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We divide the sum over the set Sh(‖f‖−k, k) into two sums. The first sums ranges over the subset Sh(‖f‖−
k, k)+ and the second one ranges overs Sh(‖f‖− k, k)−. Then, we gather the sums over Sh(‖f‖− k, k)+ and
Sh(‖f‖ − k + 1, k − 1)−:
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Using equation (2.12), the right hand side of the last equation is equal to
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We defined the three structural morphisms ∇,∆, S. To turn LF into a Hopf monoid, we have to check
compatibility between the coproduct ∆ and the product ∇; the coproduct ∆ should be a morphism of
the monoid (LF,∇). This only makes sense provided that we can define a product on the tensor product
LF � LF.

Recall that if f is a levelled forest and 0 ≤ k ≤ ‖f‖, one denotes by fk− the levelled subforest of f
corresponding to the k generations at the bottom of f ′: tfk− is the planar subforest of tf with a set of internal
vertices the set of internal vertices of f labelled by an integer less than k and for leaves the vertices (including
the leaves) of tf connected to one of the latter internal vertices. The levelled forest fk+ is obtained similarly
by extracting the k top generations of f ′.

With p, q ≥ 1 two integers, we denote by τp,q the shuffle in Sh(p, q) satisfying τp,q(1) = q + 1 and
τp,q(p) = p+ q.

Definition 10. Define the braiding map

K : LF � LF → LF � LF

by, for g and f levelled forests such that f � g ∈ LF � LF,
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− �
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+

.

We pictured in Fig. 11 examples of the action of the braiding map on pairs of levelled forests.

Figure 11: Actions of the braiding map.


