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1 Introduction

In [24], a hypergeometric function FL,N , which is a certain generalization of hypergeometric func-
tions, was defined by Tsuda. He also obtained a Hamiltonian system HL,N , which describes an
isomonodromic deformation of an L×L Fuchsian system on P1 with N +3 regular singularities,
and which has particular solutions in terms of the function FL,N . In [20, 21], a q-analog of Tsuda’s
result was obtained by Park. Namely, she defined a q-hypergeometric function FN,M , which is
given by (2.2) below, and a system PN,M as a q-analog of the function FN+1,M and the sys-
tem HN+1,M , respectively. The function FN,M converges locally and satisfies linear q-difference
equations, given by (2.5) and (2.6) below. Also the function FN,M has the Euler-type integral
representation, given by (2.4). Thus the function FN,M must be continued analytically to CM .

Our aim is to solve the connection problem related with the function FN,M , that is to give
connection matrices among fundamental solutions of the q-difference equations (2.5) and (2.6).
The main result is Theorem 3.8 in Section 3.2. Proposition 3.6 gives fundamental solutions for
the equation, and Theorem 3.8 gives connection matrices among these fundamental solutions.
Our method to calculate the connection matrices is to use a connection formula of the general-
ized q-hypergeometric function N+1φN many times. The connection matrices are given by the
product of some matrices.

In the general theory of q-difference systems in several variables, local solutions should be
characterized by the asymptotic behavior near the singularity in some prescribed sector. For the
general theory of q-difference systems in several variables, see [2, 3]. Our solutions are defined in
the region {|t1| ≪ · · · ≪ |tL| ≪ 1 ≪ |tL+1| ≪ · · · ≪ |tM |} where 0 ≤ L ≤ M , and characterized
by the asymptotic behavior of the following form

tδ11 · · · tδMM (1 +O(||x||)),

at x = (t1/t2, . . . , tL−1/tL, tL, 1/tL+1, tL+1/tL+2, . . . , tM−1/tM ) = (0, . . . , 0). Here δ = (δ1, . . . ,
δM ) is a suitable parameter. For more details, see Definition 3.1, Proposition 3.2, Remark 3.4.

The function FN,M is a generalization both of the q-Lauricella function φD and of the gen-
eralized q-hypergeometric function N+1φN . Thus our results contain solving the connection
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problem related with φD and also related with N+1φN . The equality (3.12) below can be con-
sidered as a part of the connection relations for N+1φN , which was first studied by Thomae [23]
and was proved by Watson [25]. Also the q-Lauricella function has a Jackson integral repre-
sentation of Jordan–Pochhammer type, and the connection problem related with the Jackson
integral of Jordan–Pochhammer type was solved by Mimachi [16]. In differential case, fun-
damental solutions of the equation related with the Lauricella function FD were obtained by
Gelfand–Kapranov–Zelevinsky [9] as an application of the theory of the GKZ hypergeometric
function. Our solutions are generalizations of the Gelfand–Kapranov–Zelevinsky’s solutions (see
Remark 3.3).

The contents of this paper are as follows. In Section 2, we give notations and the properties
of the function FN,M and the system of q-difference equations satisfied by FN,M . In Section 3,
we solve the connection problem of the system. In Section 3.1, we show fundamental solutions
of the q-difference system. In Section 3.2, we give the matrices which connect the fundamental
solution with the other fundamental solution. In Section 4, we obtain an elliptic solution of the
Yang–Baxter equation as an application of Section 3.2.

2 Preliminaries

In this paper, we fix q ∈ C with 0 < |q| < 1. We use the following notations throughout the
paper:

(a)∞ =
∞∏
k=0

(
1− aqk

)
, (a)m =

(a)∞
(aqm)∞

,

(a1, . . . , an)m = (a1)m · · · (an)m, θ(x) = (x, q/x)∞.

The symmetric group of degree n is denoted by Sn. In addition, TA is the transpose of a ma-
trix A. We also use the notation abc/defg for the fraction (abc)/(defg). Moreover, for a multi-
index m = (m1, . . . ,mM ), we often use the notations

|m| =
M∑
i=1

mi, m(l) =
l∑

i=1

mi −
M∑

i=l+1

mi, (2.1)

where 0 ≤ l ≤ M . Here, the empty sum is considered to be 0.

Definition 2.1 ([20, Definition 2.1]). We assume cj /∈ qZ≤0 = {qn; n = 0,−1,−2, . . . } for
1 ≤ j ≤ N . We define the function FN,M as

FN,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
=

∑
m1,...,mM≥0

N∏
j=1

(aj)|m|

(cj)|m|

M∏
i=1

(bi)mi

(q)mi

M∏
i=1

tmi
i . (2.2)

The series FN,M converges in the region |ti| < 1.

When N = 1 or M = 1, we have

F1,M

(
a, {bi}1≤i≤M

c
; {ti}1≤i≤M

)
= φD

(
a, {bi}1≤i≤M

c
; {ti}1≤i≤M

)
,

FN,1

(
{aj}1≤j≤N , b
{cj}1≤j≤N

; t

)
= N+1φN

(
{aj}1≤j≤N , b
{cj}1≤j≤N

; t

)
,
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where φD and N+1φN are the q-Lauricella function and the generalized q-hypergeometric func-
tion defined by

φD

(
a, {bi}1≤i≤M

c
; {ti}1≤i≤M

)
=

∑
m1,...,mM≥0

(a)|m|

(c)|m|

M∏
i=1

(bi)mi

(q)mi

M∏
i=1

tmi
i ,

N+1φN

(
{aj}1≤j≤N , b
{cj}1≤j≤N

; t

)
=
∑
m≥0

N∏
j=1

(aj)m
(cj)m

· (b)m
(q)m

tm.

Proposition 2.2 ([20, Proposition 2.1]). The series FN,M satisfies the relation

FN,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
=

N∏
j=1

(aj)∞
(cj)∞

M∏
i=1

(biti)∞
(ti)∞

· FM,N

(
{ti}1≤i≤M , {cj/aj}1≤j≤N

{biti}1≤i≤M
; {aj}1≤j≤N

)
. (2.3)

Remark 2.3. When N = 1, the relation (2.3) reduces to

φD

(
a, {bi}1≤i≤M

c
; {ti}1≤i≤M

)
=

(a)∞
(c)∞

M∏
i=1

(biti)∞
(ti)∞

· M+1φM

(
{ti}1≤i≤M , c/a
{biti}1≤i≤M

; a

)
,

which is relation (4.1) of [1], a generalization of Heine’s transformation for 2φ1 [1, equa-
tion (1.4.1)].

It is well known that Heine’s transformation can be interpreted as a q-integral form, so called
a Jackson integral, of 2φ1. Similarly, the relation (2.3) can be rewritten in the Jackson integral
form as follows.

Corollary 2.4 ([20, Corollary 2.1]). With aj = qαj , the relation (2.3) can be rewritten as

FN,M

(
{qαj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
=

N∏
i=1

(qαi , ci/q
αi)∞

(ci, q)∞
·
∫ 1

0
· · ·
∫ 1

0

N∏
j=1

{
z
αj−1
j

1− q

(qzj)∞
(cjzj/qαj )∞

}

×
M∏
i=1

(bitiz1 · · · zN )∞
(tiz1 · · · zN )∞

dqz1 · · · dqzN , (2.4)

where the Jackson integral is defined as∫ c

0
f(z)dqz = c(1− q)

∑
m≥0

f(cqm)qm,

for c ∈ C.

Proposition 2.5 ([20, Proposition 2.2]). The series

F = FN,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
satisfies the q-difference equations{

ts

N∏
j=1

(1− ajT ) · (1− bsTs)−
N∏
j=1

(
1− cjq

−1T
)
· (1− Ts)

}
F = 0, 1 ≤ s ≤ M, (2.5)
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{tr(1− brTr)(1− Ts)− ts(1− bsTs)(1− Tr)}F = 0, 1 ≤ r < s ≤ M, (2.6)

where Ts is the q-shift operator Tsf(t) = f(. . . , qts, . . . ) for the variable ts and T =
∏M

s=1 Ts.

In this paper, we use the notation EN,M for the system of q-difference equations (2.5)
and (2.6).

Theorem 2.6 ([21, Theorem 4.1]). The rank of EN,M is NM + 1.

3 Connection problem of the q-difference system EN,M

In this section, we consider the connection problem of the system EN,M . First, we show funda-
mental solutions of the system EN,M , which converge locally. Second, we calculate connection
matrices. The connection formula can be calculated by using Thomae–Watson’s formula (3.12)
many times. We suppose aj = qαj , bi = qβi and cj = qγj , 1 ≤ i ≤ M , 1 ≤ j ≤ N .

3.1 Solutions of the q-difference system EN,M

In this subsection, we show fundamental solutions of the q-difference system EN,M which con-
verge locally.

Definition 3.1. We assume

aj/ak, cj/ck, aj/bi · · · bM , ck/bi · · · bM /∈ qZ, (3.1)

for 1 ≤ i ≤ M + 1, 1 ≤ j ̸= k ≤ N . Here, qD = {qx; x ∈ D}. We define series FL
N,M , FL;k,l

N,M and

GL;k,l′

N,M as

FL
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
=

∑
m1,...,mM≥0

N∏
j=1

(aj/bL+1 · · · bM )m(L)

(cj/bL+1 · · · bM )m(L)

M∏
i=1

(bi)mi

(q)mi

L∏
i=1

tmi
i

M∏
i=L+1

(
q

biti

)mi

, (3.2)

FL;k,l
N,M

(
{aj}1≤j≤N , {bi}1≤i≤N

{cj}1≤j≤N
; {ti}1≤i≤M

)
=

∑
m1,...,mM≥0

{
N∏
j=1

(qak/cj)mL+1

(qak/aj)mL+1

×
L∏
i=1

(bi)mi

(q)mi

l−1∏
i=L+1

(bi)mi+1

(q)mi+1

M∏
i=l+1

(bi)mi

(q)mi

(ak/bl+1 · · · bM )m(l)

(qak/bl · · · bM )m(l)

×
L∏
i=1

(
qti
bltl

)mi l−1∏
i=L+1

(
qti
bltl

)mi+1 M∏
i=l+1

(
bltl
biti

)mi

 N∏
j=1

cj
aj

· q

bltl

mL+1}
, (3.3)

GL;k,l′

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
=

∑
m1,...,mM≥0

{
N∏
j=1

(qaj/ck)mL

(qcj/ck)mL

×
l′−1∏
i=1

(bi)mi

(q)mi

L∏
i=l′+1

(bi)mi−1

(q)mi−1

M∏
i=L+1

(bi)mi

(q)mi

(ck/qbl′+1 · · · bM )m(l′−1)

(ck/bl′ · · · bM )m(l′−1)

×
l′−1∏
i=1

(
qti
bl′tl′

)mi L∏
i=l′+1

(
bl′tl′

biti

)mi−1 M∏
i=L+1

(
bl′tl′

biti

)mi

·
(
bl′tl′

q

)mL
}
, (3.4)
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where 0 ≤ L ≤ M , 1 ≤ k ≤ N , L + 1 ≤ l ≤ M and 1 ≤ l′ ≤ L. Here, as mentioned in
preliminaries (2.1),

m(l) =
l∑

i=1

mi −
M∑

i=l+1

mi.

We find that the series (3.2) converges in{
|ti| < 1, 1 ≤ i ≤ L,

∣∣∣∣ c1 · · · cNq

a1 · · · aNbiti

∣∣∣∣ < 1, L+ 1 ≤ i ≤ M

}
,

the series (3.3) converges in{∣∣∣∣ c1 · · · cNq

a1 · · · aNbltl

∣∣∣∣ < 1,

∣∣∣∣ qtibltl

∣∣∣∣ < 1, 1 ≤ i ≤ l − 1,

∣∣∣∣ qtlbiti

∣∣∣∣ < 1, l + 1 ≤ i ≤ M

}
,

and the series (3.4) converges in{
|tl| < 1,

∣∣∣∣ qtibltl

∣∣∣∣ < 1, 1 ≤ i ≤ l − 1,

∣∣∣∣ qtlbiti

∣∣∣∣ < 1, l + 1 ≤ i ≤ M

}
.

Proposition 3.2. We assume the conditions (3.1). For 0 ≤ L ≤ M , the functions

M∏
i=L+1

t−βi
i · FL

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
, (3.5)

t
1+

∑M
i=l+1 βi−γk

l

M∏
i=l+1

t−βi
i · GL;k,l

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
, (3.6)

1 ≤ k ≤ N, 1 ≤ l ≤ L,

t
−αk+

∑M
i=l+1 βi

l

M∏
i=l+1

t−βi
i · FL;k,l

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
, (3.7)

1 ≤ k ≤ N, L+ 1 ≤ l ≤ M,

satisfy the q-difference system EN,M .

Proof. We can check them easily. Here, we check that the function (3.5) satisfies the q-difference
equations (2.5). First, we have

Tit
α
i = qαtαi Ti,

as an operator. Thus we obtain(
M∏

i=L+1

t−βi
i

)−1
ts

N∏
j=1

(1− ajT ) · (1− bsTs)−
N∏
j=1

(
1− cjq

−1T
)
· (1− Ts)


M∏

i=L+1

t−βi
i

=



ts

N∏
j=1

(
1− aj

bL+1 · · · bM
T

)
· (1− bsTs)−

N∏
j=1

(
1− cjq

−1

bL+1 · · · bM
T

)
· (1− Ts)

 ,

1 ≤ s ≤ L,ts

N∏
j=1

(
1− aj

bL+1 · · · bM
T

)
· (1− Ts)−

N∏
j=1

(
1− cjq

−1

bL+1 · · · bM
T

)
·
(
1− 1

bs
Ts

) ,

L+ 1 ≤ s ≤ M,
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as an operator. For 1 ≤ s ≤ L, we have

ts

N∏
j=1

(
1− aj

bL+1 · · · bM
T

)
· (1− bsTs) · FL

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)

= ts

N∏
j=1

(
1− aj

bL+1 · · · bM
T

)
· (1− bsTs)

×
∑

m1,...,mM≥0

N∏
j=1

(aj/bL+1 · · · bM )m(L)

(cj/bL+1 · · · bM )m(L)

M∏
i=1

(bi)mi

(q)mi

L∏
i=1

tmi
i

M∏
i=L+1

(
q

biti

)mi

=
∑

m1,...,mM≥0

ts

N∏
j=1

(
1− ajq

m(L)

bL+1 · · · bM

)
·
(
1− bsq

ms
)

×
N∏
j=1

(aj/bL+1 · · · bM )m(L)

(cj/bL+1 · · · bM )m(L)

M∏
i=1

(bi)mi

(q)mi

L∏
i=1

tmi
i

M∏
i=L+1

(
q

biti

)mi

=
∑

m1,...,mM≥0

N∏
j=1

(aj/bL+1 · · · bM )m(L)+1

(cj/bL+1 · · · bM )m(L)

∏
1≤i≤M
i ̸=s

(bi)mi

(q)mi

× (bs)ms+1

(q)ms

∏
1≤i≤L
i ̸=s

tmi
i · tms+1

s

M∏
i=L+1

(
q

biti

)mi

=
∑

m1,...,ms−1,ms+1,...,mM≥0

∑
ms≥−1

{
N∏
j=1

(aj/bL+1 · · · bM )m(L)+1

(cj/bL+1 · · · bM )m(L)+1

N∏
j=1

(
1− cjq

−1qm(L)+1

bL+1 · · · bM

)

×
∏

1≤i≤M
i ̸=s

(bi)mi

(q)mi

· (bs)ms+1

(q)ms+1

(
1− qms+1

) ∏
1≤i≤L
i ̸=s

tmi
i · tms+1

s

M∏
i=L+1

(
q

biti

)mi
}

=
∑

m1,...,mM≥0

N∏
j=1

(
1− cjq

−1qm(L)

bL+1 · · · bM

)
·
(
1− qms

)
×

N∏
j=1

(aj/bL+1 · · · bM )m(L)

(cj/bL+1 · · · bM )m(L)

M∏
i=1

(bi)mi

(q)mi

L∏
i=1

tmi
i

M∏
i=L+1

(
q

biti

)mi

=

N∏
n=1

(
1− cnq

−1T

bL+1 · · · bM

)
· (1− Ts) · FL

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
.

For L+ 1 ≤ s ≤ M , we have

ts

N∏
j=1

(
1− aj

bL+1 · · · bM
T

)
· (1− Ts) · FL

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)

=
∑

m1,...,mM≥0

ts

N∏
j=1

(
1− ajq

m(L)

bL+1 · · · bM

)
·
(
1− q−ms

)
×

N∏
j=1

(aj/bL+1 · · · bM )m(L)

(cj/bL+1 · · · bM )m(L)

M∏
i=1

(bi)mi

(q)mi

L∏
i=1

tmi
i

M∏
i=L+1

(
q

biti

)mi
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=
∑

m1,...,ms−1,ms+1,...,mM≥0

∑
ms≥1

{
N∏
j=1

(aj/bL+1 · · · bM )m(L)+1

(cj/bL+1 · · · bM )m(L)+1

N∏
j=1

(
1− cjq

−1qm(L)+1

bL+1 · · · bM

)

×
∏

1≤i≤M
i ̸=s

(bi)mi

(q)mi

· (bs)ms−1

(q)ms−1
·
(
1− q−ms+1

bs

) L∏
i=1

tmi
i

∏
L+1≤i≤M

i ̸=s

(
q

biti

)mi

·
(

q

bsts

)ms−1
}

=
∑

m1,...,mM≥0

N∏
j=1

(
1− cjq

−1qm(L)

bL+1 · · · bM

)
·
(
1− q−ms

bs

)

×
N∏
j=1

(aj/bL+1 · · · bM )m(L)

(cj/bL+1 · · · bM )m(L)

M∏
i=1

(bi)mi

(q)mi

L∏
i=1

tmi
i

M∏
i=L+1

(
q

biti

)mi

=

N∏
j=1

(
1− cjq

−1

bL+1 · · · bM
T

)
·
(
1− 1

bs
Ts

)
· FL

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
.

Similar to these calculations, we can check Proposition 3.2 directly. ■

Remark 3.3. If N = 1, the solutions are q-analogs of the solutions of the differential equation
related with Lauricella function FD, which was obtained by Gelfand–Kapranov–Zelevinsky [9].
More precisely, the function (3.2), (3.3), (3.4) are q-analogs of the function

FD,j

(
α̃; {β̃i}1≤i≤M

γ̃
; {xi}1≤i≤M

)
=

∑
m1,...,mM≥0

(α̃)−m(j−1)

(γ̃)−m(j−1)

M∏
i=1

(β̃i)mi

(1)mi

M∏
i=1

xmi
i ,

by replacing some parameters and transforming variables. Only here, (α̃)n = Γ(α̃+n)/Γ(α̃) for
n ∈ Z. The solutions of the equation related with FD are given by using the function FD,j .

Remark 3.4. For 0 ≤ L ≤ M , the functions (3.5), (3.6), (3.7) converge in the region

D =

|ti| < 1, 1 ≤ i ≤ L,

∣∣∣∣∣∣
N∏
j=1

cj
aj

· q

biti

∣∣∣∣∣∣ < 1, L+ 1 ≤ i ≤ M,

∣∣∣∣ qtibjtj

∣∣∣∣ < 1, 1 ≤ i < j ≤ M

 ,

simultaneously. We put xi = ti/ti+1, 1 ≤ i < L, xL = tL, xL+1 = 1/tL+1, xi = ti−1/ti,
L+ 1 < i ≤ M , then we have ti = xi · · ·xL, 1 ≤ i ≤ L, 1/ti = xL+1 · · ·xi, L+ 1 ≤ i ≤ M and

ti
tj

=


xi · · ·xj−1, 1 ≤ i < j ≤ L,

xi · · ·xj , 1 ≤ i ≤ L < j ≤ M,

xi+1 · · ·xj , L < i < j ≤ M.

Therefore the functions (3.5), (3.6), (3.7) are solutions of the system EN,M in the region
{|xi| ≪ 1, 1 ≤ i ≤ M}, and have the following asymptotic behavior at x = (0, . . . , 0):

M∏
i=L+1

t−βi
i · FL

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
=

M∏
i=L+1

t−βi
i · (1 +O(||x||)),

t
1+

∑M
i=l+1 βi−γk

l

M∏
i=l+1

t−βi
i · GL;k,l

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)

= t
1+

∑M
i=l+1 βi−γk

l

M∏
i=l+1

t−βi
i · (1 +O(||x||)),
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t
−αk+

∑M
i=l+1 βi

l

M∏
i=l+1

t−βi
i · FL;k,l

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)

= t
−αk+

∑M
i=l+1 βi

l

M∏
i=l+1

t−βi
i · (1 +O(||x||)),

where ||x|| =
∑M

i=1 |xi|. The system EN,M is rewritten as follows:

 ts
ts+1

· · · tL−1

tL
tL

N∏
j=1

(1− ajT ) · (1− bsTs)−
N∏
j=1

(
1− cjq

−1T
)
· (1− Ts)

F = 0,

1 ≤ s ≤ L,
N∏
j=1

(1− ajT ) · (1− bsTs)−
1

tL+1

tL+1

tL+2
· · · ts−1

ts

N∏
j=1

(
1− cjq

−1T
)
· (1− Ts)

F = 0,

L+ 1 ≤ s ≤ M,{
tr
ts
(1− brTr)(1− Ts)− (1− bsTs)(1− Tr)

}
F = 0, 1 ≤ r < s ≤ M.

If a function f(t), which is defined in the region D, is a solution of EN,M and has asymptotic
behavior

f(t) = tδ11 · · · tδMM (1 +O(||x||))

at x = (0, . . . , 0). Then, by checking the coefficient of the lowest power of x, we find that
δ = (δ1, . . . , δM ) must satisfy

N∏
j=1

(
1− cjq

−1qδ1+···+δM
)(
1− qδs

)
= 0, 1 ≤ s ≤ L,

N∏
j=1

(
1− ajq

δ1+···+δM
)(
1− bsq

δs
)
= 0, L < s ≤ M,

(
1− bsq

δs
)(
1− qδr

)
= 0, 1 ≤ r < s ≤ M.

In this sense, the solution (δ1, . . . , δM ) of the above equations should be called “the characteristic
exponent of the system EN,M at x = (0, . . . , 0)”, like a characteristic exponent in one variable
case. Solving those equations, we have

(δ1, . . . , δM ) = (0, . . . , 0,−βL+1, . . . ,−βM ), (3.8)

(
1 +

M∑
i=2

βi − γk,−β2, . . . ,−βM

)
,(

0, 1 +
M∑
i=3

βi − γk,−β3, . . . ,−βM

)
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·(
0, . . . , 0, 1 +

M∑
i=L+1

βi − γk,−βL+1, . . . ,−βM

)
,

(3.9)
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(
0, . . . , 0,−αk +

M∑
i=L+2

βi,−βL+2, . . . ,−βM

)
,(

0, . . . , 0,−αk +

M∑
i=L+3

βi,−βL+3, . . . ,−βM

)
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
(0, . . . , 0,−αk),

(3.10)

where 1 ≤ k ≤ N . The solutions (3.5), (3.6), (3.7) correspond to “the characteristic exponents”
(3.8), (3.9), (3.10), respectively. Also the solutions (3.5), (3.6), (3.7) are characterized by the
asymptotic behavior

M∏
i=L+1

t−βi
i (1 +O(||x||)), t

1+
∑M

i=l+1 βi−γk
l

M∏
i=l+1

t−βi
i (1 +O(||x||)),

t
−αk+

∑M
i=l+1 βi

l

M∏
i=l+1

t−βi
i (1 +O(||x||)),

respectively at x = (t1/t2, . . . , tL−1/tL, tL, 1/tL+1, tL+1/tL+2, . . . , tM−1/tM ) = (0, . . . , 0).

We should check the linearly independence of the solutions (3.5), (3.6), (3.7). The following
lemma is useful to check the linearly independence.

Lemma 3.5. For any i ̸= j, we assume δi ̸= δj. Here, δi = (δ1,i, . . . , δM,i) and δk,i ∈ C
1 ≤ i ≤ n, 1 ≤ k ≤ M . Then the functions

fi(t1, . . . , tM ) = tδi(1 +O(||t||))

are linearly independent on K = {C(t); for any i, TiC(t) = C(t)}. Here, tδi = t
δ1,i
1 · · · tδM,i

M .

Proof. We assume that C1(t)f1(t) + · · · + Cn(t)fn(t) = 0, where Ci(t) ∈ K, 1 ≤ i ≤ n.
We can take m = (m1, . . . ,mM ) ∈ ZM such that (m, δi) ̸= (m, δj) for any i ̸= j, where
(m, δi) = m1δ1,i + · · · + mMδM,i. We define the operator R = Tm1

1 · · ·TmM
M for such m and

consider the following determinant

D =

∣∣∣∣∣∣∣∣∣∣∣

C1(t)f1(t) C2(t)f2(t) C3(t)f3(t) · · · Cnfn(t)
R(C1(t)f1(t)) R(C2(t)f2(t)) R(C3(t)f3(t)) · · · R(Cn(t)fn(t))
R2(C1(t)f1(t)) R2(C2(t)f2(t)) R2(C3(t)f3(t)) · · · R2(Cn(t)fn(t))

...
...

...
Rn−1(C1(t)f1(t)) Rn−1(C2(t)f2(t)) Rn−1(C3(t)f3(t)) · · · Rn−1(Cn(t)fn(t))

∣∣∣∣∣∣∣∣∣∣∣
.

By definition of R and Ci(t), we have R
k(Ci(t)fi(t)) = Ci(t)R

k(fi(t)). Also, we have R
k(fi(t)) =

q(m,δi)ktδi(1 +O(||t||)) by definition of fi(t). Thus we have

D = C1(t) · · ·CM (t)tδ1 · · · tδn

×

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 · · · 1

q(m,δ1) q(m,δ2) q(m,δ3) · · · q(m,δn)(
q(m,δ1)

)2 (
q(m,δ2)

)2 (
q(m,δ3)

)2 · · ·
(
q(m,δn)

)2
...

...
...

...(
q(m,δ1)

)n−1 (
q(m,δ2)

)n−1 (
q(m,δ3)

)n−1 · · ·
(
q(m,δn)

)n−1

∣∣∣∣∣∣∣∣∣∣∣∣
(1 +O(||t||)).

By the assumption C1(t)f1(t) + · · · + Cn(t)fn(t) = 0, we have D = 0. Also, by the condition
(m, δi) ̸= (m, δj) (i ̸= j), the Vandermonde determinant is not 0. Therefore we have that there
exists i such that Ci(t) = 0. By induction on n, we have C1(t) = · · · = Cn(t) = 0. ■
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By Lemma 3.5, we have that solutions (3.5), (3.6) (3.7) are linearly independent on K if
parameters {aj}1≤j≤N , {bi}1≤i≤M , {cj}1≤j≤N satisfy the condition (3.1). Also, if a function

f

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
satisfies the q-difference system EN,M , then the function

f

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N
; {tσ(i)}1≤i≤M

)
satisfies the same system for σ ∈ SM . Therefore we

have the following proposition.

Proposition 3.6. For 0 ≤ L ≤ M and σ ∈ SM , we set

uL,σ0 =

M∏
i=L+1

t
−βσi
σi · FL

N,M

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N
; {tσ(i)}1≤i≤M

)
,

uL,σk,l =



t
1+

∑M
i=l+1 βσi−γk

σl

M∏
i=l+1

t
−βσi
σi · GL;k,l

N,M

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N

; {tσ(i)}1≤i≤M

)
,

1 ≤ k ≤ N, 1 ≤ l ≤ L,

t
−αk+

∑M
i=l+1 βσi

σl

M∏
i=l+1

t
−βσi
σi · FL;k,l

N,M

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N

; {tσ(i)}1≤i≤M

)
,

1 ≤ k ≤ N, L+ 1 ≤ l ≤ M.

We set

uL,σ = T
(
uL,σ0 , uL,σ1,1 , . . . , u

L,σ
1,M , uL,σ2,1 , . . . , u

L,σ
N,M

)
.

Then uL,σ is a fundamental solution of the q-difference system EN,M in the region DL,σ if
parameters {aj}1≤j≤N , {bi}1≤i≤M , {cj}1≤j≤N satisfy the condition

aj/ak, cj/ck, aj/bσ(i) · · · bσ(M), ck/bσ(i) · · · bσ(M) /∈ qZ, (3.11)

for 1 ≤ i ≤ M + 1, 1 ≤ j ̸= k ≤ N . Here,

DL,σ =

{
|tσ(i)| < 1, 1 ≤ i ≤ L,

∣∣∣∣∣
N∏
j=1

cj
aj

· q

bσ(i)tσ(i)

∣∣∣∣∣ < 1, L+ 1 ≤ i ≤ M,

∣∣∣∣ qtσ(i)

bσ(j)tσ(j)

∣∣∣∣ < 1, 1 ≤ i < j ≤ M

}
.

3.2 Connection matrices

In this subsection, we take a fundamental solution uL,σ on DL,σ and we consider the connection
formula between uL1,σ1 and uL2,σ2 , where 0 ≤ L1, L2 ≤ M and σ1, σ2 ∈ SM . We assume the
condition (3.11) for 1 ≤ i ≤ M + 1, 1 ≤ j ̸= k ≤ N and for any σ ∈ SM . We can solve this
problem in principle by calculating the following matrices:

� the matrix which connects uL,id with uL+1,id, 0 ≤ L ≤ M − 1,

� the matrix which connects uL,id with uL−1,id, 1 ≤ L ≤ M ,

� the matrix which connects uM,id with uM,sr , 0 ≤ r ≤ M − 1,

where sr = (r, r + 1) ∈ SM . These matrices can be calculated by the Thomae–Watson’s
formula [23, 25].
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Lemma 3.7 ([23, 25]). The connection formula of N+1φN is given as follows:

N+1φN

({
a1, . . . , aN+1

b1, . . . , bN
; t

)
=

N+1∑
k=1

{
N∏
j=1

(bj/ak)∞
(bj)∞

∏
1≤j≤N+1

j ̸=k

(aj)∞
(aj/ak)∞

× θ(tak)

θ(t)
N+1φN

({
{qak/bj}1≤j≤N , ak

{qak/aj}1≤j≤N+1, j ̸=k

;
b1 · · · bNq

a1 · · · aN+1t

)}
. (3.12)

This formula can be derived by applying the Cauchy’s residue theorem to the following
integral:∫

C

(b1x, . . . , bNx, qx/t, t/x)∞
(a1x, . . . , aN+1x, 1/x)∞

dx

x
.

Here the contour C is a deformation of the positively oriented unit circle so that the poles of
1/(a1x, . . . , aN+1x)∞ lie outside C, and the poles of 1/(1/x)∞ and 0 lie inside C. For more
details, see [7, Section 4.10].

First, we consider the matrix which connects uL,id with uL+1,id. If l ̸= L+ 1, then we have

uL,idk,l = uL+1,id
k,l ,

easily. Hence, we should calculate the connection formula of uL,id0 , uL,idk,L+1. By rewriting the
definition (3.2), we have

FL
N,M

(
{aj}, {bi}

{cj}
; {ti}

)
=

∑
m1,...,mM≥0

N∏
j=1

(aj/bL+1 · · · bM )m(L)

(cj/bL+1 · · · bM )m(L)

M∏
i=1

(bi)mi

(q)mi

L∏
i=1

tmi
i

M∏
i=L+1

(
q

biti

)mi

=
∑

m1,...,mL,mL+2,...,mM≥0

{
N∏
j=1

(aj/bL+1 · · · bM )m(L)′

(cj/bL+1 · · · bM )m(L)′

∏
1≤i≤M
i ̸=L+1

(bi)mi

(q)mi

L∏
i=1

tmi
i

M∏
i=L+2

(
q

biti

)mi

×N+1φN

{qbL+1 · · · bM/cjq
m(L)′}1≤j≤N , bL+1

{qbL+1 · · · bM/ajq
m(L)′}1≤j≤N

;
N∏
j=1

cj
aj

· q

bL+1tL+1

}. (3.13)

Here and in the following, we use the notation

m(l)′ =
l∑

i=1

mi −
M∑

i=l+2

mi,

for m = (m1, . . . ,mM ) and 0 ≤ l ≤ M . By applying the formula (3.12) to N+1φN , we obtain

FL
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
=

N∏
j=1

(qbL+2 · · · bM/aj , qbL+1 · · · bM/cj)∞
(qbL+1 · · · bM/aj , qbL+2 · · · bM/cj)∞

· θ(tL+1a1 · · · aN/c1 · · · cN )

θ(tL+1bL+1a1 · · · aN/c1 · · · cN )

×FL+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
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+

N∑
d=1

{
N∏
j=1

(cd/aj)∞
(qbL+1 · · · bM/aj)∞

∏
1≤j≤N
j ̸=d

(qbL+1 · · · bM/cj)∞
(cd/cj)∞

· (bL+1)∞
(cd/qbL+2 · · · bM )∞

× θ(tL+1a1 · · · aNcd/qbL+2 · · · bMc1 · · · cN )

θ(tL+1bL+1a1 · · · aN/c1 · · · cN )

×FL+1;d,L+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)}
.

By similar calculation of (3.13), we have

FL;k,L+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
=

∏
1≤j≤N
j ̸=k

(qbL+2 · · · bM/aj)∞
(qak/aj)∞

· (q/bL+1)∞
(qak/bL+1 · · · bM )∞

N∏
j=1

(qak/cj)∞
(qbL+2 · · · bM/cj)∞

× θ(tL+1bL+1 · · · bMa1 · · · aN/akc1 · · · cN )

θ(tL+1bL+1a1 · · · aN/c1 · · · cN )
FL+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
+

N∑
d=1

{ ∏
1≤j≤N
j ̸=k

(cd/aj)∞
(qak/aj)∞

· (cd/bL+1 · · · bM )∞
(qak/bL+1 · · · bM )∞

∏
1≤j≤N
j ̸=d

(qak/cj)∞
(cd/cj)∞

· (ak/bL+2 · · · bM )∞
(cd/qbL+2 · · · bM )∞

× θ(tL+1bL+1a1 · · · aNcd/qc1 · · · cNak)

θ(tL+1bL+1a1 · · · aN/c1 · · · cN )
GL+1;d,L+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)}
.

Therefore, we set

AL,id = AL,id

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; tL+1

)
=


A0,0 A0,1 · · · A0,N

A1,0 A1,1 · · · A1,N
...

...
...

AN,0 AN,1 · · · AN,N

 ,

A0,0 =
N∏
j=1

(qbL+2 · · · bM/aj , qbL+1 · · · bM/cj)∞
(qbL+1 · · · bM/aj , qbL+2 · · · bM/cj)∞

· θ(tL+1a1 · · · aN/c1 · · · cN )

θ(tL+1bL+1a1 · · · aN/c1 · · · cN )
t
−βL+1

L+1 ,

A0,d = (A0,(1,d), A0,(2,d), . . . , A0,(M,d)) = (0, . . . , 0, A0,(L+1,d), 0, . . . , 0),

A0,(L+1,d) =
N∏
j=1

(cd/aj)∞
(qbL+1 · · · bM/aj)∞

∏
1≤j≤N
j ̸=d

(qbL+1 · · · bM/cj)∞
(cd/cj)∞

· (bL+1)∞
(cd/qbL+2 · · · bM )∞

× θ(tL+1a1 · · · aNcd/qbL+2 · · · bMc1 · · · cN )

θ(tL+1bL+1a1 · · · aN/c1 · · · cN )
t
−1−

∑M
i=L+1 βi+γd

L+1 ,

Ak,0 =
T(A(1,k),0, A(2,k),0, . . . , A(N,k),0) =

T(0, . . . , 0, A(L+1,k),0, 0, . . . , 0),

A(L+1,k),0 =
∏

1≤j≤N
j ̸=k

(qbL+2 · · · bM/aj)∞
(qak/aj)∞

· (q/bL+1)∞
(qak/bL+1 · · · bM )∞

N∏
j=1

(qak/cj)∞
(qbL+2 · · · bM/cj)∞

× θ(tL+1bL+1 · · · bMa1 · · · aN/akc1 · · · cN )

θ(tL+1bL+1a1 · · · aN/c1 · · · cN )
t
−αk+

∑M
i=L+2 βi

L+1 ,

Ak,d =

IL O O
O A(L+1,k),(L+1,d) O

O O IM−L−1

 ,
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A(L+1,k),(L+1,d) =
∏

1≤j≤N
j ̸=k

(cd/aj)∞
(qak/aj)∞

· (cd/bL+1 · · · bM )∞
(qak/bL+1 · · · bM )∞

×
∏

1≤j≤N
j ̸=d

(qak/cj)∞
(cd/cj)∞

· (ak/bL+2 · · · bM )∞
(cd/qbL+2 · · · bM )∞

× θ(tL+1bL+1a1 · · · aNcd/qc1 · · · cNak)

θ(tL+1bL+1a1 · · · aN/c1 · · · cN )
t−1−αk+γd
L+1 ,

where 1 ≤ k, d ≤ N , In is the unit matrix of degree n and O is the null matrix. Then we have

uL,id = AL,iduL+1,id.

Secondly, we consider the matrix which connects uL,id with uL−1,id. This can be calculated by
a similar method for deriving the matrix AL,id. We set

BL,id = BL,id

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; tL

)
=


B0,0 B0,1 · · · B0,N

B1,0 B1,1 · · · B1,N
...

...
...

BN,0 BN,1 · · · BN,N

 ,

B0,0 =
N∏
j=1

(aj/bL+1 · · · bM , cj/bL · · · bM )∞
(aj/bL · · · bM , cj/bL+1 · · · bM )∞

· θ(tLbL)
θ(tL)

tβL
L ,

B0,d = (B0,(1,d), B0,(2,d), . . . , B0,(M,d)) = (0, . . . , 0, B0,(L,d), 0, . . . , 0),

B0,(L,d) =
N∏
j=1

(cj/ad)∞
(cj/bL+1 · · · bM )∞

∏
1≤j≤N
j ̸=d

(aj/bL+1 · · · bM )∞
(aj/ad)∞

· (bL)∞
(bL · · · bM/ad)∞

× θ(tLad/bL+1 · · · bM )

θ(tL)
t
αd−

∑M
i=L+1 βi

L ,

Bk,0 =
T(B(1,k),0, B(2,k),0, . . . , B(M,k),0) =

T(0, . . . , 0, B(L,k),0, 0, . . . , 0),

B(L,k),0 =
∏

1≤j≤N
j ̸=k

(cj/bL · · · bM )∞
(qcj/ck)∞

· (q/bL)∞
(q2bL+1 · · · bM/ck)∞

N∏
j=1

(qaj/ck)∞
(aj/bL · · · bM )∞

× θ(tLqbL · · · bM/ck)

θ(tL)
t
1+

∑M
i=L βi−γk

L ,

Bk,d =

IL−1 O O
O B(L,k),(L,d) O

O O IM−L

 ,

B(L,k),(L,d) =
∏

1≤j≤N
j ̸=k

(cj/ad)∞
(qcj/ck)∞

· (qbL+1 · · · bM/ad)∞
(q2bL+1 · · · bM/ck)∞

∏
1≤j≤N
j ̸=d

(qaj/ck)∞
(aj/ad)∞

· (qbL · · · bM/ck)∞
(bL · · · bM/ad)∞

× θ(tLqad/ck)

θ(tL)
t1+αd−γk
L ,

where 1 ≤ k, d ≤ N . Then we have

uL,id = BL,iduL−1,id.
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Finally, we consider the matrix which connects uM,id with uM,sr . We have

uM,sr
0 = uM,id

0 , uM,sr
k,l = uM,id

k,l ,

easily if l ̸= r, r+1. Thus we should calculate the connection formula of uM,sr
k,r , uM,sr

k,r+1. We have

GM ;k,r
N,M

(
{aj}1≤j≤N , {bsr(i)}1≤i≤M

{cj}1≤j≤N
; {tsr(i)}1≤i≤M

)
=

∑
m1,...,mM≥0

{
N∏
k=1

(qak/cj)mM

(qck/cj)mM

r−1∏
i=1

(bi)mi

(q)mi

M∏
i=r+2

(bi)mi−1

(q)mi−1

· (br)mr

(q)mr

(ck/qbrbr+2 · · · bM )m(r−1)

(ck/br · · · bM )m(r−1)

×
r−1∏
i=1

(
qti

br+1tr+1

)mi M∏
i=r+2

(
br+1tr+1

biti

)mi−1

·
(
br+1tr+1

brtr

)mr
(
br+1tr+1

q

)mM
}

=
∑

m1,...,mr−1,mr+1,...,mM≥0

{
N∏
k=1

(qak/cj)mM

(qck/cj)mM

r−1∏
i=1

(bi)mi

(q)mi

M∏
i=r+2

(bi)mi−1

(q)mi−1

×
(ck/qbrbr+2 · · · bM )m(r−1)′

(ck/br · · · bM )m(r−1)′

r−1∏
i=1

(
qti

br+1tr+1

)mi M∏
i=r+2

(
br+1tr+1

biti

)mi−1

·
(
br+1tr+1

q

)mM

× 2φ1

(
br, qbr · · · bM/ckq

m(r−1)′

q2brbr+2 · · · bM/ckq
m(r−1)′ ;

qtr+1

brtr

)}
,

and by applying the formula (3.12) to 2φ1, we obtain

GM ;k,r
N,M

(
{aj}1≤j≤N , {bsr(i)}1≤i≤M

{cj}1≤j≤N
; {tsr(i)}1≤i≤M

)
=

(q/br+1, br)∞
(q2brbr+2 · · · bM/ck, ck/qbr+1 · · · bM )∞

θ(trck/tr+1qbr+1 · · · bM )

θ(trbr/tr+1)

× GM ;k,r
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
+

(q2br+2 · · · bM/ck, qbr · · · bM/ck)∞
(q2brbr+2 · · · bM/ck, qr+1 · · · bM/ck)∞

θ(tr/tr+1)

θ(trbr/tr+1)

× GM ;j,r+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
.

Similarly, we have

GM ;k,r+1
N,M

(
{aj}1≤j≤N , {bsr(i)}1≤i≤M

{cj}1≤j≤N
; {tsr(i)}1≤i≤M

)
=

(ck/br · · · bM , ck/qbr+2 · · · bM )∞
(ck/brbr+2 · · · bM , ck/qbr+1 · · · bM )∞

θ(trbr/tr+1br+1)

θ(trbr/tr+1)

× GM ;k,r
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
+

(q/br, br+1)∞
(ck/brbr+2 · · · bM , qbr+1 · · · bM/ck)∞

θ(trqbrbr+2 · · · bM/tr+1ck)

θ(trbr/tr+1)

× GM ;k,r+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
.
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Therefore, we set

SM,id
sr = SM,id

sr

(
{bi}1≤i≤M

{cj}1≤j≤N
;

tr
tr+1

)
=


1 O · · · · · · O
O S1

r O · · · O
... O S2

r

...
...

...
. . . O

O O · · · O SN
r

 , (3.14)

Sk
r =


Ir−1 O O O
O Sk

r,r Sk
r,r+1 O

O Sk
r+1,r Sk

r+1,r+1 O

O O O IM−r−1

 ,

Sk
r,r =

(q/br+1, br)∞
(q2brbr+2 · · · bM/ck, ck/qbr+1 · · · bM )∞

× θ(trck/tr+1qbr+1 · · · bM )

θ(trbr/tr+1)

(
tr
tr+1

)−1−
∑M

i=r βi+γk

,

Sk
r,r+1 =

(q2br+2 · · · bM/ck, qbr · · · bM/ck)∞
(q2brbr+2 · · · bM/ck, qbr+1 · · · bM/ck)∞

θ(tr/tr+1)

θ(trbr/tr+1)

(
tr
tr+1

)−βr

,

Sk
r+1,r =

(ck/br · · · bM , ck/qbr+2 · · · bM )∞
(ck/brbr+2 · · · bM , ck/qbr+1 · · · bM )∞

θ(trbr/tr+1br+1)

θ(trbr/tr+1)

(
tr
tr+1

)−βr+1

,

Sk
r+1,r+1 =

(q/br, br+1)∞
(ck/brbr+2 · · · bM , qbr+1 · · · bM/ck)∞

× θ(trqbrbr+2 · · · bM/tr+1ck)

θ(trbr/tr+1)

(
tr
tr+1

)1+
∑M

i=r+2 βi−γk

,

where 1 ≤ k ≤ N . Then we have

uM,sr = SM,id
sr uM,id.

Moreover, for σ ∈ SM , we set

AL,σ = AL,id

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N
; tσ(L+1)

)
,

BL,σ = BL,id

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N
; tσ(L)

)
,

SM,σ
sr = SM,id

sr

(
{bσ(i)}1≤i≤M

{cj}1≤j≤N
;

tσ(r)

tσ(r+1)

)
.

Then we have

uL,σ = AL,σuL+1,σ, uL,σ = BL,σuL−1,σ, uM,srσ = SM,σ
sr uM,σ.

Therefore, we obtain the following theorem:

Theorem 3.8. We assume the condition (3.11) for 1 ≤ i ≤ M +1, 1 ≤ j ̸= k ≤ N and for any
σ ∈ SM . For 0 ≤ L1, L2 ≤ M and σ1, σ2 ∈ SM , we have

uL2,σ2 = AL2,σ2AL2+1,σ2 · · ·AM−1,σ2S
M,sr2 ···srI σ1
sr1

S
M,sr3 ···srI σ1
sr2

· · ·SM,σ1
srI

×BM,σ1BM−1,σ1 · · ·BL1+1,σ1uL1,σ1 ,

if σ2 = sr1 · · · srIσ1, where sr = (r, r + 1) ∈ SM .
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Remark 3.9. Each element of the matrices AL,σ, BL,σ, SM,σ
sr is a pseudo constant, i.e.,

TsA
L,σ = AL,σ, TsB

L,σ = BL,σ, TsS
M,σ
sr = SM,σ

sr .

4 A solution of the Yang–Baxter equation

In this section, we assume bi = qβi , 1 ≤ i ≤ M , and cj = qγj , 1 ≤ j ≤ N . We obtain an elliptic
solution of the Yang–Baxter equation as an application of Theorem 3.8. The functions

vσ0 = FN,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {ti}1≤i≤M

)
,

vσk,l = t
1+

∑M
i=l βσ(i)−γk

σ(l)

M∏
m=l+1

t
−βσ(m)

σ(m) · FM ;k,l
N,M

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N
; {tσ(i)}1≤i≤M

)
,

where 1 ≤ k ≤ N , 1 ≤ l ≤ M and σ ∈ SM , are solutions of the q-difference system EN,M in the
region

DM,σ =

{
|ti| < 1, 1 ≤ i ≤ M,

∣∣∣∣ qtσ(i)

bσ(j)tσ(j)

∣∣∣∣ < 1, 1 ≤ i < j ≤ M

}
.

Similar to the calculation of the matrix (3.14), we set

vσ = T
(
vσ0 , v

σ
1,1, . . . , v

σ
1,M , vσ2,1, . . . , v

σ
N,M

)
,

and we set

S̃id
sr = S̃id

sr

(
{bi}1≤i≤M

{cj}1≤j≤N
;

tr
tr+1

)
=


1 O · · · · · · O

O S̃1
r O · · · O

... O S̃2
r

...
...

...
. . . O

O O · · · O S̃N
r

 ,

S̃k
r = S̃r

(
{bi}1≤i≤M

ck
;

tr
tr+1

)
=


Ir−1 O O O

O S̃k
r,r S̃k

r,r+1 O

O S̃k
r+1,r S̃k

r+1,r+1 O

O O O IM−r−1

 , (4.1)

S̃k
r,r =

(q/br+1, br)∞
(q2brbr+2 · · · bM/ck, ck/qbr+1 · · · bM )∞

× θ(trck/tr+1qbr+1 · · · bM )

θ(trbr/tr+1)

(
tr
tr+1

)−1−
∑M

i=r βi+γk

,

S̃k
r,r+1 =

(q2br+2 · · · bM/ck, qbr · · · bM/ck)∞
(q2brbr+2 · · · bM/ck, qbr+1 · · · bM/ck)∞

θ(tr/tr+1)

θ(trbr/tr+1)

(
tr
tr+1

)−βr

,

S̃k
r+1,r =

(ck/br · · · bM , ck/qbr+2 · · · bM )∞
(ck/brbr+2 · · · bM , ck/qbr+1 · · · bM )∞

θ(trbr/tr+1br+1)

θ(trbr/tr+1)

(
tr
tr+1

)−βr+1

,

S̃k
r+1,r+1 =

(q/br, br+1)∞
(ck/brbr+2 · · · bM , qbr+1 · · · bM/ck)∞

× θ(trqbrbr+2 · · · bM/tr+1ck)

θ(trbr/tr+1)

(
tr
tr+1

)1+
∑M

i=r+2 βi−γk

,
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where 1 ≤ k ≤ N and sr = (r, r + 1) ∈ SM . Then we have

vsr = S̃id
srv

id.

In addition, we set

S̃σ
sr = S̃id

sr

(
{bσ(i)}1≤i≤M

{cj}1≤j≤N
;

tσ(r)

tσ(r+1)

)
,

for σ ∈ SM , and then we have

vsrσ = S̃σ
srv

σ.

Remark 4.1. The matrices S̃id
sr , 1 ≤ r ≤ M − 1, depend only on tr/tr+1 and the parameters

{bi}, {cj}.

By the braid relation (r, r + 2) = srsr+1sr = sr+1srsr+1, we have

v(r,r+2) = S̃sr+1sr
sr S̃sr

sr+1
S̃id
srv

id = S̃srsr+1
sr+1

S̃sr+1
sr S̃id

sr+1
vid.

In particular, we find that the matrices S̃r satisfy the Yang–Baxter equation

S̃r

(
{bsr+1sr(i)}1≤i≤M

ck
;u

)
S̃r+1

(
{bsr(i)}1≤i≤M

ck
;uv

)
S̃r

(
{bi}1≤i≤M

ck
; v

)
= S̃r+1

(
{bsrsr+1(i)}1≤i≤M

ck
; v

)
S̃r

(
{bsr+1(i)}1≤i≤M

ck
;uv

)
S̃r+1

(
{bi}1≤i≤M

ck
;u

)
,

where u = tr+1/tr+2, v = tr/tr+1.

Remark 4.2. For the details of the Yang–Baxter equation, see Jimbo’s text [11].

Remark 4.3. Aomoto, Kato and Mimachi [4] obtained an elliptic solution of the Yang–Baxter
equation by considering the connection matrices of a holonomic q-difference system which was
studied in [16]. They obtained that the matrices

Pi(u) =

Ii−1 O O
O W (α′ + (i− 1)β′, β′;u) O
O O In−i−1

 ,

W (α, β;u) =


uα+3β+1 θ

(
q−β

)
θ
(
uqα+2β+1

)
θ
(
q−α−2β

)
θ
(
uq−β

) qβ+1uβ
θ(u)θ

(
q−α−β+1

)
θ
(
qα+3β+2

)
θ
(
q−α−2β

)2
θ
(
uq−β

)
uβ

θ(u)

θ
(
uq−β

) u−α−β θ
(
q−β

)
θ
(
uq−α−2β

)
θ
(
q−α−2β

)
θ
(
uq−β

) ,
 ,

where 1 ≤ i ≤ n− 1, satisfy the Yang–Baxter equation

Pi(u)Pi+1(uv)Pi(v) = Pi+1(v)Pi(uv)Pi+1(u).

They also found that the matrix W is identified as the matrix W ′ with entires of Boltzmann

weight
κ

µ2σ
ν

of the A
(1)
1 face model discussed by Jimbo, Miwa and Okado [12]. The matrix W ′

is expressed as

W ′ =


[a− u]

[a]

[u][a+ 1][a− 1]

[1][a]2

[u]

[1]

[a+ u]

[a]

 , (4.2)
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where [u] = θ1(πu/L, q), L ̸= 0 is an arbitrary complex parameter and

θ1(u, q) = 2q1/8 sinu
∞∏
k=1

(
1− 2qk cos 2u+ q2k

)(
1− qk

)
= 2q1/8 sinu

(
e2

√
−1uq, e−2

√
−1uq, q

)
∞.

The matrix W is equivalent to W ′ as follows:

x2gc
(
x−ga+1 0

0 x−ga−1

)
W ′
(
x−ga+1 0

0 x−ga−1

)
=

θ
(
xq−β

)
θ
(
q−β

) W (α, β;x),

with e2π
√
−1u/L = x, e2π

√
−1/L = qβ+1, e2π

√
−1a/L = q−α−2β, ga−1 = α+β

2 , ga+1 = −α−3β
2 ,

2gc =
1
2 . On the other hand, by specializing parameters bi as b1 = · · · = bM = qβ, the matrices

S̃r(u) = S̃r

(
qβ

ck
;u

)
satisfy the Yang–Baxter equation

S̃r(u)S̃r+1(uv)S̃r(v) = S̃r+1(v)S̃r(uv)S̃r+1(u).

By definition (4.1), we have

S̃r(u) =

Ir−1 O O

O W̃ (γk − 2− (M − r − 2)β,−β;u) O
O O IM−r−1

 , (4.3)

W̃ (α, β;u) =


uα+3β+1 θ

(
q−β

)
θ
(
uqα+2β+1

)
θ
(
q−α−2β

)
θ
(
uq−β

) uβ
θ(u)

(
q−α−β, q−α−3β−1

)
∞

θ
(
uq−β

)(
q−α−2β, q−α−2β−1

)
∞

uβ
θ(u)

(
qα+3β+2, qα+β+1

)
∞

θ
(
uq−β

)(
qα+2β+2, qα+2β+1

)
∞

u−α−β−1 θ
(
uq−α−2β−1

)
θ
(
q−β

)
θ
(
uq−β

)
θ
(
q−α−2β−1

)
 ,

and by means of easy calculations, we find that the matrices W and W̃ are conjugate as follows:

W (α, β;u) = A(α, β)−1W̃ (α, β;u)A(α, β) = B(α, β)W̃ (α, β;u)B(α, β)−1,

where

A(α, β) =

(
1 0
0 f(α, β)

)
, B(α, β) =

(
f(α, β) 0

0 1

)
,

f(α, β) =

(
qα+3β+2, qα+β+1

)
∞(

qα+2β+2, qα+2β+1
)
∞
.

In conclusion, our matrix W̃ is identified as Jimbo, Miwa and Okado’s matrix W ′ and with
n = M , α′ = γk − 2 − (M − 3)β and β′ = −β, our matrices S̃r(u) and Aomoto, Kato and
Mimachi’s matrices Pr(u) are conjugate.

5 Summary and discussion

A summary of our results is as follows. The main result of this paper is Theorem 3.8, which gives
the connection matrices for fundamental solutions uL,σ of the q-difference system EN,M (2.5)
and (2.6). The fundamental solution uL,σ converges in the region {|tσ(1)| ≪ · · · ≪ |tσ(L)| ≪ 1 ≪
|tσ(L+1)| ≪ · · · ≪ |tσ(M)|}. The component of the fundamental solution uL,id has the asymptotic

behavior of the form tδ11 · · · tδMM (1+O(||x||)) at x = (t1/t2, . . . , tL−1/tL, tL, 1/tL+1, tL+1/tL+2, . . . ,
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tM−1/tM ) = (0, . . . , 0) for some δ. More precisely, see Remark 3.4. The way to get the connection
matrices is to calculate “easy” connection matrices many times, i.e.,

uL1,σ1 → uL1+1,σ1 → · · · → uM,σ1

→ uM,sr1σ1 → uM,sr2sr1σ1 → · · · → uM,srI ···sr1σ1 = uM,σ2

→ uM−1,σ2 → uM−2,σ2 → · · · → uL2,σ2 .

Here, sr = (r, r + 1) ∈ SM . Each step can be calculated by using Thomae–Watson’s for-
mula [23, 25], which is a connection formula of the function N+1φN . In addition, as an ap-
plication of Theorem 3.8, we obtained a solution of the Yang–Baxter equation by considering
the connection matrix between uM,(r,r+2) and uM,id. Also we showed that our matrix (4.3) is
identified as Jimbo, Miwa, Okado’s matrix (4.2), and our solution and Aomoto, Kato, Mimachi’s
solution [4] are conjugate.

There are many problems related to our results. We mention four of them here.

(i) By taking the limit q → 1 with aj = qαj , bi = qβi , cj = qγj , we obtain fundamental
solutions of Tsuda’s hypergeometric equations [24]ts(βs +Ds)

N∏
j=1

(αj +D)−Ds

N∏
j=1

(γj − 1 +D)

 y = 0, 1 ≤ s ≤ M,

{tr(βr +Dr)Ds − ts(βs +Ds)Dr}y = 0, 1 ≤ r < s ≤ M,

where Ds = ts
∂
∂ts

and D =
∑M

s=1Ds. Similar to the method of Theorem 3.8, it is expected
that the connection problem of Tsuda’s equations will be solved. In this case, it must
be noted that solutions are multivalued functions. The connection formula of Tsuda’s
hypergeometric function FN+1,M , which is a solution of Tsuda’s equations, depends on the
path on X =

{
(t1, . . . , tM ) ∈ CM ; ti ̸= tj , i ̸= j, ti ̸= 0, 1

}
. In [15], a path of connection

for solutions of GG system [8] was discussed by Matsubara-Heo. Thus the connection
problem of Tsuda’s equations will also be solved by Matsubara’s method. Note that in the
case of N = 1, some of connection formulas related with F1 were obtained by Olsson [18],
and related with FD were obtained by Mimachi [17] from the viewpoint of the Jordan–
Pochhammer integral and the intersection theory.

(ii) The function is a generalization of the q-Lauricella function φD. In differential case and
two variable case, i.e.,

[ts(βs +Ds)(α+Ds +Dr)−Ds(γ − 1 +Ds +Dr)]F = 0, (i, j) = (1, 2), (2, 1),

there are power series solutions of the equation which converge near (t1, t2) = (0, 0),
(0, 1), (0,∞), (1, 0), (1, 1), (1,∞), (∞, 0), (∞, 1), (∞,∞). Here we show two solutions as
examples:

F1

(
α;β1, β2

α+ β1 + β2 + 1− γ
; 1− t1, 1− t2

)
,

t−β1
1 t−β2

2 F1

(
β1 + β2 + 1− γ;β1, β2
α+ β1 + β2 + 1− γ

;
t1 − 1

t1
,
t2 − 1

t2

)
.

60 solutions like these series were obtained by Appell [5], Le Vavasseur [14], and other
solutions which are given by the Horn’s G2 function were obtained by Erdélyi [6]. In this
paper we get power series solutions for the system EN,M , however in the case N = 1
and M = 2, the series are q-analogs of only a part of Appell, Le Vavasseur, Erdélyi’s
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solutions. In case of one variable, Hahn [10] obtained q-analogs of Kummer’s 24 solutions.
In future we hope that other solutions for EN,M , which contain q-analogs of Appell, Le
Vavasseur, Erdélyi’s solutions will be obtained. It is expected that these solutions will be
generalizations of Hahn’s solutions.

(iii) Our fundamental solutions uL,σ are given by series. On the other hand, a solution FN,M

has the Euler-type Jackson integral representation (2.4). It is also expected that other so-
lutions of the q-difference system EN,M have the Euler-type Jackson integral representation
with suitable domain of integration.

(iv) In recent years, the theory of elliptic difference equations has progressed. For exam-
ple, considering discrete isomonodromic deformations of a linear difference system, an
elliptic Garnier system which is a generalization of elliptic Painlevé equation defined by
Sakai [22] was obtained by Ormerod, Rains [19] and Yamada [26]. Also, by using repre-
sentation theory of the elliptic quantum group Uq,p

(
ŝlN
)
, an explicit formula for elliptic

hypergeometric integral solutions of the face type elliptic q-KZ equation was obtained by
Konno [13]. We hope that an elliptic analog of the hypergeometric function FN,M and
its related isomonodromic system will be obtained and our result will be extended to the
elliptic hypergeometric function.
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[10] Hahn W., Beiträge zur Theorie der Heineschen Reihen. Die 24 Integrale der Hypergeometrischen q-
Differenzengleichung. Das q-Analogon der Laplace-Transformation, Math. Nachr. 2 (1949), 340–379.

[11] Jimbo M., Quantum groups and the Yang–Baxter equation (in Japanese), Maruzen shuppan, 1990.

[12] Jimbo M., Miwa T., Okado M., Solvable lattice models related to the vector representation of classical
simple Lie algebras, Comm. Math. Phys. 116 (1988), 507–525.

https://doi.org/10.1112/jlms/s2-4.4.618
https://doi.org/10.1155/S1073792892000023
https://doi.org/10.1007/BF02392635
https://doi.org/10.1017/CBO9780511526251
https://doi.org/10.1023/A:1007653012080
https://doi.org/10.1023/A:1007653012080
https://doi.org/10.1007/BF01078777
https://doi.org/10.1007/BF01078777
https://doi.org/10.1002/mana.19490020604
https://doi.org/10.1007/BF01229206


Connection Problem for an Extension of q-Hypergeometric Systems 21

[13] Konno H., Elliptic weight functions and elliptic q-KZ equation, J. Integrable Syst. 2 (2017), xyx011, 43 pages,
arXiv:1706.07630.
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105–138.

[24] Tsuda T., Hypergeometric solution of a certain polynomial Hamiltonian system of isomonodromy type,
Q. J. Math. 63 (2012), 489–505, arXiv:1005.4130.

[25] Watson G.N., The continuation of functions defined by generalized hypergeometric series, Trans. Camb.
Phil. Soc. 21 (1910), 281–299.

[26] Yamada Y., An elliptic Garnier system from interpolation, SIGMA 13 (2017), 069, 8 pages,
arXiv:1706.05155.

https://doi.org/10.1093/integr/xyx011
https://arxiv.org/abs/1706.07630
https://doi.org/10.1093/imrn/rnab144
https://arxiv.org/abs/2010.03398
https://doi.org/10.1017/S0027763000001744
https://doi.org/10.34508/repsympo.2018.0_142
https://doi.org/10.1063/1.1704134
https://doi.org/10.1007/s00220-017-2934-6
https://arxiv.org/abs/1607.07831
https://doi.org/10.1093/integr/xyy019
https://arxiv.org/abs/1804.08921
https://arxiv.org/abs/2005.04992
https://doi.org/10.1007/s002200100446
https://doi.org/10.1093/qmath/haq040
https://arxiv.org/abs/1005.4130
https://doi.org/10.3842/SIGMA.2017.069
https://arxiv.org/abs/1706.05155

	1 Introduction
	2 Preliminaries
	3 Connection problem of the q-difference system E_{N,M}
	3.1 Solutions of the q-difference system E_{N,M}
	3.2 Connection matrices

	4 A solution of the Yang–Baxter equation
	5 Summary and discussion
	References

