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Extended abstract

We introduce certain finite-dimensional algebras denoted by PC,, and PF,, ,, which are certain
quotients of the plactic algebra P,,, which had been introduced by A. Lascoux and M.-P. Schiit-
zenberger [44]. We show that dim(PF,, ) is equal to the number of symmetric plane partitions
fitting inside the box n x k x k, dim(PC,,) is equal to the number of alternating sign matrices
of size n X n, moreover,

dim(PFp.,) = TSPP(n + 1) x TSSCPP(n),
dim(PFpns1) = TSPP(n + 1) x TSSCPP(n + 1),

1
dim(an_Fg,n) = dim(fp./—"n’n_kl), dim(an+37n) = 5 dim(an+1’n+1),

and study decomposition of the Cauchy kernels corresponding to the algebras PC,, and PF,, ;
as well as introduce polynomials which are common generalizations of the (double) Schubert,
B-Grothendieck, Demazure (known also as key polynomials), (plactic) key-Grothendieck, (plac-
tic) Stanley and stable 5-Grothendieck polynomials. Using a family of the Hecke type divided
difference operators we introduce polynomials which are common generalizations of the Schu-
bert, S-Grothendieck, dual 8-Grothendieck, S-Demazure—Grothendieck, and Di Francesco—Zinn-
Justin polynomials. We also introduce and study some properties of the double affine nilCoxeter
algebras and related polynomials, put forward a g-deformed version of the Knuth relations and
plactic algebra.

1 Introduction

The Grothendieck polynomials had been introduced by A. Lascoux and M.-P. Schiitzenberger
in [46] and studied in detail in [37]. There are two equivalent versions of the Grothendieck
polynomials depending on a choice of a basis in the Grothendieck ring K*(Fl,) of the complete
flag variety Fl,. The basis {exp({1),...,exp(&,)} in K*(Fl,) is one choice, and another choice
is the basis {1 — exp(—¢;), 1 < j < n}, where {{;, 1 < j < n} denote the Chern classes of
the tautological linear bundles L; over the flag variety F1l,. In the present paper we use the
basis in a deformed Grothendieck ring K*#(F,,) of the flag variety I, generated by the set of
elements {z; = xﬁﬂ) =1—exp(B&), i = 1,...,n}. This basis has been introduced and used for
construction of the S-Grothendieck polynomials in [16, 18].

A basis in the classical Grothendieck ring of the flag variety in question corresponds to
the choice § = —1. For arbitrary S the ring generated by the elements {xl(ﬁ ), 1 <i< n}
has been identified with the Grothendieck ring corresponding to the generalized cohomology
theory associated with the multiplicative formal group law F(z,y) = = + y + Bzy, see [21].
The Grothendieck polynomials corresponding to the classical K-theory ring K*(Fl,), i.e., the
case f = —1, had been studied in depth by A. Lascoux and M.-P. Schiitzenberger in [47]. The
B-Grothendieck polynomials has been studied in [16, 17, 21].

The plactic monoid over a finite totally ordered set A = {a < b < ¢ < -+ < d} is the
quotient of the free monoid generated by elements from A subject to the elementary Knuth
transformations [27]

bca = bac & acb = cab, and bab = bba & aba = baa, (1.1)

for any triple {a < b < c} C A.
To our knowledge, the concept of “plactic monoid” has its origins in a paper by C. Schen-
sted [62], concerning the study of the longest increasing subsequence of a permutation, and
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a paper by D. Knuth [27], concerning the study of combinatorial and algebraic properties of the
Robinson-Schensted correspondence’.

As far as we know, this monoid and the (unital) algebra P(A) corresponding to that monoid?,
had been introduced, studied and used by M.-P. Schiitzenberger, see [63, Section 5|, to give
the first complete proof of the famous Littlewood—Richardson rule in the theory of symmetric
functions. A bit later this monoid, was named the “monoide plaxique” and studied in depth by
A. Lascoux and M.-P. Schiitzenberger [44]. The algebra corresponding to the plactic monoid is
commonly known as plactic algebra. One of the basic properties of the plactic algebra [63] is that
it contains the distinguished commutative subalgebra which is generated by noncommutative

elementary (quasi-symmetric) polynomials®

ex(Ay) = Z @iy Qi -+ Ay k=1,...,n,
11 >19> >0
see, e.g., [63, Corollary 5.9] and [15].
We refer the reader to nice written overview [42] of the basic properties and applications of
the plactic monoid in combinatorics.
It is easy to see that the plactic relations for two letters a < b, namely,

aba = baa, bab = bba,

imply the commutativity of noncommutative elementary polynomials in two variables. In other
words, the plactic relations for two letters imply that

ba(a + b) = (a + b)ba, a <b.

It has been proved in [15] that these relations together with the Knuth relations (1.1) for three
letters @ < b < ¢, imply the commutativity of noncommutative elementary quasi-symmetric
polynomials for any number of variables.

In the present paper we prove that in fact the commutativity of noncommutative elementary
quasi-symmetric polynomials for n = 2 and n = 3 implies the commutativity of that polynomials
for all n, see Theorem 2.23%.

One of the main objectives of the present paper is to study combinatorial properties of the
generalized plactic Cauchy kernel

n—1 7
C(BnU) =19 II O +pij-itiwy)
i=1 | j=n—1

where ‘B, stands for the set of parameters {p;;, 2 <i+j<n+1,i>1,j>1},and U :=U,
stands for a certain noncommutative algebra we are interested in, see Section 5.

We also want to bring to the attention of the reader on some interesting combinatorial
properties of rectangular Cauchy kernels

n—1 1

F@um V) =114 11 O 4p,mmenw)

i=1 | j=m—1

where P, . = {pij} 1<i<n ; see Definition 6.6 for the meaning of symbol alm,
1<5<m

!See, e.g., https://en.wikipedia.org/wiki/Robinson-Schensted_correspondence.

If A = {1 < 2 < --- < n}, the elements of the algebra P(A) can be identified with semistandard Young
tableaux. It was discovered by D. Knuth [27] that modulo Knuth equivalence the equivalence classes of semistan-
dard Young tableaux form an algebra, and he has named this algebra by tableauz algebra. It is easily seen that the
tableaux algebra introduced by D. Knuth is isomorphic to the algebra introduced by M.-P. Schiitzenberger [63].

3See, e.g., [34] for definition of noncommutative quasi-symmetric functions and polynomials.

4Let us stress that conditions necessary and sufficient to assure the commutativity of noncommutative elemen-
tary polynomials for the number of variables equals n = 2 and n = 3 turn out to be weaker then that listed in [15].
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We treat these kernels in the (reduced) plactic algebras PC,, and PF,, ,, correspondingly. The
algebras PC,, and PF,, ,, are finite-dimensional and have bases parameterized by certain Young
tableaux described in Sections 5.1 and 6 correspondingly. Decomposition of the rectangular
Cauchy kernel with respect to the basis in the algebra PJF, ,, mentioned above, gives rise
to a set of polynomials which are common generalizations of the (double) Schubert. [-Gro-
thendieck, Demazure and Stanley polynomials. To be more precise, the polynomials listed above
correspond to certain quotients of the plactic algebra PF),, ,, and appropriate specializations of
parameters {p;;} involved in our definition of polynomials U, ({pi;}), see Section 6.

As it was pointed out in the beginning of Introduction, the Knuth (or plactic) relations (1.1)
have been discovered in [27] in the course of the study of algebraic and combinatorial proper-
ties of the Robinson—Schensted correspondence. Motivated by the study of basic properties of
a quantum version of the tropical/geometric Robinson—Schensted—Knuth correspondence — work
in progress, but see [3, 24, 26, 57, 58] for definition and basic properties of the tropical /geometric
RSK, — the author of the present paper came to a discovery that certain deformations of the
Knuth relations preserve the Hilbert series (resp. the Hilbert polynomials) of the plactic alge-
bras P,, and F,, (resp. the algebras PC,, and PF,,).

More precisely, let {g2,...,q,} be a set of (mutually commuting) parameters, and U, :=
{u1,...,u,} be a set of generators of the free associative algebra over Q of rank n. Let Y, Z C
[1,n] be subsets such that Y UZ = [1,n] and Y N Z = &. Let us set p(a) =0, if a € Y and
p(a) =1, if a € Z. Define g-deformed super Knuth relations among the generators uy, ..., u,
as follows:

SPL,: (—1)p(i)p(k)qkujuiuk = UjURU;, 1< j <k,
(—1)p(i)p(k)qkuiukuj = URU;Uj, 1< 5 < k.
We define

e g-deformed superplactic algebra SOP,, to be the quotient of the free associative alge-
bra Q(ui,...,uy) by the two-sided ideal generated by the set of gq-deformed Knuth rela-
tions (SPLg),

e reduced g-deformed superplactic algebras SQPC,, and SQPF,, ., to be the quotient of the
algebra SQP,, by the two-sided ideals described in Definitions 5.14 and 6.7 correspon-
dingly.

We state

Conjecture 1.1. The algebra SQP,, and the algebras SQPC,, and SQPF, m, are flat defor-
mations of the algebras Py, PC, and PF , correspondingly.

In fact one can consider more general deformation of the Knuth relations, for example take
a set of parameters Q := {¢;x, 1 <i < k < n} and impose on the set of generators {uy,...,u,}
the following relations

QikUj Uiy = UjUgU;, i <j <k, QikUiUgU; = URU;Uj, i1 <j<k.

However we don’t know how to describe a set of conditions on parameters Q which imply the
flatness of the corresponding quotient algebra(s), as well as we don’t know an interpretation and
dimension of the algebras SQPC,, and SQPF,, ,, for a “generic” values of parameters Q. We
expect the dimension of algebras SQPC,, and SQPF,, ,, each depends piece-wise polynomially on
a set of parameters {g;; € Z>0, 1 <1 < j < n}, and pose a problem to describe its polynomiality
chambers.

We also mention and leave for a separate publication(s), the case of algebras and polynomials
associated with superplactic monoid [36, 54], which corresponds to the relations SPL, with
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g¢i = 1, Vi. Finally we point out an interesting and important paper [53] wherein the case
Z = @, and the all deformation parameters are equal to each other, has been independently
introduced and studied in depth.

Let us repeat that the important property of plactic algebras P,, is that the noncommutative
elementary polynomials

erp(Uy ... ,Np_1) := E Ugy * ** Uqy, s k=1,....,n—1,
n—1>a1>a2>ap>1

generate a commutative subalgebra inside of the plactic algebra Py, see, e.g., [15, 44]. Therefore
all our finite-dimensional algebras introduced in the present paper, have a distinguished finite-
dimensional commutative subalgebra. We have in mined to describe these algebras explicitly in
a separate publication.

In Section 2 we state and prove necessary and sufficient conditions in order the elementary
noncommutative polynomials form a mutually commuting family. Surprisingly enough to check
the commutativity of noncommutative elementary polynomials for any n, it’s enough to check
these conditions only for n = 2, 3. However a combinatorial meaning of a generalization of the
Lascoux—Schiitzenberger plactic algebra P, obtained in this way, is still missing.

The plactic algebra PF,, ,,, introduced in Section 6, has a monomial basis parametrized by the
set of Young tableaux of shape A C (n™) filled by the numbers from the set {1,...,m}. In the
case n = m it is well-known [19, 33, 56], that this number is equal to the number of symmetric
plane partitions fitting inside the cube n x n x m. Surprisingly enough this number admits
a factorization in the product of the number of totally symmetric plane partitions (TSPP) by
the number of totally symmetric self-complementary plane partitions (TSSCPP) fit inside the
same cube. A similar phenomenon happens if |m — n| < 2, see Section 6. More precisely, we
add to the well-known equalities

o2n + 1
#|B1n| =27, #|Bon| = ( n; ) #|Bsn| = 2" Cat,1 [65, A003645],

1
#|Ban| = 5 Catoi Catoz (65, A000356]

("?(?g)i?f%gg) (65, A133348],

the following relations

#|Bn,5

#(Bun| = TSPP(n+ 1) x ASM(n),  #|Buns1| = TSPP(n + 1) x ASM(n + 1),

1
#|Bn+2,n| = #‘Bn,n—I—l’v #|Bn+3,n‘ = §#|Bn+1,n+1’7

#|PP(n)| = #|TSSCPP(n)| x #|ASMHT(2n)| = #|CSSCPP(2n)| x #|CSPP(n)],
#|CSPP(2n)| = #|TSPP(2n)| x #|CSTCPP(2n)],
#|CSPP(2n + 1)| = 22"#|TSPP(2n + 1)| x #|TSPP(2n)|,

where PP(n) stands for the set of plane partitions fit in a cub of size n x n x n; AMSHT(2n)
denotes the set of alternating sign matrices of size 2n x 2n invariant under a half-turn and
CSSPP(2n) denotes the set of cyclically symmetric self-complementary plane partitions fitting
inside a cub of size 2n x 2n x 2n, see, e.g., [6]; CSTCPP(n) stands for the set of cyclically
symmetric transpose complementary plane partitions fitting inside a cub of size 2n x 2n x 2n,
see, e.g., [65, A051255]. See Section 6 for the definition of the sets B, ,, and examples. In
Exercise 6.3 we state some (new) divisibility properties of the numbers #|By 45|
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It is well-known that ASMHT(2n) = ASM(n)x CSPP(n), where CSPP(n) denotes the number
of cyclically symmetric plane partitions fitting inside n-cube, and CSSCPP(2n) = ASM(n)?,
see, e.g., [6, 35] and [65, A006366].

Problem 1.2.

o Construct bijection between the set of plane partitions fit inside n-cube and the set of
(ordered) triples (w1, T2, p), where (m1,m2) is a pair of TSSCPP(n) and ¢ is a cyclically
symmetric plane partition fitting inside n-cube.

e Describe the involution k: PP(n) — PP(n) which is induced by the involution (71,72, p)
— (2, 71, p) on the set TSSCPP(n) x TSSCP(n) x CSPP(n), and its fized points. Clearly
one has #|Fix(r)| = ASMHT(2n).

o Characterize pairs of plane partitions (I11,1I2) € PP(n) x PP(n) such that
(@) o) =p(l);  (b) (M), m (L)) = (m(M2), 2(Il2)).

These relations have straightforward proofs based on the explicit product formulas for the
numbers

+i4+7+k-1
#[SPP(n)| = B ,
1<i11<k i+j+k—1
Z—I-j—!-k‘—l
#|TSPP(n |_HHH2+]+k
i=1j=i k=35
n n—1 In —i— n 2n+1
SO g sty R
20]1 zl(n)

but bijective proofs of these identities are an open problem.

It follows from [40, 44] that the dimension of the (reduced) plactic algebra PC,, is equal
to the number of alternating sign matrices of size n x n (note that ASM(n) = TSSCPP(n)).
Therefore the key-Grothendieck polynomials can be obtained from U-polynomials (see Section 6,
Theorem 6.12) after the specialization p;; =0, if i +j > n + 1.

In Section 4 following [25] we introduce and study a family of polynomials which are a com-
mon generalization of the Schubert, 3-Grothendieck, dual 5-Grothendieck, S-Demazure, S-key-
Grothendieck, Bott—Samelson and g-Demazure polynomials, Whittaker functions (see [7] and
Lemma 4.18) and Di Francesco—Zinn-Justin polynomials (see Section 4). Namely, for any per-
mutation w € S,, and composition ¢ C §,, := (n —1,n —2,...,2,1), we introduce polynomials

/CNgf’a’%h)(X ) = h@(w)TSi1 -+ Ty, (x‘sn),

b » I +

KDéﬁ oLy )( ) hZ(’UC) 3L1 e Tsig (xC )’

where
(Bav,h)
T; =T, =—a+((a+B+7y)zri+y2ip1+h
+h @+ (B +Nziwic) i1, i=1,..,n—1,

denote a collection of divided difference operators which satisfy the Coxeter and Hecke relations

TTT =TT, i |i—jl=1  TT; =TT, if li-jl=2,
T? = (6 — )T + Ba, 1=1,...,n—1;

7
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by definition for any permutation w € S,, we set

Ty =Ty, Ty,

Z’

for any reduced decomposition w = s;, - -+ s;, of a permutation in question; (* denotes a unique
partition obtained from ¢ by ordering its parts, and v; € S,, denotes the minimal length permu-
tation such that ve(¢) = ¢T.

Assume that h = 1.> If a = v = 0, these polynomials coincide with the B-Grothendieck
polynomials [16], if 5 = a = 1, v = 0 these polynomials coincide with the Di Francesco—Zinn-
Justin polynomials [12], if 8 = v = 0, these polynomials coincide with dual a-Grothendieck

polynomials H (X,,),% where by definition we set X,, := (z1,...,2,).

Conjecture 1.3. For any permutation w € S, and any composition ( C d,, polynomials
KN o) (Xn) and KDéa’ﬁ’%h) (Xy) have nonnegative coefficients, i.e.,

KNGo(X,) € Nlay 8,7, 0] Xa],  KDZM(X,) € Nla, 8,7, bl Xo).

We expect that these polynomials have some geometrical meaning to be discovered.
More generally we study divided difference type operators of the form

Tij = i(;l’b’c’h’e) =a+ (bx; + cxj + h+ ex;x)0i;,
depending on parameters a, b, ¢, h, e and satisfying the 2D-Coxeter relations

T T Tij = Tk Tij Ty, 1<i<j<k<mn,
TiiTh = TrTij, it {i,j}N{k1} =2

We find that the necessary and sufficient condition which ensure the validity of the 2D-Coxeter
relations is the following relation among the parameters’:

(a+b)(a—c)+ he=0.

Therefore, if the above relation between parameters a, b, ¢, h, e holds, then for any permu-
tation w € S,, the operator
T P T(a,b,c,h,e) _ T(a7b7c7h7e) . T(azbvczhze)
w - ;

w 21 i ’

5Clearly that if h # 0, then after rescaling parameters o, A and 7 one can assume that h = 1. However,
see, e.g., [25, Section 5|, the parameter h plays important role in the study of different specializations of the
variables x;, 1 <i <n — 1 and parameters «, 8 and ~.

5To avoid the reader’s confusion, let us explain that in our paper we use the letter « either as the lower index to
denote a composition, or as the upper index to denote a parameter which appears in certain polynomials treated in
our paper. For example H(Of‘) (X5 ) denotes the dual a-Grothendieck polynomial corresponding to a composition «.
Note that the a-Grothendieck polynomial e (X5) can be obtained from the polynomial & (Xn) by replacing 8
by .

"In other words, the divided difference operators {T; := Ti(]fl’b’c‘h’e)} which obey the 2D-Coxeter relations,
have the following form:

TLoeh) = (1 + (a+b) —}: ) :cl) (1 ¢ ; amj) 0ij + aoij, if h#0, a,b,carbitrary.

)

If h = 0, then either T;; = ((¢c — a)x; + ex;x;)0ij + aoij, or Ti; = (a + b)x; + exiz;)0i; + aoij, where o;; stands
for the exchange operator: oi;(F(zi, %)) = F(z;, 2:).
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where w = s;, ---s;, is any reduced decomposition of w, is well-defined. Hence under the
same assumption on parameters, for any permutation w € S, one can attach the well-defined

polynomial

Ggg’b’c’h’e) (X, Y) — Té}gy) (a,b,c,h,e) ( H (1}1 + y])> )

i>1,5>1
i+j<n+1

and in much the same fashion to define polynomials

D((Xa,bp,h,e) (X, Y) — qujai) (a,b,c,h.e) (xoﬁ)

for any composition « such that o; < n—1, Vi. We have used the notation T(I)S’b’c’h’e) to point
out that this operator acts only on the variables X = (x1,...,zy); for any composition o € ZZ,,
o™t denotes a unique partition obtained from a by reordering its parts in (weakly) decreasing
order, and w, denotes a unique minimal length permutation in the symmetric group S,, such
that w,(a) = at.

In the present paper we are interested in to list a conditions on parameters A := {a,b,c, h,e}
with the constraint

(a+b)(a—c)+he=0,
which ensure that the above polynomials Glabehie) (X) and DYp-behe) (X) or their specialization
x; = 1, Vi, have nonnegative coefficients. We state the following conjectures:

[ ] IC./\/’%?’QW) (Xn) S N[Oé, B? ’7] [Xn]’
o Gl "ee IO (X, € Na, b, X,
o GLbatbrectdl (bretd)(ate) (x; =1, Vi) € N[a, b, ¢, d], where a, b, ¢, d are free parameters.

In the present paper we treat the case

A:(_575+a+777717(a+7)(6+7))' (12)

As it was pointed above, in this case polynomials Gﬁ(X ) are common generalization of Schu-
bert, S-Grothendieck and dual 5-Grothendieck, and Di Francesco—Zinn-Justin polynomials. We
expect a certain interpretation of the polynomials Gé for general 5, a and ~.

As it was pointed out earlier, one of the basic properties of the plactic monoid P, is that the
noncommutative elementary symmetric polynomials {eg(u1, ..., un—1)}1<k<n—1 generate a com-
mutative subalgebra in the plactic algebra in question. One can reformulate this statement as
follows. Consider the generating function

i %

Ai@) =[] (4 a2ua) =) ealun-r,... u)z' ™,

a=n—1 a=0

where we set eg(U) = 1. Then the commutativity property of noncommutative elementary
symmetric polynomials is equivalent to the following commutativity relation in the plactic as
well as in the generic plactic, algebras P,, and B,, [15], and Theorem 2.23,

Ai(2)Ai(y) = Ai(y)Ai(x), 1<i<n-1.
Now let us consider the Cauchy kernel

C(Bn,U) = A1(21) - An—1(2n-1),
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where we assume that the pairwise commuting variables zi,...,2,-1 commute with the all
generators of the algebras P,, and 3,,. In what follows we consider the natural completion if?n of
the plactic algebra %3,, to allow consider elements of the form (1 +xu;) L. Elements of this form
exist in any Hecke type quotient of the plactic algebra 3,,. Having in mind this assumption,
let us compute the action of divided difference operators 9;,,, on the Cauchy kernel. In the
computation below, the commutativity property of the elements A;(z) and A;(y) plays the key
role. Let us start computation of 97, 1 (C(Pn,U)) = 97, 1(A1(21) -+ - An—1(2n-1)). First of all
write A;y1(2i11) = Ai(ziv1)(1+2i01u;) . According to the basic property of the elements A4;(z),
one sees that the expression A;(z;)A;(zi4+1) is symmetric with respect to z; and z;41, and hence
is invariant under the action of divided difference operator 97, ;. Therefore,

71 (C(Bn, U)) = Ar(z1) - Ai(20) Ai(2i1) 05 141 (1 + ziprus) ™)
X Aivo(ziv2) - Ap—1(2n—1).
It is clearly seen that 97, ((1 4 zip1ui)™") = (1 + zui) "' (1 + zip1u;) " u;. Therefore,
71 (C(Ba, U)) = Ar(z1) -+ Ai(zi) Air (2i01) (14 20w) " i Ao (2ig2) -+ Apmi (z0-1).
It is easy to see that if one adds Hecke’s type relations on the generators
u? = (a+ b)u; + ab, i=1,...,n—1,
then

u; — zab

(14b2)(1 —az)

Therefore in the quotient of the plactic algebra 3,, by the Hecke type relations listed above and
by the “locality” relations

(1 + zui)_lui =

UUj = UjUsg, if ‘Z —j’ > 2,

one obtains

(—b+(1+ zz-b))t?im (A1(z1) - An—1(zn-1)) = (A1(21) - - - Ap—1(2zn-1)) (161'__azi> .

Finally, if @ = 0, then the above identity takes the following form
Oiip1 (L + zi410) A (21) - - An—1(2n-1)) = (Ar(z1) - An-1(zn-1)) (€5 — b).

In other words the above identity is equivalent to the statement [18] that in the idCoxeter
algebra ZC,, the Cauchy kernel C(,,,U) is the generating function for the b-Grothendieck poly-
nomials. Moreover, each (generalized) double b-Grothendieck polynomial is a positive linear
combination of the key-Grothendieck polynomials.

A proof of this statement is a corollary of the more general statement which will be frequently
used throughout the present paper, namely, if an equivalence relation =9 is a refinement of
that ~1, that is if assumption a~9b = a =1 b holds Va, b, then each equivalence class w.r.t.
relation =2 is disjoint union of the equivalence classes w.r.t. relation ~s.

In the special case b = —1 and P = z; +y; if 2 <i+j<n+1,p; =0,if i +j>n+1,
this result had been stated in [41].

As a possible mean to define affine versions of polynomials treated in the present paper, we
introduce the double affine nilCozeter algebra of type A and give construction of a generic family
of Hecke’s type elements® we will be put to use in the present paper.

8Remind that by the name a family of Hecke’s type elements we mean a set of elements {ei,...,e,} such that
e? = Ae; + B, A, B are parameters (Hecke type relations), e;e; = eje;, if i — j| > 2, eieje; = ejeie;, if i —j| =1
(Coxeter relations).
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In Section 5.1 we suggest a common generalization of some combinatorial formulas from [10]
and [20]. Namely, we give explicit formula

H N—-i—j5+1 H N+i+j5-1 (1.3)
1<i<k, 1<j<n i+5-1 i+7—1

j—i<n—k j—i>n—k

ISR, 10>

for the number of k-tuples of noncrossing Dyck paths connecting the points (0,0) and (N, N —
n—k). Interpretations of the number (1.3) as the number of certain k-triangulations of a convex
(N + 1)-gon, or that of certain alternating sign matrices of size N x N, are interesting tasks.

In the case N = n + k we recover the [10, r.h.s. of formula (2)]. In the case k = 2 our
formula (1.3) is equivalent to that obtained in [20]. Our proof that the number (1.3) counts
certain k-tuples of noncrossing Dyck paths is based on the study of combinatorial properties of
the so-called column multi-Schur functions s} (X,,) introduced in Theorem 5.6, cf. [56, 70]. In
particular we show that for rectangular partition A = (n¥) the polynomial s} (X,,;) is essentially
coincide with the Schubert polynomial corresponding to the Richardson permutation 1% x wé").
We introduce also a multivariable deformation of the numbers ASM(n), namely,

ASM(Xp15t) i= ) sy (Xt
AC6n

As Appendix we include several examples of polynomials studied in the present paper to
illustrate results obtained in these notes. We also include an expository text concerning the
MacNeille completion of a poset to draw attention of the reader to this subject. It is an exami-
nation of the MacNeille completion of the poset associated with the (strong) Bruhat order on the
symmetric group, that was one of the main streams of the study in the present paper. Namely,
our concern was the challenge how to attach to each edge e of the MacNeille completion MN(S,,)
of the Bruhat order poset on the symmetric group S, an operator J, acting on the ring of
polynomials Z[X,], such that 0c(Kp(e)) = Ky) together with compatibility conditions among
the set of operators {9 }ecapnr(s,), that is for any two vertices of MN(S,), say a and 3, and
a path p, g in the MacNeille completion which connects these vertices, the naturally defined
operator dp, , depends only on the vertices a and 3 taken, and doesn’t depend on a path p, s
selected. As far as I know, this problem is still open.

2 Plactic, nilplactic and idplactic algebras

Definition 2.1 ([44]). The plactic algebra P,, is an (unital) associative algebra over Z generated

by elements {u1,...,u,—1} subject to the set of relations
(PL1)  wjuup = ujugu;, UURU; = UpUUj, if ©<j <k,
(PLQ) UiUjU; = UjUUG, UjUiUj = UjU;Usg, if 7<j.

Proposition 2.2 ([44]). Tableau words® in the alphabet U = {u1, ..., un_1} form a basis in the
plactic algebra Py,.

9For the reader convenience we recall a definition of a tableau word. Let T be a (regular shape) semistandard
Young tableau. The tableau word w(T) associated with T' is the reading word of T is the sequence of entries
of T obtained by concatenating the columns of T' bottom to top consecutively starting from the first column. For
example, take

LW N
=W N
S w
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In other words, each plactic class contain a unique tableau word. In particular,
Hilb(Ppya,t) = (1 — )7 (1—2)~(3),

Remark 2.3. There exists another algebra over Z which has the same Hilbert series as that of
the plactic algebra P,. Namely, define algebra £, to be an associative algebra over Z generated
by the elements {e1,es,...,en,_1}, subject to the set of relations

(i, (ej,er)) = ejejer, — ejeiey — ejepe; + epeje; =0,

for alll <4,5,k <n—1, 75 < k. Observe that the number of defining relations in the algebra L,
is equal to 2(2) Note that elements e + eo and eze; do not commute in the algebra L3, but do
commute if are considered as elements in the plactic algebra P3. See Example 5.25(C) for some
details.

Exercise 2.4.

e Show that the dimension of the degree k homogeneous component Eq(f) of the algebra L,
is equal to the number semistandard Young tableaux of the size k filled by the numbers
from the set {1,2,...,n—1}.

o Let us set e;; 1= (e5,e;) := ejej — eje;, © < j. Show that the elements {e;;}1<icj<n—1
generate the center of the algebra L,,.

Definition 2.5.

(a) The local plactic algebra LP,, see, e.g., [15], is an associative algebra over Z generated by

elements {u1,...,u,_1} subject to the set of relations
UjU; = UjUg, if |Z —j| > 2,
2 ey 20— arag ; ]
u U = u;u;, uju; = ujuing, if |i—j]=1.

One can show (A.K.) that

n 1 n+1—j
Hilb(LP,, 1) = || <1 - tj> :
j=1

(b) The affine local plactic algebra PL,, see [32], is an associative algebra over Q generated
by the elements {ey,...,e,—1} subject to the set of relations listed in item (a), where all
indices are understood modulo n.

(¢c) Let g be a parameter, the affine quantum local plactic algebra 7/3255) is an associative
algebra over Q[q| generated by the elements {eq, ..., e,—1} subject to the set of relations

(Z) eiej = €;¢;, if ‘Z —j’ > 1,
(i4) (1+q)eieje; = qe?ej+ejel, (L+q)ejeiej = qew?—ke?eh if |i—j| = 1, where all indices
appearing in the relation (i7) are understood modulo n.

The corresponding tableau word is w(T) = 5321432433. By definition, a tableau word is the tableau word

corresponding to some (regular shape) semistandard Young tableau. It is well-known [51] that the number of

tableau subwords contained in the staircase word I(()n) = Up—1Up—2 - - U2UL Up—1Up—2 -~ U2~ Up—1Uy—2 Up—1 1S
—_——————

equal to the number of alternating sign matrices ASM(n).
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It was observed in [31] that the relations listed in (i) are the Serre relations of Uz (ﬁ[(n))
rewritten'? in generators k;E;. Some interesting properties and applications of the local and
affine local plactic algebras one can find in [31, 32, 34]. It seems an interesting problem to
investigate properties and applications of the affine pseudoplactic algebra which is the quotient
of the affine local plactic algebra ﬁn by the two-sided ideal generated by the set of elements

{(ej, (eiyer)), 0<i<j<k<n-—1}.

Definition 2.6 (nil Temperley—Lieb algebra). Denote by 7L the quotient of the local plactic
algebra LP,, by the two-sided ideal generated by the elements {u%, . ,u%fl}.
It is well-known that dim 7 L,, = C,,, the n-th Catalan number. One also has

Hilb (7£7,¢) = (1,3,5,4,1),  Hilb (7L, 1) = (1,4,9,12,10,4,2),
Hilb(T L, t) = (1,5, 14, 25,31, 26, 16,9, 4, 1).

Proposition 2.7. The Hilbert polynomial Hilb(T L,,,t) is equal to the generating function for the
number or 321-avoiding permutations of the set {1,2,...,n} having the inversion number equals
to k, see [65, A140717], for other combinatorial interpretations of the polynomials Hilb(T L, t).

Exercise 2.8.

e Show that deg, Hilb(7 Ly, t) = [%].

e Show that
. k2 112 -1\ _ (1_t4n 2 _
klirgot Hilb (Tﬁgk,t ) = H (1 - t2”*1) t4" Zant"a
n>1 n>0

where a,, is equal to the number of 2-colored generalized Frobenius partitions, see, e.g.,
[65, A051136] and the literature quoted therein'!.

e Show that
(1+t™)(1 t2”
Jim t* D Hilb (T Logr1,t~ H + : ; =2 byt".
—00 —
n>1 n>0

See [65, A201078] for more details concerning relations of this exercise with the Ramanujan
theta functions'?.

19For the reader convenient, we recall, see, e.g., [31] the definition of algebra UZ (gl(n)). Namely, this algebra
is an unital associative algebra over Q(g*!) generated by the elements {kiﬂ, E;}io,....n—1, subject to the set of
relations

(Rl) kzk] = kjk}i, kzk;1 = k;l — 17 VL j,
(R2) kE; = q5i,j—5i,j+1 E;ks,
(R3) (Serre relations)

,,,,,

E}Eiy1 — (¢+q ") EiEi1Ei + Ei B =0, B} Ei— (¢4 q ") Ei1 EiEip1 + EiEL =0,

where all indices are understood modulo n, e.g., e, = eg.

It is clearly seen that after rewriting the Serre relations (R3) in terms of the elements {e; := ki E; }o<i<n—1, One
comes to the relations (i4) which have been listed in (c).
"'The second equality in the above formula is due to G. Andrews [1]. The second formula for the generating
function of the numbers {a, }n>0 displayed in [65, A051136], either contains misprints or counts something else.
12See, e.g., http://en.wikipedia.org/wiki/Ramanujan_theta_function.
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We denote by TH%S) the quotient of the local plactic algebra LP,, by the two-sided ideal
generated by the elements {uf —Buj, i =1,...,n— 1}.

Definition 2.9. The modified plactic algebra MP,, is an associative algebra over Z generated
by {u1,...,up—1} subject to the set of relations (PL1) and that

UjUU; = UjUU;, and UUU; = UjUUG, if 1<i<j<n-—1.

Definition 2.10. The nilplactic algebra N'P,, is an associative algebra over Q generated by
{uy,...,un—1}, subject to set of relations

'LLZ2 = 0, Ui U1 U; = Uj+1 U U541,
the set of relations (PL1), and that w;uju; = ujuuy, if |i — j| > 2.

Proposition 2.11 ([50]). Each nilplactic class not containing zero, contains one and only one
tableau word.

Proposition 2.12. The nilplactic algebra N'P,, has finite dimension, its Hilbert polynomial
Hilb(N'Py,, t) has degree (), and dimQ(J\/Pn)(n) =1.
2

Example 2.13.

Hilb(N'Ps,t) = (1,2,2,1), Hilb(N'Py,t) = (1,3,6,6,5,3,1),

Hilb(N'Ps,t) = (1,4,12,19,26,26,22,15,9,4, 1), dimg(NP5) = 139,

Hilb(NPg, t) = (1,5, 20,44, 84,119, 147,152, 140, 224,81, 52,29, 14, 5, 1),

dimQ(NP6) = 1008.

Definition 2.14. The idplactic algebra TP, := IP&LB) is an associative algebra over Q[f] gene-
rated by elements {uy,...,u,—1} subject to the set of relations

u? = Bu,, UUjU; = UjUU 1<, (2.1)
and the set of relations (PL1).

In other words,the idplactic algebra IP%B ) is the quotient of the modified plactic algebra MP,,

by the two-sided ideal generated by the elements {%2 — Pu;, 1 <i < n}

Proposition 2.15. FEach idplactic class not containing zero, contains a unique tableau word
associated with a row strict semistandard Young tableau'.

For each word w denote by rl(w) the length of a unique tableau word of minimal length which
is idplactic equivalent to w.

Example 2.16. Consider words in the alphabet {a < b < ¢ < d}. Then
rl(dbadc) = 4 = rl(cadbd), rl(dbadbc) = 5 = rl(cbadbd).
Indeed,

dbadc ~ dbdac ~ dbdca ~ ddbca ~ dbac,
dbadbe ~ dbabdc ~ dabadc ~ adbdac ~ abdbca ~ abbdca ~ dbabc.

13Recall that a row strict semistandard Young tableau, say T, is a tableau such that the numbers in each row
and each column of T" are strictly increasing. For example,
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Note that according to our definition, tableau words w = 31, w = 13 and w = 313 belong to
different idplactic classes.

Proposition 2.17. The idplactic algebra IP%B) has finite dimension, and its Hilbert polynomial
has degree (7).

Example 2.18.

Hilb(ZPs,t) = (1,2,2,1),  Hilb(ZP4,t) = (1,3,6,7,5,3,1),  dim(ZP,) = 26,
Hilb(ZPs,t) = (1,4,12,22,30,32,24,15,9,4,1),  dim(ZPs) = 154,

Hilb(ZPs, ) = (1,5, 20, 50, 100, 156, 188, 193, 173, 126, 84, 52,29, 14, 5, 1),

dim(ZPg) = 1197,  dim(ZP7) = 9401.

Note that for a given n some words corresponding to strict semistandard Young tableaux of

size between 5 and ("51) are idplactic equivalent to zero. For example,

4 ~ 31424 ~ 31242 ~ 13242 ~ 13422 ~ 0,

3

2
4
2
4 ~ 421423 ~ 421243 ~ 412143 ~ 142413 ~ 124213 ~ 122431 ~ 0.

N = W

It seems an interesting problem to count the number of all row strict semistandard Young
tableaux contained in the staircase (n,n — 1,...,2,1) and bounded by n, as well as count the
number the number of such tableaux which are idplactic equivalent to zero. For n = 2 these
numbers are (6,6), for n = 3 these numbers are (26, 26), for n = 4 these numbers are (160, 154)
and for n = 5 they are (1427,1197).

Definition 2.19. The idplactic Temperly—Lieb algebra 77'7'/5%[3) is define to be the quotient of
the idplactic algebra IP%B ) by the two-sided ideal generated by the elements

{uiujui, Vi 7é j}
For example,
Hilb (PTLY, 1) = (1,3,6,4,1),,  Hilb (PTLY 1) = (1,4,12,16,14,4,2),,

Hilb (P7LY 1) = (1,5,20,40, 60, 46,32, 10,4, 1);,
Hilb (P7LY,¢) = (1,6,30,80, 170, 216, 238, 152,96, 44, 14, 4, 2),.

One can show that

2
deg, Hilb (PTﬁﬁLO),t) = [TZ] ,

and

1, if n is even,

Coefftmax Hllb(PTﬁn, t) = . .
2, if n is odd.

Definition 2.20. The nilCozeter algebra NC,, is defined to be the quotient of the nilplactic
algebra N'P,, by the two-sided ideal generated by elements {u;u; — uju;, i — j| > 2}.
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Clearly the nilCoxeter algebra N'C,, is a quotient of the modified plactic algebra MP,, by
the two-sided ideal generated by the elements {u;u; — w;u;, |i — j| > 2}.

Definition 2.21. The idCoxeter algebra IC,({B) is defined to be the quotient of the idplactic
algebra IP%B) by the two-sided ideal generated by the elements {u;u; — uju;, i — j| > 2}.

It is well-known, see, e.g., [40], that the algebra N'C,, and IC7(15 ) has dimension n!, and the
elements {u, = u;, - --u;, }, where w = s;, - - - 54, is any reduced decomposition of w € S,,, form

a basis in the nilCoxeter and idCoxeter algebras NC,, and Icq(f ),

Remark 2.22. There is a common generalization of the algebras defined above which is due to
S. Fomin and C. Greene [15]. Namely, define generalized plactic algebra P, to be an associative
algebra generated by elements uy,...,u,—1, subject to the relations (PL2) and relations

u]uz(uz + u]‘) = (u; + uj)ujui, 1< J. (2.2)
The relation (2.2) can be written also in the form

uj(uiuj — ujui) = (’inu]' — ’U,j’LLi)’UJZ', 1< J.
Theorem 2.23 ([15]). For each pair of numbers 1 < i < j < n define

i

Aij(x) = [T+ zw).

k=j
Then the elements A; j(x) and A; j(y) commute in the generalized plactic algebra P

Corollary 2.24. Let 1 < ¢ < j < n be a pair of numbers. Noncommutative elementary

polynomials el = > Uiy Ui, 1 < a < J, generate a commutative subalgebra C;; of
J2i1 2 2020
rank 5 — i+ 1 in the plactic algebra P,,.
Moreover, the algebra Cy,, ts a mazimal commutative subalgebra of Py,.

To establish Theorem 2.23, we are going to prove more general result. To start with, let us
define generic plactic algebra *B3,.

Definition 2.25. The generic plactic algebra 3, is an associative algebra over Z generated by
{e1,...,en—1} subject to the set of relations

ejleiej) = (e, ej)eq, if 1<y, (2.3)

(ej, (es,ex)) =0, if ©<j<Ek,

(ej,er)(ei,ex) =0, it i<j<k. (2.5)
Hereinafter we shell use the notation (a,b) := [a, b] := ab — ba.

Clearly seen that relations (2.3)-(2.5) are consequence of the plactic relations (PL1)
and (PL2), but not vice versa.

Theorem 2.26. Define

1

An(z) = T + wex).

k=j

Then the elements Ay, (x) and A,(y) commute in the generic plactic algebra B,. Moreover
the elements Ay (x) and Ay, (y) commute if and only if the generators {ei,...,en_1} satisfy the
relations (2.3)—(2.5).
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Proof. For n = 2,3 the statement of Theorem 2.26 is obvious. Now assume that the state-
ment of Theorem 2.26 is true in the algebra 93,. We have to prove that the commutator
[Ap+1(z), Apt1(y)] is equal to zero. First of all, A,,11(x) = (1 + ze,)A,(x). Therefore

[An+1(2), Ant1(y)] = (1 + zen) [An (), 1 + yen|An(y) — [An(y), 1 + zen] An(z).

Using the standard identity [ab, c] = a[b, ¢] + [a, ¢|b, one finds that

1 n—1 i+l 1
x—y[A n(x), 1 +ye,] = Z H (1+ xeq)(e,€n) H (1+ zeq)-
i= a=n—1 a=i—1

Using relations (2.3) we can move the commutator (e;, ey) to the left, since i < a < n, till we
meet the term (1 + xe,,). Using relations (2.4) we see that (1 + zey,)(e;,n) = (e;,n)(1 + ze;).
Therefore we come to the following relation

;y[An(x), 1+ yey)
1 1 1
= Z (eiren) | (14 we;) H (1 4+ zeq)An(y) — (1 + yei) H (1 4+ yeq)An(x)
1=n—1 a=n—1 a=n—1
ati asti

Finally let us observe that according to the relation (2.5),

(eiren) (14 ze;) (1 + zen—1) — (1 + zen—1)(1 + z€;)) = 2% (ei, en)(eiren_1) = 0.
Indeed,

(ei,en)(€iyen—1) = (€i,en)eien—1 — (€, €n)en—16; = enen—1(€;,€n) — en_16n(€i, en) = 0.
Therefore

1
L[An(x), 1 +yen| = ( Z (ei,en)> [An (), An(y)] =0

Yy i=n—1
according to the induction assumption.

Finally, if i < j, then (e; + €5, eje;) = 0 <= (2.3); if i < j < k, and the relations 2.3 hold,
then (e; + ej + ey, eje; + epej + epe;) = 0 <= (2.4); if i < j < k, and relations (2.3) and (2.4)
hold, then (e; + e; + ek, exeje;) = 0 <= (2.5); the relations (eje; + erej + ere;, exeje;) = 0 are
consequences of the above ones. |

Let T be a semistandard tableau and w(T") be the column reading word corresponding to the
tableau T'. Denote by R(T) (resp. ITR(T)) the set of words which are plactic (resp. idplactic)
equivalent to w(7T'). Let a = (a1,...,an) € R(T'), where n := |T| (resp. a = (a1,...,am) €
IR(T), where m > |T).

Definition 2.27 (compatible sequences b). Given a word a € R(T) (resp. a € IR(T)), denote

by C(a) (resp. IC(a)) the set of sequences of positive integers, called compatible sequences,
b:= (by < by <--- <by) such that

b; < aj, and if aq; < Qi41, then b; < bi—i—l-

Finally, define the set C(T") (resp. IC(T")) to be the union |JC(a) (resp. the union |J IC(a)),
where a runs over all words which are plactic (resp. idplactic) equivalent to the word w(T).
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Example 2.28. Take T = 3

R(T) = {232,323} and IR(T) =

. The corresponding tableau word is w(T") = 323. We have
R(T) ({2323, 3223, 3232, 3233, 3323, 32323, . .. }. Moreover,

\/wl\)

a: 232 323 323 323 323
C(T)_{b: 122 112 113 123 223}

a: 2323 3223 3232 3233 3323 32323
IC(T>_C(T)U{b: 1223 1123 1122 1123 1223 11223}

Let B :=Pp :={pij, 1 > 1,5 >1,2<i4+j <n+ 1} be the set of (mutually commuting)
variables.

Definition 2.29.

(1) Let T be a semistandard tableau, and n := |T'|. Define the double key polynomial K7 (3)
corresponding to the tableau T to be

Kr( Z Hpb sa;—bi+1

beC(T) i=1

(2) Let T be a semistandard tableau, and n := |T|. Define the double key Grothendieck
polynomial GKCr(*B) corresponding to the tableau T' to be

G (B Z Hpbl,a, bi+1-

belC(T) i=1
In the case when p; j = x; + y;, Vi,j, where X = {z1,...,2,} and Y = {y1,...,yn} denote
two sets of variables, we will write K7 (X,Y), GK7(X,Y),..., instead of K7 (P), GKr(P), .. ..

Definition 2.30. Let T be a semistandard tableau denote by a(T") = (v, ..., ) the exponent
of the smallest monomial in the set {x H QZZ ,beC(T } with respect to the lexicographic

order.

We will call the composition «(T") to be the bottom code of tableau 7.

3 Divided difference operators

In this subsection we remind some basic properties of divided difference operators will be put
to use in subsequent sections. For more details, see [55].

Let f be a function of the variables z and y (and possibly other variables), and n # 0 be
a parameter. Define the divided difference operator 0.y(n) as follows

f(z,y) — f(n y,nw)
r—nly

Ory(n) f(,y) =

Equivalently, (z —n~1y)d.,(n) = 1 — siy, where the operator Say acts on the variables (z,y,...)
according to the rule: s, transforms the pair (z,y) to (n~1y,nz), and fixes all other variables.
We set by definition, sg := sty -

The operator O,y (1) takes polynomials to polynomials and has degree —1. The case n =1
corresponds to the Newton divided difference operator Oyy := 0yy(1).
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Lemma 3.1.

(0

_ & ngE & mEn
Swysxz = SyzSzy, S:Bysa:zsyz = syzszzszy;

)

) Oyz(n) = —n0ay(n~ b, siyOy=(€) =1 laa:z(né)sgy’
2) Oay(m)* =0,

)

)

)

(1

(

(3) (three term relation) Oyy(n)0y-(§) = n_lﬁm(nf)axy(n) + 0y2(£)0x2(1§).
(

(

4) (twisted Leibniz rule) Ouy(n)(fg) = Ouy(n)(f)g + s2y()0zy(1)(9),

5) (crossing relations, cf. [18, formula (4.6)])

o 205y(n) = 777181:3/(77)19 + 1,402y (n) = N0zy(n)x — 1,
o Ouy(M)Y0y=(€) = 0z (NE) 20y () + €19y (€) 202 (n€),

(6) a:ryaxzayzazz - 0

Let x1,...,2, be independent variables, and let P, := Q[z1,...,x,]. For each i < j put
0ij := O;;(1) and 0j; = —0;j. From Lemma 3.1 we have

05 =0, 00k + Ohilij + 00k = 0,
Bijxj(‘)jk + 8}@&%8@' + ijxkaki, if ¢, j, k are distinct.

It is interesting to consider also an additive or affine analog 0.y (k| of the divided difference
operators Oy (n), namely,

f@,y) — fly—k,z+k)
xr—y+k ’

One has o[k = ~ 0y [~ k], and Oy [p10ysla] = Doslp + @)uylp) + 0,2 [a)clp + -

A short historical comments in order. As far as I know, the divided difference operator had
been invented by I. Newton in/around the year 1687, see, e.g., [40, Ref. [142]]. Since that time
the literature concerning divided differences, a plethora of its generalizations and applications in
different fields of mathematics and physics, grows exponentially and essentially is immense. To
the best of our knowledge, the first systematic use of the isobaric divided difference operators,
namely m;(f) = 0;(x;f), and 7; := m; — 1, goes back to papers by M. Demazure concerning
the study of desingularization of Schubert varieties and computation of characters of certain
modules which is nowadays called Demazure modules, see, e.g., [11] and the literature quoted
therein; the first systematic use and applications of divided difference operators to the study
of cohomology rings of partial flag varieties G/P and description of Schubert classes inside the
former, goes back to a paper by I.N. Berstein, .M. Gelfand and S.I. Gelfand [4]; it is A. Lascoux
and M.-P. Schiitzenberger who had discovered a polynomial representative of a Schubert class in
the cohomology ring of the type A complete flag varieties, and developed a rich and beautiful
combinatorial theory of these polynomials, see [45, 47, 48, 49, 50] for acquainting the reader
with basic ideas and results concerning the Lascoux—Schiitzenber Schubert polynomials.

Ouy[K](f (z,y)) =

4 Schubert, Grothendieck and key polynomials

Let w € S,, be a permutation, X = (z1,...,2,) and Y = (y1,...,yn) be two sets of variables.
Denote by wg € S, the longest permutation, and by ¢, = (n — 1,n — 2,...,1) the staircase
partition. For each partition A define

RAX,Y) = ] @i+ (4.1)
(4,7)EX
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Fori=1,...,n—1,let s; = (i, + 1) € S,, denote the simple transposition that interchanges i
and i + 1 and fixes all other elements of the set {1,...,n}. If a = (a1,..., 5, qit1,...,0p) is
a composition, we will write

S; . = (051, ey O, Oy e e ,Ozn).
Definition 4.1 (cf. [40] and the literature quoted therein).

e For each permutation w € S,, the double Schubert polynomial S,,(X,Y) is defined to be

a(z)

71’[1}0

(Rs, (X,Y)).

e Let a be a composition. The key polynomials K[a](X) are defined recursively as follows:
if av is a partition, then K[a](X) = x®; otherwise, if a and i are such that o; < 41, then

K[si()](X) = 0i (z: K[a](X)).

o The reduced key polynomials K [a](X) are defined recursively as follows: if « is a partition,
then K|[o](X) = K[a](X) = z%; otherwise, if & and i are such that o; < 41, then

K[si()](X) = 2i110; (K[a](X)).

e For each permutation w € S,, the double 3-Grothendieck polynomial gﬁ,(X, Y) is defined
recursively as follows: if w = wy is the longest element, then G, (X,Y) = Rs, (X,Y); if w
and ¢ are such that w; > wj41, i.e., {(ws;) = l(w) — 1, then

G2.(X,Y) = 0 (1 + Baip1)GL(X,Y)).

e For each permutation w € S, the double dual B-Grothendieck polynomial Hg(X, Y) is
defined recursively as follows: if w = wp is the longest element, then H,,(X,Y) =
Rs, (X,Y); if w and ¢ are such that w; > wit1, i.e., [(ws;) = [(w) — 1, then

HE,(X,Y) = (1+ Bz:)0™ (HE(X,Y)).

e The key 3-Grothendieck polynomials KG[a](X;3) are defined recursively as follows'*: if
« is a partition, then KG[a](X;8) = x%; otherwise, if a and i are such that a; < vy,
then

KG[si(a)](X; B8) = 0; ((w; + Briwiz1) KG[o](X; B)).

14Tn the case B = —1 divided difference operators D; := Oi(x; — ixit1) [39, formula (6)] had been used by
A. Lascoux to describe the transition on Grothendieck polynomials, i.e., stable decomposition of any Grothendieck
polynomial corresponding to a permutation w € S,,. into a sum of Grasmannian ones corresponding to a collection
of Grasmannin permutations vy € S, see [39] for details. The above mentioned operators D; had been used
in [39] to construct a basis Qq|a € Z>( that deforms the basis which is built up from the Demazure (known also
as key) polynomials. Therefore polynomials KG[a](X;8 = —1) coincide with those introduced by A. Lascoux
in [39]. In [61] the authors give a conjectural construction for polynomials Q, based on the use of extended
Kohnert moves, see, e.g., [56, Appendix by N. Bergeron] for definition of the Kohnert moves. We state conjecture
that

I = KGa](X;B),

where polynomials J2 are defined in [61] using the K-theoretic versions of the Kohnert moves. For § = —1
this Conjecture has been stated by C. Ross and A. Yong in [61]. It seems an interesting problem to relate the
K-theoretic Kohnert moves with certain moves of first introduced in [16].
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o The reduced key [B-Grothendieck polynomials I/(a[oz](X ; B) are defined recursively as fol-
lows: if a is a partition, then KGla](X;5) = x%; otherwise, if o and ¢ are such that
o < QlGg1, then

KG[si(a)](X; 8) = (w1 + Baiwis1)d; (KG[](X; B)).

For brevity, we will write KG[a](X) and Ka[a] (X) instead of KG[a](X; ) and @[a] (X;5).

Remark 4.2. We can also introduce polynomials Z,,, which are defined recursively as follows:
if w = wy is the longest element, then Z,,,(X) = 2% if w and i are such that w; > wi,1, i.e.,
l(ws;) = l(w) — 1, then

Zus;(X) = 0i (w1 + 2iwig1) Zw(X)).

However, one can show that

Zp(T1, .. xy) = (1 xn)"_lgwowwo (x;l, . ,$1_1).

Theorem 4.3. The polynomials S, (X,Y), Ko|(X), Kla](X), Gu(X,Y), Hu,(X,Y),
KGla](X) and KG[a](X) have nonnegative integer coefficients.

The key step in a proof of Theorem 4.3 is an observation that for a given n the all algebras
involved in the definition of the polynomials listed in that theorem, happen to be a suitable
quotients of the reduced plactic algebra P,, and can be extracted from the Cauchy kernel
associated with the algebra P, (or that Py, ).

We will use notation &,,(X), G,(X), ..., for polynomials &,,(X,0), G,,(X,0), ....

Definition 4.4. For each permutation w € S, the Di Francesco—Zinn-Justin polynomials
DZ,(X) are defined recursively as follows: if w is the longest element in S,,, then DZ,,(X) =
Rs, (X,0); otherwise, if w and i are such that w; > w;11, i.e., l(ws;) = l[(w) — 1, then

DZosi(X) = (1 + 20" + 0 (wis1 + 2iwi11)) DZw(X).
Conjecture 4.5.

(1) Polynomials DZ,,(X) have nonnegative integer coefficients.

(2) For each permutation w € S, the polynomial DZ,,(X) is a linear combination of key
polynomials K|a](X) with nonnegative integer coefficients.

As for defi nition of the double Di Francesco—Zinn-Justin polynomials DZ,,(X,Y’) they are
well defined, but may have negative coefficients.
Let 8 and « be two parameters, consider divided difference operator

T =T/ = =B+ (B+ a)a; + 1 + Bawiwi1) it
Definition 4.6. Let w € S,,, define HeckeGrothendieck polynomials KN 2% (X,,) to be
KN B (X)) = T (m‘;”),
where as before 0 := a:?_lmg_z s xpq; if u €S, then set
o . b, B,
Tuﬁa ‘_z;lan_z—yiza’

where w = s;, - - - 8;, is any reduced decomposition of a permutation taken.

4
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More generally, let 5, a and v be parameters, consider divided difference operators
T=T)% = =B+ ((a+ B+ 7)Ti + Y241 + 1
+(6+’7)(0‘+’Y)$i$i+1)8@i+17 1=1,....,n—1.
For a permutation w € S,, define polynomials
9 b Py— B? b ﬁ? b 67’7,
]CN&JBQ’Y)(XW) T ,‘Tila’y' ,‘ng Oé,y(w )7
where w = s;, - - - 55, is any reduced decomposition of w.
Remark 4.7. A few comments in order.

(a) The divided difference operators {T; := Ti(ﬁ ’aﬁ), i=1,...,n — 1} satisfy the following
relations

o (Hecke relations)

T2 = (a_ﬁ)ﬂ"i‘aB?

K3
e (Coxeter relations)

T T = Tia TiTi, TT; = T;T5, if [i—j]>2.

Therefore the elements To'®” are well defined for any w € S,,.

e (Inversion)

N 1+ (a—pB)x —2T;
A+2T) = A 0 ten)

(b) Polynomials KN ) constitute a common generalization of

e the [-Grothendieck polynomials, namely, Qq(f ) = KN (670‘:?’7:0),

wow
e the Di Francesco—Zinn-Justin polynomials, namely, DZ,, = KN 1(? :a:17fy:0)7

e the dual a-Grothendieck polynomials, namely, KA fizo_’?"yzo) =HG(X).
Proposition 4.8.

e (Duality) Let w € S, £ = £(w) denotes its length, then (af # 0)
KNP (1) = (Ba) KNS (1),

o (Stability) Let w € S, be a permutation and w = s;, 8, --s;, be any its reduced de-
composition. Assume that i, < n—3, V1 < a < ¥, and define permutation w :=

Si1+18iy+1 " Sip+1 € Sp. Then
KNG (1) = KNP (1),

It is well-known that

e the number KN 1(5):1’0‘:1)(1) is equal to the degree of the variety of pairs commuting ma-

trices of size n x n [13, 28].
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e the bidegree of the affine homogeneous variety V,,, w € S, [12] is equal to
A(g)—e(w)B(’;)%(w)}CNSf:@:A/B) (1),
see [9, 12, 28] for more details and applications.
Conjecture 4.9.
e Polynomials ICNfEU’B’a’FY) (X)) have nonnegative integer coefficients

KN (X) € N[B, o, 7] [ Xa).

e Polynomials /CN&?’&”Y) (1 =1, Vi) have nonnegative integer coefficients

KN B (2, = 1,¥i) € N[B, v, 7]

e Double polynomaials

KNGZNXY) = Ti7 @) [T (@it wy)
i+j<n+1
i>1,5>1

are well defined and have nonnegative integer coefficients'.

e Consider permutation w = [n,1,2,....,n—1] € S,. Clearly w = S$p_18p—2---S251. The
number IC./\/Q(Uﬁzl’azl’V:O)(l) is equal to the number of Schréder paths of semilength (n —1)
in which the (2,0)-steps come in 3 colors and with no peaks at level 1, see [65, A162326]
for further properties of these numbers.

It is well-known, see, e.g., [65, A126216], that the polynomial IC/\/'I(UB’O‘:O)(I) counts the number
of dissections of a convex (n + 1)-gon according the number of diagonals involved, where as the
polynomial KN 1(1? ’a)(l) (up to a normalization) is equal to the bidegree of certain algebraic
varieties introduced and studied by A. Knutson [28].

A few comments in order.

(a) One can consider more general family of polynomials KN 1(3 bie,d) (X,) by the use of the

divided difference operators Tf’b’c’d = =b+ ((b+d)z; + cxip1 + 1+ d(b+ c)rivi1)0F; 4
instead of that 777, However the polynomials KN (abed) (1) € Zla, b, c,d] may have
negative coefficients in general. Conjecturally, to ensure the positivity of polynomials

/CNﬁi’b’”’d) (X,), it is necessary take d := a + ¢+ r. In this case we state conjecture
KN{abeatetn) (X ) e Nla, b, ¢, r].

We state more general Conjecture 1.1 in introduction. In the present paper we treat only
the case r = 0, since a combinatorial meaning of polynomials KN 1(3 beatetr) (1) in the case

r # 0 is missed for the author.

(b) If v # 0, the polynomials KN e (Xn) € Za, B,7][Xyn] may have negative coefficients
in general.

Theorem 4.10. Let T be a semistandard tableau and o(T) be its bottom code, see Defini-
tion 2.27. Then

Kr(X) = Kla(T))(X),  KGr(X) = KG[a(T)](X).

15Note that the assumption 8 = 0 is necessary.
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Let a = (a1 < ag < -+ < o) be a composition, define partition a™ = (a, > -+ > ay).
Proposition 4.11. If a = (a; < ag < -+ < ) is a composition and n > r, then

Kla](Xn) = sa+(X5).

For example, K[0,1,2,...,n—1] = [[ (xj+z;). Notethat K[0,1,2,...,n—1] = [] xzfl.
1<i<j<n i=2

Proposition 4.12. If a = (a; < ag < -+ < ) is a composition and n > r, then

KG[o](X,) = Gla™](X;).

For example, KG[0,1,2,...,n—1] = [ (x;+z; + z;x;). Note that
1<i<j<n
KG[0,1,2,...,n—1] = [[«i " T (1 +20)" "
i=2 i=1

Definition 4.13. Define degenerate affine 2D nil-Coxeter algebra AN Cg) to be an associative
algebra over Q generated by the set of elements {{u; j }1<i<j<n, T1,...,2n} subject to the set of
relations

o v;x; = xjx; for all i # j, xyujp = ujpxs, if © # 5k,
® u;jup = up Ui, if 7, 7, k, [ are pairwise distinct,
e (2D-Coxeter relations) w; ju;pui; = wjpu;jujk, if 1 <i<j<k<n,
o wiu; ;= ;T + 1, Tjus ;= w5 — 1
Now for a set of parameters'® A := (a,b,c, h,e) define elements
Tij = a+ (bx; + cxj + h + exjzj)u; 4, 1< ]
Throughout the present paper we set T; := T ;1.
Lemma 4.14.
(1) TZQJ =Ra+b—c)T;; —ala+b—c), ifa=0, then T,Z = (b—o)Ty;.
(2) 2D-Cogeter relations T; ;T 1T ; = T; 115 ;T 1 are valid, if and only if the following relation

among parameters a, b, ¢, e, h holds'”

(a+b)(a—c)+ he =0. (4.2)

(3) Yang-Baxter relations T; ;T; 1, Tj 1, = T 1T; 1 T; j are valid if and only if b=c=e =0, i.e.,
Tij =a -+ duij.

(4) T =1if and only if a = +1, c = b+ 2, he = (b+ 1)°.

(5) Assume that parameters a, b, ¢, h, e satisfy the conditions (4.2) and that bc + 1 = he.
Then

TijxiTi; = (he —bc)xj + (h + (a + b)(x; + xj) + exix;)T;;.

6By definition, a parameter is assumed to be belongs to the center of the algebra in question.

7The relation (4.1) between parameters a, b, ¢, e, h defines a rational four-dimensional hypersurface. Its open
chart {eh # 0} contains, for example, the following set (cf. [39]): {a = p1ps — p2p3, b = paps, ¢ = p1pa, e = p1ps,
h = papa}, where (p1,p2,ps,pa) are arbitrary parameters. However the points (—b,a + b+ ¢, ¢, 1, (a + ¢)(b + ¢),
(a,b,c) € N*} do not belong to this set.
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Some special cases
o (representation of affine modified Hecke algebra [69]) if A = (a,—a,c, h,0), then T;;xT;;
= acx; + hT;j, i < j,
o if A= (—a,a+b+c,c1, (a+c)(b+c), then

TijaiTy; = abxj + (14 (b + ) (wi + x;) + (a + ¢) (b + c)ziz;) Ty,

(6) (Quantum Yang—Baxter relations, or baxterization of Hecke’s algebra generators.) Assume
that parameters a, b, ¢, h, e satisfy the conditions (4.2) and that 5 :=2a+b—c # 0. Then
(cf. [22, 42] and the literature quoted therein) the elements R;j(u,v) := 1+ %Tij satisfy
the twisted quantum Yang—Bazter relations

Rij(Niy p) Rk (Niy vie) R (1 vi) = Rije (g, vie) Rig (N ve) R (Na ), 0 <G < s
where {\;, i, Vi}1<i<n are parameters.
Corollary 4.15. If (a + b)(a — ¢) + he = 0, then for any permutation w € S,, the element
Tw:=T, T € ANCT?),
where w = s;, - -+ 85, s any reduced decomposition of w, is well-defined.

Example 4.16.

e Each of the set of elements

s§h> =1+ (@i+1 — @i + h)uiin and

tih) =—-1+ (.’L’Z —Ti41 + h(l + 1‘1)(1 -+ ;ci+1))uij, i1=1,....,n—1,
by itself generate the symmetric group S,,.

e If one adds the affine elements s(()h) = 7'[‘55:?171'_1 and t((]h) = thl@lﬂ'_l, then each of the set

of elements {sg-h) ,JEL/ nZ} and {tg-h), JjEL/ nZ} by itself generate the affine symmetric
group S2f, see (4.3) for a definition of the transformation 7.

e It seems an interesting problem to classify all rational, trigonometric and elliptic divided
difference operators satisfying the Coxeter relations. A general divided difference ope-

rator with polynomial coefficients had been constructed in [48], see also Lemma 4.14,
relation (4.1). One can construct a family of rational representations of the symmetric

group (as well as its affine extension) by “iterating” the transformations sg-h), j € Z/nZ.
For example, take parameters a and b, define secondary divided difference operator

olatl = —1+ (b+y — 2)0l4,
where
_(a)
a 1-— Szy —(a) .
05 = a—z+y 54 = —1+ (a+ 2 —y)duy.

Observe that the set of operators {sga’b] = sﬁ’fﬁi L1 EL/ nZ} gives rise to a rational repre-

sentation of the affine symmetric group S on the field of rational functions Z|a, b](X,,).
In the special case a := A, b := A/h, h := 1 — /2 the operators sga’b] coincide with
operators ©;, i € Z/nZ have been introduced in [29, equation (4.17)].
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Let A = (a,b,c, h,e) be a sequence of integers satisfying the conditions (4.1). Denote by 8;4
the divided difference operator

6{4:a+(b:ci+cmi+1+h+exi:ci+1)8i, 1=1,....,n—1.
It follows from Lemma 4.14 that the operators {8{4}1 <;<p, Satisty the Coxeter relations
A A A A AnA .
ai 8Z+1al :814_132 8i+17 ZZl,...,n—l.

Definition 4.17.

(1) Let w € S,, be a permutation. Define the generalized Schubert polynomial corresponding
to permutation w as follows

A A d. On .. -n—1_n—2
G (Xn) = 01,2, I A S

and wg denotes the longest element in the symmetric group S,.

(2) Let « be a composition with at most n parts, denote by w, € S,, the permutation such
that we(a) = at. Let us recall that o™ denotes a unique partition corresponding to
composition a.

Lemma 4.18. Let w € S,, be a permutation.
e If A=1(0,0,0,1,0), then G/ (X,,) is equal to the Schubert polynomial G, (X,).

o If A= (-p,5,0,1,0), then &1(X,,) is equal to the 3-Grothendieck polynomial 051(,?) (Xn)
introduced in [16].

e IfA=(0,53,0,1,0) then &2(X,) is equal to the dual 3-Grothendieck polynomial 1Y (Xn),
studied in depth for B = —1 and in the basis {z; := exp(&)} in [37].

o If A= (-1,2,0,1,1), then &:(X,,) is equal to the Di Francesco-Zinn-Justin polynomials
introduced in [12].

e If A= (1,-1,1,h,0), then G:(X,) is equal to the h-Schubert polynomials.
In all cases listed above the polynomaials 6$(Xn) have non-negative integer coefficients.

Define the generalized key or Demazure polynomial corresponding to a composition a as
follows

KA(X,) =0 227

e If A=(1,0,1,0,0), then K (X,) is equal to key (or Demazure) polynomial corresponding
to a.

o If A=(0,0,1,0,0), then K2(X,) is equal to the reduced key polynomial.
e If A=(1,0,1,0,3), then K/(X,,) is equal to the key -Grothendieck polynomial KG&B)(XH).
e If A=(0,0,1,0,5), then KA(X,) is equal to the reduced key 3-Grothendieck polynomials.

In all cases listed above the polynomials G2 (X,,) have non-negative integer coefficients.

e If A= (-1,¢7',-1,0,0) and X is a partition, then (up to a scalar factor) polynomial
K{{(X,) can be identify with a certain Whittaker function (of type A), see [7, Theorem A].
Note that operator TiA = —1+4 (¢ '2; — 2411)0;, 1 < i < n — 1, satisfy the Coxeter and
Hecke relations, namely (7/4)? = (¢7' — 1)T/ + ¢~'. In [7] the operator T;* has been
denoted by %;.
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e Let w € S, be a permutation and m = (i1,...,4) be a reduced word for w, i.e., w =
si; -+ si, and f(w) = L. Denote by Z, the Bott-Samelson nonsingular variety corre-
sponding to the reduced word m. It is well-known that the Bott—Samelson variety Zy, is
birationally isomorphic to the Schubert variety X,, associated with permutation w, i.e., the
Bott—Samelson variety Zy, is a desingularization of the Schubert variety X,,. Following [7]
define the Bott—Samelson polynomials Zy(x, A\, v) as follows

Zn(z, \v) = 1+ T7) - (L+ T2,

where A = (—v, —1,1,0). Note that (1+Ti’4)2 = (14v)(147;), and the divided difference
operators 1 + TiA =1+ v+ (xi41 — vx;)0; do not satisfy the Coxeter relations.

o If A= (—p,8+,0,1,5a), then 6;3(Xn) constitutes a common generalization of the
B-Grothendieck and the Di Francesco—Zinn-Justin polynomials.

o If A= (t,—1,¢,1,0), then the divided difference operators
TA =t + (—x; + tzig + 1)0;, 1<i<n-—1,

their bazterizations and the raising operator

¢ = (ry, — 1)m,

where 7 denotes the ¢~ !-shift operator, namely m(z1,...,2,) = (¥n/q,T1,...,2Tn_1), can
be used to generate the interpolation Macdonald polynomials as well as the nonsymmetric
Macdonald polynomials, see [43] for details.

In similar fashion, relying on the operator ¢, operators

TP = —B 4 ((a+ B+ )T + Y2ig1 + b
+h N a+y)(B+Yzwi)d,  1<i<n-—1,
and their bazterization, one (A.K.) can introduce polynomials M f OV(X,), where § is a com-
position. These polynomials are common generalizations of the interpolation Macdonald poly-
nomials Ms(X,;q,t) (the case = —t, a« = —1, v = t), as well as the Schubert, 3-Grothendieck
and its dual, Demazure and Di Francesco—Zinn-Justin polynomials, and conjecturally their affine

analogues/versions. Details will appear elsewhere.
Double affine nilCoxeter algebra. Let ¢, q, a, b, ¢, h, d be parameters.

Definition 4.19. Define double affine nil-Coxeter algebra DANC,, to be (unital) associative
algebra over Q(qil,til) with the set of generators {el, ey 1, T, ,l’n,ﬂ'il} subject to
relations

e (nilCoxeter relations)
eie; = eje;, if i —j| > 2, e; =0, Vi, eieje; = ejeiej, if |i—j| =1;

e (crossing relations)

xriep = epx;, it kF£idi4+ 1, ri€; — e = 1, €;T; — Tiy16; = 1;

e (affine crossing relations)

Tx; = Tipm, if 1 < n, MLy, = q_lzlw,

me; = eiqm, if i<n—1, len_1 = qe17r2.
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1

Now let us introduce elements ey := me,—1m + and

Ty = Tg’b’c’h7d =Tt ' =a+ (bzn + g lexi +h+ qildxla:n)eg.
It is easy to see that mey = qerm,

ﬁTg’b’c’h’d = Tf’b’c’qh’q_ldem = Tf’b’c’h’d + (1 —q)h + (1 — q_l)dxlxg)el.
Now let us assume that a =t, b= —t,d =e =0, c = 1. Then,

T =t+ (g1 —tzg)e;, i=1,...,n—1, To=t+ (¢ 'z —txy)eo,
T?=(t—-1DT+t, 0<i<n, Tx Ty = taipy, 1<i<n, ToxnTy = tq 'z,
ToTyTo = ThToTy, Th1ToTh-1 = ToTh-1To, ToT; = TiTo, if 2<i<n-1
The operators T; := If’_t’l’o’o, 0 <i < n—1 have been used in [43] to give an “elementary”

construction of nonsymmetric Macdonald polynomials. Indeed, one can realize the operator m
as follows:

w(f) = fxn/q, 21,22, ..., Tpn-1), so that 7r_1(f) = (z9,..., Ty, qr1), (4.3)

and introduce the raising operator [43] to be

O(f(Xn)) = (xn — D) (f(Xn)).

It is easily seen that ¢T; = Tj 16, i =0,...,n — 2, and ¢*T,,_1 = T1¢>. It has been established
in [43] how to use the operators ¢, T1,...,T,,—1 to to give formulas for the interpolation Mac-
donald polynomials. Using operators gi),Ti(a’b’c’h’d),i =1,...,n— 1 instead of ¢, T1,...,TH_1,
1 <i<n-—1, one get a 4-parameter generalization of the interpolation Macdonald polynomials,
as well as the nonsymmetric Macdonald polynomials.

It follows from the nilCoxeter relations listed above, that the Dunkl-Cherednik elements,
cf. [8],

1 i+1
Y,-:z(HTa1>7T<HTa>, 1=1,...,n,

a=i—1 a=n—1

where T; = Tit’_t’l’o’o, generate a commutative subalgebra in the double affine nilCoxeter al-
gebra DANC,,. Note that the algebra DANC,, contains lot of other interesting commutative
subalgebras, see, e.g., [22].

It seems interesting to give an interpretation of polynomials generated by the set of opera-
tors Tit’*t’l’h’e, i =0,...,n—11in a way similar to that given in [43]. We expect that these
polynomials provide an affine version of polynomials KN q(u_t’_l’l’l’o) (X), w €S, C SM see
Remark 4.7.

Note that for any affine permutation v € S

fff, the operator

T1§a7b707h’d) — ﬂ(a:bzc:hvd) . T‘(aabvcvh7d)’
1 e

where v = s;, -+ s;, is any reduced decomposition of v, is well-defined up to the sign £1. It
seems an interesting problem to investigate properties of polynomials L,[a](X,), where v € S2ff

and a € Z%, and find its algebro-geometric interpretations.
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5 Cauchy kernel

Let uy,ug,...,up—1 be a set of generators of the free algebra F,_1, which are assumed also to
be commute with the all variables B,, .= {p;;, 2 <i+j<n+1,i>1,5> 1}

Definition 5.1. The Cauchy kernel C(*B,,U) is defined to be as the ordered product

n—1 7
CPBn,U) =3 TI O +pijisru)p. (5.1)
i=1 | j=n—1

For example,

C(B4,U) = (1 + p1,3us) (1 + p12u2) (1 + p1aur) (1 + paous) (1 + p2auz) (1 + p3aus).
In the case {p;; = x;, Vj} we will write C, (X, U) instead of C(Byp, U).

Lemma 5.2.

C(Pn,U) = Z Hp{aj,bj}w(av b), (5.2)

(a,b)ESn j=1

2
where a = (a1, ...,ap), b= (b1,...,bp), w(a,b) = [] uq;44,~1, and the sum in (5.2) runs over
j=1
the set
Spi={(a,b) e N’ x NP |a=(a; <ag < - <ap),
a; +b; <n, and z'fal- = Q;+1 — b; > bi+1}.

We denote by SY) the set {(a,b) € S, |w(a,b) is a tableau word}.

The number of terms in the r.h.s. of (5.1) is equal to 2(’;)7 and therefore is equal to the
number #|STY (0, < n)| of semistandard Young tableaux of the staircase shape d, := (n — 1,
n—2,...,2,1) filled by the numbers from the set {1,2,...,n}. It is also easily seen that the all
terms appearing in the r.h.s. of (5.2) are different, and thus #|S,,| = #| STY (dp, < n)|.

We are interested in the decompositions of the Cauchy kernel C(,,U) in the algebras P,
NP, IP,, NCy, and ZIC,,.

5.1 Plactic algebra P,

Let A be a partition and « be a composition of the same size. Denote by ST\T?()\, «) the set of
semistandard Young tableaux T of the shape A and content @ which must satisfy the following
conditions: for each k = 1,2,..., the all numbers k are located in the first k columns of the
tableau T'. In other words, the all entries 7'(¢, j) of a semistandard tableau T' € STY (A, ) have
to satisfy the following conditions: T ; > j.

For a given (semi-standard) Young tableau 7' let us denote by R;(T") the set of numbers

placed in the i-th row of T', and denote by S/ﬁfo()\, «) the subset of the set S/ﬁ’()\, «) involving
only tableaux T" which satisfy the following constrains

Ri(T) D Ry(T) D R3(T) D - -

To continue, let us denote by A, (respectively by A,(lo)) the union of the sets S/”f‘\/((A,a)
(resp. that of S/ﬁ'o()\,a)) for all partitions A such that \; <n —ifori=1,2,...,n—1, and
all compositions «, [(a) < n — 1. Finally, denote by A, () (resp. A%O)()\)) the subset of A,
(resp. A&O)(A)) consisting of all tableaux of the shape A.
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Lemma 5.3.

o |A,(0,)] =1, |[Ap(n-1)| = (n—=1), |[A,((n—1))| = Cph_1 the (n — 1)-th Catalan number.
More generally,

@ = (") M= () s,

n

E=1...,n—1, cf [65, A009766]; here dimS) stands for the dimension of the irreducible
representation of the symmetric group S, corresponding to a partition A+ n.

o Letk>(>2, n>k+2, then

(n—k)n— L+ 1)k —L+1)(n2—n—0k+1) (n+k\ e, .
k=1,...,n. The case k = { has been studied in [20] where one can find a combinatorial
interpretation of the numbers | A, ((k, k))| for all positive integers n; see also [65, A005701,
A033276] for more details concerning the cases k = 2 and k = 3. Note that in the case
k= ¢ one hasn?>—n—k(k+1) = (n+k)(n—k—1), and the above formula can be rewritten
as follows (k > 2)

_n=k-1)(n—-k)(n—k—-1) (n+k—-2\ (n+k—1
[An((k; k)] = (k+1)k?(k—1) ( k—2 >( k-1 )

e Boundary case: the number |Ay((n*))| for N =n + k'8
i+ 5+ 2k

[Akin ()] = [Misn (0 +1)F))| = det | Catnsivjr heigee = ] ny

1<i<j<n

e More generally (A.K.),

N—i—j+1 N+i+j—1

j—i<n—k j—i>n—k

Y

Moreover, the number |An((n*))| also is equal to the number of k-tuples of moncrossing
Dyck paths staring from the point (0,0) and ending at the point (N, N —n — k).**

e There exists a bijection p,: A, — ASM(n) such that the image Im (.A%O)) contains the

set of n X n permutation matrices.

e The number of row strict (as well as column strict) diagrams A C dp41 is equal to 2™.

Recall that a row-strict diagram20 A is on such that A\; — \iy1 > 1, Vi; 6, == (n — 1,
n—2,...,2,1).

1830 far as we know, the third equality has been proved for the first time in [10]. The both sides of the third
identity have a big variety of combinatorial interpretations such as the number of k-tuples of noncrossing Dyck
paths; that of k-tringulations of a convex (n + k + 1)-gon; that of semistandard Young tableaux with entries from
the set {1,...,n} having only columns of an even length and bounded by height 2k [10]; that of pipe dreams
(or compatible sequences) associated with the Richardson permutation 1% x w(()n) € Snik, etc., see, e.g., [65,
A078920] and the literature quoted therein. It seems an interesting task to read off an alternating sign matrix of
size (n + k) X (n + k) from a given k-triangulation of a convex n + k + 1)-gon.

1980 far as we know, for the case k = 2 an equivalent formula for the number of pairs of noncrossing Dyck paths
connecting the points (0,0) and (N, N —n — 2), has been obtained for the first time in [20].

20Known also as a strict partition.
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Example 5.4. Take n =5 so that ASM(5) = 429 and Cat(5) = 42. One has

AP = 3 AP = A7 @) + AP @) + AP (@)] + AT (3))]

ACoy:=(4,3,2,1)
Ai=Aip1>1Vi

+ AL (2, 0)| + AL (@) + |AD (3, 1)] + [AL(3,2)| + [ AL (4, 1))]

+ AP ((4,2)] + [AD (3,2, 1)) + AL ((4,3))| + AL ((4,2,1))]

+ A (4,3, 1)) + AL ((4,3,2)| + |4V ((4,3,2,1))]
=14+4+9+14+6+14+16+4+214+14+4+14+9+2+1+1=121

(sum of 16 terms),

4
D As((R) =1+4+9+14+ 14 = 42.
k=0

n—1

We expect that the image p, (Up—g An((k))) coincides with the set of n x n permutation
matrices corresponding to either 321-avoiding (or 132-avoiding) permutations.
Now we are going to define a statistic n(7") on the set A,.

Definition 5.5. Let A be a partition, @ be a composition of the same size. For each tableau
T € STY (A, a) C A,(X) define

n(T) = an = #{(i,J) € AT(i,j) = n}|.

Clearly, n(T) < A;.
Define polynomials

Aty = Y @)

TeAR(N)

It is instructive to display the numbers { A, (), A C d,} as a vector of the length equals to
the n-th Catalan number. For example,

Aq(2,(1),(2),(1,1),(3),(2,1),(1,1,1),(3,1),(2,2), (2,1,1),(3,2), (3,1,1),(2,2,1),(3,2,1))
=(1,3,5,3,5,6,1,6,3,2,3,2,1,1).

It is easy to see that the above data, as well as the corresponding data for n = 5, coincide
with the list of refined totally symmetric self-complementary plane partitions that fit in the box
2n x 2n x 2n (TSSCPP(n) for short) listed for n = 1,2,3,4,5 in [12, Appendix D].

In fact we have

Theorem 5.6. The sequence {A,(A),\ C 0,} coincides with the set of refined TSSCPP(n)
numbers as defined in [12]. More precisely,

o [An(N)] = det | (") 1< j<erny

e we have
n—i4i—1 n—i4i—1
t) := det t
AND) = de <)\;—j+z’—1>+ (A;—jﬂ')

Y

1<i,<0(N)
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e let X be a partition, |A| = n, consider the column multi-Schur polynomial and t-deformation
thereof

s$x(Xp) = det ‘€A;_j+i(Xn—z’)llgi,jgz(/\)a cf. [56, Chapter III], [70], and
SK(XTL; t) = det |e)\;,7j+i71(Xn*i*1) + te)\;,fj#i(Xn*i*l)|1§i,j§€(/\)a

then, assuming that X C &y, the polynomial s} (X,) have nonnegative (integer) coefficients,

e polynomial Ax(t) is equal to a t-analog of refined TSSCPP(n) numbers P,(N,_; +1,...,
N, i+, ., N +n—1|t) introduced by means of recurrence relations in [12, relation (3.5)],

e one has
S(nt)) (X)) = Mo (Xn#) S oo (R

where 61kxw(n) (Xnik) denotes the Schubert polynomial corresponding to the permutation
0

Fxw™ =012, kn+kn+k—1.. . k+1],

k n+k
and Mn,k( n—l—k) H _1 H mm (n+k—a+1 n)

In particular, Y Ax(t)= Y. A, t/~1, where 4, ; stands for the number of alternating
ACon 1<j<n—1
sign matrices (ASM,, for short) of size n x n with a 1 on top of the j-th column.
Corollary 5.7 ([38, 44]). The number of different tableau subwords in the word
n—1 7
wo = H { H a}
7=1 \a=n-1
1s equal to the number of alternating sign matrices of size n X n, i.e.,
|A,| = | TSSCPP(n)| = | ASM,, |.
It is well-known [6] that

. —2
n+j—2\2n—j— !+ (3i+1)!
Am:( - ) J H

— — 1’
j—1 (n—j)! Pl (n+1)

and the total number A, of ASM of size n x n is equal to

n n—1 .
_ (3t +1)!
An=Anin =) A= ]] ICETN
j=1 =0

Let as before STY (0, < n) := ST, denotes the set of all semistandard Young tableaux of
the staircase shape 6, = (n — 1,n — 2,...,2,1) filled by the numbers from the set {1,...,n}.

Denote by 573(10) the subset of “anti-diagonally” increasing tableaux, i.e.,

STO = {T € STY (8, < n)|Tij > Ti1jirforall2<i<n—1,1<j<n-2}
One (A.K.) can construct bijections

tn: Sp~8Th, Cn: Ap ~STO
such that Im(¢y,) = Im((,).
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Proposition 5.8.

where F,, denotes the number of forests of trees on n labeled nodes; K, » denotes the Kostka
number, i.e., the number of semistandard Young tableauz of the shape p, = (n — 1,n — 2,
.., 1) and content/weight \; for any partition A\ = (Ay > Ao > -+ > X\, > 0) we set
mi(A) = 17| A = i}

Let a be a composition, we denote by a™ the partition obtained from « by reordering of its
parts. For example, if a = (0,2,0,3,1,0) then a™ = (3,2,1). Note that £(«) = 6, but £(a™) = 3.

Now let @ be a composition such that p, > o, £(a) < n, that is a; = 0, if j > l(«), |a] = (Z)
and

S o)z Y@ Vi

k<j k<j

There is a unique semistandard Young tableau T),(«) of shape p,, and content « which corre-
sponds to the maximal configuration of type (p,;«) and has all quantum numbers (riggings)
equal to zero. It follows from Proposition 5.8 that #{a|f(a) < n, p, > at} = F,. There-
fore there is a natural embedding of the set of forests on n labeled nodes to the set of semi-
standard Young tableaux of shape p,, filled by the numbers from the set [1,...,n]. We de-
note by FT,, C STY(pn, < n) the subset {T},(a)|pn > a™, {(a) < n}. Note that the set
Kn = {a|l(a) =n, (a)T = p,} contains n! compositions, and under the rigged configuration
bijection the elements of the set IC,, correspond to the key tableaux [50] of shape p,. See also [2]
for connections of the Lascoux—Schiitzenberger keys and ASM.

Let us say a few words about the Kostka numbers K, .. First of all, it’s clear that if
a = (a1, 0,...) is a composition such that a; =n — 1, then K, o = K, | a1, Where we set
(X[l] = (ag, .. )

Now assume that n = 2k + 1 is an odd integer, and consider partitions v, := (k") and
pn := ((k + 1)* k¥). Then

2k
Kpnyl/n = Coeff(l?laiQ"'l’n)k H (xl + x]) 9 < k )Kpn,#n = Kpnyl’n'
1<i<j<n

It is well-known that the number K, ., is equal to number of labeled regular tournaments with
n := 2k + 1 nodes, see, e.g., [65, A007079].
In the case when n = 2k is an even number, one can show that

Kpn,un = KPn—l:Vn—17 Kpn,un =K,

Pn+1Hn+1"

Note that the rigged configuration bijection gives rise to an embedding of the set of labeled
regular tournaments with n := 2k + 1 nodes

to the set STY (pn, < n), if n is an odd integer, and
to the set STY (pp—1,<n — 1), if n is even integer.
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Theorem 5.9.

(1) In the plactic algebra P, the Cauchy kernel has the following decomposition

Co(B.U) = > Kr(P)uwr).

TeAn
(2) Let T € A, and o(T) be its bottom code. Then

Ke®) - [[ puris-jry =0,

(4,9)€T
and equality holds if and only if the bottom code a(T) is a partition.

Note that the number of different shapes among the tableaux in the set A, is equal to the
Catalan number C,, := n%rl (27?)

Problem 5.10. Construct a bijection between the set A, and the set of alternating sign matrices
ASM,,.

Example 5.11. For n = 4 one has

C4(X,U) = K[0] + K[1]ug + K[01]ug + K[001]uz + K[11](u12 + u22) + K[2](u21 + u31)
+ K[101]uiz + K[02]ugs + K[011](u23 + us3) + K [3Jusar + K[12](us12 + u322)
+ K[21]ug12 + K[111](u123 + u133 + u233 + u23 + u333) + K[021]uzes
+ K[201](us13 + u213) + K[31]uso12 + K[301]us213
+ K[22](u3132 + u2132 + u3232) + K[121](u3123 + u3233 + u3223)
+ K[211](u2123 + u2133 + uz133) + K [32]uzz132 + K[311](us2123 + u32133)
+ K[221](u21323 + u31323 + u32323) + K [321]u321323.

Let w € S,, be a permutation with the Lehmer code a(w).

Definition 5.12. Define the plactic polynomial PL,,(U) to be

PL,(U) = { Z Uw(T)}'

TeA, a(T)=a(w)

Comments 5.13. It is easily seen from a definition of the Cauchy kernel that

Co(X,U) = > K[|(X)PL,, ,~1(U),

OzC(Sn

where w, denotes a unique permutation in S,, with the Lehmer code equals «; K[a](X) denotes
the key polynomial corresponding to composition & C d,. The polynomials PL -1 can be
treated as a plactic version of noncommutative Schur and Schubert polynomials introduced and
studied in [15, 27, 40, 50, 52].

Now let X = {x1,...,z,} be a set of mutually commuting variables, and

™. n—1,n-2,...,2,1,....n—1,,n—2,....k+1,k,....n—1,n—2,n—1
0

n—1 n—=k 2
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be lexicographically maximal reduced expression for the longest element wg € S,. Let I be
a tableau subword of the set Iy := Io(n). One can show (A.K.) that under the specialization

z;, if i€ I\l
U; =
1, ifiel

the polynomial PL,,  ~1(U) turns into the Schubert polynomial &, (X). In a similar fashion,
consider the decomposition

= Y KGla](X; =B)PL,, -1 (U;B).

aCdp

One can show (A.K.) that under the same specialization as has been listed above, the polynomial
Pﬁwowgl(U; B) turns into the S-Grothendieck polynomial gﬁ,a (X).

Definition 5.14. Define algebra PC,, to be the quotient of the plactic algebra P, by the two-
sided ideal J, by the set of monomials

{ullu’LQuln}? 1§Zl§12§§2n§n7 #{a|la:]}§], v]:]-aan
Theorem 5.15.

e The algebra PC,, has dimension equals to ASM(n),
e Hib(PCn,q) = > [Au(N)g?,

AEOp—1

e Hilb((PC,41)%, q) = Z nekbL (R gk cf. 165, A009T66].

n+1 n

Definition 5.16. Denote by PCEZ the quotient of the algebra PC,, by the two-sided ideal gene-
rated by the elements {u;u; — uju;, |t — j| > 2}.

Proposition 5.17. Dimension dim 73C§1 of the algebra PCEL is equal to the number of Dyck paths
whose ascent lengths are exactly {1,2,...,n+ 1}.

See [65, A107876, A107877] where the first few of these numbers are displayed.

Example 5.18.

Hilb (PC,t) = (1,4,12,27,48,56,54,38,20,7,1);,  dim PCE = 268,
Hilb (PC,¢) = (1,5,18,50,116,221, 321, 398, 414, 368, 275, 175,89, 35,9, 1),
dim PCL = 2496,  dimPCh = 28612.

Example 5.19.

Hilb(PCs,q) = (1,2,3,1),,  Hilb(PCy4,q) = (1,3,8,12,11,6,1),,

Hilb(PCs, q) = (1,4,15,35,69,91,98,70,35,10,1),,

Hilb(PCg, q) = (1,5,24, 74,204, 435, 783, 1144, 1379, 1346, 1037, 628, 275, 85, 15, 1),,,
Hilb(PC7, q) = (1,6,35,133,461, 1281, 3196, 6686, 12472, 19804, 27811, 33271, 34685,

30527,22864, 14124, 7126, 2828, 840,175, 21, 1),.
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Problem 5.20. Denote by 2, the algebra generated by the curvature of 2-forms of the tautolo-
gical Hermitian linear bundles &;, 1 <1i < n, over the flag variety Fl,, [64]. It is well-known [60]
that the Hilbert polynomial of the algebra A, is equal to

H]lb(mn’t) = Z 7finV(F) — Z trnaj(F)7
FeFy FeF,

where the sum runs over the set F,, of forests F' on the n labeled vertices, and inv(F') (resp.
maj(F)) denotes the inversion index (resp. the major index) of a forest F.?!
Clearly that

dim(%ln)(g) = dim(PCn)(g) = dim(H*(]:ln,Q))(g) =1.
For example,

Hilb(PCg, t) = (1,5, 24,74, 204, 435, 783, 1144, 1379, 1346, 1037, 628, 275, 85, 15, 1);,
Hilb(Ag, ) = (1,5,15,35, 70, 126, 204, 300, 405, 490, 511, 424, 245,85, 15, 1);,
Hilb(H*(Fl,,Q),t) = (1,5, 14,29, 49, 71,90,101, 101, 90, 71,49, 29, 14,5, 1);.

We expect that dim(PCn)(n)_l = () and dim(PCn)(n)_2 = %(";2) = s(n + 2,2), where
2 2

s(n, k) denotes the Stirling number of the first kind, see, e.g., [65, A000914].
Problem 5.21.

(1) Is it true that Hilb(PC,,t) — Hilb(A,,t) € N[t]? If so, as we expect, does there exist
an embedding of sets v: F(n) — A, such that inv(F') = n(«(F)) for all F € F,? See
Section 5.1, Definition 5.5, for definitions of the set A,, and statistics n(T), T € A,,.

(2) Define a “natural” bijection k: STY(0,,< n) <— 2% such that the set x(MT(n)) admits
a “nice” combinatorial description.

Here MT(n) denotes the set of (increasing) monotone triangles, namely, a subset of the

set STY (0, < n) consisting of tableaux {T' = (t;;)|i +j < n+ 1,7 > 1,5 > 1} such that
ti,j > ti_17j+1, 2<1<n, 1< 5 < n, cf. [66]; Op = (n— 1,n—2,...,2, 1); STY((sn,S n)
denotes the set of semistandard Young tableaux of shape &, with entries bounded by n; 2%~
stands for the set of all subsets of boxes of the staircase diagram J,. It is well-known that
HSTY (6, < n)| = 200 = 2(3),
Comments 5.22. One can ask a natural question: when do noncommutative elementary poly-
nomials e1(A),...,e,(A) form a g-commuting family, i.e., e;(A)ej(A) = gej(A)e;(A), 1 < i <
7 <n?

Clearly in the case of two variables one needs to necessitate the following relations

eieje; +ejeje; = qejeie; + qeje;e;, 1< .

21For the readers convenience we recall definitions of statistics inv(F) and maj(F). Given a forest F on n
labeled vertices, one can construct a tree 7' by adding a new vertex (root) connected with the maximal vertices
in the connected components of F.

The inversion index inv(F') is equal to the number of pairs (4, 7) such that 1 <4 < j < n, and the vertex labeled
by j lies on the shortest path in T' from the vertex labeled by i to the root.

The major index maj(F) is equal to Y.  h(z); here for any vertex € F, h(x) is the size of the subtree
xz€Des(F)
rooted at x; the descent set Des(F') of F consists of the vertices z € F which have the labeling strictly greater
than the labeling of its child.
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Having in mind to construct a g-deformation of the plactic algebra P,, such that the wanted
g-commutativity conditions are fulfilled, one would be forced to add the following relations

gejeiej = eje;e; and qejeie; = ejeie;e;, 1< J.
It is easily seen that these two relations are compatible iff ¢> = 1. Indeed,

e — (420 oo 2 _
ejejeie; = qejeeje; = qejejee; = q° = L.

In the case ¢ = 1 one comes to the Knuth relations (PL1) and (PL2). In the case ¢ = —1 one
comes to the “odd” analogue of the Knuth relations, or “odd” plactic relations (OPL,), i.e.,
(OPL,,) :

UjUUE = —UjUp Ui, if i<j<k<n, and
UURU) = —UpU;ilyj, if i1<j<k<n.
Proposition 5.23 (A.K.). Assume that the elements {u1,...,un—1} satisfy the odd plactic rela-

tions (OPL,,). Then the noncommutative elementary polynomials e1(U), ..., en(U) are mutually
anticommaute.

More generally, let Qyn := {gij }1<i<j<n—1 be a set of parameters. Define generalized plactic
algebra QP,, to be (unital) associative algebra over the ring Z[{qggl}lgqgn_ﬂ generated by

elements uq,...,u,—1 subject to the set of relations
ik UjU UL = UjURU;, if i<j<k, and
qik Ui UKW = URpU;Uj, if 4 <i< k. (5.3)

Proposition 5.24. Assume that q;; == q;, V1 < i < j be a set of invertible parameters. Then
the reduced generalized plactic algebra QPC,, is a free Z[qzil, e ,qf;ll]—module of rank equals to
the number of alternating sign matrices ASM(n). Moreover,

Hilb(QPC,, t) = Hilb(PCy, t), Hilb(QP, ) = Hilb(Py, 1).

Recall that reduced generalized plactic algebra QPC,, is the quotient of the generalized plactic
algebra by the two-sided ideal J,, introduced in Definition 5.14.

Example 5.25.

(A) Super plactic monoid [36, 54]. Assume that the set of generators U := {uq,...,up—1}
is divided on two non-crossing subsets, say Y and Z, YU Z = U, Y NZ = &. To each
element v € U let us assign the weight wt(u) as follows: wt(u) = 0 if v € Y, and
wt(u) = 1 if w € Z. Finally, define parameters of the generalized plactic algebra QP,, to
be ¢;; = (—1)‘”'5(“1')‘”'5(“.7). As a result we led to conclude that the generalized plactic algebra
QP,, in question coincides with the super plactic algebra PS(V') introduced in [54]. We
will denote this algebra by SPy;, where k = |Y|, [ = |Z]. We refer the reader to papers [54]
and [36] for more details about connection of the super plactic algebra and super Young
tableaux, and super analogue of the Robinson—Schensted—Knuth correspondence. We are
planning to report on some properties of the Cauchy kernel in the (reduced) super plactic
algebra elsewhere.

(B) g-analogue of the plactic algebra. Now let ¢ # 0,41 be a parameter, and assume that
gij = ¢, V1 <i < j <n—1. This case has been treated recently in [53]. We expect
that the generalized Knuth relations (5.3) are related with quantum version of the tropi-
cal/geometric RSK-correspondence (work in progress), and, as expected, with a ¢-weighted
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version of the Robinson—Schensted algorithm, presented in [58]. Another interesting prob-
lem is to understand a meaning of Q-plactic polynomials coming from the decomposition
of the (plactic) Cauchy kernels C,, and F,, in the reduced generalized plactic algebra QPC,,
(work in progress).

(C) Quantum pseudoplactic algebra pPPLY [34]. By definition, the quantum pseudoplactic
algebra PPL, (¢) is an associative algebra, generated, say over QQ, by the set of elements

{e1,...,en_1} subject to the set of defining relations
(a) (14 q)eieje; — getej —ejei =0, (1+q)ejeej — e?ej — qew? =0, i < J,
(b)  (ej, (i er)) := ejeier — ejere; — eere; + egeej = 0, 1< j<k.

Note that if ¢ = 1, then the relations (a) can be written in the form (e;, (e;,e;)) = 0 and

(e2, (€j, (es,€5)) = 0 correspondingly. Therefore, PPLéqzl) is the universal enveloping algebra

over Q of the Lie algebra 5[; The quotient of the algebra PPLZ=! by the two-sided ideal
generated by the elements (e;, (ej,ex)), i, j, k are distinct, is isomorphic to the algebra from
Remark 2.3.

Define noncommutative g-elementary polynomials Ax(q; X,,), cf. [34], as follows

Ak(XQQ) = Z (xi1u($i2a("‘7(xik—1vxik)Q)'”)q)Q' (5'4)

n>41 >0 > >0 >1

Proposition 5.26 ([34]). The noncommutative g-elementary polynomials {Ay(En—1;q) }1<k<n—1}
(9)

are pairwise commute in the algebra PPLy" .

5.2 Nilplactic algebra NP,

Let A be a partition and « be a composition of the same size. Denote by @(A,a) the set
of columns and rows strict Young tableaux T of the shape A and content o such that the
corresponding tableau word w(T') is reduced, i.e., {(w(T)) = |T.

Denote by B, the union of the sets @(A, «) for all partitions A such that A; < n — ¢ for
i=1,2,...,n—1, and all compositions «, a C .

For example, |B,| = 1,2,6,25,139,1008, ..., for n =1,2,3,4,5,6,.. ..

Theorem 5.27.

(1) In the nilplactic algebra N'P,, the Cauchy kernel has the following decomposition
Ca(B,U) = Y Kr(PB)uw)

TEB,

(2) LetT € By, be a tableau, and assume that its bottom code is a partition. Then

Kr(B) = H PLi,T(i,j)—j+1}-

(i.5)€T
Example 5.28. For n = 4 one has

Ci(X,U) = K[0] + K[1Jus + K[01]uz + K[001]ug + K[11]ui2 + K[2](u21 + us1)
+ K[101)uys + K[02]usy + K[011]ugs + K[3Juser + K[12]usiz + K[21]uz1
+ K[111)ue3 + K[021]usas + K[201]ug13 + K [31]us212 + K[301]us21s
+ K[22]ug132 + K[121]uz123 + K[211u2123 + K[32]us2132 + K[311]us2123
+ K[221]ug1323 + K [321]u321323.
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5.3 Idplactic algebra ZP,,

Let A be a partition and « be a composition of the same size. Denote by STY (), «) the
set of columns and rows strict Young tableaux T of the shape A and content a such that
I(w(T)) = tl(w(T)), i.e., the tableau word?? w(T) is a unique tableau word of minimal length
in the idplactic class of w(T'), cf. Example 2.16.

Denote by D,, the union of the sets STY (A, «) for all partitions A such that \; < n — i for
i=1,2,...,n—1, and all compositions «, [(a) <n — 1.

For example, #|D,| = 1,2,6,26,154,1197,..., for n =1,2,3,4,5,6,....

Theorem 5.29.

(2) In the idplactic algebra TP, the Cauchy kernel has the following decomposition

Co(X,Y,U) = Y KG(X,Y )uyr).
T€Dy,

(2) LetT € D, be a tableau, and assume that its bottom code is a partition. Then

KGr(X,Y) =Kr(X,Y) = H (Ti + Y7 j)—jt+1)-
(4,9)€T

Example 5.30. For n = 4 one has

C4(X,U) = KG[0] + KG[1]u1 + KG[01]ug + KG[001]us + KG[11]ui2 + KG[2](u21 + u31)
+ KG[101]uiz + KG[02]ugz + KG[011]uaz + KG[3]uz21 + KG[12]us12
+ KG[21]ug12 + KG[111]u123 + KG[021]usa3 + KG[201](us13 + u213)
+ K[31]usaro + KG[301]uzars + KG[22Juaizs + KG[121]uz103
+ KG[211]ug123 + KG[32Jusarss + KG[311]uszros + KG[221]ug1323
+ KG[321]usa1303-

Theorem 5.31. For each composition o the key Grothendieck polynomial KGla|(X) is a linear
combination of key polynomials K[B](X) with nonnegative integer coefficients.

5.4 NilCoxeter algebra N'C,,

Theorem 5.32. In the nilCoxeter algebra NC,, the Cauchy kernel has the following decompo-
sition

Cu(X,Y,U) ZG (X,Y)u

wES,

Let w € S,, be a permutation, denote by R(w) the set of all its reduced decompositions.
Since the nilCoxeter algebra N'C,, is the quotient of the nilplactic algebra NP, the set R(w) is
the union of nilplactic classes of some tableau words w(T;): R(w) = |JC(T;). Moreover, R(w)
consists of only one nilplactic class if and only if w is a vezillary permutation. In general case
we see that the set of compatible sequences C' R(w) for permutation w is the union of sets C'(T3).

Corollary 5.33. Let w € S,, be a permutation of length [, then
(1) Su(X,Y) = >3 @ -y
beCR(w)

(2) Double Schubert polynomial S,,(X,Y) is a linear combination of double key polynomials
Kr(X,Y), T € B,,w=w(T), with nonnegative integer coefficients.

22Gee page 11 for the definition of tableau word.
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5.5 IdCoxeter algebras ICf'f

Theorem 5.34. In the IdCoxeter algebra ZC, with 3 = 1, the Cauchy kernel has the following
decomposition

Co(X,Y,U) ZngY
wWESy,

Theorem 5.35. In the IdCozxeter algebra ZC,, with B = —1, one has the following decomposition

n—1 7
IS TI (@42 +yiminn) + (@i +yimiv)uy) p = > HolX,Y)u
i=1 | j=n—1 weSn

A few remarks in order.

(a) The (dual) Cauchy identity (5.4) is still valid in the idplactic algebra with constrain u? =
—ﬂui,izl,...,n—l.

(b) The left hand side of the identity (5.4) can be written in the following form

n—1 i

I @I 1 =

1<i,j<n i=1 | j=n-1 it Yj—it1 + Briyi—it1)uy
i+j<n

Indeed, (1 + Bz + zu;)(1 — zu;) = 1 + Bz, since u? = —[u;.

Let w € S, be a permutation, denote by IR(w) the set of all decompositions in the idCoxeter
algebra ZC,, of the element wu,, as the product of the generators u;, 1 < i < n — 1, of the
algebra ZC,,. Since the idCoxeter algebra ZC,, is the quotient of the idplactic algebra ZP,,, the
set IR(w) is the union of idplactic classes of some tableau words w(T;): IR(w) = (JIR(T;).
Moreover, the set of compatible sequences IC(w) for permutation w is the union of sets IC(73).

Corollary 5.36. Let w € S,, be a permutation of length [, then

W) Gu(XY) = 5 1@ + vornsn).

belIC(w)i=1
(2) Double Grothendieck polynomial G,,(X,Y) is a linear combination of double key Grothen-
dieck polynomials KGr(X,Y), T € B, w = w(T'), with nonnegative integer coefficients.

6 F-kernel and symmetric plane partitions

Let us fix natural number n and k, and a partition A C (n¥). Clearly the number of such
partitions is equal to (”:k), note that in the case n = k the number (2:) is equal to the Catalan
number of type B,,.

Denote by By, x(\) the set of semistandard Young tableaux of shape A C (n*) filled by the
numbers from the set {1,2,...,n}. For a tableau T" € B,, i, set as before,

n(T) := Card{(i, j) € A | T(i, j) = n},
and define polynomial

BukM(g) = > ¢, (6.1)

TeB, 1(N)

Denote by By, ;. := U)\C(nk) By k(A).
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Lemma 6.1 ([19, 33]). The number of elements in the set By, , is equal to

#B.l= I itjtn-1_ I1

1+ —1
1<i<j<k tJ 0<2a<k—1

(n+2k—2a—1)
n
+2
(")
See also [65, A073165] for other combinatorial interpretations of the numbers #|B,, x|. For
example, the number #|B, ;| is equal to the number of symmetric plane partitions that fit

inside the box n x k x k. Note that B, = T(n + k, k), where the triangle of positive integers
{T(n+ k,k)} can be found in [65, A102539].

Proposition 6.2. One has

o #|B,,| :=SPP(n+1)=TSPP(n+1) x ASM(n),
#|Bpnt1| = TSPP(n 4 1) x ASM(n + 1),

where TSPP(n) denotes the number of totally symmetric plane partitions fit inside the n xnxn-
boz, see, e.g., [65, A005157], whereas ASM(n) = TSSCPP(2n) denotes the of n x n alternating
sign matrices, and TSSCPP(2n) denotes the number of totally symmetric self-complimentary
plane partitions fit inside the 2n x 2n X 2n-box.

L4 #|Bn+2,n‘ = #‘Bn,n—i-l’-

Note that in the case n = k the number B,, := B,,,, is equal to the number of symmetric plane
portions fitting inside the n x n x n-box, see [65, A049505]. Let us point out that in general it
may happen that the number #|B,, ,12| is not divisible by any ASM(m), m > 3. For example,
Bs s = 4224 = 2% x 3 x11. On the other hand, it’s possible that the number #| By, nt2| is divisible
by ASM(n+ 1), but does not divisible by ASM(n+2). For example, By = 306735 = 715 x 429,
but 30673517436 = ASM(6).

Exercise 6.3.

(a) Show that B4, is divisible by

(TSPP(n + 2), if n=1 (mod 2), n> 3,
ASM(n + 2), if n=2 (mod 8),
ASM(n + 1) and ASM(n +2), if n =4 (mod 8), n #4; Bg4 = ASM(5)?,
ASM(n +1)and ASM(n+2), if n=6 (mod 8),
ASM(n + 1), if n=0 (mod 8), n>1.

(b) Show that B, ,,+4 is divisible by

ASM(n+1), if n=0 (mod 2),
TSPP(n+1), if n=1 (mod 2).

In all cases listed in Exercise 6.3, it is an open problem to give combinatorial interpretations
of the corresponding ratios.

Problem 6.4. Let a is equal to either 0 or 1. Construct bijection between the set SPP(n,n+ a,
n+a) of symmetric plane partitions fitting inside the box n X n+ a X n+ a and the set of pairs
(P, M) where P is the totally symmetric plane partitions fitting inside the box n x n x n and M
1 an alternating sign matrix of size n 4+ a X n + a.
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Example 6.5. Take n = 3. One has #|Bs| = 112 = 16 x 7. The number of partitions A C (3?)
is equal to 20, namely, the following partitions

{2.(1),(2),(1,1),(3),(2,1), (1%),(3,1), (2,2), (2,1%), (3,2), (3,1%), (2%, 1), (3?),
(3,2,1),(2%),(3%,1), (3,2%), (3%,2), (3%) },

and

Bs(q) = > #IBs(Mlg™ = (1,3,9,19,24,24,19,9,3,1)
AC(33)

= (14+¢)*(1+¢*) (L +5¢* + ¢*).
Note, however, that

> #IBa(V)lg? = (1,4,16,44, 116,204, 336,420, 490, 420, 336,204, 116,44, 16,4, 1)
AC(4%)

is an irreducible polynomial, but its value at ¢ = 1 is equal to 2772 = 66 x 42.
Let P = (pi,j)lgign,lgjgk be a n x k matrix of variables.
Definition 6.6. Define the kernel F,, (p,U) as follows

k—1

1
Fun (P, U) = H (1+pim(”>uj)>
i=1 j=n—1 7

where for a fixed n € N and an integer a € Z, we set

a:a(n) — a, if CLZ 1,
n+a—1, if a <O0.

For example,
F3(p,U) = (1 + p1ou2) (1 + priur)(1 + p2iuz)(1 + paouq).

In the plactic algebra P33 one has

Fa3(p,U) =1+ (p11+p22)ur + (p1,2 + p2,1)us + p1ip21uin + pi1,ip2,iui2
+ (p1,2p1,1 + P1,2p2,2 + p2,1P2,2)U21 + D1,2P2,1U22
+ (p11P1,202.2 + P1,2D2,2P2.1)u212 + (P1,1P1,2P2,2 + P1,1P2.2P2,1 ) U211
=+ P1,1P1,2P2,1P2,2U2121 -

Definition 6.7. Define algebra PJF, ) to be the quotient of the plactic algebra P, by the
two-sided ideal I,, generated by the set of monomials

{wi wiy -+ - ui, 1, I1<inn<ip<---<ip<n-—1
Theorem 6.8.
Hllb(PFn,ka CI) = anl,kfl(QL

In particular,
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o The algebra PF,, has dimension equals to the number of symmetric plane partitions

SPP(n —1),

. kn
Hilb(PF e, q) = 4 2 5005y, (¢ 071 1),

k
where 50(§)n(qi1, .. .,qﬂ, 1) denotes the specialization x9; = q, T2;_1 = g 1<j<k,
————
k
of the character soy (;1:1,331_1 e ,a:k,x,zl, 1) of the odd orthogonal Lie algebra so(2k + 1)
corresponding to the highest weight A = (%, ey % )
N——
n

e deg, Hilb(PF, k,q) = (n — 1)(k — 1), and dim(PF k) (n—1)(k—1) = 1-

e The Hilbert polynomial Hilb(PFy, i, q) is symmetric and unimodal polynomial in the va-
riable q.

E

o Hilb((PFn)®.q) = Y ("7, ¢, dim (PF, ) = ("{*7?).

<.

The key step in proofs of Lemma 6.1 and Theorem 6.8 is based on the following identity
Z sx(w1, ... xp) = (21 - -:Uk)”/Qso(E)n (xl,acl_l, . ,xk,wgl, 1),
2
AC(nk)
see, e.g., [56, Chapter I, Section 5, Example 19], [33] and the literature quoted therein.

Problem 6.9. Let T" := I’nymk’g = (n*,mb, n > m be a “fat hook”. Find generalizations of
the identity (6.1) and those listed in [23, p. T1], to the case of fat hooks, namely to find “nice”
expressions for the following sums

PN ) R PN (S EN( A
Acr Acr

Find “bosonic” type formulas for these sum at the limit n — oo, £ — 00, m, k are fized.
Example 6.10.

Hilb(PF23,q9) = (1,3,9,9,9,3,1),, dim(PF24) =35=5x T,

dim(PFas) =126 = 3 x 42, dimPFa, = (2”7;L 1> = (2n +1) Cat,,

(see, e.g., [65, A001700]),

Hilb(PFs5.4,q) = (1,4,16,44, 81,120, 140, 120, 81,44, 16,4, 1),,

dim(PF34) = 672 = 16 x 42,

Hilb(PFs,q) = (1,4, 16, 44,116,204, 336, 420, 490, 420, 336, 204, 116, 44, 16,4, 1),
dim(PFs5) = 2772 = 66 x 42.

Proposition 6.11.

Hilb(PFan,q) = i ([’,Z}) <[;ﬁl]>qk; recall  dim(PFa,) = <2”; 1).

k=0 ‘L2 2

Therefore, Hilb(PFa,p,q) is equal to the generating function for the number of symmetric Dyck
paths of semilength 2n — 1 according to the number of peaks, see [65, AO88855],

dim(PF3,) = 2" Catyq1, if n>1.
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For example,

dim(PFsg) = 27456 = 64 x 429,
Hilb(PFsg,q) = (1,6,36,146, 435, 1056, 2066, 3276, 4326, 4760, 4326, 3276, 2066, 1056,
435,146, 36,6,1).

Several interesting interpretations of these numbers are given in [65, A003645].
Theorem 6.12.

o Symmetric plane partitions and Catalan numbers:

#‘B4m

1
= 5 Catn+1 X Catn+2 .

o Symmetric plane partitions and alternating sign matrices:

1 1
#‘Bn+3,n| = 5 TSPP(n + ].) X ASM(TZ + 1) = §#|Bn+1,n+1|-

e Plane partitions and alternating sign matrices invariant under a half-turn:
#|PP(n)| = ASM(n) x ASMHT(2n),

where PP(n) denotes the number of plane partitions fitting inside an n X n X n bozx, see,
e.g., 16, 35, 56], [65, A008793] and the literature quoted theirin; ASMHT(2n) denotes
the number of alternating sign 2n X 2n-matrices invariant under a half-turn, see, e.g.,
[6, 35, 59, 66], [65, A005138].

e Plactic decomposition of the F,,-kernel:

Fom(p,U) =Y urUr({pi;}), (6.2)
T

where summation runs over the set of semistandard Young tableaux T of shape A C (n)™
filled by the numbers from the set {1,...,m}.

o Ur({pij = 1,Vi,j5}) = dim V/\g,[(m), where \ denotes the shape of a tableau T, and N
denotes the conjugate/transpose of a partition A.

Exercise 6.13. It is well-known [20] that that the number Cat,4; Cat, o counts the num-

ber S of standard Young tableaux having 2n+1 boxes and at most four rows. Give a bijective

n+1
proof of the equality #|Bsn| = %S,(ﬁl.

A  Appendix

A.1 Some explicit formulas for n = 4 and compositions «
such that a; < n —1forz=1,2,...

(1) Schubert and (—3)-Grothendieck polynomials G~ [a] := GP[a] for n = 4:
G234 =6[0] =1=67[0], Gazn=06[1]=z =G [1],

Sq394 = 6[01] =1 +x2 = Q_[Ol] + ﬂg_[ll],
Gio43 = S[001] = z1 + 29 + 23 = G[001] + BG[011] + B>G[111],
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=G [2], Gaz14 = O[11] = w129 = G [11],
Gowz = S[101] = 22 + z129 + z123 = G [101] + BG[201] + B2G[111],
Gi342 = G[011] = zy22 + 123 + 22wy = G [011] + 258G [111],

Giao3 = 6[02] = 23 + z120 + 25 = G7[02] + BG[12] + B>G[22],
S4123 = 6[3] = 33? =G [3], G314 = 6[21] = m%xg =G [21],
Go3q1 = G[111] = z12923 = gf[lll]

Gag13 = G[12] = %wg + 901962 [12] + ﬁg 22],

= G[021] +28G[121] + BG[22] + B*G[221],
G3140 = 6[201] = 2229 + xizz = G[201] + 3G [211],
Guo13 = S[31] = 2320 = G [31],  Gzy1p = 6[22] = 23zl = G7[22],
Gua132 = 6[301] = z320 + zix3 = G7[301] + 3G [311],
G341 = 6[211] = 222023 = G [211],
Gauz1 = 6[121] = xlxgxg + xlxgxg G [121] + G [221],
Guz12 = 6[32] = 2322 = G7[32], Gu31 = S[311] = z3x0z3 = G [311],

Sl

G3401 = 221] = $1x2$3 == g7[211], Gyz01 = 6[32” = :L‘?.CL‘2.7J3 = g7[32”.

Theorem A.1 (cf. [47, Section 5.5]). Fach Schubert polynomial is a linear combination of
(—B)-Grothendieck polynomials with nonnegative coefficients from the ring N[f].

(2) Key and reduced key polynomials:

K[0]=1=K[0], K[l]=21=K[1], K[0l]=z 4y  K[01]= o,
K[001] = &y + 22+ a3,  K[001] =xz3,  K[2] = a3 = K[2),

K[11] = 2122 = K[11] K[101] = 21290 4+ 123,  K[101] = 2123,

K[02] = 2% + zy20 + 22, K[02] = 2125 + 23, K[011] = z122 + 123 + 2273,
K[011] = mozs3,  K[3| =28 = K[3],  K[21] = alzy = K[21],

K[111] = zyaos = K[111],  K[12] = 2200 + z123,  K[12] = 2143,

KI[021] = x%xz + x%xg + xlxg + IE%.I;} + 212223, I?[OQl] = x1X0x3 + $%£L‘3,
K[201] = 222y + 2323,  K[201] = 2225,  K[31] = 2z, = K[31],

K([22] = 2223 = K[22],  K[211] = alaszs = K[211],  K[301] = 2329 + 233,
K[301] = 283,  K[121] = azoms + ziadas,  K[121] = zy23as,

K[32) = 2323 = K[32],  K[311] = adaoxs = K[311],  K[221] = 23a3z5 = K[221],
K[321] = 232325 = K[321].

Note that if n = 4, then S[a] = KJa] for all & C d4, except o = (101) in which &[101] =
K[2] + K[101].
(3) Grothendieck and dual Grothendieck polynomials for g = 1:

Gio34 = [0] [ ], /H[O] = (1—|—£L’1)3(1—|—£L'2)2(1+1'3),
Gor34 = G[1] = S[1], H(1] = (14 21)3(1 + 22)*(1 + x3)G[1],
G1324 29[01] =21 + 22 + 2122 = G[01] + S[11],
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H[01] = (14 21)%(1 + 20)(1 + 23)G[01],
Gi2as3 = G[001] = 1 + mo + 3 + 122 + 2123 + T2x3 + T1X2X3
= G[001] + &[011] + &[111],
H[001] = (1 +:c1> (1 + 22)G[001],

G124 = G[2] = 21 = 6]2], H2] = (1+ 21)(1 4 22)*(1 + 23)G[2],
Gogia = G[11] = wyzo = G[11],  H[11] = (1 + 21)(1 + 22)(1 + 23)G[11],
Go143 = G[101] = :Ul + x122 + 2173 + 1‘1902 + :1:1963 + x1x073 + aclxg:rg

= G[101] + &[201] + S[111] 4+ &]211],
H[101] = (1 + 21)(1 + 22)G[101],
Gi342 = G[011] = m1w0 + 7173 + 23 + 2717073 = S[011] + 25[111],
H]011] = (1 4 21)%(1 + 29)(z122 + 123 + Tox3 + T12273),

Giazz = G[02] = 2% + zy29 + 23 + xiae + 2125 = G[02] + &[12],

H[02] = (1 + x1)(1 4 23)(2? + 2129 + 23 + 2030 + 22125 + 2323),

Guos =G[8] =21 =6[3],  H[3] = (1 +z1)*(1 +23)G[3],

Gso14 = G[21] = ziwy = 6[21],  H[21] = (1 + 21)(1 + z2)(1 + 23)G[21],
Gosa1 = G[111] = zyzowg = G[111], H[111] = (1 + x1)2(1 + x2)G[111],

Goars = G[12] = 2wy + w123 + afal = S[12] + &[22,
H[12] = (1 + 21)(1 + x3)G[12],
Guuzo = G[021] = 23xy + 2323 + 2125 + 2303 + 112073 + 271 T073(T1 + T0)
+ ria3 + airizs = 6[021] + 26[121] + &[22] + &[211],
H[021] = (1 + x1)G[021],
Ga142 = G[201] = z2xy + 2223 + 232073 = S[201] + S[211],
H[201] = (1 4 21)(1 + z2)G[201],
Gao13 = G[31] = 23z = S[31], H[31] = (1 + 22)(1 + 23)G[31],
Gaa12 = G[22] = 2323 = &[22], H[22] = (1 + x1)(1 4+ 23)G[22],
Gar3o = G[301] = zixy + 2323 + 232023 = S[301] + S[311],
H[301] = (1 + 22)G[301],
Gaoar = G[211] = 22mamy = G[211],  H[211] = (1 + 22)G[211],
Gouz1 = G[121] = 22x0xs + 2123523 + 222323 = 6[121] + &[221],
H[121] = (1 + 21)(1 + x2)G[121],

—

Gaz12 = G[32] = 2322 = &[32], H[32] = (1 + x3)G[32],
Gaoz1 = G[311] = a3xoxs = S[311], H[311] = (1 + z2)G[311],
Gaao1 = G[221] = 22xdes = S[221],  H[221] = (1 + =1)G[221],
Gazo1 = G[321] = zizies = 6[321] = H[321].

Clearly that any [-Grothendieck polynomial is a linear combination of Schubert polynomials
with coefficients from the ring N[5].
(4) Key and reduced key Grothendieck polynomials:

KG[0] =1 =KG[0], KG[1] =21 =KG[1],  KG[01] = 21 + 2 + 2122,

KG[Ol] = X9 + 2129, KG[OOl] =21 +29 + 23+ 122 + 123 + Tox3 + T1T2X3,
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KG[OOl] = 23 + 2123 + Tox3 + T1T273, KG[2] = 2% = @[2},

KG[11] = 2129 = KG[ll], KG[101] = 2129 + 123 + 212273,

KG[lOl] = r1T3 + T1T213, KGJ[02] = x% + x129 + l‘% + $%:L“2 + xlx%,

KG[OQ] = 129 4 25 + 23y + 2122,

KGI[011] = z1xo + z123 + 223 + 221723, @[Oll] = Tox3 + T1T2T3,

KG[3] = 2% =KG[3],  KG[21] = 22z, = KG[21],  KG[111] = 22923 = KG[111],
KG[12] 2ixy + xi23 + 23l @[12] = x123 + 233,

KG[201] = 23wy + zi2s + 2iw013, @[201} = zi73 + 2iT273,

KG[021] = 23y + ai3 + 1103 + 2120003 4 2523 + 2030003 + 2212323 + 2323 + 2ixdes,
KG[OQl] = 12913 + Tix3 + iwexs + 2z 23w3 + a3,

KG[31] = 2329 = KG[31] KG[22] = 2223 = KG[22]

KG[211] = 22zom = KG[211),  KG[301] = 2329 + 2325 + 2dwows,

KG[301] = 23x3 + 2dzoxs, KG[121] = 2tzozs + 210503 + 232373,

KG[121] = 2523 + Tirirs, KG[32] = 2323 = KG[SQ]

KG[311] = z3xox3 = KG[311] KG[221] = z¥adz3 = KG[221],

KG[321] = 23z3x3 = KG[321]

(5) 42 (deformed) double key polynomials for n = 4:

Kia =1, K1 =pi11, Ko = p12 + p21, K3 =p13+p22+p31,

K12 = p1,1p2,1, Ko1 = p1,2p1,15 Ko3 = p1,2p2,2 + p1,203,1 + P2,1P3,15

K32 = p1,3p1,2 + P1,3P2,1 + P2,2D2,1, K13 = p1,1p2,2 + P1,1P3,1, K31 = p1,3p1,1,
Koo = p1,2p02,1, K33 = p1,3p2,2 + P1,3P3,1 + P2,2P3,1, K123 = p1,102,1P3,1,

K133 = p1,102,2P3,1, K212 = p1,2p01,1P2,1, K213 = p1,2p1.1P2,2 + P1,2P1,1P3,1,
K223 = p1,202,1P3,1, K233 = p1,202,2P3,1, K321 = p1,3p1,2P1,1,

K312 = p13p1.apas + Qg PrLaP2.2apa1, K313 = p1,3p1,1P2,2 + P1,3P1,1P3,1,

K322 = p1,3p1,2P2,1 + q;;),lpl,zpz,zpz,la
K323 = D1,3P1,2P2,2 + P1,3P1,2P3,1 + P1,3P2,1P3,1 + P2,2P2,1P3,1 + q23P1,3P2,2DP2,1

K333 = p1,3p2,2P3,1, K2123 = p1,2D01,1P2,1P3,15 K2132 = p1,2P1,1P2,2D02,15

K2133 = P1,2D1,102,2P3,15 K3123 = p1,3p1,1P2,103,1 + q;:»,lpl,lpz,zpz,lps,h

K3132 = P1,3D1,1P2,2P2,15 K3133 = P1,3D1,2P2,2P3,15 K3212 = P1,3P1,2P1,1P2,15

K3213 = p1,3P1,2P1,102,2 + P1,3P1,2P1,1P3,1, K3223 = D1.3P1,2D2,1P3,1 + Qg P1,2D2.2P2.1D3 1
Ks3232 = p1,3p1,2D02,2D2.1, K3233 = P1,3P1,2P2,2P3,1 + q23P1,3P2,2P2,1P3,1,

K21323 = p1,2P1,1P2,2P2,1P3,1, K31323 = P1,3P1,1P2,2P2,1P3,1,

K32123 = P1,3P1,2P1,1P2,1P3,1, K32132 = p1,3P1,2P1,1P2,2P2,1,

K32133 = P1,3P1,2P1,1P2,2P3,1, K32323 = p1,3P1,2P2,2P2,1P3,15

K321323 = P1,3P1,2P1,1P2,2P2,1P3,1-

Theorem A.2 (cf. [41, the case § = —1]). Each double 3-Grothendieck polynomials is a linear
combination of double key polynomials with the coefficients from the ring N[3].
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Let us remind that the total number of double key polynomials is equal to the number of
alternating sign matrices. We expect that the interrelations between double key polynomials
which follow from the structure of the plactic algebra PC,,, see Section 5.1, can be identified with
the graph corresponding to the MacNeile completion of the poset associated with the Bruhat
order on the symmetric group S,,, see Section A.2 for a definition of the MacNeile completion.
It is an interesting problem to describe interrelation graph associated with the (rectangular) key
polynomials corresponding to the Cauchy kernel for the algebra PF,, ;.

(6) 26 double key Grothendieck polynomials for n = 4:

Gk =1, GK1 =p11 =K1 GK2 = p12 +p2,1 + p12p21 = K2 + Kao,
GK3 =p13+p12+Dp31+p1,3p2,2 + P1,3p3,1 + P2.203,1 + P1,302,2031 = K3 + K33 + Kazs,
GK12 = p11p2,1 = K2, GK21 = p21p1,1 = Ko,
GK13 = p11p2,2 + p1,1p3,1 + p1,1p2,2p3,1 = K13 + Ki33, GK31 = p31p1,1 = K31,
GKo3 = p1,1p2,2 + P1,2p3,1 + P2,1P3,1 + P1,2P2,1P3,1 + P1,202,2P3,1 = Koz + Kaog + Kass,
GK32 = p1,3p1,2 + P1,3P2,1 + P2,2p2,1 + P1,3P1,2P2,1 + P1,2P2,1P2,2 = K32 + K3a,
GK123 = p1,1p2,103,1 = K123, GK212 = p1,2p1,102,1 = Ka12,
GK213 = p1,2P1,102,2 + P2,1P1,1P3,1 + P1,2P1,102,203,1 = K213 + Ko2133,
GK312 = p1,3P1,102,1 + P1,1P2,2P2,1 + P1,2P1,102,202.1 = K312 + Ka132,
GKs13 = p1,3p1,1p2,2 + P1,3P1,1P3,1 + P1,3P1,1P2,2P31 = K313 + K3133,
G321 = p1,1p1,2p1,3 = K123,
GK323 = p1,3p1,2p2,2 + P1,3P1,2P3,1 + P1,3P2,1P3,1 + P2,2P2,1P3,1 + P1,3P2,2P2,1
+ P1,3P1,2P2,1P2,2 + P1,2P2,1P2,2P3,1 + P1,3P1,2P2,2P3,1 + P1,3P1,2P2,1P3,1
+ P1,2P2,2P2,1P3,1 + P1,3P1,2P2,2P2,1P3,1 = K323 + K3232 + K3233 + K3223 + K32323,
GK2123 = p1,.2p1,102,1P3,1 = Ko2123, GK2132 = p1.2p1,102,2p2,1 = K132,
GK3123 = p1,3P1,1P2,1P3,1P1,1P2,2P2,1P3,1 + P1,3P1,1P2,2P2,1P3,1 = K3123 + K31323,
GK3212 = p1,.3p1,2P1,102,1 = K3212,
GK3213 = P1,3P1,2P1,102,2 + P1,3P1,2P1,1P3,1 + P1,3P1,2P1,1P2,2P3,1 = K3213 + K32133,
GK21323 = p1,2p1.102,202,103,1 = Ko1323, GK32123 = p1,3p1,2P1,102,1P31 = Ka2123,
GKs2132 = p1,3P1,2P1,1P2,2P2,1 = K32132, GK 321323 = P3,192,1P1,1P2,2P2,1P3,1 = K321323-

(7) 14 double local key polynomials for n = 4:

LICiq =1, LK1 = K4, LIy = Ko, L3 = K3, LIC12 = K10,

LE21 = Ka1 + K212, LK13 = K13 + K31 + K3, L3 = Kas,

LK32 = K32 + K323, LK 123 = K123, LK213 = Ka13 + Ka123,

LE312 = K312 + K3123, LE321 = K321 + K3212 + K3213 + K32123 + Ka2132 + K321323,
L2132 = Ka132 + K21323-

(8) 35 (2, 3)-key polynomials:

Ua =1, Ui = p11 + p23, Us = p12 + po1, Uz = p13 + p22, Ui1 = p11p2s,

Ui2 = p11pa1, Uiz = p11p22, Ua1 = p12p11 + p12p23 + p21p23, Usz = p12p22,
Us2 = p12pa1, Usz1 = p13p11 + p13p23 + p22p23, Usza = p13p12 + p13p21 + p2apai,
Uss = p13p22, Us11 = p12p11p23 + p11p21D23, U212 = p12p11p21 + p12p21p23,

Us13 = p12p11p22 + P12p22D23, Us11 = p13p11p23 + p11p22p2s,
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Us12 = p13p11p21 + P11p22p21, Usi3 = p13p11p22 + P13D22D23,

Us21 = p13p12P11 + P13p12p23 + P13P21P23 + P22P21P235 Us22 = p13p12p21 + P12P22p21,
Usa3 = p13p12p22 + P13P22pP21, Uz121 = p1ap11p21p23, U2131 = p12p11p22p23;
Uz132 = p12p11p22p23, Us132 = p13p11p22p23, Us131 = p13p11p22p23,

Us232 = p13p21p22p23, Us211 = p13p12P11P23 + P13P11P21P23 + P11P22D21D23,

Us212 = p13p12P11P22 + P13P12P21P23 + P12P21P22P23,

Us213 = p13P12P11P21 + P13P22P21P23 + P12P22P21P23,

Us2121 = p12p11p22p21P23 + P13P12P11P21D23,

Us2131 = p13p12P11P22P23 + P13P11P22P21D23,

Us2132 = p13p12P11P22P21 + P13P12P22P21D23, Us21321 = P13P12P11P22P21D23-

(9) Polynomials KA = KNG (1) for n = 4:

KNia =1, KN1=KNy=KN3z=p+1+ap,
KNz =1+ 20+ a? +3a8 + 30%8 + af? +2226%,  (13),
KNo =2+ 3a+a?+ B+ 308 +2a°8+ o262, (13),
KN13=1+42a+a®+2af + 228+ a?B* = (1 +a+ab)?, (9),
KNas = KN 2, KNs2 = KNy,
KNisa = 2+ 5a + 402 + o + B+ TaB + 10628 + 4038 + 2082 + 7?52 + 50362 + o233
+2036% = (14+ a+ af) (2 +3a+ o+ B+ 4aB + 3628 + af? + 204262), (51),
KN121 =14 3a + 302 + o3 +4af + 70’5 + 3036 4+ af? + 402 8% + 303 3% + o363, (31),
KNs391 =5+ 10a + 62 + o + 56 + 14a8 + 12028 + 3028 + % + 4a6% + 60252
+3a38% + o333, (71),
KN 32 = KN 121,
KNi23 =1+ 3a +3a% + a® + 6af + 12028 + 6038 + 4a8% + 1402 3% + 10352 + a2
+5028% + 50383 = Btk Y (1), (71),
KN a3 = (aﬁ)%/\/g?;;’ﬁ*l),
KN 3121 = 3+ 10a + 1202 + 602 + a* + 28 + 1608 + 29028 + 1923 + 405 + 7a 32
+21026% 4+ 200362 + 60282 + a3 + 4026% + 7283 + 40482 + opt,  (173),
KNagor = (aB) KNS, 7,
KN1213 = 1+ da + 6a% + 4a® + o* + TaB + 20a*B + 19a° 8 + 6a* B + 4a/3
+21a28% + 290382 + 120* 8% + a8 + 70283 + 160383 + 10a*8°
+ 20364 + 3064, (173),
KN 1232 = (aB) KNG, 7,
KNaiz2 = 3+ 9a + 10a% + 502 + a* 4 38 + 1608 + 2823 + 203 + 5015 + 2
+ Taf? + 2402 5% + 280382 + 100282 + 70?82 + 160382 + 90483 + o2 %
+ 3028 + 30464, (209),
KNa1321 = 3+ 12a + 1902 + 150 + 6a* + o + 38 + 21a8 + 49028 + 520>
+ 2608 + 5a°3 + 2 4+ 9a8% + 390232 + 640> 32 4 4304 5% + 10a° 52
+ 100283 + 320363 + 3221 6% + 10a°8% + o268 + 5Bt + 90131
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+5a°8 +a°35,  (483),
KN 12312 = 1+ 5a + 1002 + 1003 + 5a* + o® + 9a8 + 32023 + 430> + 2608
+ 608 + 5a6% + 320262 + 640 5% + 520182 + 150° 32 + o83
+10a26% + 390383 + 490133 + 190° 3 4+ 9028 + 21028 + 12a°8* + 35°
+3a?8% +3a°6°,  (483),
KN12321 = 2+ 9a + 1602 + 1402 + 6a* + o® + 8 + 188 + 54023 + 64038 + 3308
+ 60° 3 + 1403? + 650252 + 101032 + 64052 + 14a° 5% + 6032 + 330253
+ 650233 + 54082 + 160° 8% + af* + 6026* + 14a®8* + 18 8* + 90455
+ap% +2a°85,  (707),
KN 121321 = 1 + 6 + 1502 + 200 + 150 + 6a° + o + 10a8 + 45028 + 8108 + 7303
+33a°8 + 608 + 5a8? + 4402 8% + 11603 8% + 1350 8% + 73a° 8% + 150532
+ a3 + 150262 + 69033 + 11603 + 81a° 83 + 200553 + o?B* + 1503
+ 44048 + 45a554 +15a°8% + 038 4+ 5a6° + 10°8° + 6a°3° + a5°
= B 6KN121321 (1), (1145).
(10) Polynomials KN .= kKNP (1) for n = 3:

N(ﬁ, ) —1,
KNP = kNP =14 B+ +a+r), (7),
KNG =14 20 + o + 308 + 3028 + af? + 20282 + 5y + 8ay + 302y + 487
+ 1lapy + 4a2ﬁ'y + 527 + 404527 + 972 + 10a’y2 + 204272 + 8572 + 8@572
+ 28292 + T3 + day® + 482 + 294, (109),
KN =24 30 + o + B+ 308 + 2028 + 0282 + Ty + 8ary + 202 + 487 + Tafy
+20°B7 + 2087y + 99° + 7oy + o®y* + 567° + 4aBy” + 77° + 57°
+2a07° +28y° +44, (82),
KNBe) = 1 4 30 + 302 + a3 + 4aB + 70?8 + 3038 + aB? + 4026 + 30342 + o3B3
+ 67 + 150y + 12a%y + 303y + 387 + 20a8y + 2226y + 603 By + Ta By
+ 1202 8%y + 303527 4 30283y + 1592 + 30072 + 180242 + 30342 + 12642
+ 37a67% + 24028+ + 3038y + 38292 + 15a6%9% + 902 5%~% + 3033~2
+ 2072 4 30073 + 1202 4+ o393 + 186~ 4 300873 + 923+ + 63243
+ 903272 4+ 3343 + 1541 + 15091 + 30241 + 1289 + 969 + 36%9% + 69
+ 30y’ +367° ++°,  (521).

(11) Few more examples:

KN 0= (1) = 14 + 350 + 3002 + 100® 4 o + 218 + 6508 + 70028 + 300°3 + 408
+ 962 + 35082 + 500282 + 300382 + 601 8% + 32 + 5B + 100253
+ 1004353 + 404453 + a4,84,

KNGSE=17) (1) = (441, 1984, 3754, 3882, 2385, 885, 192, 22, 1),

KNEZLA=E) = (1 4+ ) (2955, 13207, 25678, 27822, 18553, 7852, 2094, 336,29, 1).,.
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Note that polynomial L, (vy) := KN P=ta= 1"Y)( 1) has degree 2n and L,(y = —1) = 0.

nnl

WACN TR = (1.3.7,9,7,1), + (6, 18,32, 32,18, 6);, + 42(15, 42, 58,42, 15),,
+ (20, 48,48, 20);, + (15, 27,15), +4°(6,6);, + ~°h°,
KNGHE=1er) (1) = 81 4+ 1126 + 168¢2 + 124¢3 + 44c* + 6¢°
+ (60 + 176¢ + 195¢% + 93¢® + 16¢*)r + (38 + 85¢ + 61c? + 14¢%)r?
+ (8 + 12¢ + 462)7"3

Problem A.3. Let n > k > 0 be integers, consider permutation wy,yj = [k,k—1,...,1,
n,n—1,n—-2,...,k+1] € S,,. Give combinatorial interpretations of polynomials Ly, (o, B,7) =
/CN ,ﬁ 20) ( )

Conjecture A.4. Setd:=~— 1.

e For any permutation w € S,, IC./\/'Ef’azl’ﬂ’zd_l)(l) is a polynomial in B and d with non-
negative coefficients.

e The polynomial L, (d) has non-negative coefficients, and polynomial Ly (d) + d™ is sym-
metric and unimodal.

e Lyi(a=1,0,d) € dN[B,d].

o Lyi(a,B=0,d) € d Y a+dN[a,d], Lni(a=1,8=0,d=1) = 2Schy1, Lyi(a =0,
B =0,d =2) =2"Sch,4+1 (see [65, A156017] for a combinatorial interpretation of these
numbers), where Sch,, denotes the n-th Schréder number, see, e.g., [65, A001003].

o Lpi(a=0,=t—-1,7) € Nt,7], Lpi(ao = 0,8 = —1,7 = 1) is equal to the number of
Dyck (n—+1)-paths ([65, A000108]) in which each up step (U) not at ground level is colored
red (R) or blue (B), [65, A064062].

Note that the number 2 Sch,, known also as large Schrdder number, see, e.g., [65, A006318].
For example,
Lsyi(a =1,8,d) = d(B*+5Bd + 48°d + 5d* + 148d* + 68°d* + B°d* + 10d* + 128d*
+36%d° + 6d* + 38d* + d°),
L71(1,1,d) = d(1,27,260, 1245, 3375, 5495, 5494, 3375, 1245, 260, 27, 1) 4,
Lzi(e, B =0,d) = d*(a+d)(1+a+d)(1+ 1da + 3602 + 14a® + o + 14d + 72ad
+420°d + 40°d + 36d° + 420d” + 6a’d* + 14d° + dad® + d*),
Lii(a=0,8=1—1,7y = 1) = (14589, 39446, 39607, 18068, 3627, 246, 1);.

We expect a similar conjecture for polynomials L, p(« = 1,5 =1,7), k> 1.

A.2 MacMeille completion of a partially ordered set
Let?? (X, <) be a partially ordered set (poset for short) and X C 3. Define

e The set of upper bounds for X, namely,

X" .={ze¥|z <z Vzxe X}

23For the reader convenience we review a definition and basic facts concerning the MacNeille completion of
a poset, see for example, notes by E. Turunen, available at http://math.tut.fi/~eturunen/AppliedLogics007/
Macl.pdf.
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e The set of lower bounds for X, namely,

Xe:={ze¥|z<zVzre X}

e A poset (MN(X), <), namely,
MN(Z) = {MN(X)|X C X},

where MA/(X) := (X)"°. Clearly, X C MA/(X) and MN(MN (X)) = MN(X).
e A map k: X — MN(X), namely, k(X) = MN(X), X C %.

Proposition A.5.

e The map K is an embedding, that is for X, Y C X,

X<Y if and only if k(X) C k(Y),

e Poset (MN(X), <) is a lattice, called the MacNeille completion of poset (2, <).

Proposition A.6. Let (3, <) be a poset®*. Then there is a poset (L, <) and a map r: ¥ — L
such that

(1) k is an embedding,
(2) (L,<) is a complete lattice?®,

(3) for each element a € L one has

(a) MN({z € Z|k(x) <a}) ={x € X|kr(z) <a},
(b) a=\{k(x)|z € X, k(z) <a}.

Moreover, the pair (k,(L,<)) is defined uniquely up to an order preserving isomorphism.

Therefore, the lattice (L, <), is an order-isomorphic to the MacNeille completion MN (X) of
a poset 2.

Problem A.7. Let X be a (finite) graded poset®S, denote by

ry(t) == Ztr(“),

a€

the rank generating function of a poset . Here r(a) denotes the rank/degree of an element
a € 3. Describe polynomial 7 zr(s)(t)-

In the present paper we are interesting in properties of the MacNeille completion of the Bruhat
poset B, = B(S,) corresponding to the symmetric group S,. Below we briefly describe a const-
ruction of the MacNeille completion L, (S,) := MN,(B,,) following [44] and [68, p. 552, d].

Let w = (wqws ... wy) € Sy, associate with w a semistandard Young tableaux T'(w) of the
staircase shape 6, = (n — 1,n — 2,...,2,1) filled by integer numbers from the set [1,n]| :=
{1,2,...,n} as follows: the i-th row of of T'(w), denoted by R;(w), consists of the numbers
Wi, ..., Wnp—i41 in increasing order. Clearly the tableaux T'(w) = [T} j(w)]i<i<j<n—1 Obtained in
such a manner, satisfies the so-called monotonic and flag conditions, namely,

24Sce https://en.wikipedia.org/wiki/Graded_poset.
25That is every subset of L has a meet and join, see, e.g., [67, p. 249].
26Gee, e.g., [67, p. 244], or https://en.wikipedia.org/wiki/Graded_poset.
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(1) (monotonic conditions) T1; > Tp;—1 > --->Tj1,i=1,...,n—1,
(2) (flag conditions) R (w) D Ra(w) D -+- D Rp—1(w).
Denote by L(S,,) the subset of the set of all Young tableaux T' € STY (J,, < n) consisting of

that T' which satisfies the monotonicity conditions (1). The set L(S,,) has the natural poset struc-

ture denoted by “>”, and defined as follows: if T = [t(l)]lgiqgn_l and T2 = [tz(?)]lgiqgn—l

ij
belong to the set L(S,), then by definition
TW >7®  ifandonlyif ¢} >¢2 forall 1<i<j<n-—1
It is clearly seen that the set L(S,) is closed under the following operations

o (meet TOT@) A(TW, T@) .= TO AT = [min (£, )],

ij o bij
e (join TOT®) \/ (T, 7®)) := T \/ T = [max (tz(lj),t%))}

Theorem A.8 ([44]). The poset L(S,,) is a complete distributive lattice with number of vertices
equals to the number ASM(n) that is the number of alternating sigh matrices of size n X n.
Moreover, the lattice L(Sy) is order isomorphic to the MacNeille completion of the Bruhat
poset B,.

Indeed it is not difficult to prove that the set of all monotonic triangles obtained by applying
repeatedly operation \/ (= meet) to the set {T'(w), w € S,} of triangles corresponding to all
elements of the symmetric group S, coincides with the set of all monotonic triangles L(S,,). The
natural map k: S,, — L(S,,) is obviously embedding, and all other conditions of Proposition A.6
are satisfied. Therefore L(S,) = MN(B,. The fact that the lattice L(S,, is a distributive one
follows from the well-known identities

max(z, min(y, z)) = min (max(z, y), max(z, z)), x,Y,2 € (R20)3.

In the lattice L(S,, this identity can be written in the following forms

7 \/ (T(Q) /\T(3)) — (T(l) /\T(2)) \/ (T(l) /\T(?’)),
71 /\ (T(Q) \/T(?’)) — (T(l) \/T(Q)) /\ (T(l) \/T(3)).

Finally the fact that the cardinality of the lattice L(S,) is equal to the number ASM(n) had
been proved by A. Lascoux and M.-P. Schiitzenberger [44].
If T = [tij] € L(Sy), define rank of T', denoted by r(T"), as follows:

(=Y t,»j_(g)

1<i<j<n—1

It had been proved by C. Ehresmann [14] that v < w with respect to the Bruhat order in the
symmetric group S, if and only if T; j(v) < T; j(w) forall 1 <i < j <n-—1.

It follows from an improved tableau criterion for Bruhat order on the symmetric group [5]
that?” the length £(w) of a permutation w € S,, can be computed as follows

fw) =r(Tw) — Y (j—i-1),

(i,)el(w)

2"It has been proved in [5, Corollary 5], that the Ehresmann criterion stated above is equivalent to either
the criterion Ti%) < T;? for all j such that w; > wj;11 and 1 < 4 < j, or that Ti%) < T;? for all j €
{1,2,...,n—1}\{k|vr > vpq1} and 1 <13 < j.
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where I(w) := {(4,5) |1 <i < j <n, w; > w;} denotes the set of inversions of permutation w;
a detailed proof can be found in [30].

For example, consider permutation w = [4,6,2,7,5,1,3]. Then the code ¢(w) of w is equal
to c(w) = (3,4,1,3,2), and w has the length ¢(w) = 13. The corresponding Young tableau or
monotonic triangle displayed below

6 7
7

YN
S Oy O
N O Ot

= NN N

Wherefore, r(T(w)) = |T(w)| — (g) = 94 — 56 = 38. On the other hand, the inversion set

I(w) ={(1,3),(1,6),(1,7),(2,3),(2,5),(2,6),(2,7), (3,6), (4,5), (4,6), (4,7), (5,6), (5, 7)}, hence
> (j—i—-1)=10+9+2+43+1=25and ¢(w) =38 — 25 = 13, as it should be.
(i,3) €1 (w)
It is easily seen that the polynomial rayqn, (t) is symmetric and deg(raa, (t)) = ("+1) For
example,

(MN3) =(1,2,1,2,1), r(MNy4) = (1,3,3,5,6,6,6,5,3,3,1),

(MN5) = (1,4,6,10, 16,20, 27, 34, 37, 40, 39, 40, 37, 34, 27, 20, 16, 10, 6,4, 1),
(S3 € MN3) = (1,2,0,2,1), r(Sy C MN4) = (1,3,1,4,2,2,2,4,1,3,1)),
r(Ss € MN5) = (1,4,3,6,7,6,4,10,6,10,6,10,6,10,4,6,7,6,3,4,1).

r
r

r

Conjecture A.9. The number Coeff[(nﬂ)/m MmN, () is a divisor of the number ASM(n).
3

Acknowledgements

A bit of history. Originally these notes have been designed as a continuation of [16]. The main
purpose was to extend the methods developed in [17] to obtain by the use of plactic algebra,
a noncommutative generating function for the key (or Demazure) polynomials introduced by
A. Lascoux and M.-P. Schiitzenberger [51]. The results concerning the polynomials introduced
in Section 4, except the Hecke—Grothendieck polynomials, see Definition 4.6, has been presented
in my lecture-courses “Schubert Calculus” and have been delivered at the Graduate School
of Mathematical Sciences, the University of Tokyo, November 1995 — April 1996, and at the
Graduate School of Mathematics, Nagoya University, October 1998 — April 1999. I want to
thank Professor M. Noumi and Professor T. Nakanishi who made these courses possible. Some
early versions of the present notes are circulated around the world and now I was asked to
put it for the wide audience. I would like to thank Professor M. Ishikawa (Department of
Mathematics, Faculty of Education, University of the Ryukyus, Okinawa, Japan) and Professor
S. Okada (Graduate School of Mathematics, Nagoya University, Nagoya, Japan) for valuable
comments. My special thanks to the referees for very careful reading of a preliminary version of
the present paper and many valuable remarks, comments and suggestions.

References

[1] Andrews G.E., Generalized Frobenius partitions, Mem. Amer. Math. Soc. 49 (1984), iv4+44 pages.

[2] Aval J.-C., Keys and alternating sign matrices, Sém. Lothar. Combin. 59 (2008), Art. B59f, 13 pages,
arXiv:0711.2150.


http://dx.doi.org/10.1090/memo/0301
http://arxiv.org/abs/0711.2150

54 A.N. Kirillov

[3] Berenstein A., Kirillov A.N., The Robinson—Schensted—Knuth bijection, quantum matrices and piece-wise

linear combinatorics, in Proceedings of the 13th International Conference on Formal Power Series and
Algebraic Combinatorics (Arizona, 2001), Arisona State University, USA, 2001, 1-12.

[4] Berenstein I.N., Gelfand .M., Gelfand S.I., Schubert cells, and the cohomology of the spaces G/P, Russ.
Math. Surv. 28 (1973), no. 3, 1-26.

[5] Bjorner A., Brenti F., An improved tableau criterion for Bruhat order, Electron. J. Combin. 3 (1996), 22,
5 pages.

[6] Bressoud D.M., Proofs and confirmations. The story of the alternating sign matrix conjecture, MAA Spec-
trum, Mathematical Association of America, Washington, DC, Cambridge University Press, Cambridge,
1999.

[7] Brubaker B., Bump D., Licata A., Whittaker functions and Demazure operators, J. Number Theory 146
(2015), 41-68, arXiv:1111.4230.

[8] Cherednik I., Double affine Hecke algebras, London Mathematical Society Lecture Note Series, Vol. 319,
Cambridge University Press, Cambridge, 2005.

[9] de Gier J., Nienhuis B., Brauer loops and the commuting variety, J. Stat. Mech. Theory Ezp. 2005 (2005),
P01006, 10 pages, math.AG/0410392.

[10] de Sainte-Catherine M., Viennot G., Enumeration of certain Young tableaux with bounded height, in
Combinatoire énumérative, Lecture Notes in Math., Vol. 1234, Springer, Berlin, 1986, 58—67.

[11] Demazure M., Une nouvelle formule des caracteres, Bull. Sci. Math. 98 (1974), 163-172.

[12] Di Francesco P., A refined Razumov-Stroganov conjecture, J. Stat. Mech. Theory Ezp. 2004 (2004), P08009,
16 pages, cond-mat/0407477.

[13] Di Francesco P., Zinn-Justin P., Inhomogeneous model of crossing loops and multidegrees of some algebraic
varieties, Comm. Math. Phys. 262 (2006), 459-487, math-ph/0412031.

[14] Ehresmann C., Sur la topologie de certains espaces homogenes, Ann. of Math. 35 (1934), 396-443.

[15] Fomin S., Greene C., Noncommutative Schur functions and their applications, Discrete Math. 193 (1998),
179-200.

[16] Fomin S., Kirillov A.N.; Yang-Baxter equation, symmetric functions and Grothendieck polynomials,
hep-th/9306005.

[17] Fomin S., Kirillov A.N., Grothendieck polynomials and the Yang-Baxter equation, in Formal Power Series
and Algebraic Combinatorics, DIMACS, Piscataway, NJ, 1994, 183—-189.

[18] Fomin S., Kirillov A.N., Quadratic algebras, Dunkl elements, and Schubert calculus, in Advances in Geo-
metry, Progr. Math., Vol. 172, Birkh&user Boston, Boston, MA, 1999, 147-182.

[19] Gordon B., A proof of the Bender—-Knuth conjecture, Pacific J. Math. 108 (1983), 99-113.

[20] Gouyou-Beauchamps D., Chemins sous-diagonaux et tableau de Young, Lecture Notes in Math., Springer,
Berlin, Vol. 1234, 1986, 112-125.

[21] Hudson T., A Thom—Porteous formula for connective K-theory using algebraic cobordism, J. K-Theory 14
(2014), 343-369, arXiv:1310.0895.

[22] Isaev A.P., Kirillov A.N., Bethe subalgebras in Hecke algebra and Gaudin models, Lett. Math. Phys. 104
(2014), 179-193, arXiv:1302.6495.

[23] King R.C., Row and column length restrictions of some classical Schur function identities and the connection
with Howe dual pairs, Slides of the talk at 8th International Conference on Combinatorics and Representation
Theory, Graduate School of Mathematics, Nagoya University, Nagoya, Japan, September 2008, available at
http://www.math.nagoya-u.ac.jp/en/research/conference/2008/download/nagoya2008_king.pdf.

[24] Kirillov A.N., Introduction to tropical combinatorics, in Physics and Combinatorics, 2000 (Nagoya), World
Sci. Publ., River Edge, NJ, 2001, 82—-150.

[25] Kirillov A.N., On some algebraic and combinatorial properties of Dunkl elements, Internat. J. Modern
Phys. B 26 (2012), 1243012, 28 pages.

[26] Kirillov A.N., Berenstein A.D., Groups generated by involutions, Gelfand—Tsetlin patterns, and combina-
torics of Young tableaux, St. Petersburg Math. J. 7 (1996), 77-127.

[27] Knuth D.E., Permutations, matrices, and generalized Young tableaux, Pacific J. Math. 34 (1970), 709-727.

[28] Knutson A., Some schemes related to the commuting variety, J. Algebraic Geom. 14 (2005), 283-294,

math.AG/0306275.


http://dx.doi.org/10.1070/RM1973v028n03ABEH001557
http://dx.doi.org/10.1070/RM1973v028n03ABEH001557
http://dx.doi.org/10.1016/j.jnt.2014.01.001
http://arxiv.org/abs/1111.4230
http://dx.doi.org/10.1017/CBO9780511546501
http://dx.doi.org/10.1088/1742-5468/2005/01/P01006
http://arxiv.org/abs/math.AG/0410392
http://dx.doi.org/10.1007/BFb0072509
http://dx.doi.org/10.1088/1742-5468/2004/08/P08009
http://arxiv.org/abs/cond-mat/0407477
http://dx.doi.org/10.1007/s00220-005-1476-5
http://arxiv.org/abs/math-ph/0412031
http://dx.doi.org/10.2307/1968440
http://dx.doi.org/10.1016/S0012-365X(98)00140-X
http://arxiv.org/abs/hep-th/9306005
http://dx.doi.org/10.1007/978-1-4612-1770-1_8
http://dx.doi.org/10.2140/pjm.1983.108.99
http://dx.doi.org/10.1007/BFb0072513
http://dx.doi.org/10.1017/is014005031jkt266
http://arxiv.org/abs/1310.0895
http://dx.doi.org/10.1007/s11005-013-0660-3
http://arxiv.org/abs/1302.6495
http://www.math.nagoya-u.ac.jp/en/research/conference/2008/download/nagoya2008_king.pdf
http://dx.doi.org/10.1142/9789812810007_0005
http://dx.doi.org/10.1142/9789812810007_0005
http://dx.doi.org/10.1142/S0217979212430126
http://dx.doi.org/10.1142/S0217979212430126
http://dx.doi.org/10.2140/pjm.1970.34.709
http://dx.doi.org/10.1090/S1056-3911-04-00389-3
http://arxiv.org/abs/math.AG/0306275

Notes on Schubert, Grothendieck and Key Polynomials 55

29]
(30]
(31]
(32]
(33]
(34]
(35]

(36]

Knutson A., Zinn-Justin P., The Brauer loop scheme and orbital varieties, J. Geom. Phys. 78 (2014), 80-110,
arXiv:1001.3335.

Kobayashi M., Schubert numbers, Ph.D. Thesis, University of Tennessee, 2010, available at http://trace.
tennessee.edu/utk_graddiss/715.

Korff C., Cylindric versions of specialised Macdonald functions and a deformed Verlinde algebra, Comm.
Math. Phys. 318 (2013), 173-246, arXiv:1110.6356.

Korff C., Stroppel C., The ;[(n)k—WZNW fusion ring: a combinatorial construction and a realisation as
quotient of quantum cohomology, Adv. Math. 225 (2010), 200-268, arXiv:0909.2347.

Krattenthaler C., Guttmann A.J., Viennot X.G., Vicious walkers, friendly walkers and Young tableaux.
II. With a wall, J. Phys. A: Math. Gen. 33 (2000), 8835-8866, cond-mat/0006367.

Krob D., Thibon J.-Y., Noncommutative symmetric functions. IV. Quantum linear groups and Hecke alge-
bras at ¢ = 0, J. Algebraic Combin. 6 (1997), 339-376.

Kuperberg G., Symmetry classes of alternating-sign matrices under one roof, Ann. of Math. 156 (2002),
835-866, math.CO/0008184.

La Scala R., Nardozza V., Senato D., Super RSK-algorithms and super plactic monoid, Internat. J. Algebra
Comput. 16 (2006), 377-396, arXiv:0904.0605.

Lascoux A., Anneau de Grothendieck de la variété de drapeaux, in The Grothendieck Festschrift, Vol. III,
Progr. Math., Vol. 83, Birkh&user Boston, Boston, MA, 1990, 1-34.

Lascoux A., Square-ice enumeration, Sém. Lothar. Combin. 42 (1999), Art. B42p, 15 pages.

Lascoux A., Transition on Grothendieck polynomials, in Physics and Combinatorics, 2000 (Nagoya), World
Sci. Publ., River Edge, NJ, 2001, 164-179.

Lascoux A., Symmetric functions and combinatorial operators on polynomials, CBMS Regional Conference
Series in Mathematics, Vol. 99, Amer. Math. Soc., Providence, RI, 2003.

Lascoux A., ASM matrices and Grothendieck polynomials, 2012, available at http://www.uec.tottori-u.
ac.jp/~mi/workshop/pdf/GrothASM_Nara.pdf.

Lascoux A., Leclerc B., Thibon J.-Y., The plactic monoid, in Algebraic Combinatorics on Words, Encyclo-
pedia of Mathematics and its Applications, Vol. 90, Cambridge University Press, Cambridge, 2002, 164-196.

Lascoux A., Rains E.M., Warnaar S.O., Nonsymmetric interpolation Macdonald polynomials and gl,, basic
hypergeometric series, Transform. Groups 14 (2009), 613—647, arXiv:0807.1351.

Lascoux A., Schiitzenberger M.-P., Le monoide plaxique, in Noncommutative Structures in Algebra and
Geometric Combinatorics (Naples, 1978), Quad. “Ricerca Sci.”, Vol. 109, CNR, Rome, 1981, 129-156.

Lascoux A., Schiitzenberger M.-P., Polynémes de Schubert, C. R. Acad. Sci. Paris Sér. I Math. 294 (1982),
447-450.

Lascoux A., Schiitzenberger M.-P., Structure de Hopf de l'anneau de cohomologie et de l’anneau de
Grothendieck d’une variété de drapeaux, C. R. Acad. Sci. Paris Sér. I Math. 295 (1982), 629-633.

Lascoux A., Schiitzenberger M.-P., Symmetry and flag manifolds, in Invariant Theory (Montecatini, 1982),
Lecture Notes in Math., Vol. 996, Springer, Berlin, 1983, 118-144.

Lascoux A., Schiitzenberger M.-P., Symmetrization operators in polynomial rings, Funct. Anal. Appl. 21
(1987), 324-326.

Lascoux A., Schiitzenberger M.-P., Fonctorialité des polynémes de Schubert, in Invariant Theory (Denton,
TX, 1986), Contemp. Math., Vol. 88, Amer. Math. Soc., Providence, RI, 1989, 585-598.

Lascoux A., Schiitzenberger M.-P., Tableaux and noncommutative Schubert polynomials, Funct. Anal. Appl.
23 (1989), 223-225.

Lascoux A., Schiitzenberger M.-P., Treillis et bases des groupes de Coxeter, Electron. J. Combin. 3 (1996),
27, 35 pages.

Lenart C., Noncommutative Schubert calculus and Grothendieck polynomials, Adv. Math. 143 (1999), 159—
183.

Li Y., On ¢g-symmetric functions and g-quasisymmetric functions, J. Algebraic Combin. 41 (2015), 323-364,
arXiv:1306.0224.

Loday J.-L., Popov T., Parastatistics algebra, Young tableaux and the super plactic monoid, Int. J. Geom.
Methods Mod. Phys. 5 (2008), 1295-1314, arXiv:0810.0844.


http://dx.doi.org/10.1016/j.geomphys.2014.01.006
http://arxiv.org/abs/1001.3335
http://trace.tennessee.edu/utk_graddiss/715
http://trace.tennessee.edu/utk_graddiss/715
http://dx.doi.org/10.1007/s00220-012-1630-9
http://dx.doi.org/10.1007/s00220-012-1630-9
http://arxiv.org/abs/1110.6356
http://dx.doi.org/10.1016/j.aim.2010.02.021
http://arxiv.org/abs/0909.2347
http://dx.doi.org/10.1088/0305-4470/33/48/318
http://arxiv.org/abs/cond-mat/0006367
http://dx.doi.org/10.1023/A:1008673127310
http://dx.doi.org/10.2307/3597283
http://arxiv.org/abs/math.CO/0008184
http://dx.doi.org/10.1142/S0218196706003025
http://dx.doi.org/10.1142/S0218196706003025
http://arxiv.org/abs/0904.0605
http://dx.doi.org/10.1007/978-0-8176-4576-2_1
http://dx.doi.org/10.1142/9789812810007_0007
http://dx.doi.org/10.1142/9789812810007_0007
http://dx.doi.org/10.1090/cbms/099
http://dx.doi.org/10.1090/cbms/099
http://www.uec.tottori-u.ac.jp/~mi/workshop/pdf/GrothASM_Nara.pdf
http://www.uec.tottori-u.ac.jp/~mi/workshop/pdf/GrothASM_Nara.pdf
http://dx.doi.org/10.1017/CBO9781107326019.006
http://dx.doi.org/10.1017/CBO9781107326019.006
http://dx.doi.org/10.1007/s00031-009-9061-1
http://arxiv.org/abs/0807.1351
http://dx.doi.org/10.1007/BFb0063238
http://dx.doi.org/10.1007/BF01077811
http://dx.doi.org/10.1090/conm/088/1000001
http://dx.doi.org/10.1007/BF01079531
http://dx.doi.org/10.1006/aima.1998.1795
http://dx.doi.org/10.1007/s10801-014-0538-1
http://arxiv.org/abs/1306.0224
http://dx.doi.org/10.1142/S0219887808003351
http://dx.doi.org/10.1142/S0219887808003351
http://arxiv.org/abs/0810.0844

56 A.N. Kirillov

[65] Macdonald I.G., Notes on Schubert polynomials, Publications du LaCIM, Vol. 6, Université du Québec
a Montréal, 1991.

[66] Macdonald I.G., Symmetric functions and Hall polynomials, 2nd ed., Oxford Mathematical Monographs, The
Clarendon Press, Oxford University Press, New York, 1995.

[67] Noumi M., Yamada Y., Tropical Robinson—Schensted—Knuth correspondence and birational Weyl group
actions, in Representation Theory of Algebraic Groups and Quantum Groups, Adv. Stud. Pure Math.,
Vol. 40, Math. Soc. Japan, Tokyo, 2004, 371-442, math-ph/0203030.

[68] O’Connell N., Pei Y., A g-weighted version of the Robinson—Schensted algorithm, arXiv:1212.6716.

[69] Okada S., Enumeration of symmetry classes of alternating sign matrices and characters of classical groups,
J. Algebraic Combin. 23 (2006), 43—69, math.CO/0408234.

[60] Postnikov A., Shapiro B., Shapiro M., Algebras of curvature forms on homogeneous manifolds, in Differential
Topology, Infinite-Dimensional Lie Algebras, and Applications, Amer. Math. Soc. Transl. Ser. 2, Vol. 194,
Amer. Math. Soc., Providence, RI, 1999, 227-235, math.AG/9901075.

[61] Ross C., Yong A., Combinatorial rules for three bases of polynomials, Sém. Lothar. Combin. 74 (2015),
Art. B74a, 11 pages, arXiv:1302.0214.

[62] Schensted C., Longest increasing and decreasing subsequences, Canad. J. Math. 13 (1961), 179-191.

[63] Schiitzenberger M.-P., La correspondance de Robinson, in Combinatoire et représentation du groupe
symétrique (Actes Table Ronde CNRS, Univ. Louis-Pasteur Strasbourg, Strasbourg, 1976), Lecture Notes
in Math., Vol. 579, Springer, Berlin, 1977, 59-113.

[64] Shapiro B., Shapiro M., On ring generated by Chern 2-forms on SL,,/B, C. R. Acad. Sci. Paris Sér. I Math.
326 (1998), 75-80.

[65] Sloane N.J.A., The on-line encyclopedia of integer sequences, available https://oeis.org/.

[66] Stanley R.P., A baker’s dozen of conjectures concerning plane partitions, in Combinatoire énumérative
(Montreal, Que., 1985/Quebec, Que., 1985), Lecture Notes in Math., Vol. 1234, Springer, Berlin, 1986,
285-293.

[67] Stanley R.P., Enumerative combinatorics. Vol. 1, Cambridge Studies in Advanced Mathematics, Vol. 49, 2nd
ed., Cambridge University Press, Cambridge, 2012.

[68] Stanley R.P., Enumerative combinatorics. Vol. 2, Cambridge Studies in Advanced Mathematics, Vol. 62,
Cambridge University Press, Cambridge, 1999.

[69] Tolstoy V.N., Ogievetsky O.V., Pyatov P.N., Isaev A.P., Modified affine Hecke algebras and Drinfeldians
of type A, in Quantum Theory and Symmetries (Goslar, 1999), World Sci. Publ., River Edge, NJ, 2000,
452-458, math.QA /9912063.

[70] Wachs M.L., Flagged Schur functions, Schubert polynomials, and symmetrizing operators, J. Combin. Theo-

ry Ser. A 40 (1985), 276-289.


http://arxiv.org/abs/math-ph/0203030
http://arxiv.org/abs/1212.6716
http://dx.doi.org/10.1007/s10801-006-6028-3
http://arxiv.org/abs/math.CO/0408234
http://arxiv.org/abs/math.AG/9901075
http://arxiv.org/abs/1302.0214
http://dx.doi.org/10.4153/CJM-1961-015-3
http://dx.doi.org/10.1007/BFb0090012
http://dx.doi.org/10.1007/BFb0090012
http://dx.doi.org/10.1016/S0764-4442(97)82716-4
https://oeis.org/
http://dx.doi.org/10.1007/BFb0072521
http://dx.doi.org/10.1017/CBO9781139058520
http://dx.doi.org/10.1017/CBO9780511609589
http://arxiv.org/abs/math.QA/9912063
http://dx.doi.org/10.1016/0097-3165(85)90091-3
http://dx.doi.org/10.1016/0097-3165(85)90091-3

	1 Introduction
	2 Plactic, nilplactic and idplactic algebras
	3 Divided difference operators
	4 Schubert, Grothendieck and key polynomials
	5 Cauchy kernel
	5.1 Plactic algebra Pn
	5.2 Nilplactic algebra NPn
	5.3 Idplactic algebra IPn
	5.4 NilCoxeter algebra NCn
	5.5 IdCoxeter algebras ICn

	6 F-kernel and symmetric plane partitions
	A Appendix
	A.1 Some explicit formulas for n=4 and compositions  such that i n-i for i=1,2,…
	A.2 MacMeille completion of a partially ordered set

	References

