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Abstract. Let I denote a field, and pick a nonzero ¢ € F that is not a root of unity. Let
Zy4 = Z/4Z denote the cyclic group of order 4. Define a unital associative F-algebra O, by
generators {z; }iez, and relations

—1
qr;Tit1 —q “Ti41%;

—1
q—q?!

3 2 2 3
o wiwigo — [3]gxiTitexi 4 [BlgTitiponi — Tipory =0,

where [3], = (q3 — q’3)/(q — qil). Let V' denote a L,-module. A vector £ € V' is called NIL
whenever 21 = 0 and 23§ = 0 and £ # 0. The U,-module V' is called NIL whenever V is
generated by a NIL vector. We show that up to isomorphism there exists a unique NIL [,-
module, and it is irreducible and infinite-dimensional. We describe this module from sixteen
points of view. In this description an important role is played by the g-shuffle algebra for
affine sls.
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1 Introduction

The algebra 0, was introduced in [29]. It is associative, infinite-dimensional, and noncommu-
tative. It is defined by generators and relations. There are four generators, and it is natural to
identify these with the edges of an oriented four-cycle. The relations are roughly described as
follows. Each pair of adjacent edges satisfy a ¢-Weyl relation. Each pair of opposite edges satisfy
the g-Serre relations associated with affine slo; these have degree 3 in one variable and degree 1
in the other variable. The cyclic group Z4 = Z/47Z acts on the oriented four-cycle as a group of
rotational symmetries, and this induces a Zj-action on [, as a group of automorphisms.

In the theory of quantum groups, there is an algebra U; called the positive part of U, (;[2)
The algebra Uqu is defined by two generators, subject to the above g-Serre relations [20, Corol-
lary 3.2.6]. The algebras O, and U;“ are related as follows. In the algebra [, each pair of
opposite edges generate a subalgebra that is isomorphic to UqJr [29, Proposition 5.5]. This gives
two subalgebras of [J, that are isomorphic to Uj ; consider their tensor product. There is a map
from this tensor product to [y, given by multiplication in [J,. The map is an isomorphism of
vector spaces [29, Proposition 5.5]. Thus the vector space 0, is isomorphic to U;’ ® U; .

Next we discuss how [, is related to the g-Onsager algebra O,. The algebra O, originated
in algebraic combinatorics [24, Lemma 5.4], [26] and statistical mechanics [1, Section 1], [2,
Section 2]. Research on O, is presently active in both areas; see [10, 15, 16, 17, 25, 27, 28, 29,
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30,31,32]and [1,2,3,4,5,6,7,8,9, 11, 12]. The algebra O, is defined by two generators, subject
to the g-Dolan/Grady relations [29, Definition 4.1]. The ¢-Dolan/Grady relations resemble the
above g-Serre relations, but are slightly more complicated. The algebras U, and O, are related
as follows. By [29, Proposition 5.6] there exists an injective algebra homomorphism O, — O,
that sends one O,-generator to a linear combination of two adjacent [J,-generators, and the other
Og4-generator to a linear combination of the remaining two [l -generators. The only constraint
on the four coefficients is that the first two are reciprocals and the last two are reciprocals.
We just explained how [, and O, are related. This relationship is our primary motivation for
investigating [,.

The finite-dimensional Oj-modules are investigated in [33, 34]. By [34, Proposition 5.2],
each [ -generator is invertible on every nonzero finite-dimensional [,-module. This result gets
used in [34, Sections 8 and 9] to obtain some remarkable g-exponential formulas. In [33], the
finite-dimensional irreducible U,-modules are classified up to isomorphism. This classification
is summarized as follows. There is a family of finite-dimensional irreducible [J,-modules, said to
have type 1 [33, Definition 6.8]. Any finite-dimensional irreducible ,-module can be normalized
to have type 1, by twisting it via an appropriate automorphism of O, [33, Note 6.9]. Let V' denote
a finite-dimensional irreducible [J;-module of type 1. In [33, Definition 8.6] V' gets attached to
a polynomial Py in one variable z that has constant coefficient 1; this Py is called the Drinfel’d
polynomial of V. By [33, Proposition 1.4], the map V ~ Py induces a bijection between the
following two sets: (i) the isomorphism classes of finite-dimensional irreducible [J;-modules of
type 1; (ii) the polynomials in the variable z that have constant coefficient 1 and do not vanish
at z = 1.

In the present paper, our topic is a set of infinite-dimensional [J,-modules, said to be NIL.
A NIL Oj-module is generated by a vector that is sent to zero by a pair of opposite L -generators.
We show that up to isomorphism there exists a unique NIL [;-module, and it is irreducible and
infinite-dimensional. We then describe this module from 16 points of view. In this description
an important role is played by the g-shuffle algebra for affine sly. This algebra was introduced
by Rosso [21] and described further by Green [13].

We now summarize our results in more detail. Let IF denote a field. All vector spaces discussed
in this paper are over . All algebras discussed in this paper are associative, over F, and have
a multiplicative identity. Fix a nonzero ¢ € F that is not a root of unity. Define the algebra [,
by generators {x;}icz, and relations

-1
qQTiTi+1 — 4 " Ti41T4
q—q!

3 2 2 3
T;Ti42 — [3](1331- TitoT; + [3]qximi+2:ci — Tijyox; = 0, (1.2)

=1, (1.1)

where [3]; = (¢* —¢7%)/(q¢ — ¢~ '). The relations (1.1) and (1.2) are called the ¢-Weyl and g-
Serre relations, respectively. Let V' denote a [ -module. A vector { € V' is called NIL whenever
21§ = 0 and 23§ = 0 and & # 0. The Og-module V' is called NIL whenever V is generated by
a NIL vector.

In this paper we obtain the following results. Up to isomorphism, there exists a unique NIL
[g-module, which we denote by U. The U;-module U is irreducible, and isomorphic to Uq+ as
a vector space. Recall the natural numbers N = {0,1,2,...}. The O;module U has a unique

sequence of subspaces {Uy, }nen such that (i) Ug # 0; (ii) the sum U = > U, is direct; (iii) for
neN
n €N,

20U, C U?’L+17 21U, CUp_q, 22U, C Un—l—lv z3U, C U,_1,

where U_; = 0. The sequence {U,, },en is described as follows. The subspace Uy has dimen-
sion 1. The nonzero vectors in Ug are precisely the NIL vectors in U, and each of these vectors
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generates U. Let £ denote a NIL vector in U. Then for n € N, the subspace U,, is spanned by
the vectors ujug - - - u,& such that u; € {xg,x2} for 1 <i <n.

We will state some more results after a few comments. Let V denote the free algebra on
two generators A, B. For n € N, a word of length n in V is a product vyvs - - - v, such that
v; € {A,B} for 1 < i < n. We interpret the word of length zero to be the multiplicative
identity of V; this word is called trivial and denoted by 1. The standard basis for V consists
of the words. There exists a symmetric bilinear form (, ): V x V — F with respect to which
the standard basis is orthonormal. The algebra End(V) consists of the F-linear maps V. — V
with the following property: the matrix that represents the map with respect to the standard
basis for V has finitely many nonzero entries in each row. We define an invertible K € End(V)
as follows. The map K is the automorphism of the free algebra V that sends A — ¢?>A4 and
B+ ¢ 2B. For a word v = v1vy - - v, in V,

K(U) — qu<U1aA>+<U27A>+"'+<UTL7A> K_l(’l}) e ,Uq<’U1,B>+<U2,B>+“-+(’U"7B>

9

where
(,)|A B
A 2 =2
B | -2 2

We define four maps in End(V), denoted

AL, Br, Ag, Br. (1.3)
Forv eV,

Ap(v) = Awv, B (v) = Bu, Agr(v) =vA, Bgr(v) = vB.

We have been discussing the free algebra V. There is another algebra structure on V, called the
g-shuffle algebra [13, 21, 22]. We will follow the approach of [13], which is well suited to our
purpose. The g-shuffle product will be denoted by *. In the main body of the paper we will
describe this product in detail, and for now just make a few points. We have 1xv =v*1=wv
for v € V. For X € {A, B} and a nontrivial word v = vjvg--- vy, in V,

n
X * UV = Z v UZXUZ-‘rl e funq<v17X>+<v27X>+'“+<Ui7X>’
=0

n
vx X = Z vy Uini-‘rl e /Unq<vn:X>+<”n717X>+"'+<”i+17X>'
i=0
It turns out that K is an automorphism of the g¢-shuffle algebra V. We define four maps in
End(V), denoted
Ay, By, A, B, (1.4)
Forv eV,
Ag(v) = A, By(v) = B x v, Ar(v) =v* A, B,(v) =vxB.

We recall the concept of an adjoint. For X € End(V) there exists a unique X* € End(V) such
that (Xwu,v) = (u, X*v) for all u,v € V. The element X* is called the adjoint of X with respect
to (, ). For example K* = K. We will consider

1. Br, Ak, Bg (1.5)



4 S. Post and P. Terwilliger

and
A, B, A, B (1.6)

We acknowledge that the maps (1.3), (1.4) and (1.5), (1.6) are well known in the literature on
quantum groups and g¢-shuffle algebras. For instance, in [18, Section 3.4] the maps

/ —1 g% / * 1 * " *
BOZK AT” elzKBT, 60:A£7 elng

give the Kashiwara operators for the negative part of U, (;[2) In [18, Lemma 3.4.2] the above

maps e, ¢; and fo = Ar, fi = By, are used to obtain a module for the reduced g-analog By (;[2)
The maps A}, B; are discussed in [13, Definition 4.2], where they are called Ag, A;. The map A%,
(resp. Bj,) is called dy (resp. 01) in [13, Section 3.1] and ey (resp. €}) in [19, p. 696]. In the
present paper, we will put the well known maps (1.3), (1.4) and (1.5), (1.6) to a new use.

Let J denote the 2-sided ideal of the free algebra V generated by

Jt = A*B — [3],A’BA + [3],ABA* — BA?,
J~ = B*A—[3],B*AB + [3],BAB* — AB®.

As we will see, the ideal J is invariant under K*! and (1.3), (1.6). The quotient algebra V/.J
is often denoted by UqJr and called the positive part of U, (;[2); see for example [14, p. 40] or
[20, Corollary 3.2.6]. Let U denote the subalgebra of the g-shuffle algebra V generated by A, B.
As we will see, the algebra U is invariant under K*! and (1.4), (1.5). It is well known that the
algebra U is isomorphic to U(j; see [22, Theorem 15] or [19, p. 696].

We are now ready to state some more results. For notational convenience define @ = 1 — ¢2.

Theorem 1.1. For each row in the tables below, the vector space V/J becomes a Oy-module on
which the generators {x;}icz, act as indicated.

module label ‘ To T To T3
I AL Q(A;—B!K) By Q(B;—A:K™1)
IS Ar  Q(A;—BjK) Br Q(Bf—A;K™1)
IT B, Q(B;—A:K™') AL, Q(A; - B!K)
IST Br Q(Bf —A;K™') Ar  Q(A4; - BiK)
module label ‘ o T To T3
II Q(AL—KBgr) A; Q(BL—-K'Agr) B;
I1S Q(AR—KBL) A:: Q(BR—KilAL) B:
IIT Q(BrL— K 'Ap) B Q(AL—KBg) A
IIST Q(Br—-K'AL) Bf Q(Agp—KBp) A

Each Og-module in the tables is isomorphic to U.

Theorem 1.2. For each row in the tables below, the vector space U becomes a [g-module on
which the generators {z;}icz, act as indicated.

module label ‘ o T T T3
111 Ay Q(A} —BRK) By Q(B; —ARK™)
I11S A, Q(AR-B;K) B, Q(Br-A;K™)
T By Q(By —ARK™Y) Ay Q(A; — BRK)
I1IST B, Q(BR-A;K') A Q(A;,-B;K)
module label ‘ o T To T3
v QA —KB,) A, Q(Bi—K'A,) B;j
IVS QA —KB)) Ay Q(B,—K'4,) Bj
IVT QB —K'A,) By QA —-KB,) A;

IVST Q(B,—K'4) B QA —KB;) Aj

Each UOg-module in the tables is isomorphic to U.
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We will state some additional results shortly.

We recall the concept of a derivation. Let A denote an algebra, and let ¢, ¢ denote auto-
morphisms of A. By a (¢, ¢)-derivation of A we mean an F-linear map §: A — A such that
d(uv) = p(u)d(v) + 6(u)p(v) for all u,v € A.

The derivation concept is well known in the theory of quantum groups and ¢-shuffle algebras.
For instance, by [13, Theorem 3.2] the maps A}, and B} act on the g-shuffle algebra V as
a (I, K)-derivation and (I K *1)—derivation, respectively. By [13, Section 4.2] the maps A}
and B} act on the free algebra V as a (I, K)-derivation and (I K _1)—derivation, respectively.
Concerning [, we have the following results.

Theorem 1.3. For each Ug-module in Theorem 1.1, the elements x1 and x3 act on the alge-
bra V/J as a derivation of the following sort:

module label ‘ T T3
I 11 (K, I)-derivation (K_l, I)—derivation
IS, IIS (I, K)-derivation (I, K~1)-derivation

, K)
IT, IIT (K_l, I)-derivation (K, I)-derivation
IST, TIST (I, Kfl)—derivation (I, K)-derivation

Theorem 1.4. For each L -module in Theorem 1.2, the elements x1 and x3 act on the algebra U
as a derivation of the following sort:

module label ‘ T T3
III, IV (K, I)-derivation (K™, I)-derivation
IIIS, IVS (I, K)-derivation (I, K~1)-derivation
1

)
INT, IVT | (K1, I)-derivation (K, I)-derivation
IIIST, IVST | (I, K~')-derivation (I, K)-derivation

This paper is organized as follows. Section 2 contains some preliminaries. In Section 3 we
recall the free algebra V on two generators. In Section 4, we endow V with a bilinear form
and discuss the corresponding adjoint map. In Section 5, we describe two automorphisms and
one antiautomorphism of V that will play a role in our main results. In Section 6, we recall
the g-shuffle product on V, and embed Uq+ into the g-shuffle algebra V. In Sections 7-9, we
give a detailed description of how the free algebra V is related to the ¢-shuffle algebra V. In
Section 10 we introduce an algebra D(\J/ that is a homomorphic preimage of [J;. In Section 11
we give sixteen Dg—module structures on V. In Section 12 we describe many homomorphisms
between our sixteen D(\Z/-modules. In Section 13 we use our sixteen D;/—modules to obtain sixteen
[g-modules. In Section 14 we show that these sixteen [;-modules are mutually isomorphic and
irreducible. In Section 15 we characterize these [J;-modules using the notion of a NIL [,-
module. Appendix A contains some data on the g-shuffle product. Appendix B gives some
matrix representations of the maps used in our main results.

2 Preliminaries

We now begin our formal argument. Recall the natural numbers N = {0,1,2,...} and integers
Z = {0,£1,£2,...}. Let IF denote a field. We will be discussing vector spaces, algebras, and
tensor products. Every vector space discussed is over F. Every algebra discussed is over F,
associative, and has a multiplicative identity. Every tensor product discussed is over F. Let A
denote an algebra. By an automorphism (resp. antiautomorphism) of A we mean an F-linear
bijection v: A — A such that y(uv) = y(u)y(v) (resp. y(uv) = vy(v)y(u)) for all u,v € A.
Let ¢, ¢ denote automorphisms of A. By a (¢, ¢)-derivation of A we mean an F-linear map
0: A — A such that §(uv) = @(u)d(v) + 0(u)p(v) for all u,v € A. The set of all (¢, ¢)-
derivations of A is closed under addition and scalar multiplication, and is therefore a vector
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space over F. Let ¢ denote a (¢, ¢)-derivation of A. Then 6(1) = 0. For an automorphism o
of A, the composition do is a (o, ¢o)-derivation of A, and o is a (0@, o¢)-derivation of A.
Let J denote a 2-sided ideal of A with J # A, and consider the quotient algebra A = A/J.
Assume that ¢(J) = J and ¢(J) = J. Then there exist automorphisms @ and ¢ of A such that
Pla+J) = p(a)+ J and ¢(a+ J) = ¢(a) + J for all a € A. Assume further that §(J) C J.
Then there exists a (@, ¢)-derivation 6 of A such that 6(a + J) = §(a) + J for all a € A. In the
main body of the paper we will suppress the overline notation.
Fix a nonzero ¢ € F that is not a root of unity. Recall the notation

n

_ 4" —q

— n € Z.
q9—4q

[n]q

3 The free algebra V with generators A, B

Let A, B denote noncommuting indeterminates, and let V denote the free algebra with genera-
tors A, B. For n € N, a word of length n in V is a product vjvs - - - v, such that v; € {A, B} for
1 <4 < n. We interpret the word of length zero to be the multiplicative identity in V; this word
is called trivial and denoted by 1. The vector space V has a basis consisting of its words; this
basis is called standard.

Definition 3.1. For n € N, let V,, denote the subspace of V spanned by the words of length n.
For notational convenience define V_; = 0.

Referring to Definition 3.1, the dimension of V,, is 2. We have
V= Z Vo (direct sum). (3.1)
neN

The vector 1 is a basis for Vy. For r,s € N we have V,V, C V,,,. By these comments the
sum (3.1) is a grading of V in the sense of [23, p. 704].

Let End(V) denote the algebra consisting of the F-linear maps V — V with the following
property: the matrix that represents the map with respect to the standard basis for V has
finitely many nonzero entries in each row.

Definition 3.2. We define four maps in End(V), denoted
A, Br, Agr, Brg. (3.2)
For v €V,
Ar(v) = Av, Br(v) = Bu, Agr(v) = vA, Bgr(v) =vB.
Lemma 3.3. Forn €N,
AV, C Vi1, BiVa CVai1,  ApV,CVyii,  BrVa C Vi
The following lemma is about A;, and By; a similar result holds for Ar and Bg.

Lemma 3.4. Let W denote a subspace of V that is closed under Ay, and Br. Assume that
1eW. Then W =V.

Proof. The free algebra V is generated by A, B. |
Definition 3.5. Let J denote the 2-sided ideal of the free algebra V generated by
JT = A3B — [3],A’BA + [3],ABA* - BA3, (3.3)
J~ = B*A—[3],B*AB + [3],BAB* — AB®. (3.4)

Definition 3.6. The quotient algebra V/.J is often denoted by U; and called the positive part
of Uy (E/s\[g); see for example [14, p. 40] or [20, Corollary 3.2.6].
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4 A bilinear form on V

We continue to discuss the free algebra V with generators A, B. In this section we endow V
with a symmetric nondegenerate bilinear form. We describe the corresponding adjoints of the
four maps listed in (3.2).

Definition 4.1. Define a bilinear form (, ): V x V — F as follows. Recall that the standard
basis for V consists of the words in A, B. This basis is orthonormal with respect to (, ).

The bilinear form (, ) is symmetric and nondegenerate. The summands in (3.1) are mutually
orthogonal with respect to (, ).

We now recall the adjoint map. By linear algebra, for X € End(V) there exists a unique
X* € End(V) such that (Xu,v) = (u, X*v) for all u,v € V. With respect to the standard basis
for V, the matrices representing X and X* are transposes. The element X™ is called the adjoint
of X with respect to (, ). The adjoint map End(V) — End(V), X — X* is an antiautomorphism
of End(V). We now consider

1. Bi, A, DB (4.1)
Lemma 4.2. We have
Ap(1)=0,  Bi(1)=0, r(1)=0,  Bg(1)=0. (4.2)
Moreover for v €V,

A7 (Av) = v, A7 (Bv) =0, Bj (Av) =0, B (Bv) = v,
AR(vA) = v, AR(wB) =0, Bgr(vA) =0, Bgn(vB) = .

Proof. This follows from Definition 4.1 and the meaning of the adjoint. We illustrate with
a detailed proof of A7 (Av) =wv. For u € V,

(u, A} (A0)) = (Ap(u), Av) = (Au, Av) = (u,0).
Therefore A} (Av) = v since (, ) is nondegenerate. |

We now describe how the maps (4.1) act on the standard basis for V. In view of (4.2), we
focus on the nontrivial basis elements. Recall that the Kronecker delta 6, , is equal to 1 if r = s,
and 0 if r # s.

Lemma 4.3. For an integer n > 1 and a word v =wvivg---v, inV,

A7 (v) = v+ Updy, A, B7(v) = va -+ vndy, B,
AR(v) =1+ Vp_10y,.4, Bx(v) =1 - Up—10y,,B-
Proof. Use Lemma 4.2. [ |

Lemma 4.4. Forn € N,
1V, C V1, BiV, CV,_1, ARV, CV,_1, BRV, CV,_;.
Proof. Use Lemma 4.3. |
The next two lemmas are about A7 and Bj; similar results hold for A} and Bj.

Lemma 4.5. For v € V the following are equivalent:
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(i) v € Vy;
(ii) Ajv=0 and Bjv=0.

Proof. (i) = (ii): By (4.2).

(ii) = (i): Consider the orthogonal direct sum V = Vo + AV + BV. We have 0 = (Ajv,V) =
(v,AV) and 0 = (Bjv,V) = (v, BY). The vector v is orthogonal to both AV and BV, and is
therefore contained in V. |

Lemma 4.6. Let W denote a nonzero subspace of V that is closed under A} and B} . Then
leWw.

n
Proof. There exists 0 # w € W. Write w = Y w; with w; € V; for 0 < i < n and w,, # 0.
i=0
Call n the degree of w. Choose w such that this degree is minimal. By assumption A7w € W.
By Lemma 4.4 the vector Ajw is either 0 or has degree less than n. So Ajw = 0 by the

minimality of n. Similarly B w = 0. Now w € Vg by Lemma 4.5. The result follows. |

5 Some automorphisms and antiautomorphisms

We continue to discuss the free algebra V with generators A, B. In this section we introduce
the automorphisms K, T of V and the antiautomorphism S of V.

Definition 5.1. Let K denote the automorphism of the free algebra V that sends A — ¢?A
and B — ¢ 2B.

The automorphism K is described as follows. For a word v = vivg -« v, in V,

K(U) — /Uq<vl7A>+<v27A>+"'+<Un7A>’ Kﬁl(v) — qu<v17B>+<U27B>+"'+<”n73>’

where
(,)|A B
A 2 =2
B | -2 2

We have KV, =V, for n € N, and also K* = K.
Definition 5.2. Define S € End(V) such that for each word v = vjvy -+ v, in V,
S(v) = vy -+ - VU]

The map S is described as follows. It is the unique antiautomorphism of the free algebra V
that fixes A and B. We have SV,, =V, for n € N. We have (S(u), S(v)) = (u,v) for u,v € V.
By this and S? = I we obtain (S(u),v) = (u, S(v)) for all u,v € V. Therefore S* = S.

Lemma 5.3. We have KS = SK and

ApS = SAg, ARS = SA;, B;S = SBg, BrS =SBy, (5.1)
ALS = SA%g, rS =SA7, B; S = SBp, BRS = SB;j. (5.2)

Proof. The first five equations are readily verified by applying both sides to a word in V. We
illustrate with a detailed proof of A;,S = SAg. For a word v in V,

ArS(v) = AS(v) = S(A)S(v) = S(vA) = SAR(v).

Therefore A S = SAg. To obtain the equations (5.2), apply the adjoint map to each equation
in (5.1). [
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Definition 5.4. Let T denote the automorphism of the free algebra V that swaps A and B.

The map T is described as follows. We have TV, = V,, for n € N. We have (T'(u),T'(v)) =
(u,v) for u,v € V. By this and T? = I we obtain (T'(u),v) = (u,T(v)) for u,v € V. Therefore
T* =T. We have ST =TS.

Lemma 5.5. We have KT = TK~1 and

AT =TB, ART =TBr,  BT=TA,, BT =TAp, (5.3)
“T=TBi, AT =TBjs, BT =TAL,  ByT =TA%. (5.4)

Proof. The first five equations are readily verified by applying both sides to a word in V. We
illustrate with a detailed proof of AT = T'By,. For a word v in V,

AT (v) = AT (v) = T(B)T(v) = T(Bv) = TBr(v).

Therefore AT = T By,. To obtain the equations (5.4), apply the adjoint map to each equation
in (5.3). |

Recall J*, J from Definition 3.5.

Lemma 5.6. We have

K(J%) =¢ty*, S5 =-J5  T(JF)=J%. (5.5)
Moreover
K(J)=J,  SW)=J,  T(J)=. (5.6)

Proof. The relations (5.5) are routinely checked using (3.3) and (3.4). Line (5.6) follows
from (5.5). |

6 The g-shuffle algebra V and the map 6

We have been discussing the free algebra V. There is another algebra structure on V, called
the g-shuffle algebra [13, 21, 22]|. For this algebra the product is denoted by *. To describe this
product, we start with some special cases. We have 1xv =v+1=wv forv e V. For X € {4, B}
and a nontrivial word v = vivg -+ v, in V,

n

X xv = Z vy U’L'X/Ui—‘rl . ,Unq<1)1,X>+<UQ,X>+“'+<’U2‘,X>’ (61)
=0
n
vx X = Z U1+ 0; X1 Ut X1 Xt (01, X)) (6.2)
=0

For nontrivial words v = wqus - - - u, and v = vivg---vs in V,
UxV = U] ((u2 CeeUp) K v) + vy (u * (vg - - ~vs))q<“1’”1>+<“2’”1>+'"+<““”1>, (6.3)
UXV = (U * (Ul U Usfl))vs + ((ul o Urfl) * U)uTq(ur,m>+<ur,v2)+~-~+<ur,vs>. (64)
For r;s € N we have V,. x Vg C V, 4. Therefore the sum (3.1) is a grading for the ¢-shuffle
algebra V. The following examples illustrate the shuffle product.
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Example 6.1. We have
Ax A= (1+¢%)AA, AxB = AB+ q 2BA,
BxA=BA+q*AB, B%B=(1+¢*)BB.

Appendix A contains additional examples. Using these examples (or by [13, p. 10]) one
obtains

AxAxA*B—[3];jAxA*Bx A+ [3];AxBxAxA—BxAxAxA=0, (6.5)
BxBxBxA—[3];BxBxAxB+[3];BxAxBxB—A%xB*B*B=0. (6.6)

For the g-shuffle algebra V let U denote the subalgebra generated by A, B. The algebra U
is described as follows. There exists an algebra homomorphism 6 from the free algebra V to
the g-shuffle algebra V, that sends A — A and B — B. By construction #(V) = U. Com-
paring (3.3), (3.4) with (6.5), (6.6) we obtain #(J*) = 0. Recall that J* generate the 2-sided
ideal J of the free algebra V. Consequently 6(J) = 0, so the kernel ker(f) contains J. By [22,
Theorem 15] we have ker(6) = J, so 6 induces an algebra isomorphism V/J — U. By this and
V/J= U;‘ , we get an algebra isomorphism U;‘ — U. This isomorphism is discussed around [22,
Theorem 15] and also [19, p. 696].

Our next goal is to describe how 6 acts on the standard basis for V. By construction #(1) = 1.
Pick an integer n > 1. We view the symmetric group .S, as the group of permutations of the set
{1,2,...,n}. For o € S,, by an inversion for o we mean an ordered pair (i, j) of integers such
that 1 <i < j<nand o(i) > o(j). Let Inv(c) denote the set of inversions for o.

Lemma 6.2. For an integer n > 1 and a word v =vivg---v, inV,

9(1}) = Z Ug(l)UU(Q) s Ua(n) H q('”cr(i)ivcr(jﬁ.

0ESn (i,)€lnv(o)
Proof. By induction on n, using (6.1) or (6.2). [
By Lemma 6.2 we have 0V,, CV, forn € N.
Lemma 6.3. For words u = uqus -+ - U, and v = v1vg- - Vs in VY,
(0(u), v) = (u,0(0)). (6.7)

For r # s the common value (6.7) is 0. For r = s = 0 the common value (6.7) is 1. For
r =s>1 the common value (6.7) is equal to

Z H q<viﬂ)j>7

o (i,j)€v(o)
where the sum is over all o € S, such that vi, = ugyy for 1 <k <.
Proof. By Lemma 6.2 and since the standard basis for V is orthonormal with respect to (, ). W
The following result is a reformulation of [13, Theorem 4.5].
Corollary 6.4. We have 0* = 6.
Proof. By Lemma 6.3 we have (6(u),v) = (u,8(v)) for u,v € V. [ |
Let the set U~ consist of the vectors in V that are orthogonal to U with respect to (, ).

Lemma 6.5. We have J = UL,
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Proof. Use J = ker(#) and Corollary 6.4, along with the fact that (, ) is nondegenerate. Here
are the details. For v € V,

veJ & Av)=0 & ),V)=0 < (©,0V)=0 < (v,U)=0 & ve U™ |
Note that #(U) C U since U C V and §(V) =U.

Lemma 6.6. For the g-shuffle algebra V, the maps K and T are automorphisms and S is an
antiautomorphism.

Proof. Use the definition of the g-shuffle product. [ |
Lemma 6.7. We have

Ko = 0K, S0 =05, T6 =0T.
Proof. Apply each side to a word in V, and evaluate the result using Lemma 6.6. |

Lemma 6.8. We have

Proof. By Lemma 6.7 and since each of K, S, T is invertible. We give the details for the
equation involving K. We have

K(U) = KO(V) = 0K (V) = 0(V) = U. ]

7 The maps Ay, By, A,, B,

In Definition 3.2 we used the free algebra V to obtain the four maps listed in (3.2). In this
section we use the g-shuffle algebra V to obtain four analogous maps. We investigate how these
maps and their adjoints are related to S, T', 6.

Definition 7.1. We define four maps in End(V), denoted
As, By, A, B,. (7.1)
Forv eV,
Ap(v) = Axw, By(v) = B x v, Ar(v) =vx A, B,(v) =vxB.
Lemma 7.2. Forn €N,
AV C Vi, BV, C Vi, ArV, C Vi, BV, C V.
Proof. By (6.1), (6.2) and Definition 7.1. |

The following lemma is about Ay and By; a similar result holds for A, and B;.

Lemma 7.3. Let W denote a subspace of U that is closed under Ay, By. Assume that 1 € W.
Then W =U.

Proof. By Definition 7.1, and since U is the subalgebra of the g-shuffle algebra V generated
by A, B. |
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We now consider
A, B, A, B (7.2)

Lemma 7.4. For a word v =vve-- v, inV,

n

A At (01, A

Az(’[}) = Z U]+ Vie1Vi1 " " 'Un(sv,-,Aqwl’ >+<U27 >+ +<’U 1 >7
1=0
BY 4+ (vi_1,B

BZ(U) = Z/Ul P /U’L'—]_/Ui-i-]_ - U’I’L(Svi,Bq<vl7B>+<v2’ >+ +<’U 1 >’

AV (01, A) e (01, A
Al(v) = Z V1 Vi 1Vig .Un(;UhAq(Um )H{vn—1,A)++(vit1 )7
B*<’l)) = Z’Ul PR Ui—lvi+1 e U’I’lé’l)' Bq<v’ﬂ7B>+<Un—1»B>+'“+<'U'L+17B>_

(3]

Proof. For each map X in (7.1), use (6.1), (6.2) to compute the matrix representing X with
respect to the standard basis for V. The transpose of this matrix represents X* with respect to
the standard basis for V. The result follows. |

Lemma 7.5. Forn € N,
AV, CV,_q, BV, CV,_i, ATV, CV,_1, BV, CV,_;.
Proof. Use Lemma 7.4. [
We now consider how the maps (7.1), (7.2) are related to S, T', 6.
Lemma 7.6. We have

SA,=A.S, SA,=AS, SBy=B.S, SB,=BS, (7.3)
SA: = A*S,  SA*=A!S, SB;=B!S, SB'=B.S. (7.4)

Proof. The equations (7.3) follow from Lemma 6.6. We illustrate with a detailed proof of
SA;=A.S. ForveyV,

SAy(v) = S(Axv) = S(v) * S(A) = S(v) * A = A,5(v).

Therefore SA; = A, S. To obtain the equations (7.4), apply the adjoint map to each equation
in (7.3). |

Lemma 7.7. We have

TA, =BT, TA,=BT, TBy=AT, TB,=AT, (7.5)
TA; = BiT, TA*=B'T, TB}=AT, TB'=AT. (7.6)

Proof. The equations (7.5) follow from Lemma 6.6. We illustrate with a detailed proof of
TAy=B/T. ForveyV,

TAi(v) =T(Axv) =T(A)xT(v) = BxT(v) = B/T(v).

Therefore TAy = ByT. To obtain the equations (7.6), apply the adjoint map to each equation
in (7.5). |
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Lemma 7.8. We have

0AL = Af,  OAR= A0, 0B, =BM, 6Bp=Bb, (7.7)

0A; = A}0, Ay = AR0, 0B; = B0, 0B} = BpR0. (7.8)
Proof. The equations (7.7) follow from the definition of 6 below (6.6). We illustrate with
a detailed proof of Ay = Ayf. For v € V,

OAL(v) = 0(Av) = 0(A) *x0(v) = A% 0(v) = Af(v).

Therefore 0A;, = A¢f. To obtain the equations (7.8), apply the adjoint map to each equation
n (7.7). |

8 Derivations

In this section we interpret the maps (4.1), (7.2) using the derivation concept from Section 2.
We acknowledge that most if not all of the results in this section are well known to the experts;
see for example [13, Sections 3 and 4].

Lemma 8.1. Foru,v €V,
Ap (uv) = ( )Az(0) + Ag (u)o,
By (wv) = K~} (u) B (v) + Bj (w)v,
A (uv) = uA*( )+ A (u) K (v),
B (uwv) = uB}(v) + B (u) K (v).
Proof. Without loss of generality, we may assume that v and v are words in V. In this case
the result is readily checked using Lemma 7.4. |
Corollary 8.2. For the free algebra V,
(i) A} and By K are (K, I)-derivations;
(ii) B} and AK~' are (K, 1I)-derivations;
(iii) Ay and BjK are (I, K)-derivations;
(iv) By and AJK~! are (I, K~')-derivations.
Proof. By Lemma 8.1 and the comments about derivations in Section 2. |
Lemma 8.3. Foru,v €V,
A1) = Kl0)« 4100) 4 4300
Bi(usv) = K~H(u) % Bi(0) + By () #v
Ag(uxv) = U*AR( ) + AR(u) x K(v),
Bi(u*v) = ux Bi(v) + Bi(u) x K~1(v).
Proof. Without loss, we may assume that v and v are words in V. In this case the result is
readily checked using (6.3), (6.4) and Lemma 4.3. [
Corollary 8.4. For the q-shuffie algebra V,
(i) A} and BRK are (K, I)-derivations;
(i) B} and ARK ™' are (K~',I)-derivations;
(ili) A% and B} K are (I, K)-derivations;
(iv) By, and A} K" are (I, K~')-derivations.

Proof. By Lemma 8.3 and the comments about derivations in Section 2. |
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9 Some relations

Consider the maps K*!, (3.2), (4.1), (7.1), (7.2). In this section we describe how K*!, (4.1), (7.1)
are related, and how K+, (3.2), (7.2) are related. We also discuss the subspaces J and U. We
acknowledge that most if not all of the relations in this section are well known to the experts,
see for example [18, Sections 3.3 and 3.4].

Proposition 9.1. The maps
K, K7', Ay, B, Ay B Ay By A, B (9.1)
satisfy the following relations: KK~' = K 'K =1 and

KA} =q °A}K, KB =d¢BjK,

KA}}:L]JA}%IQ KB;‘%:qQB}EK,

KAy=q¢AK,  KBy=q ’B/K,

KA, = P?AK, KB, =q ’BK,

ALAR = ARAL,  BpBp= BpBi,

ALBr = BRrAL,  BpAp = ARBi,

AgA, = AL Ay, BB, = BBy,

AyB, = B, Ay, ByA, = A, By,

AjB, =B, A}, BjA, =ABj,

ARBy = B/A%, BRrA, = AyBj,

ApB=q *BeA},  BpA¢=q ?ABj,
#Br=4q"B,AR,  BrA=q °ADBy,

A A~ PAAL =1, ApA, - A A =1,

BiBe—q*BBy =1,  BpBr—q¢*B.Bp =1,
A, — A AL = K, BiB, — BB} = K,

AQAy — AyAy = K, ByBy— BBy = K !,

A3By — [3]4A2ByA + [3]4AeBiA} — BA? =0,

B} Ay — [3),B3A¢By + [3],BeAB? — AB} =0,

AB, — [8]4A7 B A, + [3]4A, B, A} — B, A} =0,

B3A, — [3],B?A,B, + [3],B,A4,B? — A, B} = 0.

Proof. The first 16 relations above are checked by applying each side to a word in V. The next

16 relations are obtained by setting u = A or u = B or v = A or v = B in Lemma 8.3. The last
four relations follow from (6.5), (6.6) and the fact that the g-shuffle product is associative. W

Proposition 9.2. The maps
K, K'. A, B, Agr, Bgr, A, B}, A, B (9.2)
satisfy the following relations: KK—' = K 'K = I and

KAp=q¢*AL K,  KBp =q ’BLK,
KAgr =q¢*ArK,  KBgr=q *BgK,
KA, =q?A}K, KB =¢BJK,
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KA: = ¢ 2AXK, KB = ¢*B’K,
ALAR = ARAL, BpBr = BrBy,
ApLBr = BrAp, BrLAr = ARBy,
AjA; = A1A;,  BiB} = BBj,
AiB; = B/Ay,  BjAT = ABj,
ALB; = By AL, BrA; = A'By,
ArB; = B; Ap, BrAj; = A} Bp,
ApB; = ¢*BjAr,  BLA} = ¢*A}By,
ARBF = ¢*°B Ag, BRrA* = ¢*A*Bg,
AjAp — PALA; =1, ArAp — PARA: =1,
B;Br, — ¢*BrB} =1, BBr — ¢°BgrB; =1,
A*Ap — ApAX = K, BBy, — BB =K',
AjAR — ARA; = K, B;Br — BpB; = K1,
(A7)’ By — [814(A7) By A7 + 3], 47 B; (A7) — B (A})° = 0,
(B )3A£ [34(B2)?Ai By + (3], B; A} (B;)* — Ai(B;)* = 0,
(A7)’ By — [814(A7)Br AT + 3] A7 By (A7) — BJ(A7)° =0,
(Bff)?’ — [8lg(By)?A; B + (314 Br AN(By)? — AX(B))’ = 0.
Proof. Apply the adjoint map to each relation in Proposition 9.1. |
Proposition 9.3. The subspace U is invariant under each of the maps (9.1). On U,
(A7)°Bj, — [81q(AL)* BL AL, + [3];ALBL(AL)® — BL(AL)® =0, (9-3)
(32)3 — [8l4(BL)? AL B + 3] BLAL(BL)? — AL(BL)® =0, (9.4)
(AR)° BR — [8lg(AR)*BR AR + [8l44ARBR(AR)? — BR(AR)* =0 (9.5)
(BR)’ AR — Blo(BR)*ARBj + BlyBrAR(BR)? — AR(BR)® = 0. (9.6)

Proof. The subspace U is invariant under K*! by Lemma 6.8. The subspace U is invariant
under the last eight maps in (9.1), in view of Lemma 7.8. We illustrate with a detailed proof of

A} (U) CU. We have

AL (U) = AL0(V) = 0AL(V) C O(V) = U.

Next we show that the relation (9.3) holds on U. Let X denote the map on the left in (9.3), and
note that X*(v) = —J%v for all v € V. We show that XU = 0. To do this, it suffices to show
that (XU,V) = 0. We have (XU,V) = (U, X*V) = (U,JTV) and JTV C J = U*. Therefore
(XU,V) = 0. We have shown that the relation (9.3) holds on U. One similarly shows that the

relations (9.4)—(9.6) hold on U.

Proposition 9.4. The subspace J is invariant under each of the maps (9.2). On the quo-

tient V/J,
A3Bj, — [3],A3BLAL + [3|,ALBL A2 — B A} =0,
B} Ar, — [3]4BLALBr + [3]4BLALB] — ALB} =0,
A%Br — [3];ARBRAR + [3l,ArBrAR — BrA% =

[ [
By AR — [3],BRARBR + [3],BrARB%: — ArB}, = 0.
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Proof. The subspace J is invariant under K*! by Lemma 5.6. The subspace J is invariant
under Ap, Br, Ar, Br since J is a 2-sided ideal of the free algebra V. The subspace J is
invariant under A}, By, Ay, By by (7.8) and J = ker(). We verify that the relation (9.7) holds
on V/J. Let Y denote the map on the left in (9.7). To show that Y is zero on V/J, it suffices
to show that YV C J. This is the case, since YV = JtV C J. We have verified that (9.7) holds
on V/J. One similarly verifies that the relations (9.8)—(9.10) hold on V/J. [

10 The algebra [/

In this section we introduce an algebra D<\1/ and describe how it is related to the free algebra V.
We also discuss the g-Serre relations. In the next section we will obtain sixteen Dg—module
structures on V. Recall the cyclic group Z4 = Z/4Z of order 4.

Definition 10.1. Define the algebra D(\J/ by generators {x;};cz, and relations

-1
qliTi+1 — 4 “Ti+1T4
q—qt

_1 ez (10.1)

Note 10.2. The algebra ﬁq from [29, Definition 6.1] is related to D;/ in the following way. There

exists a surjective algebra homomorphism ﬁq — Dg that sends z; — x; and cfﬂ — 1 for i € Zy.

The algebra D(\J/ is related to the free algebra V in the following way. Let (D(\J/)even (resp.

(D}{)Odd) denote the subalgebra of Dg generated by xg, xa (resp. z1, x3). Adapting the proof
of [29, Proposition 6.17], we see that

(i) there exists an algebra isomorphism V — (D};)even that sends A — z¢ and B +— x9;

(ii) there exists an algebra isomorphism V — (D;/)Odd that sends A — z1 and B — x3;

(iii) the multiplication map (3Y)"" @ (D(\J/)Odd

spaces.

— D;/, U ®v — uv is an isomorphism of vector

We need a fact about the g-Serre relations. We will take a moment to establish this fact, and
then return to the main topic.

Lemma 10.3. Pick scalars r,s € {qz,qu}. Suppose we are given elements a, b, x, y, k, k~!
in any algebra such that kk™' =k~ 'k =1 and

axr = xa, ay = ya, bxr = xb, by = yb, (10.2)
ka = rak, kb= r~'bk, kx = sxk, ky = s lyk. (10.3)
Then
(a— k:_lzz‘)?’(b — ky) — [3]q(a — k:_la:)z(b — ky)(a— k‘_lx)
+ [3]g(a - kilx)(b — ky)(a — k71$)2 — (b—ky)(a— kflx)g
= a®b — [3]qa’ba + [3]gaba® — ba® + (2y — [3]2’yz + [3]zya® — ya’ )k ?s™*
and

(b—ky)*(a — k'z) — [3]4(b— ky)*(a — k™ 2) (b — ky)
+ [3]g(b — ky) (a — k™ 2) (b — ky)* — (a — k™ '2) (b — ky)®
= b3a — [3]sb%ab + [3],bab® — ab® + (y*z — 3]y zy + [3lgyzy® — 2y®) ks
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Proof. To verify each equation, expand the left-hand side and evaluate the result using (10.2),
(10.3). |

Corollary 10.4. With the notation and assumptions of Lemma 10.3, if a, b and x, y satisfy
the g-Serre relations, then so do any of the following pairs: (i) a — k™'x, b — ky; (ii) a — xk™1,
b—yk; (iii) a — kx, b— k™ y; (iv) a — zk, b — yk~L.

Proof. (i) By Lemma 10.3.

(i) Apply (i) above with a, b replaced by s~'a, s~1b.
(iii) Apply (i) above with k, 7, s replaced by k=1, r—1, s=1.

(iv) Apply (ii) above with k, r, s replaced by k=1, =1, s71. |

11 Sixteen D;/—module structures on V

In Definition 10.1 we defined the algebra D;’. In this section we describe sixteen Dg—module
structures on V. The first eight involve the maps from (9.2), and the rest involve the maps
from (9.1). For notational convenience define Q = 1 — ¢2.

Proposition 11.1. For each row in the tables below, the vector space YV becomes a Dg—module
on which the generators {x;}icz, act as indicated.

module label ‘ o 1 T T3
I Ap Q(A; — BiK) By, Q(Bj —Aijl)
IS Ag Q(A; — BJK) Bgr Q(B;f —AZK_I)
IT B, Q(By—A;K™') AL  Q(A; - BiK)
IST Br Q(B;f — A}‘K‘l) AR Q(A; — B/K)
module label ‘ o T To T3
II Q(AL—KBgr) A} Q(BL— K 'Ag) B;
I1S Q(AR—KBL) Ai Q(BR—K_lAL) B;f
IIT Q(BL—K_IAR) Bz< Q(AL—KBR) AZ
IIST Q(Br—- KAL) Bf Q(Ar—KBp) A

On each D\q/-module in the tables, the actions of x1, x3 satisfy the q-Serre relations.
Proof. By the relations in Proposition 9.2 along with Corollary 10.4. |

Proposition 11.2. For each row in the tables below, the vector space V becomes a Dg—module
on which the generators {x;}icz, act as indicated.

module label ‘ o T T T3
111 Ay Q(A; —BRK) By Q(B; —ARK™1)
I11S A, Q(AR-B;K) B, Q(Bj—-A;K)
IIT B, Q(B; —ARK™') A,  Q(A; — BRK)
IIIST B, Q(Bp-A;K™') A Q(A; - BiK)
module label ‘ o T T9 T3
v Q(A¢—KB,) A; Q(Bi—K'A,) B;
IVS Q(A, — KBy) Ay Q(B,—K'4,) By
IVT Q(Bi—K'A,) B QA —-KB,) A}

IVST Q(B,—KA) By QA —KB;) Ay
On each D;/—module in the tables, the actions of xq, xo satisfy the q-Serre relations.

Proof. By the relations in Proposition 9.1, along with Corollary 10.4. |

Note 11.3. Going forward, the D;’—module V with label I will be denoted Vi, and so on.
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We now describe the sixteen qu—modules in more detail.

Lemma 11.4. For each Dg—module V in Propositions 11.1, 11.2 we have
zoVy C© Vi, r1Vy CVyq, 2oV, C Vi, 23Vp, €V,

forn e N.

Proof. The result for zg and x9 comes from Lemmas 3.3, 7.2. The result for 1 and x3 comes
from Lemmas 4.4, 7.5. |

Lemma 11.5. For each Dzl/—module in Proposition 11.1, the elements x1 and x3 act on the free
algebra V as a derivation of the following sort:
module label ‘ 1 x3
I, 11 (K, I)-derivation (K ~',I)-derivation
IS, IIS (I, K)-derivation (I, K‘l)—derivation
IT, IIT (K_l, I)-derivation (K, I)-derivation
IST, IIST | (I, K~ ')-derivation (I, K)-derivation

Proof. By Corollary 8.2. |

Lemma 11.6. For each Dg—module in Proposition 11.2, the elements x1 and x3 act on the
q-shuffle algebra V as a derivation of the following sort:
module label ‘ x1 x3
I0I, IV (K,I)-derivation (K1, I) derivation
I1IS, IVS (I, K)-derivation (I, K~!)-derivation
IIT, IVT | (K~*,I)-derivation (K, I)-derivation
ITIST, IVST (I,K 1) derivation (I, K)-derivation

Proof. By Corollary 8.4. |

12 Some homomorphisms between the sixteen D;/-modules

In the previous section we gave sixteen Dg—module structures on V. In this section we describe
some homomorphisms between them.

Lemma 12.1. The map S € End(V) is an isomorphism of Dg—modules from

Vi < Vis, Vit < Visr, Vi1 < Vs, Vir < Vs,
Vi < Vs, Vir < Vinst, Viv < Vivs, Vivr < Vivsr.
Proof. By Lemmas 5.3, 7.6 and since S is a bijection. |

Lemma 12.2. The map T € End(V) is an isomorphism of D;/—modules from

Vi < Vi, Vis < VisT, Vi < Vi, Vs < Vs,
Vi < Vi, Vins < Vinsr, Viv < Vivr, Vivs < Vivst.
Proof. By Lemmas 5.5, 7.7 and since T' is a bijection. |

Lemma 12.3. The map 6 € End(V) is a homomorphism of D(\J/—modules from

Vi — Vi, Vis — Vs, Vir = Vi, Vist — Vs,
Vi — Vv, Vs — Viys, Vir — Vivr, Vst — Vivst.
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Proof. By Lemma 7.8 and the first equation in Lemma 6.7. |

Our next goal is to display a map ¢ € End(V) such that ¢ is a Dg—module isomorphism
from Vi — V1 and Vi — Vpr, and ¢* is a qu—module isomorphism from Vi — Viv and
Vinr = Viyr.

Definition 12.4. Define a map ¢ € End(V) as follows. For a word v = v1vy - - - v, in V we have

p(v) = V103 - - - By (1), (12.1)
where
A=Q(AL—KBg), B=Q(By-K 'Ag). (12.2)

In particular ¢(1) = 1.
Lemma 12.5. We have ¢V, CV,, forn € N.

Proof. By Lemma 3.3 and Definition 12.4. |

Shortly we will describe ¢ from an another point of view. In this description we use the
following notation. Let v = wjvy---v, denote a word in V. For a subset Q C {1,2,...,n}
we define a word v as follows. Write Q = {ij,i9,...,ix} with iy < iy < -+ < ;. Then
vQ = Vi Uiy v, . Let Q denote the complement of Q in {1,2,...,n}. The word vq is obtained
from vyvg - - - v, by deleting v; for each j € Q. Note that vy = 1.

Lemma 12.6. For a word v =vivy---v, inV,

= Q" Y vgST(va)(—1)lg (H q_<vi7vj>> < 11 q<uz—,vj>>,
Q

4,JEQ i€Q, jEQ
1<) 1<J

where the sum is over all subsets Q of {1,2,...,n}. The maps S and T are from Definitions 5.2
and 5.4, respectively.

Proof. Expand the right-hand side of (12.1) using (12.2). [
Lemma 12.7. We have T = T and T'o* = ©*T.

Proof. We first show that Ty = ¢T. By Definition 5.4, T(A) = B and T( ) A. By
Lemma 55 and (12.2), TA = BT and TB = AT. By these comments TA = T(A)T and

TB = T( )T. We show that T'p(v) = T (v) for all v € V. Without loss of generality, we may
assume that v is a word in V. Write v = v1vy - - - v,,. By Definition 12.4 and the above comments,

To(v) = To(viva - - vy) = To1Bs -+ B (1) = T(v1)T(va) - -- T(w) T(1)

= T(01)T(v2) -+ T(wa) (1) = @(T(@1)T(v2) -~ T(vn)) = T (0103 v) = T (v).

We have shown that T'p = ¢T. In this equation, apply the adjoint map to each side and use
T* =T to obtain Tp* = p*T. |

Lemma 12.8. On V,

©Ar = Q(AL — KBR)ep, ¢Br = Q(BL — K 'Ag)ep, (12.3)
@(A; — BrK)Q = Ao, o(Bf — A K™1)Q = Bjy. (12.4)
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Proof. We first obtain (12.3). For x € {A, B} we show that gz = Ty, where 7 is from (12.2).
It suffices to show that pxp(v) = Ze(v) for all words v in V. Let the word v be given, and write
v =v1v2 - - - vp. Using (12.1),

v (v) = pxp(vive -+ vy) = (TV1Ve - - Vy) = T0102 - - V(1) = Zp(v).

We have obtained (12.3). Next we obtain the equation on the left in (12.4). For that equation
let A denote the left-hand side minus the right-hand side. We show that A = 0. For notational
convenience define

x=Ap, y=Q(A; — B'K), z = By,
X =Q(AL — KBg), Y = A}, Z=Q(Br— K 'Ag).

Note that A = ¢y — Y. Referring to Proposition 11.1, from the Vi data

gry—qlyr _ . ayr—q 'y
q—q! ’ q—q* ’
and from the Vi data
gXY —q¢ 'YX _1 @Y Z—q'ZY _q
q—q! ’ q—q! '
By (12.3),
pr = X, pz = Zop.
We will show that
XA =q ?Az, ZA = ¢*Az. (12.5)

We have

XA =Xpy—XYop=pry—XYp=q *(pyr —YXp) = q *(pyx — Yor) = ¢ *Ax.
Similarly

ZN=Zpy—2ZY o =pzy— ZY ¢ = ¢*(pyz — Y Z¢) = ¢*(pyz — Y p2) = ¢*Az.

We have shown (12.5). We can now easily show that A = 0. We define W = {v € V| Av = 0}
and show that W = V. By (12.5), W is invariant under x = Ay and z = By. Note that
A(1) = 0, since y(1) = 0, Y(1) = 0, ¢(1) = 1. Therefore 1 € W. By these comments and
Lemma 3.4 we obtain W =V, so A = 0. We have obtained the equation on the left in (12.4). In
this equation, multiply each side on the left by 7" and on the right by 7~!. Simplify the result
using the first equation in Lemma 12.7, together with the equations

TKT ' =K1, TA T = Bj, TBT ' = A
from Lemmas 5.5, 7.7. This yields the equation on the right in (12.4). |

Corollary 12.9. The map ¢ from Definition 12.4 is a homomorphism of D){—modules from
VI — VH and VIT — VHT-

Proof. The D}I/—modules in the corollary statement are described in Proposition 11.1. Using
these descriptions and Lemma 12.8, we find that for ¢ € Z4 the relation pz; = x;¢ holds on Vi
and Vip. The result follows. |
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Next we consider the adjoint *.
Lemma 12.10. We have ¢*V,, CV,, for n € N. Moreover ¢*(1) = 1.

Proof. The first assertion follows from Lemma 12.5 and the fact that the summands in (3.1)
are mutually orthogonal. To obtain the last assertion, use ¢(1) = 1 and the fact that 1 is a basis
for Vy. |

Lemma 12.11. On V,
L¢" =@ (AL - BRK)Q,  Biy" =" (B} — ARK)Q,
QA — KB)p" = ¢"Ar, Q(Be— K 'Ar)p" = ¢"By.
Proof. For each equation in Lemma 12.8, apply the adjoint map to each side. |

Corollary 12.12. The map ¢* is a homomorphism of Dt\z/ -modules from Vi1 — Viy and Vi —
Vivr.

Proof. The D;/—modules in the corollary statement are described in Proposition 11.2. Using
these descriptions and Lemma 12.11, we find that for i € Z,4 the relation ¢*z; = x;¢* holds
on Vi1 and Vir. The result follows. [ |

Lemma 12.13. We have ¢*0 = 0.

Proof. We define A = ¢*0 — 8¢ and show that A = 0. By Lemma 12.3 and Corolla-
ries 12.9, 12.12 we find that each of ©*0 and Oy is a D(\J/—module homomorphism Vi — Viy.
So Ais a Dg—module homomorphism Vi — Viy. By Proposition 11.1, xyp and x5 act on Vi
as Ay, and By, respectively. By Proposition 11.2, zp and z3 act on Vv as Q(Ay — KB,) and
Q(Bz - K _IAT), respectively. By these comments

AAL =Q(A —KB,)A,  AB=Q(B — K 'A)A. (12.6)

Let W denote the kernel of A on V. By (12.6), W is invariant under Ay and Bj. We have
A(1l) = 0 since 0(1) = 1, p(1) = 1, ¢*(1) = 1. Therefore 1 € W. By these comments and
Lemma 3.4 we obtain W =V, so A = 0. |

Next we show that ¢ and ¢* are bijections.
Definition 12.14. Define ¢ € End(V) by
¢ = KBrA; + K 'ARBj. (12.7)
Lemma 12.15. We have ¥Vy =0, and ¥V, CV,, forn > 1.
Proof. By Lemmas 3.3, 4.4. |

Lemma 12.16. The map v acts on the standard basis for V as follows. We have (1) = 0.
For a nontrivial word v =vive---v, iV,

Y(v) = vovg - - UnT(Ul)q<U1,”U2>+<'U1,v3>+~~~+<vl,vn>—2‘

Proof. Use Definition 5.1 and the comments below it, along with Lemma 4.3 and Defini-
tion 12.14. [

Lemma 12.17. The following (i)—(iv) hold for n > 1.
(i) The equation "™ = q~*"T holds on V,,.
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(ii) The equation 1*" = ¢~*"I holds on V,.
(ili) The map I — 1 is invertible on V.
(iv) On V,,

I —+ = (AL — KBR)A} + (B, — K~ 'AR)Bj.

Proof. (i) Pick a word v = vjvy - - v, in V. Repeatedly applying Lemma 12.16 we obtain
Y™ (v) = T(v1)T(v2) - T(vp)g ™" = T(v)g~*".

The result follows.

(ii) By (i) above and since 72 = I.

(iii) Pick a vector v € V,, such that (I —¢)v = 0. We show that v = 0. By construction
Yv = v. By this and (ii) we obtain v = ¢*"v = ¢~*"v. So (1 — ¢~*")v = 0. In this equation the
coefficient of v is nonzero, so v = 0.

(iv) By (12.7) and since I = A A} + BB} on V,,. [ |

Lemma 12.18. Forn > 1 we have
V= (A — KBg)Vy_1 + (B, — K ' AR) V1.

Proof. The inclusion D follows from Lemma 3.3. Concerning the inclusion C, use parts (iii),
(iv) of Lemma 12.17 along with Lemma 4.4 to obtain

Vo= =)V, = (AL — KBr)A} + (Br, — K~ 'AR)B})V,
C (AL — KBR)A}V, + (Br — K 'Ag)B}V,
C (AL — KBgr)Vn1+ (BL — K 'Ag)V,_1. |
Lemma 12.19. Forn € N we have
(i) OV =Vy;
(i) ¢*V, = V,.

Proof. (i) By induction on n. For n = 0 the result holds, because 1 is a basis for Vy and
(1) = 1. Next assume that n > 1. The sum V,, = AV,,_; + BV,,_; is direct. In this equation
apply ¢ to each side. By Lemma 12.8 and induction,

©(AV,_1) = ALV, 1 = (AL — KBR)¢V,—1 = (AL — KBR)Vy_1,
@(BVy_1) = BV, = (B, — K 'AR)¢V,_1 = (B — K 'Ag)Vp_1.

By these comments and Lemma 12.18,
oV = @(AV,_1) + 9(BV, 1) = (A, — KBg)Vy—1 + (B, — K 'AR)V,1 = V,,.
(ii) By Lemma 12.10 and (i) above, along with the fact that the dimension of V,, is finite. W
Lemma 12.20. Fach of v, ©* is a bijection.
Proof. By (3.1) and Lemma 12.19. [

Proposition 12.21. The map ¢ is an isomorphism of Dg—modules from V1 — V11 and Vi —
Vir. Moreover ¢* is an isomorphism of Dg—modules from Vi1 — Vv and Vigr — Viyr.

Proof. By Corollaries 12.9, 12.12 and Lemma 12.20. |
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Lemma 12.22. We have p(J) = J.
Proof. We invoke Lemmas 12.13, 12.20 and J = ker(#). For v € V|
vedJ & 0v)=0 & ¢0v)=0 < Opv) =0 & pv) €.
The result follows. u
Lemma 12.23. We have p*(U) =U.

Proof. By Lemmas 12.13, 12.20 and §(V) = U,

" (U) =¢"0(V) =0p(V) =0(V) =U. ]

13 Sixteen [J;-module structures on V/J or U

In Section 1 we informally discussed the algebra [J,. In this section we formally bring in [,
and review its basic properties. We then display sixteen [J,-module structures on V/J or U.
In order to motivate things, we mention a result about the Dg—modules from Propositions 11.1
and 11.2.

Lemma 13.1. The following (i), (ii) hold.
(i) For each D;/—module V in Proposition 11.1, the subspace J is a Dg—submodule. On the
quotient D;/-module V/J the actions of xg, xo satisfy the q-Serre relations.
(ii) For each Dg—module V from Proposition 11.2, the subspace U is a D;/—submodule on which

the actions of x1, xs satisfy the q-Serre relations.

Proof. (i) Use Propositions 9.4, 11.1 and Corollary 10.4.
(ii) Use Propositions 9.3, 11.2 and Corollary 10.4. [

Definition 13.2 (see [29, Definition 5.1]). Define the algebra [0, by generators {z;};cz, and
relations

—1
qTiTi+1 —q “Ti4+1T4
q—qt

3 2 2 3
T; T4 — [3]q$i TitoX; + [3]q33i$i+2$¢ — Tjpox; = 0.

=1,

Lemma 13.3. There exists an algebra homomorphism D;’ — Uy that sends x; — x; for i € Zy.
This homomorphism s surjective.

Proof. Compare Definitions 10.1, 13.2. |

Recall the algebra UqJr = V/J from Definition 3.6. This algebra is related to O, in the
following way. Let [IY" (resp. ngd) denote the subalgebra of O, generated by zg, z2 (resp.
x1, x3). Then by [29, Proposition 5.5],

i) there exists an algebra isomorphism U,;" — [J°V°" that sends A +— x¢ and B + x9;
q q
(ii) there exists an algebra isomorphism UqJr — ngd that sends A — x1 and B +— x3;

(iii) the multiplication map [JpY" ® ngd — Oy, u®v — wv is an isomorphism of vector spaces.



24 S. Post and P. Terwilliger

Theorem 13.4. For each row in the tables below, the vector space V/J becomes a Oy-module
on which the generators {x;}icz, act as indicated.

module label ‘ o 1 T T3
I AL Q(A;-B!K) Br Q(B;—AK™)
IS Ar  Q(A;—BjK) Br Q(B;—A;K™)
IT By, Q(Bj—A;K™') AL Q(A; - BiK)
IST Bg Q(B;f - AZKfl) Ap Q(A; — B/K)
module label ‘ o 1 9 T3
11 Q(AL —KBR) Az‘ Q(BL —K_lAR) Bz<
1IS Q(AR—KBL) A: Q(BR—K_IAL) B;f
IIT Q(BL— K 'Ag) B Q(AL—KBgp) A
IIST Q(BR—KflAL) B: Q(AR—KBL) A:
Proof. By Proposition 11.1 and Lemma 13.1(i). |

Theorem 13.5. For each row in the tables below, the vector space U becomes a Ugz-module on
which the generators {x;}icz, act as indicated.

module label ‘ o T T T3
111 Ay Q(A} - BRK) By Q(B; —ARK™)
1118 A, Q(AR-BjK) B, Q(Br-A;K™)
IIIT By Q(By —ARK™Y) Ay  Q(A} — BRK)
ITIIST B, QBy-A;K') A Q(A,-BiK)
module label ‘ o T T9 T3
I\ Q(A¢—KB,) A; Q(Bi—K'A,) B;
IVS QA —KB)) Ay Q(B,—K'4,) Bj
IVT QB —K'A,) B} QA —-KB,) A;

IVST Q(B,—K1'A) By QA —KB;) Ay
Proof. By Proposition 11.2 and Lemma 13.1(ii). |
Note 13.6. Going forward, the O,-module V/J with label I will be denoted (V/J), and so on.

Proposition 13.7. For each U,-module in Theorem 13.4 the elements x1 and x3 act on the
algebra V/J as a derivation of the following sort:

module label ‘ x1 x3
I, 11 (K, I)-derivation (K™, I)-derivation
IS, 1IS (I, K)-derivation (I, K~')-derivation
IT, IIT (K1, I)-derivation (K, I)-derivation

IST, IIST (I, K‘l)—derivation (I, K)-derivation
Proof. By Lemma 11.5 and the comments about derivations in Section 2. |

Proposition 13.8. For each L;-module in Theorem 13.5 the elements x1 and x3 act on the
algebra U as a derivation of the following sort:
module label ‘ x1 T3
III, IV (K, I)-derivation (K™, I)-derivation
I1IS, IVS (I, K)-derivation (I, K~')-derivation
IIIT, IVT (K‘l,I)—derivation (K, I)-derivation
ST, IVST | (I, K~!')-derivation (I, K)-derivation

Proof. By Lemma 11.6 and the comments about derivations in Section 2. |
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14 The sixteen [;-modules are mutually isomorphic
and irreducible

In the previous section we gave sixteen [,-module structures on V/J or U. In this section we
show that these [;-modules are mutually isomorphic and irreducible.

Proposition 14.1. The map V/J = V/J, x+J — S(x)+ J is an isomorphism of Oj-modules
from

(V/JI)1 < (V/J)s, (V/ It < (V/J)isT,
(V/Du < (V/Dus,  (V/Dur < (V/ st

The map U — U, x +— S(z) is an isomorphism of Og-modules from
Um < Uns, Uit <> Uniist, Uy < Uys, Ut < Urysr.

Proof. By Lemma 12.1, together with the fact that S(J) = J by (5.6) and S(U) = U by

Lemma 6.8. [
Proposition 14.2. The map V/J = V/J, v+ J — T(z)+ J is an isomorphism of Oj-modules
from

(V/J)1 < (V/ D), (V/I)is < (V/ s,

(V/Du < (V/J)ur, (V/JDus < (V/J)nst.
The map U — U, x — T'(x) is an isomorphism of Og-modules from
Ut < Ui, Unis < Unnists U < Uy, Urvs < Urysr.

Proof. By Lemma 12.2, together with the fact that 7'(J) = J by (5.6) and T(U) = U by
Lemma 6.8. u

Proposition 14.3. The map V/J — U, x+ J — 6(x) is an isomorphism of Ogy-modules from

(V/J)1 — U, (V/JIhs = Unns, (V/J)ir — Ui, (V/J)ist — Unist,
(V/Du — Uy, (V/J)us — Urys, (V/J)ur — U, (V/J)nst — Urvsr.

Proof. By Lemma 12.3 and the fact that .J is the kernel of 6. |

Proposition 14.4. The map V/J = V/J, x+J — p(x)+J is an isomorphsim of Oj-modules
from

V/ D= (V/ ), (V) = (V/J)ur.
The map U — U, x — ¢*(x) is an isomorphism of Oy-modules from
Ui — Uy, Uit — Uy
Proof. By Proposition 12.21 and Lemmas 12.22, 12.23. |

Theorem 14.5. The following Ug-modules are mutually isomorphic:

(V/ I, (V/J s, (V/JIrr, (V/JI s,
(V/J)w, (V/J)us, (V/JIur, (V/J)us,
Unr, Uns, Unir, Urnist,
Urv, Urvs, U, Urvsr-
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Proof. By Propositions 14.1-14.4. |
Our next goal is to show that the [;-modules in Theorem 14.5 are irreducible.
Lemma 14.6. Let W denote a nonzero Ug-submodule of Ury. Then 1 € W.

Proof. By Proposition 11.2 the generators x; and x3 act on Ury as A} and Bj, respectively.
Now 1 € W by Lemma 4.6. |

Lemma 14.7. Let W denote a proper Ug-submodule of Urii. Then 1 & W.

Proof. We assume 1 € W and get a contradiction. By Proposition 11.2 the generators xzg
and x5 act on Ut as Ay and By, respectively. By Lemma 7.3, W is not proper. This contradicts
our assumptions. |

Theorem 14.8. The U -modules in Theorem 14.5 are irreducible.

Proof. By Theorem 14.5 along with Lemmas 14.6, 14.7 we find that none of the listed [,-
modules contain a nonzero proper [,-submodule. The result follows. |

15 The NIL modules for U],

In this section we characterize the [;-modules in Theorem 14.5, using the notion of a NIL
[g-module.
We start with some comments about (/. Reformulating the relations (10.1),

r120 = *xo71 + 1 — ¢7, T1xe = q 2xowy +1—q 2,

T30 = ¢*wow3 + 1 — ¢, T30 = ¢ 2xor3 +1—q 2.

Next we express these relations in a uniform way.

Lemma 15.1. For u € {xo,z2} and v € {x1,23} the following holds in O :
VU = ’LL’Uq<u’U> + 1— q<’u'7v>7
where

(7 > ‘ r1 Z3
o 2 -2
xI9 —2 2

The following formula will be useful.

Lemma 15.2. Pickn € N. Referring to the algebra O, pick u; € {xo,x2} for 1 <i <n, and
also v € {x1,x3}. Then

VULU ** * Uy, = UTUQ * -+ unvq(ul1v>+<u21v>+"'+<un7U>

n
+ Z Up - Ui Uiy - - unq<u177}>+'“+<ui—1vv> (1 — q<uivv>)’
1=1

where (, ) is from Lemma 15.1.

Proof. By Lemma 15.1 and induction on n. |
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Corollary 15.3. Let V denote a Dg—module. Pick £ € V' such that x1&£ =0 and 236 = 0. Then
forn € N and uy,ug, ... ,u, € {xo, 22} and v € {x1, 23},

n

Uu1u2 P ung — Z ul e ul*lulﬁ’l PR un£q<ulav>+n-+<uz'—1,’l]> (1 _ q<ui,v>)’

i=1
where (, ) is from Lemma 15.1.

Proof. Referring to the equation displayed in Lemma 15.2, apply each side to £ and note that
v€ = 0. |

Recall that (Dg)even is the subalgebra of Dg generated by xg, zo. Recall the free algebra V
with generators A, B. By our comments below Note 10.2, there exists an algebra isomorphism
V — (D;/)even that sends A — zg and B — z9. Denote this isomorphism by k. Recall the

D(\Z/—module V1 from Proposition 11.1.

Lemma 15.4. Let V denote a D(\J/—module. Pick € € V' such that z1£ = 0 and 3§ = 0. Then
the map Vi — V, v k(v)€ is a D;/—module homomorphism.

Proof. We show that for ¢ € Z4 the following diagram commutes:

vk (V)€

V1 |4

Referring to the above diagram, the action z;: Vi — V7 is described in Proposition 11.1 along
with Definition 5.1 and Lemma 7.4. The action z;: V — V is clear for ¢ even, and described in
Corollary 15.3 for ¢ odd. Using these descriptions we chase each word in V around the diagram,
and confirm that the diagram commutes. |

Let V' denote a [;-module. We view V" as a D;/—module on which
3 2 2 3 _ .
Ty Tipo — [3]qxi Tivowi + [3]qTi%ivori — Tipoxy =0, 1€ Zy.

Lemma 15.5. Let V' denote a Ug-module that contains a nonzero vector  such that x1£ = 0
and x3§ = 0. Then the map in Lemma 15.4 has kernel J. Moreover the map (V/J)1 — V,
v+ J = k(v)§ is an injective Og-module homomorphism.

Proof. Let L denote the kernel of the map in Lemma 15.4. This map sends 1 — &, and € is
nonzero, so 1 ¢ L. Observe that L is a left ideal of the free algebra V. The set H = {v €
Vik(v)V = 0} is a 2-sided ideal of the free algebra V. By construction H C L. Recall the
elements J* from (3.3), (3.4). We have

/<;(J+) = m%xg — [3]qx%x2xo + [B]qxozz:gm% — .CCQ.CL‘S, (15.1)

k(J7) = zhx0 — [3]y@3T0T + [3],T2T075 — 20T, (15.2)

Since V is a Oz-module, the elements (15.1), (15.2) are zero on V. Therefore J* € H. Recall
that J is the 2-sided ideal of the free algebra V generated by J*. Consequently J C H. We
mentioned earlier that H C L, so J C L. By this and Lemma 15.4, the map (V/J)1 — V,
v+ J — k(v)¢ is a Og-module homomorphism that has kernel L/J. This kernel L/J is a O, -
submodule of the Oj,-module (V/J)i, and the O,-module (V/J); is irreducible by Theorem 14.8,
soL/J=0o0r L/J=V/J. Thus L=J or L =V. We have L # V since 1 ¢ L, so L = J.
Consequently the map (V/J); = V, v+ J — k(v)€ is injective. The result follows. [
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Let V' denote a nonzero Ll;-module. For £ € V', we say that V is generated by { whenever V'
does not have a proper L,-submodule that contains &.

Proposition 15.6. Let V denote a Ly-module that is generated by a nonzero vector § such
that x1£ = 0 and 3§ = 0. Then the map (V/J)1 — V, v+ J — k(v)§ is an isomorphism of
Ug-modules.

Proof. By Lemma 15.5, the map (V/J); — V, v + J — k(v)€ is an injective [J;-module
homomorphism. For this map the image is a [J,-submodule of V' that contains £, so this image
is equal to V. By these comments the map (V/J); = V, v+ J — k(v)§£ is an isomorphism of
Lg-modules. |

Theorem 15.7. For a Ug-module V' the following are equivalent:

(i) V is isomorphic to the O,-modules in Theorem 14.5;

(ii) v is generated by a nonzero vector & such that x1£ = 0 and xz3 = 0.

Proof. (i) = (ii): Without loss of generality, we may identify the Oj,-module V' with the
Ug-module Uypp listed in Theorem 14.5. The vector £ = 1 has the desired properties.
(ii) = (i): By Theorem 14.5 and Proposition 15.6. [

Definition 15.8. Let V' denote a [J;-module. A vector £ € V' is called NIL whenever x1§ = 0
and 3¢ = 0 and £ # 0. The O,-module V' is called NIL whenever it is generated by a NIL
vector.

By Theorem 15.7, up to isomorphism there exists a unique NIL [g;-module, which we denote
by U. Also by Theorem 15.7, the [,-module U is isomorphic to each of the L,-modules from
Theorem 14.5. By Theorem 14.8 the [J,-module U is irreducible. The [;-module U is infinite-
dimensional; indeed it is isomorphic to U(;r as a vector space, as we now clarify. Recall the
algebra isomorphism U;’ — 0g"*" from below Lemma 13.3.

Lemma 15.9. Identify the algebra U; with LY wvia the algebra isomorphism from below
Lemma 13.3. Let & denote a NIL vector in U. Then the map Uq+ — U, u — u€ is an iso-
morphism of vector spaces.

Proof. By Proposition 15.6. n

Theorem 15.10. The O;-module U has a unique sequence of subspaces {Uy }nen such that:

(1) Uy 7& 0;
(i) the sum U = > U, is direct;
neN
(iii) for n € N,
xOUn - Un+17 xlUn - Un—la xQUn - Un+17 xBUn - Un—17
where U_1 = 0.

The sequence {Uy, }nen is described as follows. The subspace Uy has dimension 1. The nonzero
vectors in Ug are precisely the NIL vectors in U, and each of these vectors generates U. Let &
denote a NIL vector in U. Then for n € N, U, is spanned by the vectors

U U - - U, u; € {xo,x2}, 1<i<n. (15.3)
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Proof. Concerning existence, without loss of generality we may identify the U;-module U with
the Og-module Uy listed in Theorem 14.5. Recall that U is the subalgebra of the g-shuffle
algebra V generated by A, B. For n € N define U,, = U NV,,. One checks that the sequence
{U, }nen satisfies the above conditions (i)—(iii). We have established existence. Going forward
let {U, }nen denote any sequence of subspaces that satisfies the above conditions (i)—(iii). Let £
denote a NIL vector in U. We claim that £ € Uy. To prove the claim, note by condition (ii)

that there exists n € N and § € U; (0 < ¢ < n) such that &, # 0 and £ = > &. Since & is
i=0

n
NIL, z1£ = 0 and x3¢ = 0. In the sum £ = > &, apply z; to each term and use condition (iii)

to find x1&, = 0. Similarly z3&, = 0, so én (;s NIL. Since the Oj,-module U is irreducible, it
is generated by any nonzero vector in U. In particular the [J,-module U is generated by &,.
By Proposition 15.6 the map (V/J); — U, v+ J — k(v)&, is an isomorphism of [J;-modules.
Consider the image of this map. On one hand, the image is equal to U. On the other hand,
by (iii) and the definition of x above Lemma 15.4, the image is contained in Y U, ;. By these
€N

comments and (i), (ii) we obtain n = 0, so £ = &y € Uy. We have proven the claim. For n € N
let U/, denote the subspace of U spanned by the vectors (15.3). We claim that U], = U, for
n € N. By (iii) we have U/, C U, for n € N. Earlier we mentioned an isomorphism (V/J); — U;
its existence shows that the vector space U is spanned by the vectors

urug - uné,  nmeN,  u; € {x, 2}, 1<i<n.

So U = " U/,. By these comments and (ii) we obtain U/, = U, for n € N. The claim is

neN
proven. By the claims, the sequence {U,, },en satisfying conditions (i)—(iii) is unique, and it fits
the description given in the last paragraph of the theorem statement. |

A Data on the g-shuffle product

Recall the g-shuffle algebra V from Section 6. In the following tables we express some ¢-shuffle
products in terms of the standard basis for V.

AxAxB AxBxA B*xAxA
AAB q(2]q q_l[Q]q q_3[2]q
ABA q_1[2]q q_1[2]q q_1[2]q
BAA | q7?2], q 2] q2]
BxBxA B*xAxB AxBxB
BBA qmq q_1[2]q q_3[2]q
BAB q_1[2]q q_l[Q]q q_l[2]q
ABB | ¢332,  q7'[2, q[2]q
AxAxAxB AxAxBxA AxBxAxA B+xAxAxA
AAAB 7 [3]4[2]g q(3]4[2]q q71[3]q[2]q q*3[3]q[2]q
AABA Q[3]q[2]q (2Q+q_1)[2]q (Q+2q_1)[2]q q_1[3]q[2]q
ABAA q_1[3]q[2]q (q + 2(1_1) 2]4 (2q + q_l) 2]4 q(3]4[2]4
BAAA q_3[3]q[2]q q_l[?’]qmq q[3]4[2]q ¢ [3]4[2]4
BxBxBxA B*xB%xAxB BxAxBxB AxBxBxB
BBBA q3[3]q[2]q q(3]4[2]4 qil[?’]qmq q73[3}q[2}q
BBAB q[3]4[2q 2q + q_l) 2]q (q + 2q_1) 2]4 q_1[3}q[2}q
BABB q_1[3]q[2]q (q + 2‘]_1) 2]q (2q + q_l) 2]q q(3]4[2]q
ABBB q_3[3]q[2]q q_1[3]q[2]q q[3]4[2]q qg[g]q[Q]q
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B Some matrix representations

Consider the free algebra V generated by A, B. Earlier in the paper we described many maps in
End(V). For such a map X, consider the matrix that represents X with respect to the standard
basis for V. The rows and columns are indexed by the words in V. For words u, v the (u,v)-
entry is equal to (u, Xv). We will display some of these entries shortly. For the above matrix
and r,s € N the submatrix X (r,s) has rows and columns indexed by the words of length r
and s, respectively. The matrix X (r,s) has dimensions 2" x 25. We are going to display the
nonzero X (r, s) such that 0 < r,s < 3. For this display we use the following word order:

word length ‘ word order
0 1
1 A, B
2 AA, AB, BA, BB
3 AAA, AAB, ABA, BAA, ABB, BAB, BBA, BBB

For each X we now display the nonzero X (r,s) such that 0 < r,s < 3. From the dimensions
of X (r,s) it is clear what is r and s, so we do not state this explicitly. We have

1000
0100
10 0010
A'<1> 0 1 0000
L \o)> 0ol 000 1
00 0000
0000
0000
100000O0O0O
. 1000 01000000
A (10), (0100)’ (00100000’
00001000
0000
0000
0 0 0000
BL.<O> 00 1 000
o\ 1 0]’ 000O0][’
0 1 0100
0010
000 1
00010000
. 0010 00000100
Bi: (01), <0001>’ (00000010’
0000O0GO0TO1
1000
0000
10 0100
AR:<1> 00 0010
0)’ 0 1]’ 000 O0f”
0 0 0000
000 1
0000
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3

¢Bl, 0 0 0 0 0 0 0
0 g ¢ ¢* 0 0 0 0
0 ¢! q¢' ¢! 0 0 0 0
0 ¢3¢t q 0O 0 0 0
[2]l1 0 0 0 0 q qfl q73 0 )
0 0 0 0 ¢! ¢t ¢! 0
0 0 0 0 gq¢3 ¢' g¢q 0
0 O 0 0 0 0 0 4¢3,
1 - —q* q°
1 —q? o =72l ¢7'2y O 0
s (1), @ (—9‘2 1 > < 0 0 ¢ "2y —¢ 2]’
q° -t —q? 1
1 _qu —q 4 _q76 q 6 q78 qflo —q*12
—[3]4 24 q2 q? 0 —q 4 0 0 0
0 0 ¢ '2g 2l —a M2 a2y 0 0
oo 0 0 1 0 —¢? =g =27t g3,
Q" 4 [ N ,
q "[8lg —q 2q q 0 1 0 0 0
0 0 712l a2y a2 a2 0 0
0 0 0 —q? 0 q 2 2+q¢2  —[3,
—q*12 qflo qfs qfﬁ —q 6 —q*4 qu 1
1 -2 1—2 _(1—1}2[]2% 8 q7—64
. —q 2 | —4 q 2l —q
2 (1) ) Q (_qQ 1 > ) Q —q*4 0 q71[2]q —q72 )
q s 0 -2, 1
1 —[3]q 0 0 q 3], 0 0 —q¢*
—q 2 24q°2 0 0 g 2—2¢* 0 0 g~ 10
- ¢ ¢'[2, 0 —q~ -q°2; 0 q*®
0? - % 0 ¢ 1 0 -2y —a*t ¢ "
¢ -t =g 2 0 1 a2y 0 —¢°
q—8 0 _q_3[2]q _q—Q 0 q_1[2]q q—Q _q—4
g 10 0 0 —q 2 —2¢7 0 0 24+q 2 —q2
-2 0 0 q 3], 0 0 —[3]4 1
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