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Abstract. We present the exact realization of the extended Snyder model. Using similarity
transformations, we construct realizations of the original Snyder and the extended Snyder
models. Finally, we present the exact new realization of the x-deformed extended Snyder
model.
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1 Introduction

The first example of NC geometry was presented in [36]. Fundamental length scale could be
identified in natural way with Planck length L, = \/Gh/c? ~ 1.62 x 10735 m [11]. The length
scale enters the theory through commutators of spacetime coordinates in [1, 2, 8, 9]. Deforma-
tions of spacetime symmetries-gravity, group-valued momenta, and noncommutative fields were
presented in [3].

Coproduct and star product in the Snyder model were calculated in [6, 12] using ideas from
development of NC geometry [20]. However, in the Snyder model, the algebra generated by
position operators is not closed and the bialgebra resulting from implementation of the coproduct
is not a Hopf algebra. In particular, the coproduct is noncoassociative and the star product is
nonassociative as well [6].

A closed Lie algebra can be obtained if one adds generators of Lorentz algebra [12] to position
generators. In this way one can define a Hopf algebra with a coassoaciative coproduct. If Lorentz
generators are added as extended coordinates, we call this algebra extended Snyder algebra, and
the theory based on this the extended Snyder model [26].

Some recent advances in the Snyder model are presented in [5, 6, 12, 31]. Construction of field
theory was addressed in [6, 10, 12] and different applications to phenomenology were considered
in [34, 35]. Extensions in curved background were given in [4, 13, 15, 16, 26, 29, 30, 33].

The Snyder model is defined as a Lie algebra generated by noncommutative coordinates
and Lorentz generators M, (M, = —M,,), satisfying the commutation relations

(&, 80] =18 My,  pv=0,1,2,3, BER, (1.1)
[Mumi')\] = —i(i',ﬂ’],/)\ - ﬁun,u)\)a
[Mp,lu Mpa] = i(n,ule/U - nuchl/p - nupM,u,U + nVUM,up)a

where n = diag(—1,1,1,1) is the Minkowski metric.
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Our goal is to construct realizations of the Snyder algebra (1.1)—(1.3) in terms of the Heisen-
berg algebra generated by coordinates x, and momenta p,, satisfying the commutation relations

[x,wxu] = [p;mpu] =0, [x/upu] = .

In Section 2, we start with the original Snyder realization with M, = z,p, — x,p, and use
similarity transformations to construct a family of realizations of Snyder model. In Section 3,
we apply this method to construct realizations of the extended Snyder model in which the
Lorentz generators are realized by M, = £, + x,p, — 2,py, where &, are additional tensorial
generators. In Section 4, we present the exact new realization of the k-deformed extended Snyder
model. Finally, in Section 5, we give the discussion and conclusion.

2 Realizations of the Snyder model

The original Snyder realization in terms of x,, and p, is given by

=+ B2 (@ p)pps (2.1)
M,uz/ = ZuPv — TvPu,

where 2 - p = z4pa.! Further realizations of the Snyder model can be obtained by similarity
transformations by the operator S = €'©, where

G=F(u)+ (z-p)F(u), u=p"  BeR,
FO(O) =0, F(O) =0, p2 = PaPa- (2.3)

Note that for 2 = 0 we have G = 0 and S = id and G is Lorentz invariant and linear in the
coordinates z,,.

Theorem 2.1. Using similarity transformation defined by S = €', where G is given by (2.3),
we obtain the corresponding realizations of Snyder model

By =S(zu+ B (@ p)pu) ST = zup1(u) + Bz - p)pupa(u) + BZpups(u),

where

)= 1 awew P2 1) R ) (2.4)

Pa(u) = e1(u) — 2upy(u)’ du

In order to prove the above theorem, first we prove the following propositions. Note that
if Fy(u) = 0, then @3(u) = 0, hence, for simplicity in what follows we assume that Fy(u) = 0
and G = (z - p)F(u).

Proposition 2.2. Let x), = Sz,S71, where S = €% and G = (z - p)F(u). Then
x;, = zug1(u) + % (z - p)puga(u), (2.5)
where

g1(u) = (eF(PQU%))(l). (2.6)

"'We denote zapa = Zi =0 NapZaPas and generally summation over pair of repeated indices is assumed.
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Proof. By defining the iterated commutator

(adG)n(xlt) = [Gv SR [G’ [G7 wu“ .- ‘]7 (adG)O(‘TH) =Ty,
times

and using the Hadamard formula, we have

o)
i i adic)"(z
LL’;L = S.’EM571 = elcxueflG = xﬂ -+ E (lc’;zl'(“)
n=1 ’

(2.7)

We prove relation (2.5) by induction on n. Using the Leibniz rule for adjoint representation and

F . . dF
[F,x,] = 718— = —i2ﬁ2pﬂF, F = F(u) and F = %7
U

o, (2.8)

it is easy to see that for n = 1 we have

(adic) (z,,) = i[(z - p)F, 2] = w911 (u) + B°( - p)pugar (),

where g11(u) = F and gg,(u) = 2F. In following, we denote gij = gij(u). Assume that the
relation

(adic)™(zy) = Tugin + B> (z - P)pugan (2.9)
holds for some n > 1. Then by the induction assumption, we have

(adie)" ™ (zp) = i[(z - P)F, 2ugin + B°(x - P)Pug2n] = Tu1(nsr) + B - P)Puga(nin)s
where, using the Leibniz rule and (2.8), we obtain

91(n+1) = Fgin — 2ugin ' (2.10)
and

Da(nt1) = 2FGin + 2uF g2 — g2nF — 2uganF.

Let us denote
g
_ Iin _
g1(u) = z;) o where  g10 =1,
n=

and

— g
2
9200 =2

n=1

Then, substituting (2.9) into (2.7), it follows that (2.5) holds. Now, we expand

(er-audnyr) — 3 LU= 2ud) 0

n=0

n!

and prove by induction on n that

gin = (F (1 - 2udi>>n (1). (2.11)
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Note that for n = 0, we have g19 = id(1) = 1 and for n = 1 it is easy to verify that

<F (1 - 2%&)) (1) =F = g11.

Suppose that relation (2.11) is true for some n > 1. By the induction assumption and from (2.10),
we have

<F <1 - QU(EL))”H (1) = ((F (1 - 2U£L)> 0 <F (1 - QU(;L))”) (1)
= (F <1 - ZU(EL)) (91n) = Fgin — 2uginF = g1(n11),

which proves our claim (2.11) and consequently (2.6) holds. [

Proposition 2.3. Let p), = Sp, S, where S = e'“ and G = (z - p)F(u). Then

Py = Pugs(w), (2.12)
where

gs(u) = (7 P+ (1), (2.13)

Proof. Analogous to the proof of the previous proposition, first by using the Hadamard formula,
we find
[e.e]
- i —i (adic)" (pu)
pLL:SpNS 1:erMe G:pu—|—271 ' B

n.
n=1

Then, by induction on n, we prove that
(adi)" (Pu) = Ppgsn- (2.14)

After short computation, for n = 1 we have

i[(z-p)F,pu] = i[(x - p),pulF = Pugsi,

where g3; = —F. Assume that relation (2.14) holds for some n > 1. Then by the induction
assumption, we find

(adic)" " (p) = il(z - P)F, Pugsn] = Pugan+1);

where

93(n+1) = —Fg3n — 2ugsn F, (2.15)

which proves claim (2.14). Finally, if we denote

o0
g3(u) = g;’—?, where g3 = 1,
n=0 ’

then (2.12) holds. Also, we prove by induction on n that

Gin = (—F <1 4 2u(fu>>n (1). (2.16)
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Note that for n = 0, we have g3p = id(1) = 1, and for n = 1, we get

<—F <1 + 2u(ib>) (1) = —F = gs1.

Suppose that relation (2.16) holds for some n > 1. Then by the induction assumption and
from (2.15), we have

(ol o= (e ()=o) o
(oo

= —Fg3n — 2ugsnF = g3(n+1)-
Therefore, (2.16) holds for every n, which implies that (2.13) holds. [

Now, using results proven in the previous propositions, we can finally prove our main result
given by Theorem 2.1.

Proof of Theorem 2.1. Let us denote a; SJIUMS*1 and pil = Spqul, where S = €@
and G = (z - p)F(u). Then

[ ,,w ;/] [p;upu] =0, [1';;7]);/] = inlw (2'17)
and

a:;L + B2(a’ -p/)p;L = S(mu + B3 (z -p)pM)Sfl. (2.18)
Inserting (2.5) and (2.12) into (2.17), we get

dg3 2 ( Opu dgs .

w9193 + ipy 57— o, g1 +i e Pags + e 2oy Pug2 = iNuw,

gZ:g’L( )7 Z:172737
which implies

1
= 2.19

g5 =" (2.19)
and

29193 + 92(93 + 2ug3) =0. (2.20)
Substituting (2.19) into (2.20), we find

20191
= 2.21

92 91 — 2udn ( )
Finally, using (2.5) and (2.12), it follows from (2.18) that

S(wp+ B2 p)pu) S = wugr + B2 (@ - p)pu(92 + 93 + ug203)- (2.22)

If we denote @1 = g1 and @a = g2 + g3 + ug2g3, then (2.4) follows from (2.19) and (2.21). W
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Example 2.4. For Fy =0 and F = —%u, we get
p1(u) =vV1—u and w2(u) =0,
hence,
Ty =x,V1—u.
Remark 2.5. If F' =0 and Fj # 0, then xL =z, + 252p”F0, p;L = p, and

2 = e ( + 52 (x 'p>pu)e_iF0 =2, + B2z - p)pu + 252qu0(1 + u).
Remark 2.6. When ¢ (u) is fixed and ya(u) is given with (2.4), then ¢3(u) depends on Fyy and

can be arbitrary. There is a family of realizations with fixed ¢;(u) and arbitrary ¢s(u).

Remark 2.7. A Hermitian realization can be obtained starting with the hermitian form of (2.1),
that is

b=+ 5B DI+ Bl )

and instead of G writing %(G + GT). Then result of Theorem 2.1 is obtained in hermitian

form %(i:“ + :%L)

3 Realizations of the extended Snyder model

Different realizations of the Snyder algebra can be obtained introducing additional tensorial
generators Z,, = —i,,. This alternative approach was suggested in [12] and it was studied
perturbatively from a different point of view in [26, 31, 32] based on the results in [23]. The
additional generators &, are assumed to satisfy the commutation relations

(B po] = 1(Muptve — Muotvp = MpZpe + Motup), (3.1)
[fi‘uy,x)\] =0, [:i‘u,,,px] =0.
In this case, we consider realizations of the Lorentz generators of the form
M, = Ty + Tupy — TuDu, M,>1=2,>1=x, and pu>1=0,
where x,,, are commuting variables.
Theorem 3.1. Eztension of the Snyder realization (2.1)—(2.2) with additional generators &,
s given by
. 2 24 1
Ty =y + Bz ppp— B xuapamv (3.3)
My = &0 + Tupy — TuPp. (3.4)
Proof. In order to prove that we can construct the realization of the Snyder model by (3.3)

and (3.4), we show that (3.3) and (3.4) satisfy Snyder algebra (1.1)-(1.3). A short computation
using (2.8) yields

. 1 . _152}7#

[Wl‘i‘\/l"‘u]_\/1—|—u(1+\/1—|—u)27 (3:5)
1 iu

[1+\/1+u’(x'p)] CVitu(l+vita) 30

and

[MW, 1+¢11Tu] 0. (3.7)
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Now, from (3.1)—(3.2) and (3.5)—(3.6) using bilinearity of the Lie bracket, we obtain

[j;ui%u} = x,u'i‘ﬂ (x p) /6 x,uapoal_'_\/ﬁv V+/B (x p) /B xupppl_i_\/m
e

.52 o QL 2
=107 (2upy — xupy) +123 +ifu YT VITu2

L+VI+u
= 1ﬂ2 (xupl/ — Typy + iuy)

=iB2M,,.

Similarly, by using (3.7), we check that (3.3) and (3.4) satisfy (1.2)—(1.3), therefore (3.3) and (3.4)
is a realization of the extended Snyder model. |

In order to obtain a family of realizations of the extended Snyder model, we use similarity
transformations from Section 2, by S = ¢'® where G' = (x - p)F(u). First, note that

<ﬁ><z 0

m=1

and
S (&) 8™ = &y (3.9)
Now (3.8) and (3.9) implies that

u—S(xwrﬁQ(x )Py ﬂxwpaHm) -1

B2 & pap :
pox a1+ /1_|_52p/2

Finally, by using results given in Section 2, (2.19) and (2.22), we obtain a family of realizations
of the extended Snyder model

o 20 0 N

. . 1
Ty = xu@l(u) + 62($ ) p)p,u(P2(u) - Bzxuapa Lpl(u> n QO%(U) n u’ (3'10)

where ¢1(u) and @a(u) satisfy (2.4).
Note that realizations (3.3), (3.4), (3.10) and (2.4) are the exact results written in closed
form.

4 k-deformed extended Snyder model

In this section we consider a family of Lie algebras containing x-Poincaré [7, 14, 18, 19, 21, 22]
and Snyder algebras as special cases. They are generated by the NC coordinates &, and Lorentz
generators M), satisfying

T3] = i(apdy — avdy + B2M,u), (4.1)
My, &x] = =i(Zumun — s + apMyy — ay M), (4.2)
[Mum Mpa] = i(nupMua - nMO'MVp - anMua + nVJMup)a
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where a,, = éuu, u? = (—1,0,1) and  is the mass parameter with % # (. Such models were

considered in [24, 25] and the k-deformed extended Snyder model was considered in [17, 21, 28].
If M, = xupy — xyp, and [M,,pa] = i(punux — Puvr), then one particular realization of
above algebra is given in [24, 25] with

—l‘u\/l — 82)p? 4+ Myaaa.
For a, = 0, we get a realization of the Snyder model
Ty =z,V1—u

For 32 = 0, we get the natural realization [21, 22], i.e., a realization in the classical basis [7] of
the k-Poincaré algebra

&y =z 1+ a?p? + Myaaa.

In the following paper we present the exact new result for the x-deformed extended Snyder model
that is written in closed form and different from the perturbative results discussed in [27, 28].

Theorem 4.1. Let
My = T + 2upy — TPy (4.4)

Then one particular realization of the algebra (4.1)—(4.3) is given by

&y, = xu\/l 52 p + Maaq + (a2 — ﬁ2):ﬁwpa (4.5)

1+\/1+(a2—ﬁz)p2

Proof. We have to show that realization (4.5) satisfies the algebra (4.1)—(4.3). By using (3.1)—
(3.2), it is easy to see that

[Muwp)\] = i(punu)\ - leu,\), [Muua :ZJ)\] = i(l‘umm - xunzx)\) (46)
and
[M;wv jpff] = i("upiw — MpoZvp = MupTps + 771/055#9)' (4.7)

Furthermore, from (2.8) we get

—x L —i(0* — 5w (4.8)
ml—i—\/l—i-(aQ—B?)pQ \/1+ a2 = 32)p2 (14 \/1+ (o )27
[ _i(a® = p%)p?
_x#, \/1 o= 52)p2] B \/1 + (a® - B2)p2’ (4.9)
and
M L = [MW, \/1 + (a% - ﬁ?)pﬂ =0. (4.10)

n2)
1—{—\/1—|— (a2—52)p2
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Now, from (4.6)—(4.10) we have

(£, 2] = [mu\/l — B2)p? + Myuata + (> — B2) & papa

1
\/1+ — B)p2 + Mypa, + (a® — 52)dw,p, 2}

o i(a2 - 52) ($upu - wypu) + i(auxl, — al,xu) \/1 + (a2 _ 62)]92
+ i(aprypap — al,M#aaa + aQM‘uV) _ i(a2 o 52).@#”
iy — ayiy + M)

In similar way, by using (4.6)—(4.10), we show that (4.4) and (4.5) satisfy (4.2)—(4.3). |

For a,, = 0, we get the realization of the extended Snyder model found in Section 3

. . 1
Ty =z,V1—u— ﬁ%”apal—i—i

1—u

For 3% = 0, we find

1
_ 2,2 24
=,/ 1+ a’p* + M,ynaq +a xwpa1+ 1—|—a2p2.

This is a new result corresponding to the xk-Poincaré algebra with additional tensorial genera-
tors &,,,. The most general realizations of &, in all cases in this section are obtained by using the
most general corresponding similarity transformations. Construction of Hermitian realizations
in Sections 3 and 4 can be obtained simply by changing &, with %(a?u + J%L), as in Remark 2.7.

5 Conclusion and discussion

In Section 2, we defined similarity transformations (2.3) and using Propositions 2.2 and 2.3,
we proved realizations of the Snyder model (2.4) in Theorem 2.1. This result was obtained
in [5, 6] without using similarity transformations. In Section 3, we gave a proof of Theorem 3.1
(equations (3.3)—(3.4)) that includes additional tensorial generators Z,,, and it is a generalization
of the original Snyder realization. This is a new exact result leading to an associative star
product and coassociative coproduct [26]. Also, we obtained exact results for the realizations
of the extended Snyder model with functions ¢;(u) and ¢a(u) (3.10) using Propositions 2.2
and 2.3. In Section 4, we proved Theorem 4.1 (equations (4.4) and (4.5)) and this is a new exact
result for the x-deformed extended Snyder model.

The physical role of the additional tensorial generators &, is not completely clear, except that
they mathematically lead to an associative star product and coassociative coproduct [12, 26].
Some attempts for applications of the extended Snyder model were made in [12, 16, 26] and of the
r-deformed extended Snyder model in [17, 27, 28]. Possible applications of the generalizations
of the Snyder model to curved spaces were discussed in [29, 30]. The future prospect of our
investigation is the construction of the star product and twist.
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