Qoo + ¢ — 27 + 2.
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Proof. Let do, 0?1, d; be the limits of dp, di, and d; as t — oo and A/t — 5\j. From (5.5), we
know that
671070

2

do=(j — 1)(@eo + s — 5 +2) = Boo — Bt + o + b1 —

and (t — 1)d; converge to finite numbers as t — oo and A/t — ;\j. The latter implies that d; = 0.
Thus, we have

~

A . Bo | do b1 dy
. = l = — —_ .
Qj() taoo,l)l\l/ltﬁﬂj Qa() z? " T - (z— 1) " r—1

From the relation dy + d; + d¢y = 0, we see that dy = —a?o and

Qg

di4Bo+B81=—0 — 1o+t — 4 2) + Boo + Bi + 5

1
It follows that

y'(2) = Qj(x)y()

is a Fuchsian differential equation with Riemann scheme given by (5.9). The convergence
of Qq+(x) to Q;(x) is clearly uniform on any compact subset of C \ {0,1}. Therefore, y4(z; A, t)
converge to solutions of 4 (x) = Q;(x)y(x). This completes the proof. [ |

Now for p € {0, 1,00,t}, let M,(\,t) be the monodromy matrices of (5.4) around = = p with
respect to the basis (yy (z; A\, t),y_(x; A\, t))!. Recalling that the Riemann scheme of (5.4) is

0 1 t 00
—0p/2 —a1/2  —o/2  —(ax/2+1) |,
ap/2+1 a1/24+1 o/2+1 Qoo /2

we know that
emiao 0 _
MO()\at) = < 0 e_ﬂ-ia0> 5 Mt()\,t) = (—1)0 1]2.
Also, the monodromy matrices satisfy MM MMy, = Is.

Lemma 5.3. We have

g = (G 2

for some complex numbers b(A\,t) and c(\,t) satisfying b(A, t)c(A,t) = 0.

Proof. Write M;(X,t) = (24). Note that the eigenvalues of M; are e™* and ™! and those
of My, are e™%° and e ™%, Together with the relation MoMiM; My, = Io, these informations
yield

__ ,miog —miay
a+d=ce +e ,

aewiao + de—wiao — (71)0—1 (ewiaoo + e—ﬁiaoo)‘
Eliminating d, we get

(erriao o e*ﬂ‘iao)a — (_1)971 (eﬂiaoo + efrriaoo) - (ewi(a17a0)+eﬂi(falfa0))'
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Now we have ag + a1 4+ ase = €y + €101 + 0o — 3 = k — 3. Thus, the condition 8 = k mod 2
implies that

eﬂi(foqfao) _ e7ri(37k+aoo) _ (_1)971e7riaoo
and hence (—1)?~le~ma~ — e7ilaote1)  From these, we see that a = ™. It follows that
d = e ™ and be = 0. This proves the lemma. |

Let P(A\,t) = Pi(At) - -+ Py(A, t) be the factorization of P(A,t) into a product of irreducible
polynomials over C. It is easy to see that for each j, we have either b(\,t) =0 or ¢(A,t) =0 on
Aj = {(\t) € C%: Pj(\,t) = 0}. Thus, if we set

pNt = [ POy, POH= ][ B,

b(A,t)=0 on A; c(A\t)=0 on A;

then the cardinality of the set A is equal to the number of intersections of the two curves
Py(A\,t) = 0 and P.(A,t) = 0 in the affine plane C2, with the multiplicity of a point in A defined
to be that of the corresponding intersection point of P, and P.. Furthermore, by part (iii) of
Lemma 5.1, the two curves Py(\,t) = 0 and P.()\,t) = 0 do not intersect at infinity. There-
fore, by Bezout’s theorem, the number of intersections of the two curves in the affine plane is
(deg P)(deg P.). Hence, to prove Theorem 1.6, we only need to determine the degrees of P,
and P..

Proposition 5.4. Let k := 0 + €y + €101 be given as in the statement of Theorem 1.6.
If 0 < |k|, then

deg P, =0 and degP. =0, ifk >0,
deg P, =0 and deg P. =0, ifk <O.

If 0 > |k|, then deg P, = (6 — k)/2 and deg P. = (6 + k) /2.

To prove Proposition 5.4, we recall that, by Lemma 5.1 (i), the total degree and the degree
in A of P(\t) are equal. It is easy to see that every factor of P(\,t) has the same prop-
erty. It follows that the degree of P,(A,t) is equal to the degree of the polynomial P o () :=
limy_so0 Py(At, 1) /19 P which in turn is equal to the number of A; that are roots of Py (N),
where j\j are given by (5.7). In other words, to determine the degree of Py(A,t), we shall count

how many A; such that lim (A, t) # 0 there are.

t—00,\/t—X; ¢
Lemma 5.5. Let \; be given by (5.7) and

b= lim  b(rt), ¢ = lim  ¢(r,t).

t—00,\ /1= t—00,\ /1=

b=0, ¢#£0, ifj> (k+86)/2,
b#0, ¢=0, ifj<(k+0)/2.

Proof. By Corollary 5.2, yi(x;\,t) converge to solutions g4 (x) of the Fuchsian differential
equation with Riemann scheme (5.9), where 34 (x) are local solutions near 0 of the form ¢, (z) =
220/2H1(1 + O(x)) and §_(x) = x~*/2(1 4+ O(z)). Then wo+(z) := x°/%(x — 1)*1/2j, (z) are
solutions of the hypergeometric differential equation with Riemann scheme

0 1 %)
0 0 a |,

l—-y y—a-=p 8
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where

ap + a1 + G
2

@Oo—ag—al

o). petan

v = —Qo, CY:—<

Let w1 +(z) be the local solutions near z = 1 of the same hypergeometric differential equation of
the form wy 4 (z) = (z —1)7"*B(14+O(z — 1)) and w1, _(z) = 1+ O(x — 1). By [14, Chapter 2,
Theorem 4.7.1], the connection matrix P such that (wo +(z), wo—(2))" = P(wy +(z), w1 —(x))*
is

Fr2-y)l(y-—a-p) TER-yI'(y—-a-p)
Fl4+a—yT(1+8-7) I(1—a)T(1-7)
L(Y)T(y —a—pB) L(Y)T(y —a—pB)
[(a)L'(B) Ly —a)l'(y—B)

Then the monodromy matrix of the hypergeometric differential equation around x = 1 with
respect to the basis (wo 1 (), wo—(x))" i

is
e2mitv—a=pF) o\ |
P ( 0 ] P

Now according to our choice of o and «; in (5.3), we have

P:

a:_<040+0é1—|—54oo+1>:_(6090—1)+(6191—1)+(900—1+9—1—2j+2)_1
2 2

_ . k+o

= 5

which is an integer by the assumption § = k£ mod 2. Thus, P is upper-triangular when j <
(k +60)/2 and is lower-triangular when j > (k + 0)/2. This implies that b # 0 and ¢ = 0 if
j<(k+6)/2,andb=0and ¢ £0if j > (k+6)/2. [ |

Proof of Proposition 5.4 and Theorem 1.6. Since j = 1,2,...,60, Proposition 5.4 follows
from Lemma 5.5. Consequently, Theorem 1.6 holds. |

Remark 5.6. The entry D; in (5.6) can be expressed as

1
Dj= (2~ k—=0-2)(2j — k-0 +20 - 2).
Thus, one has D; = 0 when j = (k +6)/2 + 1. It follows that when |k| < 6, the matrix M
in (5.6) is of the form

. Ml *
M= ( 0 Mg) ’
where My = M;i(t) and My = Ms(t) are square matrices of size (0 + k)/2 and (0 — k)/2,
respectively. Hence P(A,t) := det(A — M) = det(A — M;)det(AI — My). One would expect

that P.(\,t) = det(A — M) and Py(A,t) = det(A] — My). Indeed, one can prove that this is
the case by considering the roots of Py(\,0) and P.(A,0). We will not give the details here.

For small @, it is possible to completely write down the set A. We give some examples below.
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Example 5.7. Assume that § = 2. Then Theorem 1.6 implies that the set A is non-empty only
when k = 0. In this case, we compute that

P()\, t) = )\()\ — Goot — 60(90).

The intersection of the two lines A = 0 and A — Ot — gy = 0 is (A, &) = (0, —€pby/b).
Therefore, the set A consists of a single point —epfy /0.

Note that in [6, Example 5.5], we have shown that for the case 6y = 1/3, §; = 1/6, and
0o = 1/2 with g = €; = —1, the set A is {2/3}. This agrees with the general result above.

Example 5.8. Assume that § = 3. Then Theorem 1.6 implies that the set A is non-empty

only when |k| = 1. In this case, to simplify notations, we will write €6y and €16, simply by 6y
and #;. We compute that when k =1,

P(At) = (A + (6o + 01)t — 26p)
x (A% = ((B0 + 61 — 2)t + 0 + L)X + (6p — 1) (6o + 61)t),

and when k = —1,

P t) = A(A* + ((360 + 301 + 2)t — 300 — L)X
+2(0 + 601) (0o + 01 + 1)t* — 460(0p + 61 + 1)t + 0o(6p + 1)).

We find that the set A consists of

0000 £ /—kb010
(90 + 91)900 ’

Note that the case 6y = 1/3, 61 = 1/6, and 6, = 1/2 was considered in [6, Example 5.6], where
we found that the set A is {2(1 £1)/3}, as the result above says.

Example 5.9. Let 6 = 4. Again, we write €gfy and €161 simply by 6y and 61, respectively.
When k = 2, we find that the set A consists of the three roots of

O (0o — 1) (0o — 2)t + 300000 (0o — 1)t + 305000 (00 — 1)t + 00(6p — 1) (60 — 2).
When k = —2, they are the roots of
Boo (Ooo + 1) (oo + 2)13 + 300000 (0o + 1)12 + 305000 (60 + 1)t + 60(Ao + 1) (60 + 2).
When k = 0, they are the roots of
02, (03, — 1)t* + 400000 (02, — 1)t* + 600000 (0000 + 1)t + 405000 (05 — 1)t + 05 (05 — 1).

(The polynomials P(A,t) themselves are too complicated to be displayed here.)
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