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Every levelled forest (f, λ) ∈ LF(n + k, k) gives rise to a pair (σ, c), where σ ∈ Sn is obtained by
concatenating the non-empty words corresponding to each tree in f (from left to right) under the above-
described bijection, and c �0 n is the weak composition of length k obtained by tracking the number of
internal vertices of each tree in the forest f . Reciprocally any pair (σ, c) yields a levelled planar binary forest,
using the bijection between non-repeating words and levelled planar trees. We call split permutation a pair
(σ, c) with σ ∈ Sn and c �0 n.

Split permutations
σ : [n]→ [n]

c �0 n
←→ Levelled forests

with n+ 1 leaves ←→ Sparse quasi-binary forests
with n+ 1 generations

As for levelled trees, we use the symbol f to denote a levelled forest presented either as a pair (ϕ, λ) or as
a split permutation (σ, c). The presentation of f as a sparse quasi-binary forest will be used in the drawings
only.

Figure 4: A split permutation ((4132, (0, 1, 2, 1)) drawn as a levelled forest and as a sparse quasi-binary forest.

The next definition introduces the notion of vertical splitting for levelled forests. Informally, a vertical
splitting of a levelled forest f consists in breaking f into two forests, each bordered by a chosen path of edges
in f , starting at a leaf of f and ending at a root of a tee in f . The first forest (resp. the second) is on the
right (resp. one the left) of this path.

Definition 2 (Vertical splitting of levelled forests). Pick a levelled forest f presented as a split permutation
(σ, c) ∈ Sn, c �0 n and d �0 n such that cl d, we define the vertical splitting gd((σ, c)) of (σ, c) following d
by (σ, d).

We introduce inverse operations to splitting. The first one takes every tree in the representation of
a levelled forest as a sparse quasi-binary forest and glues all together the trees of that forest along their
external paths of edges. In terms of split permutation, this operation corresponds to the projection,

τ [ := σ, f = (σ, c) ∈ LF (2.1)

We will also need a local operation glueing two consecutive trees in the representation of a levelled tree
as a sparse quasi-binary tree, once again those operations are most effectively written in terms of split
permutation. We set for any f = (σ, c) ∈ LF and 1 ≤ i ≤ nt(f)− 1

||
i
f = ||

i
(σ, c) := (σ, (c1, · · · , ci + ci+1, · · · , cnt(f))) . (2.2)

Figure 5: The forests g(0,1,1,1,1)((4132), (0, 1, 2, 1))) and ||
3
((4132), (0, 1, 2, 1))

We consider horizontal analogues to the above operations of vertical splitting and glueing. For any word
w = w1w2 · · ·wr where each letter takes value in N∗ and A ⊆ alph(w), the alphabet generated by the different


