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Abstract. This survey studies equivariant harmonic maps arising from Higgs bundles. We
explain the non-abelian Hodge correspondence and focus on the role of equivariant harmonic
maps in the correspondence. With the preparation, we review current progress towards some
open problems in the study of equivariant harmonic maps.
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1 Introduction

In this survey, we study equivariant harmonic maps from the Riemannian universal cover of
a surface S into the noncompact symmetric space for semisimple representations from the fun-
damental group of S into a semisimple Lie group.

The celebrated non-abelian Hodge correspondence, developed mainly by Corlette [11], Do-
naldson [16], Hitchin [28] and Simpson [53], is a homeomorphism between the moduli space of
Higgs bundles and the representation variety. Equivariant harmonic maps play an important
role in this correspondence. Let’s elaborate this correspondence in more detail. Following the
work of Donaldson [16] and Corlette [11], for any irreducible representation ρ of the fundamental
group of S into a semisimple Lie group G, there exists a unique ρ-equivariant harmonic map f
from Σ̃ to the corresponding symmetric space of G. The equivariant harmonic map further
gives rise to a Higgs bundle, a pair (E, φ) consisting of a holomorphic vector bundle E over
a Riemann surface structure Σ on S and a holomorphic section of End(E)⊗K, the Higgs field,
and K is the holomorphic cotangent line bundle over Σ. Conversely, by the work of Hitchin [28]
and Simpson [53], a stable Higgs bundle admits a unique harmonic metric on the bundle solving
the Hitchin equation. The harmonic metric further gives rise to an irreducible representation ρ
into G and a ρ-equivariant harmonic map into the corresponding symmetric space. These two
directions together give the celebrated non-abelian Hodge correspondence.

The relation between harmonic maps with Higgs bundles is transcendental since it involves
solving a highly nontrivial second-order elliptic system, the Hitchin equation. Our goal is to
make use of Higgs bundles and the solution to the Hitchin equation to investigate the properties
of corresponding harmonic maps. For instance, we ask how the energy density of harmonic maps
changes along the C∗-flow on the moduli space of Higgs bundles.

The paper is organized as follows. In Part I, we recall some preliminaries on Higgs bundles and
the non-abelian Hodge correspondence. Since we focus on the harmonic map point of view, our
main goal is to explain the role of harmonic maps (or harmonic metrics) in the correspondence
and its explicit relationship with the data of Higgs bundles. Then we introduce several important
concepts for the moduli space of Higgs bundles including the Hitchin fibration, the Hitchin
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section and the C∗-action, the notion of cyclic Higgs bundles and the maximal representations.
In Part II, we write the Hitchin equation explicitly and express the energy density, the pullback
metric and the sectional curvature of the tangent plane about harmonic maps. Then we use
explicit examples to do calculations on the Hitchin equation and relate the estimates with the
associated geometry. In the last Part III, we discuss selected topics on equivariant harmonic
maps in terms of different types of information of Higgs bundles. We collect several open and
interesting questions here and explain to the reader the current progress towards such questions.

This survey is based on lecture notes prepared for the 3-hour mini-course “An introduction
to cyclic Higgs bundles and complex variation of Hodge structures” that the author gave at the
University of Illinois at Chicago. The paper particularly deals with the analytic aspect related
to the non-abelian Hodge correspondence. The readers might find that it does not mention at
all the proofs of big theorems, such as the theorem of Hitchin and Simpson or the theorem of
Corlette and Donaldson. Instead, the author puts more time on introducing basic notations
in differential geometry, deducing expressions of associated geometric objects, and also doing
detailed calculations on the Hitchin equation. All of these efforts are aimed at helping the
readers to make use of the tool of Higgs bundles by understanding the solutions to the Hitchin
equation and possibly the related geometry. This survey is targeted at graduate students and
junior postdocs.

Part I

Set-up

2 Preliminaries and non-abelian Hodge correspondence

Notations:

S – a smooth surface;

Σ – a Riemann surface structure over S;

E – a complex vector bundle on Σ;

D – a connection on E;

H – a Hermitian metric on E;

∂̄E – a holomorphic structure on E;

∇∂̄E ,H – the Chern connection determined by ∂̄E and H;

K – the holomorphic cotangent bundle of Σ;

g0 – a conformal metric on Σ;

ω – the Kähler form on (Σ, g0);

O – the trivial line bundle S × C on S;

O – the trivial holomorphic line bundle Σ× C on Σ;

Γ(S,E) – the space of smooth sections of E;

Ωk(S,E) – the space of smooth k-forms valued in E.

2.1 Basic notions

Throughout the paper, let S be a closed orientable surface of genus g at least 2 and fix a Riemann
surface structure Σ on S. We begin with a rapid introduction to differential geometry of complex
vector bundles. One may refer the materials to Kobayashi’s book [32]. Note that the following
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notions can be defined for higher-dimensional manifolds. But for simplicity, we only deal with
surfaces and one may notice our definitions might be simpler than the ones for higher-dimensional
manifolds in some cases.

Definition 2.1. A Hermitian metric H on a complex vector bundle E over S is a C∞ family
of Hermitian inner products on E, which is C-linear in the second variable and conjugate-linear
in the first variable.

One can extend the definition of the Hermitian pairing between Ωk(Σ, E) and Ωl(Σ, E) by
pairing sections in E and wedging the forms as usual: for α1 ∈ Ωk(Σ,C), α2 ∈ Ωl(Σ,C), and
s1, s2 ∈ Γ(Σ, E),

H(α1 ⊗ s1, α2 ⊗ s2) = (α1 ∧ α2) ·H(s1, s2) ∈ Ωk+l(Σ,C).

Suppose we are given two Hermitian bundles (E1, H1) and (E2, H2), consider a section ψ ∈
Ωk(S,Hom(E1, E2)), then we can define its adjoint ψ∗ ∈ Ωk(S,Hom(E2, E1)) by the property:
for s1 ∈ Γ(S,E1), s2 ∈ Γ(S,E2),

H2(ψs1, s2) = H1(s1, ψ
∗s2). (2.1)

Fix any background Kähler metric g0 = g0(z)(dz⊗dz̄+dz̄⊗dz) on Σ where ω = ig0(z)dz∧dz̄
is the Kähler form which is also the volume form. We renormalize the metric g0 such that∫

Σ ω = 2π. The metric g0 induces a natural pairing 〈 , 〉 on Ωk(Σ,C). The Hodge star ? is
a conjugate-linear map from Ωk(Σ,C) to Ω2−k(Σ,C) such that

α1 ∧ ?α2 = 〈α1, α2〉ω. (2.2)

In particular, ?dz = i dz̄ and ?dz̄ = −i dz.

Combining the formula in equation (2.1) and (2.2), one can extend the definition of the Hodge

star operator to Ωk(Σ,Hom(E1, E2)) as follows: for Ψ =
k∑
i=1

αi⊗ψi ∈ Ωk(Σ,Hom(E1, E2)) where

αi ∈ Ωk(Σ,C), ψi ∈ Γ(Σ,Hom(E1, E2)), we define

?Ψ = ?

(
k∑

i=1

αi ⊗ ψi
)

:=
k∑

i=1

(?αi)⊗ ψ∗i ∈ Ω2−k(Σ,Hom(E2, E1)). (2.3)

Note. For φ ∈ Ω1,0(Σ,Hom(E1, E2)), ?φ = iφ∗. For φ ∈ Ω0,1(Σ,Hom(E1, E2)), ?φ = −iφ∗. For
Ψ ∈ Ω1(Σ,Hom(E1, E2)), by decomposing into (1, 0)- and (0, 1)-forms, Ψ = Ψ1,0 + Ψ0,1. Then
?Ψ = i(Ψ1,0)∗ − i(Ψ0,1)∗.

The induced pairing on Ωk(Σ,Hom(E1, E2)) is linearly extending the pairing

〈α1 ⊗ ψ1, α2 ⊗ ψ2〉 := 〈α1, α2〉 · 〈ψ1, ψ2〉 =
α1 ∧ ?α2

ω
· tr(ψ1ψ

∗
2)

for α1 ⊗ ψ1, α2 ⊗ ψ2 ∈ Ω1(Hom(E1, E2)).

Equivalently, we have the pairing for Ψ1,Ψ2 ∈ Ω1(Σ,Hom(E1, E2)),

〈Ψ1,Ψ2〉 = tr(Ψ1 ∧ ?Ψ2)/ω, (2.4)

where tr denotes the trace for an endomorphism, or likewise

||Ψ||2 =
(
||Ψ(∂x)||2 + ||Ψ(∂y)||2

)
/g0(z).
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Definition 2.2. A connection on a complex vector bundle E over S is a differential operator
D : Ωk(S,E)→ Ωk+1(S,E) satisfying the Leibniz rule: if α ∈ Ωp(S,C), σ ∈ Ωk(S,E),

D(α ∧ σ) = dα ∧ σ + (−1)pα ∧Dσ.

For example, on a trivial vector bundle S ×Cn, the usual differential operator d is a connec-
tion. Therefore, for a rank n complex vector bundle E with trivial determinant, we can define
a SL(n,C)-connection as follows.

Definition 2.3. On a complex vector bundle E satisfying detE ∼= O, a SL(n,C)-connection
on E is a connection such that its induced connection on the trivial line bundle detE is d.

Definition 2.4. The curvature of a connection D on E is the operator

FD = D ◦D : Ωk(S,E)→ Ωk+2(S,E).

Fact: FD turns out to be C∞-linear, i.e., FD ∈ Ω2(S,End(E)). The Chern–Weil theory tells
us that the first Chern class of E is c1(E) =

[
i

2π ·tr(FD)
]
∈ H2

dR(S,C), which does not depend on
the choices of the connection D. The degree of E is the integral of any representative in c1(E),
that is,

degE =

∫

S
c1(E) =

∫

S

i

2π
· tr(FD) =

∫

S

i

2π
· Λ tr(FD) · ω.

The contraction operator Λ: Ω2(Σ,C) → Ω0(Σ,C) is defined by Λ(fω) = f , for any smooth
function f on Σ. We extend the contraction operator to Ω2(Σ,End(E)). Equivalently, we can
write it as Λ(FD) = FD/ω.

A connection D is said to be flat if FD = 0. Fix a basepoint p ∈ S and a frame e of Ep.
Denote π1(S) = π1(S, p). A flat connection D on E gives rise to a representation of π1(S)
as follows. For each loop based at p, the parallel transport of the frame e defines an element
of GL(n,C). In particular, for a flat connection, the element only depends on the homotopy
class of the loop. Therefore, we obtain an element ρ = hol(D) ∈ Hom(π1,GL(n,C)). If D is
a flat SL(n,C)-connection, the holonomy lies in SL(n,C) correspondingly. Conversely, given
a representation ρ : π1(S)→ SL(n,C), we can construct a flat vector bundle (E,D) as follows,

(E,D) :=
(
S̃ ×ρ Cn, the natural connection descends from d on S̃ × Cn

)
,

where S̃ is the universal cover of S.

Definition 2.5.

(1) A connection D on E is called irreducible if there exists no proper D-invariant subbundle.

(2) A connection D is called reductive if (E,D) =
k⊕
i=1

(Ei, Di) where each Di is an irreducible

connection on Ei.

Correspondingly, we have the following definitions.

Definition 2.6.

(1) A representation ρ : π1(S) → SL(n,C) is called irreducible if the induced representation
on Cn is irreducible.

(2) A representation ρ : π1(S) → SL(n,C) is called reductive if the induced representation
on Cn is completely reducible.
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Definition 2.7. A connection D on E is called unitary if for any two sections s, t ∈ Γ(S,E),

d(H(s, t)) = H(Ds, t) +H(s,Dt).

Definition 2.8. A holomorphic structure on a complex vector bundle E over Σ is a differential
operator ∂̄E : Ωp,q(Σ, E) → Ωp,q+1(Σ, E) satisfying the Leibniz rule: if α ∈ Ωp,q(Σ,C), σ ∈
Ωk,l(Σ, E),

∂̄E(α ∧ σ) = (∂̄α) ∧ σ + (−1)p+qα ∧ ∂̄Eσ.

We call a section σ of E holomorphic if ∂̄Eσ = 0.

For example, on a trivial vector bundle Σ × Cn, the usual differential operator ∂̄ is a holo-
morphic structure.

Given any connection D on E, by decomposing into (1, 0)- and (0, 1)-forms, we have D =
D1,0 +D0,1. Then D0,1 gives a holomorphic structure on E. But given a holomorphic structure
on E, there are many connections D such that D0,1 = ∂̄E .

Theorem 2.9. For a holomorphic vector bundle E with a Hermitian metric H, there exists
a unique connection ∇∂̄E ,H , called the Chern connection, such that

(i) ∇0,1

∂̄E ,H
= ∂̄E,

(ii) ∇∂̄E ,H is unitary.

The above conditions (i) and (ii) for the Chern connection ∇∂̄E ,H imply that the following
holds

∂(H(s, t)) = H(∂̄Es, t) +H
(
s,∇1,0

∂̄E ,H
t
)
. (2.5)

2.1.1 The Riemannian geometry of symmetric space

Denote G = SL(n,C), K = SU(n) and by g, k the corresponding Lie algebras sl(n,C), su(n)
respectively. With respect to the Killing form on g, we have an orthogonal decomposition
g = k ⊕ p, where p = i · su(n). The tangent space at TeKG/K is isomorphic to p. The Killing
form B on g is

B(Y1, Y2) = 2n · tr(Y1Y2).

The restriction of B on TeKG/K ∼= p. Denote by Lg the left action by g on G/K. Pulling back
the inner product on TeKG/K using Lg−1 , we can define a metric on TgKG/K . This is the
unique G-invariant metric on G/K up to a scalar multiple.

The sectional curvature of the tangent plane spanned by two tangent vectors Y1, Y2 ∈ p is
given by (see Jost’s book [29] for reference)

K(Y1, Y2) =
B([Y1, Y2], [Y1, Y2])

B(Y1, Y1)B(Y2, Y2)−B(Y1, Y2)2
≤ 0. (2.6)

And the sectional curvature for a plane inside TgKG/K is just the sectional curvature of the
pullback tangent plane inside TeKG/K ∼= p by Lg−1 . Note that in the case n = 2, SL(2,C)/SU(2)
is of constant sectional curvature −1

2 .
We consider a model for the space G/K, the space of positive definite Hermitian matrices of

unit determinant

N =
{
A ∈Mn(C) | Āt = A, detA = 1, A > 0

}
.
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The space N may also be interpreted as the space of Hermitian metrics on Cn inducing the
metric 1 on detCn. The group SL(n,C) acts transitively on N on the left, g · A =

(
g−1
)∗
Ag−1

for A ∈ N and g ∈ SL(n,C). The map Ψ: G/K 3 gK → g · Id =
(
g−1
)∗
g−1 ∈ N defines

a diffeomorphism which is equivariant for the left action of G, that is, Lg ◦Ψ = Ψ ◦Lg where Lg
denotes the left action by g on both G/K and N .

We equip N with the Riemannian metric from the one on G/K using the diffeomorphism Ψ.
Precisely, the pairing at TAN is by pulling back the pairing on p using the map Lg−1 ◦Ψ−1 and

so is the sectional curvature of plane. At the point A = g · Id =
(
g−1
)∗
g−1 ∈ N for some g ∈ G,

the differential map d
(
Lg−1 ◦Ψ−1

)
|A : TAN → p is given by: for every tangent vector M ∈ TAN ,

d
(
Lg−1 ◦Ψ−1

)∣∣
A

(M) = d
(
Ψ−1 ◦ Lg−1

)∣∣
A

(M) = d
(
Ψ−1

)∣∣
Id

(
g∗Mg

)

= −1
2g
∗Mg = −1

2Ad
(
g−1
)(
A−1M

)
. (2.7)

Denote the metric on N by gN , then at A = g · Id =
(
g−1
)∗
g−1 ∈ N , the metric gN is given

by, for M1,M2 ∈ TAN ,

gN (M1,M2) = B
(
d
(
Lg−1 ◦Ψ−1

)∣∣
A

(M1), d
(
Lg−1 ◦Ψ−1

)∣∣
A

(M2)
)

= B
(
Ad
(
g−1
)(
−1

2A
−1M1

)
, Ad

(
g−1
)(
−1

2A
−1M2

))
= 1

4B
(
A−1M1, A

−1M2

)

= n
2 tr

(
A−1M1A

−1M2

)
. (2.8)

2.2 The non-abelian Hodge correspondence

Suppose we are given a representation ρ : π1 → SL(n,C) and hence a flat SL(n,C)-bundle (E,D)
over S, and a Riemann surface structure Σ, we aim to obtain the following holomorphic object,
the Higgs bundle. This is one direction of the non-abelian Hodge correspondence.

Definition 2.10. A rank n Higgs bundle over Σ is a pair (E, φ) where E is a holomorphic
vector bundle of rank n, and φ ∈ H0(Σ,End(E)⊗K), called the Higgs field. A SL(n,C)-Higgs
bundle is a Higgs bundle (E, φ) satisfying detE = O and trφ = 0.

2.2.1 Harmonic metric

We will make use of the following fact:
A connection D on a Hermitian bundle (E,H) decomposes uniquely as

D = DH + ΨH ,

where (1) DH is a unitary connection; and (2) ΨH ∈ Ω1(Σ,End(E)) is self-adjoint. This
decomposition is achieved by choosing ΨH ∈ Ω1(Σ,End(E)) such that

H(ΨHs, t) = 1
2{H(Ds, t) +H(s,Dt)− d(H(s, t))}.

We aim to choose the “best” H. For a fixed flat SL(n,C)-vector bundle (E,D) and a con-
formal Riemannian metric g0 on Σ, we define a functional on the space of Hermitian metrics
on E:

E(H) =

∫

Σ
〈ΨH ,ΨH〉ω, (2.9)

where the pairing is defined in equation (2.4).

Definition 2.11. A Hermitian metric H on (E,D) is called harmonic if it is a critical point
of E(H). Equivalently, DH(?ΨH) = 0, where ? is the Hodge star operator defined in equa-
tion (2.3).
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Remark 2.12. The functional E(H) is invariant under a conformal change of the metric on
the surface Σ. Therefore a harmonic metric on (E,D) is well-defined on a Riemann surface.

Theorem 2.13 (Corlette [11], Donaldson [16]). If D is a reductive flat SL(n,C)-connection
on E over Σ, then there exists a harmonic metric H on E whose induced metric detH on
detE ∼= O is 1.

If D is irreducible, then the harmonic metric is unique.

We will first recall the definition of equivariant harmonic maps and then explain how a har-
monic metric on a flat vector bundle (E,D) gives rise to an equivariant harmonic map.

2.2.2 Harmonic map

Fix M a Riemannian manifold and g0 a Riemannian metric on S. We consider a representation
ρ : π1(S) → Isom(M), the isometry group of M . A map f : S̃ → M is called ρ-equivariant if
f(γ · x) = ρ(γ) · f(x) for all γ ∈ π1(S) and x ∈ S̃. Given a ρ-equivariant map f :

(
S̃, g̃0

)
→ M

between two Riemannian manifolds, then df ∈ Γ
(
S̃, T ∗S̃ ⊗ f∗TM

)
is also π1(S)-equivariant.

This implies that the function

e(f) = 1
2〈df, df〉 : S̃ → R (2.10)

is π1(S)-invariant and hence descends to S. We call e(f) the energy density on S̃ and also on S.
The energy E(f) is the integral of e(f) with respect to the volume form of dvolg0 , that is,

E(f) =

∫

S
e(f) dvolg0 . (2.11)

Note that E(f) is finite since S is compact.

Definition 2.14. The map f is harmonic if it is a critical point of the energy functional E(f).
Equivalently, f is harmonic if trg0 ∇df = 0 where∇ is the natural connection on T ∗S⊗f∗TM

induced by the Levi-Civita connections on (S, g0) and M .

Remark 2.15. As in the case of E(H), the energy E(f) is invariant under the conformal change
of the metric on S. Hence we can talk about equivariant harmonic maps from the universal cover
of a Riemann surface Σ. However, the energy density still varies under the conformal change of
the metric on S and when we talk about the energy density, we will usually choose g0 as the
conformal metric on Σ.

2.2.3 Equivalence between harmonic metric and harmonic map

A Hermitian metric on E = S̃×ρCn inducing the metric 1 on detE is a ρ-equivariant metric H

on S̃ × Cn of unit determinant. Equivalently, it is a map f : S̃ → N ⊂Mn(C) satisfying

f(m) = ρ(γ)
t
f(γ ·m)ρ(γ), ∀ γ ∈ π1S, m ∈ Σ̃

by Hm(s, t) = s̄tf(m)t, for any two sections s, t of Σ̃×Cn. Using the statement ΨH = −1
2f
−1df

in Lemma 2.16 and the formula (2.8) of the metric gN , we obtain

e(f) = 1
2 ||df ||2 = 1

2

(
||fx||2 + ||fy||2

)
/g0 = n · 〈ΨH ,ΨH〉, (2.12)

since ||fx||2 = n
2 tr

(
f−1fxf

−1fx
)

= 2n · tr(ΨH(∂x)ΨH(∂x)) = 2n · ||ΨH(∂x)||2, and similarly
||fy||2 = 2n · ||ΨH(∂y)||2.

Comparing equation (2.9) with (2.11), we can see that E(f) = n · E(H) following from
equation (2.12). Finally, we see that the Hermitian metric H being harmonic (minimizing the
functional E(H)) is equivalent to f :

(
S̃, g̃0

)
→ N being harmonic (minimizing the energy of f).
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Lemma 2.16.

ΨH = −1
2f
−1df.

The following proof is taken from the lecture notes of O. Guichard [26].

Proof. Firstly, f−1df ∈ Ω1
(
S̃,End(Cn)

)
is equivariant under the π1(S)-action. Hence it de-

scends to S and is an element of Ω1(S,End(E)).
For any two sections s, t of S̃ × Cn, we have by definition, Hm(s, t) = s̄tf(m)t. We obtain

(i) d(H(s, t)) = H(DHs, t) +H(s,DHt),

(ii) d(H(s, t)) = d
(
s̄tft

)
= ds̄t · f · t+ s̄t · df · t+ s̄t · f · dt = H(ds, t) + s̄t · df · t+H(s, dt),

(iii) d = DH + ΨH (lifted version).

Combining (i), (ii) and (iii), we get

H(ΨHs, t) + s̄tdft+H(s,ΨHt) = 0

and hence ΨH = −1
2f
−1df . �

2.2.4 From flat bundles to Higgs bundles

Given a Hermitian metric H on a flat bundle (E,D), we have

D = DH + ΨH unitary + Herm

= D1,0
H +D0,1

H + Ψ1,0
H + Ψ0,1

H by type of form. (2.13)

Given a Hermitian metric H on a Higgs bundle (E, ∂̄E , φ), we can construct a new connec-
tion D on E as

D = ∇∂̄E ,H + φ+ φ∗H , (2.14)

where ∇∂̄E ,H is the Chern connection determined by ∂̄E and H.

Lemma 2.17. A harmonic metric H on a flat bundle (E,D) over Σ implies that the triple(
E,D0,1

H ,Ψ1,0
H

)
obtained in equation (2.13) is a Higgs bundle. Conversely, given a Higgs bundle

(E, ∂̄E , φ) together with a Hermitian metric H such that the new connection D = ∇∂̄E ,H+φ+φ∗H

in equation (2.14) is flat, then the metric H is harmonic on the flat bundle (E,D).

Proof. The proof is purely algebraic.

(1) DH(∗ΨH) = 0 (harmonicity) and

(2) FD = 0 (flatness) implies

(2a) FDH + ΨH ∧ΨH = 0 and

(2b) DHΨH = 0.

One can check that (1) and (2b) together imply

(3) (DH)0,1Ψ1,0
H = 0.

Note that (3) and the choice of DH imply that DH is the Chern connection determined by the
holomorphic structure D0,1

H and the Hermitian metric H.
Using the same algebra calculation, one can show that the converse is also true. �
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Therefore, we may rephrase the theorem of Corlette ad Donaldson as follows.

Theorem 2.18. Given D a flat irreducible SL(n,C)-connection on a vector bundle E over Σ
satisfying detE = O, there exists a unique (up to a scalar multiple) Hermitian metric H such
that

(
E,D0,1

H ,Ψ1,0
H

)
is a SL(n,C)-Higgs bundle on Σ.

Definition 2.19.

(1) A Higgs bundle (E, φ) of degree 0 is stable if for every proper φ-invariant holomorphic
subbundle F has a negative degree.

(2) A SL(n,C)-Higgs bundle (E, φ) is polystable if it is a direct sum of stable Higgs bundles
of degree 0.

The Higgs bundle obtained in Theorem 2.18 is polystable, see the proof in Lemma 6.4.

2.2.5 From flat bundles to harmonic maps

Therefore, we may rephrase the theorem of Corlette and Donaldson as follows.

Theorem 2.20. Given D a flat irreducible SL(n,C)-connection on a vector bundle E over Σ
with its holonomy “representation” ρ : π1(S) → SL(n,C), there exists a unique ρ-equivariant
harmonic map f : Σ̃→ SL(n,C)/SU(n).

2.2.6 From Higgs bundles to flat bundles

Theorem 2.21 (Hitchin [27], Simpson [53]). Let (E, φ) be a polystable SL(n,C)-Higgs bun-
dle, then there exists a Hermitian metric H on E whose induced Hermitian metric detH on
detE ∼= O is 1, and such that

D = ∇∂̄E ,H + φ+ φ∗H

is flat, where ∇∂̄E ,H is the Chern connection uniquely determined by H and ∂̄E, and φ∗H is the
Hermitian adjoint of φ.

If (E, φ) is stable, the metric is unique.

Remark 2.22. From Lemma 2.17, we can see that a harmonic metric on a Higgs bundle is
indeed a harmonic metric on the associated flat bundle.

The connection D here is a reductive SL(n,C)-connection and one may refer to [56] for the
proof.

We note that the connection D = ∇∂̄E ,H + φ + φ∗H being flat is equivalent to the Hitchin
equation

F∇∂̄E,H + [φ, φ∗H ] = 0, (2.15)

where F∇∂̄E,H is the curvature of the Chern connection ∇∂̄E ,H and the Lie bracket [φ, φ∗H ] is

defined as follows:
First take φ ∧ φ∗H ∈ Ω1,1(Σ,End(E) ⊗ End(E)) and then apply the generalized Lie bracket

on the tensor product End(E)⊗ End(E). Using this definition, one can check

[φ, φ∗H ] = φ ∧ φ∗H + φ∗H ∧ φ, (2.16)

where the ∧ operator in equation (2.16) means doing wedge product on forms and composition
on sections of End(E) at the same time, different from the one in the beginning of this paragraph.
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Definition 2.23.

(1) The space of gauge equivalence classes of polystable SL(n,C)-Higgs bundles is called the
moduli space of SL(n,C)-Higgs bundles and we denote it by MHiggs(SL(n,C)).

(2) The space of gauge equivalence classes of reductive flat SL(n,C)-connections is called the
de Rham moduli space and we denote it by MdeRham(SL(n,C)).

(3) The space of conjugacy classes of reductive representations from π1(S) into SL(n,C) is
called the representation variety and we denote it by Rep(π1S, SL(n,C)).

(4) The space of equivariant harmonic maps from Σ̃ to N modulo isometries in N is denoted
by H.

From the discussion in this section, we obtain a 1-1 correspondence

NAHΣ : MHiggs(SL(n,C)) ∼= H ∼=MdeRham(SL(n,C)) ∼= Rep(π1(S),SL(n,C))

(E, φ) 7−→
(
f : Σ̃→ N

)
7−→ D 7−→ the holonomy of D.

This is called the non-abelian Hodge correspondence.

Remark 2.24. One can generalize the non-abelian Hodge correspondence to general real re-
ductive Lie groups, see [22]. For a general Lie group G, we consider equivariant harmonic maps
from Σ̃ to the symmetric space G/K, where K is a maximal subgroup of G (unique up to
conjugacy). In later sections, we’ll directly mention G-Higgs bundles without more explanation.

Remark 2.25. If a reductive representation ρ of π1(S) into SL(n,C) has image inside a proper
subgroup G of SL(n,C), the corresponding ρ-equivariant harmonic map will lie in the totally
geodesic submanifold G/K inside N where K is a maximal compact subgroup of G.

3 Several concepts in MHiggs(SL(n,C))

In this section, we introduce several important concepts for MHiggs(SL(n,C)): the Hitchin
fibration, the Hitchin section, the C∗-action, the Morse function, cyclic Higgs bundles and
a discussion of stability.

3.1 Hitchin fibration

Given a basis of SL(n,C)-invariant homogeneous polynomials pi of degree i on sl(n,C), 2 ≤ i ≤ n,
the Hitchin fibration is a map from the moduli space of SL(n,C)-Higgs bundles over Σ to the
direct sum of holomorphic differentials

h : MHiggs(SL(n,C)) −→
n⊕

j=2

H0
(
Σ,Kj

)
,

(E, φ) 7−→ (p2(φ), . . . , pn(φ)).

We call each fiber of the Hitchin fibration a Hitchin fiber. The Hitchin fiber over the origin is
called the nilpotent cone.

Remark 3.1. Note that p2(φ) is always a constant multiple of tr
(
φ2
)
. Hence the first term of

the image h(E, φ) of the Hitchin fibration coincides with the Hopf differential of the associated
harmonic map f : Σ̃→ N up to a scalar multiple, see Section 5.4.
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3.2 Hitchin section

By choosing an appropriate basis of polynomials pi’s, the Hitchin section s of the Hitchin fibra-
tion can be defined explicitly as follows. Denote by K

1
2 a holomorphic line bundle such that its

square is the canonical line bundle K. Define

s(q2, q3, . . . , qn)

=



E = K

n−1
2 ⊕K n−3

2 ⊕ · · · ⊕K 1−n
2 , φ =




0 q2 q3 · · · qn
r1 0 q2 · · · qn−1

r2 0
. . .

...
. . .

. . . q2

rn−1 0






, (3.1)

where ri = i(n−i)
2 for 1 ≤ i ≤ n− 1.

Hitchin in [28] showed that the Higgs bundles in the image of Hitchin section have holonomy
in SL(n,R). Moreover, the corresponding representations form a connected component of the
SL(n,R)-representation variety, called the Hitchin component and denoted by Hitn. The Hitchin
component also descends to a connected component in the PSL(n,R)-representation variety and
is also called the Hitchin component. Labourie in [33] showed that Hitchin representations are
Anosov and hence they are discrete, faithful quasi-isometric embeddings of π1(S) into PSL(n,R).

When n = 2, the Higgs bundles in the Hitchin section form exactly the Higgs bundle
parametrization of the Teichmüller space, the space of isotopy classes of hyperbolic metrics on
the surface S. We will see more details on this in Section 6.1. The corresponding representations
of π1(S) into PSL(2,R) are Fuchsian, that is, discrete and faithful.

The image s(q2, 0, . . . , 0) corresponds to an embedding of the Teichmüller space inside the
Hitchin section. Each representation corresponding to s(q2, 0, . . . , 0) for some q2 is a Fuchsian
representation post-composing with the unique irreducible representation from PSL(2,R) to
PSL(n,R), called an n-Fuchsian representation.

Remark 3.2. One can also define Hitchin representations for split real Lie groups, see Hit-
chin [28].

3.3 Maximal representations

For a reductive representation ρ into Sp(2n,R), we can define the Toledo invariant

τ(ρ) :=
2

π

∫

S
f∗ω,

where f : S̃ → Sp(2n,R)/U(n) is any ρ-equivariant continuous map and ω is the normalized
Sp(2n,R)-invariant Kähler 2-form on Sp(2n,R)/U(n). The Toledo invariant satisfies the Milnor–
Wood inequality |τ(ρ)| ≤ n(g − 1) shown in [7]. A representation ρ with |τ(ρ)| = n(g − 1) is
called maximal. Corresponding to the representations of π1(S) into Sp(2n,R), the Higgs bundles

over Σ are of the form
(
V ⊕ V ∗,

(
0 β
γ 0

))
where V is a rank n holomorphic vector bundle over Σ,

β ∈ H0
(
S2V ⊗KΣ

)
and γ ∈ H0

(
Σ, S2V ∗ ⊗KΣ

)
. The integer deg V is the Toledo invariant of

the representation and hence for a maximal Sp(2n,R)-representation, the corresponding Higgs
bundle has | deg V | = n(g − 1).

Maximal representations are Anosov [6] and hence they are discrete, faithful quasi-isometric
embeddings of π1(S) into Sp(2n,R).
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For Sp(4,R), there are 3 · 22g + 2g − 4 connected components of maximal representations
containing 22g Hitchin components [28] and 2g − 3 exceptional components called Gothen com-
ponents [23]. With the description in [5, 23], any maximal representation into Sp(4,R) in the
Gothen components and the Hitchin components corresponds to a Higgs bundle of the form

E = N ⊕NK−1 ⊕N−1K ⊕N−1, φ =




0 q2 0 ν
1 0 0 0
0 µ 0 q2

0 0 1 0


 ,

where N is a holomorphic line bundle over Σ satisfying g−1 < degN ≤ 3g−3, q2 ∈ H0
(
Σ,K2

)
,

µ ∈ H0
(
Σ, N−2K3

)
, and ν ∈ H0

(
Σ, N2K

)
. Note that if N = K

3
2 , the above Higgs bundle lies

in the Hitchin section.

Remark 3.3. One can also consider maximal representations in general Hermitian type groups,
see [7].

3.4 The C∗-action

There is a natural C∗-action on the moduli space of SL(n,C)-Higgs bundles:

C∗ ×MHiggs(SL(n,C)) −→MHiggs(SL(n,C)),

t · [(E, φ)] = [(E, tφ)].

The C∗-action takes the Hitchin fiber at (q2, . . . , qn) to the Hitchin fiber at
(
t2q2, . . . , t

nqn
)
.

So the C∗-action always takes Higgs bundles in a Hitchin fiber to another distinct Hitchin fiber
unless the Higgs bundles are in the nilpotent cone.

3.5 The Morse function

We can define a nonnegative function f : MHiggs(SL(n,C))→ R by

f([E, φ]) =

∫

Σ
||φ||2 dvolg0 = i

∫

Σ
tr(φ ∧ φ∗).

In fact, f is a Morse-Bott function on the smooth locus of MHiggs(SL(n,C)). Moreover, the
critical points of f are exactly the fixed points of the C∗-action on the moduli space. Hitchin
in [27] showed that the function is proper, which makes it an important tool to study the
topology of the moduli space.

3.6 Cyclic Higgs bundles

Definition 3.4. A cyclic Higgs bundle (E, φ) over Σ is a SL(n,C)-Higgs bundle of the form

E = L1 ⊕ L2 ⊕ · · · ⊕ Ln, φ =




γn
γ1

γ2

. . .

γn−1



, (3.2)

where Li’s are holomorphic line bundles, γi ∈ H0
(
Σ, L−1

i Li+1K
)

and for 1 ≤ i ≤ n− 1, γi 6= 0.

We call a cyclic Higgs bundle real if Li = L−1
n+1−i for 1 ≤ i ≤ n and γi = γn−i for 1 ≤ i ≤ n−1.
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We note that cyclic Higgs bundles always lie in the Hitchin fiber at (0, . . . , 0, qn). The
following lemma is the main reason why cyclic Higgs bundles are particularly interesting.

Lemma 3.5 (Baraglia [2]). Stable cyclic Higgs bundles have diagonal harmonic metrics.

Proof. Consider the gauge transformation g = diag
(
1, ω, . . . , ωn−1

)
, where ω = e

2πi
n . Since

gφg−1 =




ω1−nγn
ωγ1

ωγ2

. . .

ωγn−1




= ω · φ,

we have g ·(E, φ) = (E,ω ·φ). If H solves the Hitchin equation of (E, φ), then g ·H =
(
ḡt
)−1

Hg−1

solves the Hitchin equation of g · (E, φ) = (E,ωφ). We can see that H also solves the Hitchin

equation of (E,ωφ). By the uniqueness of a harmonic metric, g ·H = H and
(
ḡt
)−1

Hg−1 = H.
Hence H is diagonal. �

Using the uniqueness of a harmonic metric and a similar method in Lemma 3.5, one can show
the following result and we leave it as an exercise.

Exercise 3.6. Stable cyclic real Higgs bundles have diagonal harmonic metrics H = (h1, . . . , hn)
satisfying hi = h−1

n+1−i for 1 ≤ i ≤ n.

Example 3.7.

1. Inside MHiggs(SL(n,C)), every Higgs bundle in the image s(0, . . . , 0, qn) of the Hitchin
section is cyclic.

2. Inside MHiggs(SL(2,C)), every Higgs bundle in the Hitchin section is cyclic.

3. Inside MHiggs(SL(4,C)), every Higgs bundle in the Hitchin fiber at (0, 0, q4) which corre-
sponds to a representation in a Gothen component for Sp(4,R) is cyclic.

3.7 Stability

We give some examples of stable Higgs bundles.

Proposition 3.8.

(1) Every Higgs bundle in the Hitchin section is stable.

(2) Every Higgs bundle in the Gothen component for Sp(4,R) is stable.

(3) If a cyclic Higgs bundle (E, φ) of the form (3.2) satisfies
k∑
i=1

degLn+1−i < 0 for each

1 ≤ k ≤ n− 1, then (E, φ) is stable.

Sketch of the proof. The followings two facts about stability: (i) The C∗-action preserves
stability; (ii) Stability is an open condition, prove that if lim

t→0
t · [(E, φ)] is stable, then (E, φ) is

stable. Proposition 3.8 follows from directly checking the stability of lim
t→0

t · [(E, φ)].
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Part II

Analysis and geometry on the Hitchin
equation

4 Local expression of the Hitchin equation

Consider a local coordinate chart U of Σ where the bundle E has a local holomorphic triviali-
zation over U by choosing a local holomorphic frame e = (e1, e2, . . . , en). We denote by h the
matrix presentation whose (i, j)-entry hij is the pairing H(ei, ej). For any two local sections
s = e · ξ, t = e · η of E over U , where ξ, η ∈ Ω0(U,Cn), the pairing of s, t is given by

H(s, t) = ξ̄t · h · η. (4.1)

We are going to write the Hitchin equation (2.15) in terms of the local frame e. Let’s first
write the curvature F∇∂̄E,H and the term [φ, φ∗H ] as follows:
• Curvature F∇∂̄E,H :

The Chern connection ∇∂̄E ,H is

∇∂̄E ,H = ∇1,0

∂̄E ,H
+∇0,1

∂̄E ,H
= ∇1,0

∂̄E ,H
+ ∂̄E .

Locally the holomorphic structure ∂̄E on E is just ∂̄. Let’s first write the operator ∇1,0

∂̄E ,H
in

local expression. Assume that ∇1,0

∂̄E ,H
e = e · A, for some A ∈ Ω1,0(U,End(Cn)) and the local

expression of ∇1,0

∂̄E ,H
is ∇1,0

∂̄E ,H
= ∂ +A. Recall equation (2.5) as follows

∂(H(s, t)) = H(∂̄Es, t) +H
(
s,∇1,0

∂̄E ,H
t
)
. (4.2)

Using equation (4.1) and the assumption that the frame e is holomorphic, equation (4.2) becomes

∂
(
ξ̄t · h · η

)
= H

(
e · ∂̄ξ, e · η

)
+H

(
e · ξ,∇1,0

∂̄E ,H
e · η + e · ∂η

)

=⇒ ∂ξ̄t · h · η + ξ̄t · ∂h · η + ξ̄t · h · ∂η = ∂̄ξ
t · h · η + ξ̄t · h ·Aη + ξ̄t · h · ∂η.

This implies that A = h−1∂h. Therefore ∇∂̄E ,H = d + A = d + h−1∂h and thus the curva-
ture F∇∂̄E,H is given by

F∇∂̄E,H = ∇∂̄E ,H ◦ ∇∂̄E ,H = (d +A) ◦ (d +A) = dA+A ∧A = ∂̄
(
h−1∂h

)
. (4.3)

In the case that E is a line bundle and h is a local function, the curvature F∇∂̄E,H is locally

∂̄∂ log h.
• The term [φ, φ∗H ]:
For a local section s = e · ξ of E, set φ̂, φ̂∗H ∈ Ω0(U,End(Cn)) such that

φ(s) = e · φ̂ξ · dz, φ∗H (s) = e · φ̂∗H ξ · dz̄.

Using the formula (2.16) of [φ, φ∗H ], the term [φ, φ∗H ] is given by

[φ, φ∗H ] =
[
φ̂, φ̂∗H

]
dz ∧ dz̄, (4.4)

where the Lie bracket on the right hand is the usual Lie bracket for matrices. The only remaining
term to understand is φ̂∗H . First, by definition, φ∗H is such that H(φ(s), t) = H(s, φ∗H (t)).
Therefore we have

H
(
e · φ̂ξ · dz, e · η

)
= H

(
e · ξ, e · φ̂∗Hη · dz̄

)
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=⇒ φ̂ξ
t
· h · η = ξ̄t · h · φ̂∗H · η =⇒ φ̂∗H = h−1 ¯̂

φth.

• The Hitchin equation:
Combining equations (4.3) and (4.4), the Hitchin equation (2.15) is locally

∂̄(h−1∂h) +
[
φ̂, φ̂∗H

]
dz ∧ dz̄ = 0, (4.5)

where φ̂∗H = h−1 ¯̂
φth.

5 Harmonic maps in terms of Higgs bundles

Let the Riemann surface Σ be equipped with a background conformal metric g0. Suppose
we are given a polystable SL(n,C)-Higgs bundle (E, φ) over Σ together with a harmonic met-
ric H, then we obtain a flat SL(n,C)-connection D = ∇∂̄E ,H + φ + φ∗H with its holonomy as

ρ : π1(S) → SL(n,C). Meanwhile, we obtain a ρ-equivariant harmonic map f :
(
S̃, g̃0

)
→ N ∼=

SL(n,C)/SU(n). Now we discuss in this section the data of the harmonic map f in terms of
(E, φ,H) consisting of tangent vector, energy density, energy, Hopf differential and curvature.

5.1 Tangent vector

Using Lemma 2.16, −1
2f
−1df = ΨH . By decomposing into (1, 0)- and (0, 1)-forms, we have

ΨH = φ+ φ∗H .

Therefore f−1∂f = −2φ, and f−1∂̄f = −2φ∗H .

5.2 Energy density and energy

Following from the formula (2.10), the energy density of f is given by

e(f) = 1
2〈df, df〉 = n〈ΨH ,ΨH〉 = n · tr(ΨH ∧ ?ΨH)/ω = 2in · tr(φ ∧ φ∗H )/ω,

where we use that ?ΨH = ?(φ+ φ∗H ) = i(φ∗H − φ).
Following from the formula (2.11), the energy of f is given by

E(f) =

∫

S
e(f) dvolg0 = 2in

∫

Σ
tr(φ ∧ φ∗H ).

This is also the Morse function on the moduli space of Higgs bundles in Section 3.5.

5.3 Pullback metric

Following from the formula (2.8), the pullback metric f∗gN is given by

f∗gN = 2n tr
(
φ2
)

+ e(f) · g0 + 2ntr
(
φ2
)

= 2n ·
(

tr
(
φ2
)
dz2 + tr(φφ∗H )(dz ⊗ dz̄ + dz̄ ⊗ dz) + tr

(
φ2
)(

dz̄2
))
. (5.1)

Remark 5.1. Note that the pullback metric is only a semi-positive symmetric 2-tensor. From
the above expression of the pullback metric, the pullback metric degenerates at p when

tr(φφ∗H )2 −
∣∣ tr
(
φ2
)∣∣2 = 0, at p

equivalently, when

φ∗(p) = λ · φ(p), for some λ ∈ U(1).

Only when the map f is an immersion, the pullback metric f∗gN is indeed a metric.
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Remark 5.2. If f is conformal and hence minimal, then f∗gN = 2n·tr(φφ∗H )(dz⊗dz̄+dz̄⊗dz).
Therefore f is a minimal immersion if and only if φ does not vanish anywhere. In particular, an
equivariant minimal mapping for Hitchin representations is automatically an immersion.

5.4 Hopf Differential

The Hopf differential of a smooth map f : Σ→ N is defined to be the (2, 0)-part of the pullback
metric f∗gN , denoted by Hopf(f). A map f is conformal if and only if Hopf(f) = 0. If a map f
is harmonic, then its Hopf differential Hopf(f) is holomorphic. From equation (5.1), the Hopf
differential of the harmonic map f is given by

Hopf(f) = (f∗gN )2,0 = 2n · tr
(
φ2
)
,

which is a holomorphic quadratic differential over Σ̃ and descends to Σ.

5.5 Curvature of the pullback metric f∗gN

Denote by κ the Gaussian curvature of the pullback metric f∗gN on Σ. For a tangent plane
σ ⊂ Tf(x)N at f(x) which is tangential to f

(
Σ̃
)
, denote by kNσ the sectional curvature of σ in N .

We then have the following proposition.

Proposition 5.3. At every immersed point x ∈ Σ̃, the following holds:

κ ≤ kNσ = − 1

2n
· tr([φ, φ∗H ]2)

tr(φφ∗H )2 −
∣∣ tr
(
φ2
)∣∣2 ≤ 0.

Moreover, the equality of the first inequality holds at x if and only if the map f is totally geodesic
at x.

The first inequality is proven in [45, Lemma C.4], [48, Theorem 7], and reproven in [15,
Lemma 2.5]. We include an argument here for its importance.

Proof. For the first inequality:

Let U ⊂ Σ̃ be a domain containing x for f being immersed everywhere. Let e1, e2 be an
orthonormal basis of the induced metric at f(x) ∈ N . The Gauss formula for the curvature is

κ = kNσ + 〈II(e1, e1), II(e2, e2)〉 − |II(e1, e2)|2, (5.2)

where II is the second fundamental form for the embedded image f(U) defined by II(X,Y ) =
(∇XY )⊥ with respect to the tangent plane of f(U) and the Levi-Civita connection ∇ on N .

Let σ1, σ2 be an orthonormal basis of g0 at x ∈ U . By Definition 2.14, the harmonicity of f
means

trg0 ∇df = ∇df(σ1, σ1) +∇df(σ2, σ2) = 0, (5.3)

where ∇df(X,Y ) = ∇X(df(Y ))− df(∇XY ) is the second fundamental form of the map f . By
projection to the normal bundle, equation (5.3) implies

II(df(σ1),df(σ1)) + II(df(σ2),df(σ2)) = 0. (5.4)

Since f is immersed at x, we have

e1 = a · df(σ1) + b · df(σ2), e2 = c · df(σ1) + d · df(σ2).
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where ad− bc 6= 0. Using equation (5.4) and the symmetry of II, denote

x = II(df(σ1), df(σ1)) = −II(df(σ2),df(σ2)),

y = II(df(σ1), df(σ2)) = II(df(σ2),df(σ1)).

So equation (5.2) becomes

κ = kNσ + 〈II(e1, e1), II(e2, e2)〉 − |II(e1, e2)|2

= kNσ +
〈(
a2 − b2

)
x+ 2aby,

(
c2 − d2

)
x+ 2cdy

〉
− |(ac− bd)x+ (bc+ ad)y|2

= kNσ − (ad− bc)2
(
|x|2 + |y|2

)
≤ kNσ .

Equality holds if and only if x = y = 0 since ad− bc 6= 0.
For the second equality:
At an immersed point p, the sectional curvature kNσ of the tangent plane σ at f(p) ∈ N which

is tangential to f
(
Σ̃
)

is given by: suppose f(p) =
(
g−1
)∗
g−1 for some g ∈ SL(n,C),

kNσ = Kf(p)(fx, fy) (5.5)

= K
(
Ad
(
g−1
)(
−1

2f(p)−1fx
)
, Ad

(
g−1
)(
−1

2f(p)−1fy
))

(5.6)

= K
(
−1

2f(p)−1fx,−1
2f(p)−1fy

)
(5.7)

= K(ΨH(∂x),ΨH(∂y)) (5.8)

=
1

2n
· tr

([
φ̂+ φ̂∗H , i

(
φ̂− φ̂∗H

)]2)

tr
(
φ̂+ φ̂∗H

)2 · tr
(
φ̂+ φ̂∗H

)2 −
(

tr
(
φ̂+ φ̂∗H

)(
i
(
φ̂− φ̂∗H

)))2 (5.9)

= − 1

2n
· tr

([
φ̂, φ̂∗H

]2)

tr
(
φ̂φ̂∗H

)2 −
∣∣ tr
(
φ̂2
)∣∣2 . (5.10)

Here, equation (5.6) follows from the formula (2.7); equation (5.8) follows from the curvature
formula (2.6) is invariant under adjoint action; equation (5.7) follows from Lemma 2.16; equa-
tion (5.9) follows from ΨH = φ+ φ∗H , B(X,Y ) = 2n · tr(XY ) and the curvature formula (2.6);
and equation (5.10) is a direct calculation.

We obtain the last inequality by using that the sectional curvature of SL(n,C)/SU(n) is
nonpositive which follows from the fact that the Killing form B is negative definite on su(n). �

Remark 5.4. If f is in addition conformal and hence minimal, then away from the zeros of φ,
the sectional curvature kNσ is given by

kNσ = − 1

2n
· tr
(
[φ, φ∗H ]2

)

tr(φφ∗H )2
≤ 0.

6 Examples of different rank

From now on, we choose g0 to be the Hermitian hyperbolic metric on Σ. The metric g0 is locally
given by

g0 = g0(z)(dz ⊗ dz̄ + dz̄ ⊗ dz) = 2g0(z)
(
dx2 + dy2

)
.

Since the local Gaussian curvature formula of g0 is Kg0 = − 1
g0(z)∂z̄∂z log g0(z) and the Gaussian

curvature of g0 is −1, the local function g0(z) satisfies

∂z̄∂z log g0(z) = g0(z). (6.1)

Note that the Hermitian metric g0 on Σ induces a Hermitian metric on K−1
Σ , also denoted as g0.
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6.1 Rank 2

Consider the Higgs bundle
(
E = K

1
2 ⊕K− 1

2 , φ =
(

0 q2
1 0

))
, where q2 ∈ H0

(
Σ,K2

)
. From Propo-

sition 3.8, (E, φ) is stable. Clearly (E, φ) is cyclic and thus the harmonic metric splits on the

holomorphic decomposition E = K
1
2 ⊕ K− 1

2 following from Lemma 3.5. Choose a local coor-
dinate z and a local holomorphic frame e = (e1, e2), where e1 = dz

1
2 and e2 = dz−

1
2 . Since

φ(e1) = e2 · dz and φ(e2) = e1 · q2(z)dz, we have

φ(e ·
(

1
0

)
) = e ·

(
0
1

)
· dz, φ(e ·

(
0
1

)
) = e ·

(
q2(z)

0

)
· dz.

So φ̂ =
(

0 q2(z)
1 0

)
. Let h1 = H(e1, e1), h2 = H(e2, e2) and hence h = diag(h1, h2). From

deth = 1, we have h2 = h−1
1 . By direct calculations, we have

∂̄
(
h−1∂h

)
=

(
∂z̄∂z log h1 0

0 −∂z̄∂z log h1

)
· dz̄ ∧ dz,

[
φ̂, φ̂∗H

]
=

(
|q2(z)|2h2

1 − h−2
1 0

0 h−2
1 − |q2(z)|2h2

1

)
. (6.2)

From equation (4.5), the Hitchin equation (2.15) reduces to a single scalar equation

∂z̄∂z log h1 + h−2
1 − |q2(z)|2h2

1 = 0. (6.3)

Let h1 = g0(z)−
1
2 eu, where u is a smooth function over Σ. Combining equations (6.3)

and (6.1), we have

∂z̄∂zu+ g0(z)e−2u − |q2(z)|2e2u · g0(z)−1 − 1
2g0(z) = 0. (6.4)

The operator 1
g0(z)∂z̄∂z and the function |q2(z)|2g0(z)−2 do not depend on the choice of coordina-

te z, and are denoted by 4g0 and ||q2||2g0
respectively. Hence equation (6.4) becomes

4g0u+ e−2u − ||q2||2g0
e2u − 1

2 = 0, (6.5)

which indeed holds globally.

Claim 6.1. Suppose q2 6= 0, then (i) e−2u > 1
2 , (ii) ||q2||2g0

e4u < 1.

Note that for the case q2 = 0, e−2u ≡ 1
2 .

Proof. (i) Estimate equation (6.5), at maximum of u, we have 4g0u ≤ 0 and hence e−2u −
||q2||2g0

e2u − 1
2 ≥ 0 and then e−2u ≥ 1

2 . By the strong maximum principle (see [30]), e−2u > 1
2 .

(ii) Combining equations (6.5) and (6.1), we obtain the following equation of ||q2||2g0
e4u: away

from zeros of q2,

4g0 log
(
||q2||2g0

e4u
)

= 4e−2u
(
||q2||2g0

e4u − 1
)
.

At maximum of ||q2||2g0
e4u, we have ||q2||2g0

e4u − 1 ≤ 0. By the strong maximum principle,
||q2||2g0

e4u − 1 < 0. �

Part (i) of Claim 6.1 implies that the energy density e(f) = 4
(
e−2u+ ||q2||2g0

e2u
)
≥ 4e−2u > 2;

and Part (ii) of Claim 6.1 implies that [φ, φ∗] 6= 0 using equation (6.2).
Geometric interpretation. From the formula (5.1), the pullback metric is given by

f∗gSL(2,R)/SO(2) = 8q2dz2 + 4
(
e−2u + ||q2||2g0

e2u
)
g0 + 8q̄2dz̄2.
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From Remark 5.1. Part (ii) of Claim 6.1 says the corresponding equivariant harmonic map
f : Σ̃→ SL(2,R)/SO(2) is an immersion and hence is a diffeomorphism. It is shown by Hitchin
that the pullback metric f∗gSL(2,R)/SO(2) being of constant curvature −1

2 is equivalent to equa-
tion (6.5) (Theorem 11.2 in Hitchin [27]). In fact, the Hitchin section in MHiggs(SL(2,C))
provides a parametrization of the Teichmüller space.

One may compare the above Higgs bundles parametrization with Wolf’s parametrization of
the Teichmüller space by the space of holomorphic quadratic differentials using harmonic maps
in [57]. For a hyperbolic metric h on S, by Eells–Sampson [18], there exists a unique harmonic
map fh from Σ to (S, h) isotopic to identity. In this way, we associate a holomorphic quadratic
differential Hopf(fh) to h. Conversely, for a holomorphic quadratic differential q2, one can find
a hyperbolic metric h on S such that the unique harmonic map f : Σ → (S, h) isotopic to
the identity has q2 as its Hopf differential. Using the harmonicity equation for f to deduce
a Bochner-type equation for the term −1

2 log ||∂f ||2, where ||∂f ||2 is the holomorphic energy
density of f , one can recover equation (6.5), see Schoen–Yau [49]. So Part (i) of Claim 6.1
implies that the holomorphic energy density is greater than 2.

6.2 Rank 3

Consider the Higgs bundle
(
E = K ⊕O ⊕K−1, φ =

(
0 0 q3
1 0 0
0 1 0

))
, where q3 ∈ H0

(
Σ,K3

)
. Choose

a local coordinate z and a local holomorphic frame e = (e1, e2, e3), where e1 = dz, e2 = 1
and e2 = dz−1. Hence h = diag

(
h1, 1, h

−1
1

)
from Exercise 3.6 and Proposition 3.8. By direct

calculations, the Hitchin equation (2.15) reduces to a single scalar equation

∂z̄∂z log h1 + h−1
1 − |q3(z)|2h2

1 = 0. (6.6)

Let h1 = g0(z)−1eu, where u is a smooth function over Σ. As in Example 6.1, from equations (6.6)
and (6.1) it follows that

4g0u+ e−u − ||q3||2g0
e2u − 1 = 0, (6.7)

where ||q3||2g0
= |q3(z)|3g0(z)−3.

Adapting the estimates in Example 6.1, we have the following claim.

Claim 6.2. Suppose q3 6= 0, then (i) e−u > 1, and (ii) ||q3||2g0
e3u < 1.

Note that for the case q3 = 0, e−u ≡ 1. Part (i) of Claim 6.2 implies that the energy density
e(f) = 6 ·

(
2e−u + ||q3||2g0

e2u
)
≥ 12e−u > 12; and Part (ii) of Claim 6.2 implies that [φ, φ∗] 6= 0.

Geometric interpretation:
The corresponding equivariant harmonic map f : Σ̃→ SL(3,R)/SO(3) is in fact minimal since

its Hopf differential is 2n · tr
(
φ2
)

= 0. The minimal surface is closely related to the hyperbolic
affine sphere in affine geometry. Let’s roughly explain their relation as follows. One may check
[17, 34, 40, 39] for more details.

Consider a locally strictly convex hypersurface M ⊂ R3 where R3 is equipped with a volume
form. Affine differential geometry associates to such a locally convex surface a special transverse
vector field, the affine normal. Being a hyperbolic affine sphere means that all the affine normals
of each image point meet at a point, which lies in a convex side of the hypersurface. Relative
to the affine normal, there are two objects on M : (1) the second fundamental form induces
a Riemannian metric h with conformal coordinate z, called the Blaschke metric; (2) a cubic
differential q3dz3, called the Pick differential, measuring the difference between the induced
connection of the hypersurface and the Levi-Civita connection with respect to h. The Blaschke
lift f is a map from M to the space Met

(
R3
)

of Euclidean metrics on E of volume 1: f : M 3
s → f(s) ∈ Met

(
R3
) ∼= SL(3,R)/SO(3) such that f(s)(X,λ) = gs(X,X) + λ2, where R3 is
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identified with TsM ⊕R ·s and gs is the Blaschke metric on TsM . Then M is a hyperbolic affine
sphere if and only if its Blaschke lift f : M → SL(3,R)/SO(3) is a minimal surface.

For a representation ρ : π1(S)→ SL(3,R), we consider a hypersurfaceM ⊂ R3 invariant under
the action of the subgroup ρ(π1(S)) of SL(3,R). We can reparametrize the hypersurface M by
a ρ-equivariant map ι : Σ̃ → R3 such that the induced Blaschke metric is conformal. Following
Wang [55] and Simon–Wang [52], M being the affine sphere is equivalent to the Pick differential q3

being holomorphic and the Blaschke metric h = 2g0 ·e−u where (h, q3) satisfies Wang’s equation,
which is equivalent to the pair (u, 2q3) satisfying equation (6.7). Note that both the Blaschke
metric and the Pick differential descend to the Riemann surface Σ.

Part (i) in Claim 6.2 says the Blaschke metric strictly dominates the conformal hyperbolic
metric pointwise. Part (ii) of Claim 6.2 says the curvature of the Blaschke metric is strictly
negative.

6.3 Rank n

For stable cyclic Higgs bundles of the form (3.2), the harmonic metric is

H = diag(h1, h2, . . . , hn)

from Lemma 3.5. Choose a local coordinate z and a local holomorphic frame e. Let hi, γi also
denote the Hermitian metric on each Li and the holomorphic map γi with respect to the frame e
respectively. So the Hitchin equation is locally

∂z̄∂z log h1 −
(
h1h

−1
n |γn|2 − h−1

1 h2|γ1|2
)

= 0,

∂z̄∂z log h2 −
(
h−1

1 h2|γ1|2 − h−1
2 h3|γ2|2

)
= 0,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
∂z̄∂z log hn −

(
h−1
n−1hn|γn−1|2 − h1h

−1
n |γn|2

)
= 0. (6.8)

The above Hitchin equation coincides with the “2-dimensional Toda equation with opposite
sign”, which is a classical object in integrable systems, for example, see [24, 25]. Baraglia in [3]
first introduced the notion of cyclic Higgs bundles and related them to the Toda equations.

Dai and Li in [13] studied the harmonic maps associated to cyclic Higgs bundle. There, the
main tool for studying cyclic Higgs bundles is the following maximum principle for systems.

Lemma 6.3 (Dai–Li [13]). Let (Σ, g) be a closed Riemannian surface. For each 1 ≤ i ≤ n, let ui
be a C2 function on Σ\Pi, where Pi is an isolated subset of Σ (Pi can be empty). Suppose ui
approaches +∞ around Pi. Let P =

⋃n
i=1 Pi and cij be bounded continuous functions on Σ\P ,

1 ≤ i, j ≤ n. Suppose cij satisfy the following assumptions: in Σ\P ,

(a) cooperative: cij ≥ 0, i 6= j,

(b) column diagonally dominant:
n∑
i=1

cij ≤ 0, 1 ≤ j ≤ n,

(c) fully coupled: the index set {1, . . . , n} cannot be split up in two disjoint nonempty sets α, β
such that cij ≡ 0 for i ∈ α, j ∈ β.

Let fi be non-positive continuous functions on Σ\P , 1 ≤ i ≤ n on Σ. Suppose ui’s satisfy

4gui +
n∑

j=1

cijuj = fi in Σ\P, 1 ≤ i ≤ n.

Consider the following conditions:
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(1) (f1, . . . , fn) 6=(0, . . . ,0), i.e., there exists i0∈{1, . . . ,n} and p0∈Σ\P such that fi0(p0) 6=0;

(2) P is nonempty;

(3)
n∑
i=1

ui ≥ 0.

Then either condition (1) or (2) imply that ui > 0, 1 ≤ i ≤ n. And condition (3) implies that
either ui > 0, 1 ≤ i ≤ n or ui ≡ 0, 1 ≤ i ≤ n.

Here we give a quick application of the maximum principle Lemma 6.3 to the case of cyclic
Higgs bundles in the Hitchin section as

E = K
n−1

2 ⊕K n−3
2 ⊕ · · · ⊕K 1−n

2 , φ =




0 qn
r1 0

r2 0
. . .

. . .

rn−1 0



,

where ri = i(n−i)
2 : K

n+1−2i
2 → K

n−1−2i
2 ⊗K for 1 ≤ i ≤ n− 1. Suppose n = 2m, the solution to

the Hitchin equation is h = diag
(
h1, . . . , hm, h

−1
m , . . . , h−1

1

)
, by Exercise 3.6 and Proposition 3.8.

Claim 6.4 (Dai–Li [13]). Suppose qn 6= 0, then ||qn||2 < ||r1||2 < ||r2||2 < · · · < ||rm||2 where
||qn||2, ||ri||2 use the pairing using formula (2.4).

Proof. Let u0 = log
(
||qn||2

)
= log

(
|qn|2h2

1/g0

)
and uk = log

(
||rk||2

)
= log

(
r2
kh
−1
k hk+1/g0

)
for

1 ≤ k ≤ m. Using equation (6.8), the equations of uk’s are given by: away from zeros of qn,

4g0u0 + 2eu1 − 2eu0 = 0,

4g0uk + euk+1 − 2euk + euk−1 = 0, k = 1, . . . ,m− 1,

4g0um − 2eum + 2eum−1 = 0.

Let vk = uk+1 − uk for 0 ≤ k ≤ m − 1. By linearization, set ck =
∫ 1

0 etuk+1+(1−t)ukdt. The
equations of vk’s are given by: away from the zeros of qn,

4g0v0 − 3c0v0 + c1v1 = 0,

4g0vk + ck−1vk−1 − 2ckvk + ck+1vk+1 = 0, k = 1, . . . ,m− 2,

4g0vm−1 + cm−2vm−2 − 3cm−1vm−1 = 0.

Then by checking the conditions, we can apply the maximum principle Lemma 6.3 and obtain
vk > 0 for 0 ≤ k ≤ m− 1.

Therefore for each 1 ≤ k ≤ m, uk > uk−1 and the claim follows. �

For more applications of the maximum principle Lemma 6.3, one can refer to [13]. An
immediate corollary of Claim 6.4 is [φ, φ∗H ] 6= 0.

For higher rank cyclic Higgs bundles, there is not much geometry behind other than consid-
ering the harmonic map from Σ̃ to the symmetric space except for the case n = 4. In the case
n = 4, there is a related geometric object, maximal space-like surfaces in H2,2, developed by
Collier–Tholozan–Toulisse [10], which can be viewed as a generalization of the hyperbolic affine
sphere for the case n = 3.
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6.4 Rank n but not cyclic

For a given Higgs bundle in the Hitchin section of the form (3.1), the harmonic metric is in
general not diagonal. In this case, we aim to get a system of elliptic inequalities from the Hitchin
equation. Before that, let’s first review the proof showing that the existence of a harmonic metric
implies polystability.

Lemma 6.5. The existence of a harmonic metric on a SL(n,C)-Higgs bundle (E, φ) implies the
Higgs bundle (E, φ) is polystable.

Proof. To show the polystability, we only need to consider holomorphic φ-invariant subbundles.
But we start from general holomorphic subbundles for later use.

For a holomorphic subbundle F of E, we would like to deduce the Hitchin equation which
respects F . One can check more details on this calculation in [37]. Denote by F⊥ the subbundle
of E perpendicular to F with respect to the harmonic metric H. F⊥ can be equipped with the
quotient holomorphic structure from E/F . With respect to the C∞ orthogonal decomposition

E = F ⊕ F⊥,

we have the expression of the holomorphic structure ∂̄E and the Higgs field φ as follows:

∂̄E =

(
∂̄F β
0 ∂̄F⊥

)
, φ =

(
φ1 α
B φ2

)
, H =

(
H1 0
0 H2

)
,

where B ∈ Ω1,0
(
Σ,Hom

(
F, F⊥

))
, α ∈ Ω1,0

(
Σ,Hom

(
F⊥, F

))
, and β ∈ Ω0,1

(
Σ,Hom

(
F⊥, F

))
.

The Chern connection ∇∂̄E ,H and the adjoint φ∗H of the Higgs field are

∇∂̄E ,H =

(
∇∂̄F ,H1

β

−β∗H ∇∂̄
F⊥ ,H2

)
, φ∗H =

(
φ
∗H1
1 B∗H

α∗H φ
∗H2
2

)
.

We calculate the Hitchin equation with respect to the decomposition E = F ⊕ F⊥ and by
restricting to Hom(F, F ), we obtain

F∇∂̄F ,H1
− β ∧ β∗H + α ∧ α∗H +B∗H ∧B +

[
φ1, φ

∗H1
1

]
= 0.

By taking trace and noting that tr
([
φ1, φ

∗H1
1

])
= 0, we obtain

tr
(
F∇∂̄F ,H1

)
− tr(β ∧ β∗H ) + tr(α ∧ α∗H ) + tr(B∗H ∧B) = 0.

Using the formula of pairings in equation (2.4), we obtain a scalar equation on the surface

tr
(
F∇∂̄F ,H1

)
− i
(
||β||2 + ||α||2 − ||B||2

)
ω = 0.

Therefore,

iΛ tr
(
F∇∂̄F ,H1

)
− ||B||2 ≤ 0. (6.9)

When F is φ-invariant, that is, B vanishes everywhere, this says that Λ tr
(
F∇∂̄F ,H1

)
≤ 0 and

hence

degF =
i

2π

∫

Σ
Λ tr

(
F∇∂̄F ,H1

)
ω ≤ 0.

Moreover, if the equality holds, then both β, α vanish everywhere. In this case, we obtain
(E, φ) is the direct sum of two Higgs bundles (F, φ1) and

(
F⊥, φ2

)
, both of which are of degree 0.

Therefore, the existence of a harmonic metric implies that the Higgs bundle is polystable. �
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For the case when (E, φ) is a Higgs bundle in the Hitchin section of the form (3.1), we are
going to show the following claim.

Claim 6.6. (Li [37]) If (E, φ) is not in the nilpotent cone, then the energy density satisfies

e(f) > n4−n2

6 .

Note that if (E, φ) is in the nilpotent cone, then the energy density satisfies e(f) ≡ n4−n2

6
and we leave it as an exercise.

Proof. We can choose the holomophic subbundle Fk of E to be the direct sum of the first

k-holomorphic line bundles, Fk =
k⊕
i=1

K
n+1−2i

2 . We will denote by Hk the induced metric on Fk

from the harmonic metric H on E. The bundle E admits a holomorphic filtration

0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn = E.

And for each k, the Higgs field φ takes Fk to Fk+1 ⊗K and the induced map of φ : Fk/Fk−1
∼=

K
n+1−2k

2 → (Fk+1/Fk)⊗K ∼= K
n−1−2k

2 ⊗K is the constant map rk = k(n−k)
2 .

The quotient line bundles Fk/Fk−1 are equipped with the Hermitian metric Hk/Hk−1. Using
the formula of pairings in equation (2.4), the square of rk’s norm is given by

||rk||2 = rk ∧ r∗k/ω = r2
k · (detHk/ detHk−1)−1 · (detHk+1/ detHk).

Let Bk ∈ Ω1,0
(
Σ,Hom

(
Fk, F

⊥
k

))
denote the induced map of the Higgs field which induces the

map rk. We leave the following statement as an exercise.

Exercise 6.7. ||Bk||2 = ||rk||2.

Note that tr
(
F∂̄Fk ,∇Hk

)
is exactly the curvature on the determinant line bundle detFk, i.e.,

F∇∂̄detFk
,detHk

. Applying equation (6.9) to each subbundle Fk, we obtain a system of elliptic

inequalities:

ΛF∇∂̄detF1
,detH1

− ||r1||2 ≤ 0,

ΛF∇∂̄detF2
,detH2

− ||r2||2 ≤ 0,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
ΛF∇∂̄detFn−1

,detHn−1
− ||rn−1||2 ≤ 0.

Locally ΛF∇∂̄detFk
,detHk

= ∂̄∂ log(detHk). We can either apply Lemma 6.3 or directly argue and

obtain that for each k, detHk/h
k(n−k)

2 < 1.
This is the main step for the proof. The interested reader may refer to [37] for the rest of the

proof. �

Part III

Selected topics on harmonic maps
and minimal surfaces

7 Labourie’s conjecture

For a fixed Riemann surface Σ, the Hitchin component Hitn is parametrized by
n⊕
i=2

H0
(
Σ,Ki

)
.

Denote by V the vector bundle over the Teichmüller space whose fiber at Σ is the vector space
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n⊕
i=3

H0
(
Σ,Ki

)
and Labourie in [35] considered the map

V −→ Hitn ⊂ Rep(π1S,PSL(n,R)),

(Σ, (q3, . . . , qn)) 7−→ NAHΣ(0, q3, . . . , qn).

The left hand side has the same dimension as the right hand side. The map is equivariant with
respect to the mapping class group action. In the same paper, Labourie asked the following
question.

Question 7.1. Is this map a bijection?

As noted in Remark 3.1, the vanishing of the first term in the image h(E, φ) in the Hitchin
fibration is equivalent to the vanishing of the Hopf differential of the associated harmonic map.
Also, if the Hopf differential vanishes, the harmonic map is conformal and thus minimal. There-
fore, Question 7.1 can be generalized and rephrased as follows:

Conjecture 7.2 (Labourie’s conjecture). For ρ a Hitchin representation into a split real Lie
group G or a maximal representation into a Hermitian Lie group G, does there exist a unique
ρ-equivariant minimal surface in G/K?

• Existence (shown by Labourie [35].) Labourie in [35] showed that for a fixed Anosov
representation ρ, the function fρ : T (S) → R sending each Σ to E

(
NAH−1

Σ (ρ)
)

is proper. So
the function fρ has a critical point. By the classical results of Sacks–Uhlenbeck [46, 47] and
Schoen–Yau [50], the critical Riemann surface Σ is such that the corresponding harmonic map is
conformal. That is, tr

(
φ2
)

= 0. Since both Hitchin representations and maximal representations
are Anosov, the existence follows.
• Uniqueness. This is the main part of Labourie’s conjecture.
Labourie’s conjecture is proven for Hitchin representations into SL(2,R)×SL(2,R), by Schoen

in [51]; SL(3,R), independently by Labourie [34], Loftin [40] and all the remaning rank 2 split
real Lie groups SL(3,R), Sp(4,R), G2 by Labourie [36]. The property for cyclic Higgs bundles
in Lemma 3.5 is essential in Labourie’s proof [36].

Labourie’s conjecture is proven for maximal representations into Sp(4,R) by Collier [8];
PSp(4,R) by Alessandrini–Collier [1] and all the remaining rank 2 Hermitian Lie groups by
Collier–Tholozan–Toulisse [10].

8 Asymptotics

Before we introduce the asymptotic question, let us first recall Thurston’s compactification
[19, 54] of the Teichmüller space with measured foliations. Let S denote the space of isotopy
classes of simple closed curves and denote the projectivization of the space of nonnegative func-
tions on S by PRS+. The map which assigns the projectivized length spectrum of each hyperbolic
metric is an embedding of the Teichmüller space inside PRS+. The boundary corresponds to the
image of the intersection length spectrum of the space of projective measured foliations. In
terms of the representation variety, there are also algebraic techniques on the compactification
by Morgan–Shalen [43] and generalized by Parreau in [44] for the representation variety for
higher rank Lie groups.

Wolf in [57] recovers Thurston’s compactification using harmonic maps. Fix a Riemann
surface structure Σ, the Teichmüller space is homeomorphic to the vector space H0

(
Σ,K2

)
, see

Section 6.1. Roughly, the harmonic map compactification of the Teichmüller space is by adding
the space of rays in the vector space. Let q2 be a holomorphic quadratic differential, consider
the ray tq2 and let ht be the corresponding family of hyperbolic metrics such that the associated
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harmonic maps ft : Σ → (S, ht) have Hopf differential tq2. Away from the zeros of q2 choose
a coordinate z such that q2 = dz2. In such coordinates we have local measured foliations (F , µ) =
({Re(z) = const}, |d Re(z)|) which piece together to form the vertical measured foliation F(q2)
of q2. The key step in showing the harmonic map compactification agrees with Thurston’s
compactification is to show that the length spectrum of ht is asymptotically the same as the
length spectrum of the vertical measured foliation of tq2. That is, for any closed curve γ on Σ,
as t→∞,

l(ft(γ)) = lγ(ht) ∼ i(F(tq2), γ). (8.1)

Here, i(F(tq2), γ) is the intersection number of γ with the vertical measured foliation F(tq2).
This compactification was further extended to the character variety for SL(2,C) (see [4] and [14]).

As a generalization of the harmonic map compactification, we discuss the asymptotic behavior
of the equivariant harmonic maps ft : Σ̃→ N along the C∗-family t · [(E, φ)] ∈MHiggs(SL(n,C))
as t→∞ and aim to generalize the asymptotic formula (8.1).

For the left hand side of formula (8.1), we generalize the notion of length of a curve to a vector
distance between two points in the target space N . For two Hermitian metrics h1, h2 on an
n-dimensional complex vector space V , we can take a base e1, e2, . . . , en of V which is orthogonal
with respect to both h1 and h2. We have the real numbers kj (j = 1, 2, . . . , n) determined by

kj = log |ej |h2 − log |ej |h1 . We impose k1 ≥ k2 ≥ · · · ≥ kn and set ~d(h1, h2) := (k1, . . . , kn) ∈ Rn.

For the right hand side of formula (8.1), we use Higgs field to generalize holomorphic quadratic
differential. Unfortunately we only have a local geometric object as a natural generalization of
measured foliations. Therefore, instead of working with any closed curve on Σ, we restrict to
consider “nice” paths on the universal cover Σ̃. Denote by D(E, φ) the set of points where the
Higgs field φ fails to have n distinct eigen 1-forms, called the discriminant of the Higgs bundle.
Take a universal covering π : Y → Σ\D(E, φ), we have a decomposition of the Higgs bundle

π∗
(
E, ∂̄E , φ

)
=

n⊕

i=1

(
Ei, ∂̄Ei , φi · idEi

)
,

where φi are holomorphic 1-forms, rankEi = 1, and φi − φj (i 6= j) have no zeros. Let γ : [0, 1]
→ Y be a C∞-path, we have the expression γ∗(φi) = ai(s)ds, where ai are C∞-functions on
[0, 1]. A path γ is called non-critical if Re(ai(s)) 6= Re(aj(s)) (i 6= j) for any s ∈ [0, 1]. Let’s

reorder the ai(s) such that Re(ai(s)) > Re(aj(s)) for i < j and set αi := −
∫ 1

0 Re(ai(s))ds. The
vector (α1, . . . , αn) generalizes the intersection number of the measured foliation.

With the above preparation, we finally state the following conjecture as a local generalization
of the asymptotic formula (8.1) to higher rank Higgs bundles.

Conjecture 8.1 (Hitchin WKB problem, Katzarkov–Noll–Pandit–Simpson [31]). As t → ∞,
the harmonic map ft satisfies for a non-critical path γ : [0, 1]→ Y ,

1

t
~d(ft(γ(0), ft(γ(1))) ∼ 2(α1, . . . , αn).

To answer the conjecture, we introduce the following notion.

Definition 8.2. We call a Higgs bundle (E, φ) generically regular semisimple if the discriminant
set D(E, φ) is finite.

Remark 8.3. A SL(2,C)-Higgs bundle is either in the nilpotent cone or is generically regular
semisimple. However, for n ≥ 3, there are many SL(n,C)-Higgs bundles which are neither
generically regular semisimple nor nilpotent.
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Theorem 8.4 (Mochizuki [42]). Let (E, φ) be a stable Higgs bundle of degree 0 on Σ. Suppose
it is generically regular semisimple. If γ : [0, 1] → Y is non-critical, then there exist positive
constants C0 and ε0 such that the following holds:

∣∣∣∣
1

t
~d(ft(γ(0), ft(γ(1)))− 2(α1, . . . , αn)

∣∣∣∣ ≤ C0 exp(−ε0|t|).

The constants C0 and ε0 may depend only on Σ, φ1, . . . , φn and γ.

The proof of Theorem 8.4 is based on the following key estimate as “decoupling the Hitchin
equation”.

Theorem 8.5 (Mochizuki [42]). Under the same assumptions in Theorem 8.4. Then take any
neighborhood N0 of D(E, φ), there exists a constant C0 > 0 and ε0 > 0 such that the following
holds on Σ\N0,

||F∇∂̄E,Ht || = |t|
2||[φ, φ∗Ht ]|| ≤ C0 exp(−ε0|t|).

The constants C0, ε0 only depend on Σ, g0, N0 and (E, φ).

Remark 8.6. There is also another approach to obtain the decoupling phenomenon in Theo-
rem 8.5 for the Hitchin equation in [20, 41] for generic Higgs bundles, which will be addressed
in the survey paper [21] of L. Fredrickson.

Remark 8.7.

(1) For cyclic Higgs bundles in the Hitchin component, Theorems 8.4 and 8.5 were first proven
in Loftin [38] for n = 3 and in Collier–Li [9] for n > 3.

(2) The full picture of Conjecture 8.1 remains open for Higgs bundles which are neither ge-
nerically regular semisimple nor nilpotent. In fact, for those Higgs bundles which are not
generically regular semisimple, Conjecture 8.1 is not necessarily true. So we need a more
refined description of the asymptotics for such families of Higgs bundles.

9 Negative curvature

Suppose we are given a reductive representation ρ into SL(n,C), a Riemann surface structure Σ
and a ρ-equivariant harmonic map f from Σ̃ into N ∼= SL(n,C)/SU(n). At an immersed point
x ∈ Σ of f , let σ be the tangent plane at f(x) tangential to the image f

(
Σ̃
)
, kNσ be the sectional

curvature of σ, and κ be the Gaussian curvature of the pullback metric at x.
In the case n = 2, we have kNσ = KSL(2,C)/SU(2) = −1

2 at every immersed point and hence

from Proposition 5.3, the induced curvature κ is no greater than −1
2 . In the case n ≥ 3, we

cannot expect kNσ to be negative because SL(n,C)/SU(n) contains an isometrically embedded
Euclidean space of rank n − 1 ≥ 2. However, for Hitchin representations into PSL(n,R) or
maximal representations into Sp(2n,R), we expect kNσ to be negative.

Conjecture 9.1. If ρ is a Hitchin representation into PSL(n,R) or a maximal representation
into Sp(2n,R), then the sectional curvature kNσ is negative at every immersed point.

As a result, the induced curvature κ is negative at every immersed point.

Geometrically, the statement kNσ < 0 in Conjecture 9.1 says that the image of the harmonic
map f is never tangential to a flat in the symmetric space N , that is, an isometrically embedded
Euclidean space. The corollary κ < 0 in Conjecture 9.1 follows immediately from κ ≤ kNσ in
Proposition 5.3.
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Remark 9.2. When ρ is a Hitchin representation into PSL(n,R) and f is a minimal mapping,
Conjecture 9.1 is the negative curvature conjecture in Dai–Li [12]. In this case, it is always
a minimal immersion since the Higgs field is non-vanishing everywhere.

Motivated by the formula (5.5) of kNσ , we make the following conjecture which is slightly
stronger than Conjecture 9.1.

Conjecture 9.3. If [(E, φ)] is a Higgs bundle in the Hitchin section or corresponds to a maximal
Sp(2n,R)-representation, then the Hitchin equation never decouples:

F∇∂̄E,H 6= 0, [φ, φ∗H ] 6= 0.

Following from Remark 5.1, Conjecture 9.3 holds if and only if both Conjecture 9.1 holds and
the harmonic map is an immersion.

Remark 9.4. As explained in Sections 6.1, 6.2, and 6.3, Conjecture 9.3 is true for Higgs bundles
in the Hitchin component for PSL(2,R), Higgs bundles in Gothen components for Sp(4,R) [13]
and cyclic SL(n,C)-Higgs bundles in the Hitchin section [13].

Remark 9.5. The phenomenon in Conjecture 9.3 is opposite to the asymptotic behavior of
Higgs bundles in which case the Hitchin equation asymptotically decouples in exponential decay
as in Theorem 8.5.

10 Monotonicity along C∗-flow and the Hitchin fibration

Given a Higgs bundle [(E, φ)] in MHiggs(SL(n,C)) and denote by f[(E,φ)] :
(
S̃, g̃0

)
→ N the

corresponding equivariant harmonic map. We consider the C∗-family of Higgs bundles t · [(E, φ)]
and the corresponding equivariant harmonic maps ft·[(E,φ)].

Theorem 10.1 (Hitchin [27]). Along the C∗-flow, the Morse function (energy) E(ft·[(E,φ)])
decreases as |t| decreases.

From the integrated monotonicity to the pointwise monotonicity, we make the following
conjecture.

Conjecture 10.2 ([37]). Along the C∗-flow, the energy density e(ft·[(E,φ)]) decreases pointwise
as |t| decreases.

Dai and Li in [13] showed that Conjecture 10.2 holds for stable cyclic Higgs bundles, where
the property of cyclic Higgs bundles in Lemma 3.5 is essentially used.

A weaker version of Conjecture 10.2 is about the comparison between (E, φ) with the limit
of t · [(E, φ)] as t→ 0, which always lies in the nilpotent cone.

Conjecture 10.3. For a Higgs bundle [(E, φ)] in MHiggs(SL(n,C)), the energy density satisfies

e(f[(E,φ)]) ≥ e
(
f lim
t→0

t·[(E,φ)]

)
.

Li in [37] showed that Conjecture 10.3 holds for every Higgs bundle in the Hitchin section.
One may check the sketch of the proof in Section 6.4.

We recall the definition of a Hitchin fiber in Section 3. If we stay in a single Hitchin fiber, we
expect the maximum of the energy density to occur exactly at the image of the Hitchin section.

Conjecture 10.4 (Dai–Li [13]). Let
[(
Ẽ, φ̃

)]
be a Higgs bundle in the Hitchin section and

[(E, φ)] be a distinct polystable SL(n,C)-Higgs bundle in the same Hitchin fiber. Then the cor-
responding harmonic maps satisfy e(f[(E,φ)]) < e(f[(Ẽ,φ̃)]) and hence f∗[(E,φ)]gN < f∗

[(Ẽ,φ̃)]
gN .

As a result, the Morse function (energy) satisfies E(f[(E,φ)]) < E(f[(Ẽ,φ̃)]).
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In the case n = 2, Conjecture 10.4 is shown by Deroin and Tholozan in [15].
In the case n ≥ 3, even the integrated version of Conjecture 10.4 remains open.

Conjecture 10.5. Inside each Hitchin fiber of MHiggs(SL(n,C)), the maximum of the Morse
function (energy) occurs exactly at the image of the Hitchin section.

If Conjecture 10.5 holds, one can define the Hitchin section intrinsically as the only maxi-
mum of the Morse function inside each Hitchin fiber instead of the explicit construction in the
form (3.1).

In the end of this section, let’s explain Conjectures 10.3 and 10.4 in terms of the following
picture:
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If Conjecture 10.5 holds, one can define the Hitchin section intrinsically as the only maxi-
mum of the Morse function inside each Hitchin fiber instead of the explicit construction in the
form (3.1).

In the end of this section, let’s explain Conjectures 10.3 and 10.4 in terms of the following
picture:

In the above picture, for the point A ∈ MHiggs(SL(n,C)), one can immediately determine
the point B to be the limit of the C∗-flow t · A as t→ 0 in the nilpotent cone and the point C
to be the intersection point of the Hitchin fiber containing A and the Hitchin section. Then
Conjectures 10.3 and 10.4 say that the energy densities of the corresponding harmonic maps
fA, fB, fC : Σ̃→ N satisfy

e(fB) < e(fA) < e(fC).
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