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where d∗(x, yj) = n+ j for all j ≥ 0 and d∗(xi, y) = n+ i for all i ≥ 0 uniquely determines the
vertices xi and yj . This gives d∗(xi, yj) = n + i + j for all i, j ≥ 0. The pair of ends (e+, e−)
determined by this process is called a twin end. Using the N-valued codistance between vertices
in twin trees and the N-valued codistance between chambers (edges), it seems clear that for any
chambers C+

i = [xi, xi+1] in the ray [x, e+) and C−j = [yj , yj+1] in the ray [y, e−), the chamber

codistance δ∗(C+
i , C

−
j ) > 0, so no such pair of chambers is opposite.

The following fact was proved by Ronan–Tits [54, Proposition 3.4].

Proposition 8.6 ([54]). Let x ∈ V + and y ∈ V − with d∗(x, y) = n > 0 determine rays r+ and
r− with ends e+ and e−. Let x′ ∈ V + and y′ ∈ V − be another pair of non-opposite vertices
(so d∗(x′, y′) > 0), with another pair of rays r′+ and r′− with ends e′+ and e′−. If e′+ = e+ then
e′− = e−.

Corollary 8.7. Let Γ be any group acting on the twin tree (T +, T −, d∗) preserving d∗. If we
have a twin end (e+, e−) and if g ∈ Γ with g · e+ = e+ then g · e− = e−.

Proof. With notation as above, let g · (x, y) = (g ·x, g ·y) = (x′, y′). We can apply g to the rays
r+ and r−, to get rays r′+ and r′−, which consist of the vertices g ·xi and g ·yi uniquely determined
by x′ and y′ because g ∈ Γ preserves d∗. But then we must have g · (e+, e−) = (g · e+, g · e−).
We are given that g · e+ = e+, so Proposition 8.6 gives g · e− = e−. �

We have G = T 〈Uα |α ∈ Φ〉 is generated by its (real) root groups, Uα and the torus T =
FixG(A+

0 , A
−
0 ) that fixes (chamber-wise) the fundamental twin apartment A0 = (A+

0 , A
−
0 ) in the

twin tree. In the tree, B±, a root α± means a ray in the fundamental apartment A±0 , and each
root α+ (ray) in A+

0 determines a root α− (ray) in A−0 , giving a twin root α = (α+, α−), a pair
of rays. That root α− is the negative of the root (ray) in A−0 whose edges are the opposites
of the edges of α+. This means that α− is the maximal ray in A−0 such that no edge of α− is
opposite to any edge of a+. (See Fig. 7.)
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Figure 7. Twin root α = (α+, α−) in twin apartment (A+, A−) determined by adjacent chambers C+

and D+ with C+ ∩D+ = x+ and C+ ∈ α+, so α− = −opα+. Also showing twin ends (e1+, e
1
−) of α.

Uα acts transitively on the set of chambers (edges) of T + containing x+ different from the
chamber C+ in fixed ray α+.

We have T = ∩α∈ΦNG(Uα), and for i = 1, 2, we have defined ends e±i,∞ as equivalence classes

of rays, and for the following proof we use the notation ei± for e±i,∞, so that

Ui = 〈Uα |α = (α+, α−), α+ represents end ei+〉

and

T ≤ D = TW even = {g ∈ G | g acts by translation on A+
0 } ≤ StabG(A+

0 ) = N.

The following theorem gives a precise description of B±i,∞ = StabG(ei±), but is written only for
the case of i = 1 and ± = +. The result shows that the answer is independent of the choice of
±.


