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Figure 10. Support properties used in the computation of fermionic surface layer integrals.

The significance of the condition (7.45) will be explained and discussed in detail in Sec-
tion 7.4.3 below. We now enter the proof of this theorem, which will be completed at the end
of Section 7.4.3. It is useful to write the y-dependence of Jkl(x, y) symbolically as

ψ(y) · φ(y) , (7.46)

where ψ and φ are two solutions of the Dirac equation. Since the spinorial character of the wave
functions is of no relevance for what follows, it is preferable to consider ψ and φ as solutions
of the Klein-Gordon equation of mass m > 0. Thus in momentum space, both ψ̂ and φ̂ are
supported on the mass shell. Rewriting the integral (6.19) in momentum space, our task is to
analyze the integral

ˆ

d4p

(2π)4
K̂(p)

ˆ

d4q

(2π)4
ψ̂(q) φ̂(p− q) . (7.47)

Using that both ψ̂ and φ̂ are supported on the mass shell, their convolution is supported in the
shaded region on the left of Figure 10. The Fourier transform K̂ of the kernel K in (7.44), on
the other hand, is obtained by taking the second derivatives of the distribution shown on the
right of Figure 3. This shows in particular that K̂(p) vanishes inside the upper and lower mass

cone. As a consequence, the integral (7.47) vanishes if the arguments of ψ̂ and φ̂ are both on
the upper or both on the lower mass shell. Hence in what follows, it suffices to consider the case
that one momentum is on the upper and the other on the lower mass shell (as shown on the
right of Figure 10).

For the following analysis, it is convenient to decompose K̂ into the so-called equal time and
zero momentum contributions,

K̂ = K̂et + K̂zm ,

which are defined by

K̂et(p) :=
1

δ4
∂2

∂pjpk
iω

k
(7.48)

K̂zm(p) := −
1

δ4
∂2

∂pjpk

(

iω

k
Θ(p2)− iǫ(p0) Θ(p2)

)

. (7.49)

Note that K̂et(p) is a polynomial in ω, implying that its Fourier transform Ket(x, y) gives a
contribution only for equal times x0 = y0. In view of the right of Figure 10, K̂zm gives a
contribution only if p = (ω,~k) = 0, explaining the name zero momentum contribution.

7.4.1 The Equal Time Contribution

We first compute the condition for conservation (6.20) for the equal time contribution without
the assumptions in Theorem 7.9:


