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IDEAL KRULL-SYMMETRY OF ITERATED EXTENSIONS

V. K. BHAT

Abstract. A ring R is said to be ideal Krull-symmetric if for any ideal
I of R, the right Krull dimension of I is equal to the left Krull dimension
of I. Let now R be commutative Noetherian ring. In this paper we show
that certain Ore extensions of R are ideal Krull-symmetric. The rings
that we deal with are:
(1) St(R) = R[x1; σ1][x2; σ2]...[xt, σt], the iterated skew-polynomial ring,

where each σi is an automorphism of Si−1(R)
(2) Lt(R) = R[x1, x

−1
1 ; σ1][x2, x

−1
2 ; σ2]...[xt, x

−1
t ; σt], the iterated skew-

Laurent polynomial ring, where each σi is an automorphism of
Li−1(R)

(3) Dt(R) = R[x1; δ1][x2; δ2]...[xt; δt], the iterated differential polyno-
mial ring, where each δi is a derivation of Di−1(R) such that each
δi | R is a derivation of R and,

(4) At(R) is any of St(R) or Lt(R), where σi | R is an automorphism
of R.

With this we prove that At(R) and Dt(R) are ideal Krull-symmetric.

Keywords: Automorphism, derivation, Ore extension, annihilator, Krull
dimension, Krull-symmetry.

1. Introduction

Throughout this paper all rings are with identity and all modules are unitary.
Q denotes the field of rational numbers and Z denotes the ring of integers unless
otherwise stated. Let R be a ring. The prime radical of R is denoted by N(R). The
set of associated prime ideals of R (viewed as a right module over itself) is denoted
by Ass(RR). C(0) denotes the set of regular elements of R and C(I) denotes the
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set of elements regular modulo I, where I is an ideal of R. Let I and J be any two
subsets of a ring R. Then I ⊂ J means that I is strictly contained in J.

For any right R-module K, the right Krull dimension of K is denoted by | K |r
and the annihilator of a subset S of K is denoted by r(S). Similarly if J is a left
R-module then left Krull dimension of J is denoted by | J |l and the annihilator
of a subset L of K is denoted by l(K). Recall that the right Krull dimension of a
ring R is defined as the Krull dimension of R, viewed as a right module over itself.
Left Krull dimension of a ring R is defined similarly. We recall that a ring R is said
to be Krull-symmetric if |R|r = |R|l. R is said to be right Krull-homogeneous if
|R|r = |I|r, for all right ideals I of R. Left Krull-homogeneity is defined in a similar
way. We also recall that a ring R is said to be ideal Krull-symmetric if | I |r=| I |l,
where I is any ideal of R. For some more details and results on Krull dimension,
the reader is referred to Gordon and Robson [3] and Chapter 13 of Goodearl and
Warfield [2].

It is known (proved by Rentschler-Gabriel, and general case by Gordon-Robson,
namely Theorem (13.17) of Goodearl and Warfield [2]) that if R is a right Noe-
therian ring, M a finitely generated right R-module, and x an indeterminate; then
| M [x] |r=| M |r +1. In particular, if R is nonzero, then | R[x] |r=| R |r +1.

It is also known (proved by Rentschler-Gabriel, namely Theorem (13.18) of Good-
earl and Warfield [2]) that | An(K) |r= n, for each positive integer n, where K is a
field of characteristic zero, and An(K) is the usual nth Weyl algebra.

Let now R be a commutative Noetherian ring, σ an automorphism of R and
δ a derivation of R. In this article, we show that the iterated extensions of the
rings R[x; σ], R[x, x−1;σ] and R[x; δ] are ideal Krull-symmetric (in case of R[x; δ],
R is more over an algebra over Q). We denote these rings by S(R), L(R) and D(R)
respectively. If I is an ideal of R such that σ(I) = I, we denote the ideals I[x; σ] and
I[x, x−1;σ] as usual by S(I) and L(I) respectively. If J is an ideal of R such that
δ(I) ⊆ I, we denote the ideal I[x; δ] as usual by D(I).
The rings that we deal with are:

(1) St(R) = R[x1; σ1][x2; σ2]...[xt, σt], the iterated skew-polynomial ring, where
each σi is an automorphism of Si−1(R)

(2) Lt(R) = R[x1, x
−1
1 ; σ1][x2, x

−1
2 ;σ2]...[xt, x

−1
t ;σt], the iterated skew-Laurent

polynomial ring, where each σi is an automorphism of Li−1(R)
(3) Dt(R) = R[x1; δ1][x2; δ2]...[xt; δt], the iterated differential polynomial ring,

where each δi is a derivation of Di−1(R) such that each δi | R is a derivation
of R and,

(4) At(R) is any of St(R) or Lt(R), where σi | R is an automorphism of R.
In the main result (Theorem (3.6)) we prove that if A is any of At(R) or Dt(R)

as above, then:
(1) A is ideal Krull-symmetric.
(2) For any ideal L of A, | A/L |r<| A |r if and only if | A/L |l<| A |l.

2. Invariance of symbolic powers of certain ideals

We begin this section with the following Proposition:

Proposition 2.1. Let R be a semiprime Noetherian ring, σ an automorphism of R
and δ a σ-derivation of R. Let O(R) = R[x; σ, δ]. If f ∈ O(R) is a regular element,
then there exists g ∈ O(R) such that gf has leading co-efficient regular in R.
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Proof. Let S = {am ∈ R such that xmam + ... + a0 ∈ O(R)f, some m} ∪ {0}. Then
since O(R) is semiprime and Noetherian, O(R)f is an essential left ideal of O(R).
Therefore, S is an essential left ideal of R. So S contains a left regular element and
since R is semiprime, Proposition (3.2.13) of Rowen [5] implies that S contains a
regular element. So there exists g ∈ O(R) such that gf has leading coefficient regular
in R. ¤
Definition 2.2. Let R be a commutative Noetherian ring and P a semiprime ideal
of R. Let k ≥ 1 be an integer. Then the symbolic power of P is denoted by P (k)

and is defined as P (k) = {a ∈ R | there exists d ∈ C(P) such that ad ∈ P k}.
Proposition 2.3. Let R be a commutative Noetherian ring and P be a semiprime
ideal of R. Then P (k) is an ideal of R.

Proof. Let a, b ∈ P (k). Then there exist d1, d2 ∈ C(P) such that ad1 ∈ P k and
bd2 ∈ P k. So ad1d2 ∈ P k and bd1d2 ∈ P k; i.e. (a − b)d1d2 ∈ P k and since d1d2 ∈
C(P), so (a − b) ∈ P (k). Now let a ∈ P (k) and r ∈ R. Then there exists d ∈ C(P)
such that ad ∈ P k. Therefore ard ∈ P k and since d ∈ C(P), we have ar ∈ P (k).
Hence P (k) is an ideal of R. ¤
Proposition 2.4. Let P be a semiprime ideal of a commutative Noetherian ring R
and σ an automorphism of R such that σ(P ) = P . Then σ(P (k)) = P (k).

Proof. Let a ∈ P (k). Then there exists d ∈ C(P) such that ad ∈ P k. So σ(ad) ∈
σ(P k); i.e. σ(a)σ(d) ∈ (σ(P ))k = P k. Now σ(d) ∈ C(P), therefore σ(a) ∈ P (k).
Therefore σ(P (k)) ⊆ P (k). Replacing σ by σ−1 we get σ−1(P (k)) ⊆ P (k); i.e.
P (k) ⊆ σ(P (k)). Hence σ(P (k)) = P (k). ¤
Proposition 2.5. Let R be commutative Noetherian ring and δ a derivation of R.
Let P be a semiprime ideal of R such that δ(P ) ⊆ P . Then δ(P (k)) ⊆ P (k).

Proof. Let a ∈ P (k). Then there exists u ∈ C(P) such that au ∈ P k. Let au =
p1.p2...pk, pi ∈ P. Now δ(au) = δ(p1)p2...pk+p1δ(p2)p3...pk+...+p1p2...pk−1δ(pk) ∈
P k as δ(P ) ⊆ P; i.e. δ(a)u+aδ(u) ∈ P k. Now aδ(u) ∈ P (k), so there exists u1 ∈ C(P)
such that aδ(u)u1 ∈ P k. Now δ(a)uu1 + aδ(u)u1 ∈ P k, therefore δ(a)uu1 ∈ P k and
since uu1 ∈ C(P), δ(a) ∈ P (k). Hence δ(P (k)) ⊆ P (k). ¤

The first important result in the theory of non commutative Noetherian rings was
proved in 1958 (Goldie’s Theorem) which gives an analog of the field of fractions for
factor rings R/P, where R is a Noetherian ring and P is a prime ideal of R. In 1959
the one sided version was proved by Goldie, Lesieur-Croisot (Theorem (5.12) of
Goodearl and Warfield [2]) and in 1960 Goldie generalized the result for semiprime
rings (Theorem (5.10) of Goodearl and Warfield [2]). For more details on the notion
of quotient rings (in particular the existence of artinian quotient rings), the reader
is referred to Chapter 10 of Goodearl and Warfield [2]. We now have the following:

Proposition 2.6. Let R be a commutative Noetherian ring and At(R) be the usual
skew polynomial ring. Let Ass(RR) = {Pj, 1 ≤ j ≤ n}. Let σmi

i (Pj) = Pj, mi ≥ 1
for all j, 1 ≤ j ≤ n. Let P1j = ∩σk

1 (Pj), 1 ≤ k ≤ m1 and Ptj = ∩σu
t (Pt−1j),

1 ≤ u ≤ mt, t ≥ 2 for all j, 1 ≤ j ≤ n. Then:
(1) σi(P

(k)
tj ) = P

(k)
tj for all i, j; 1 ≤ j ≤ n, 1 ≤ i ≤ t, k ≥ 1.

(2) R/(P (k)
tj ) has an artinian quotient ring for all j, 1 ≤ j ≤ n.
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Proof. (1) we will use induction on t. For t = 1, clearly σ1(P1j) = P1j Suppose
σi(Pt−1j) = Pt−1j , 1 ≤ i ≤ t− 1. We now show that σi(Ptj) = Ptj , 1 ≤ i ≤ t. Note
that we have an automorphism αt of R such that σt |R is same as αt and αt can be
extended to S1(R), S2(R), ... , St−1(R) such that αt(xi) = xi, 1 ≤ i ≤ t− 1.

Now for all u, 1 ≤ u ≤ mt;

σi(Ptj) = σi(∩σu
t (Pt−1j)) = σi(∩αu

t (Pt−1j)) = σi(∩αu
t (Li−1(Pt−1j) ∩ R)).

So σi(Ptj) = σi(∩αu
t (Li−1(Pt−1j)∩R) by Lemma (10.6.3) of McConnell and Robson

[4]. Therefore σi(Ptj) = (∩αu
t (Pt−1j)) = ∩σu

t (Pt−1j)) = Ptj .
(2) N(R/P

(k)
tj ) = (∩σi

j(Ptj))/P
(k)
tj , 1 ≤ i ≤ mj , where j = t+1 and σ

mj

j (Ptj) =

Ptj . Let N1 = (R/P
(k)
tj ). Let a + P

(k)
tj ∈ C(N1). Then a ∈ ∩σi

j(Ptj), 1 ≤ i ≤ mj .
Therefore a ∈ C(σmj

j (Ptj)) = C(Ptj). Now let b ∈ R be such that ab ∈ P
(k)
tj . Then

there exists d ∈ C(Ptj) such that abd ∈ P k
tj ; i.e. bad ∈ P k

tj , and since ad ∈ C(Ptj),
therefore b ∈ P

(k)
tj . Hence by Small’s Theorem, namely Theorem (10.9) of Goodearl

and Warfield [2] R/P
(k)
tj has an artinian quotient ring. ¤

Proposition 2.7. Let R be a Noetherian Q-algebra and Dt(R) as usual the tth

differential polynomial ring. Then:
(1) δi(Pj) ⊆ Pj implies δi(P

(k)
j ) ⊆ P

(k)
j for all i, j; 1 ≤ i ≤ t; 1 ≤ j ≤ n; k ≥ 1,

where Pj as in Proposition (2.6) above.
(2) R/P

(k)
j has an artinian quotient ring.

Proof. (1) The proof is obvious by Proposition (2.5)
(2) N(R/P

(k)
j ) = ∩σi

1(Pj))/P
(k)
j , 1 ≤ i ≤ mt, where σm1

1 (Pj) = Pj . Let N1 =

N(R/P
(k)
j ) and a + P

(k)
j ∈ C(N1). Then a ∈ C(∩σi

1(Pj)), therefore a ∈ σi
1(Pj) for

all i, 1 ≤ i ≤ mt. Thus a ∈ C(σm1
1 (Pj)) = C(Pj). Now let ab ∈ P

(k)
j , b ∈ R. Then

there exists d ∈ C(Pj) such that abd ∈ P k
j ; i.e. bad ∈ P k

j . But since ad ∈ C(Pj),
therefore b ∈ P

(k)
j . Thus by Small’s Theorem, namely Theorem (10.9) of Goodearl

and Warfield [2] R/P
(k)
j has an artinian quotient ring. ¤

Proposition 2.8. Let R be a ring and S(R) be as usual and S2(R) = S(R)[x2, σ2].
Let each σi | R be an automorphism of R for i = 1, 2. Let I be an ideal of R such
that σ1(I) = I and σ2(I) = I. Then σ2(S(I)) = S(I).

Proof. Let

f = xmam + ... + a0 ∈ S(I), ai ∈ I.

Then

σ2(f) = σ2(xmam + ... + a0) = σ2(xmam) + ... + σ2(a0) =
σ2(xm)σ2(am) + ... + σ2(a0) = gmbm + ... + b0,

where σ2(xi) = gi ∈ S1(R) and σ2(ai) = bi ∈ I. Therefore σ2(f) ∈ S1(I). Hence
σ2(S(I)) ⊆ S(I). Replacing σ2 by σ−1

2 ,we get that σ2(S(I)) = S(I). ¤
Corollary 2.9. The above Proposition holds if S(R) is replaced by L(R).

Theorem 2.10. Let R be a Noetherian Q-algebra and δ be a derivation of R. Then
P ∈ Ass(D(R)D(R)) if and only if P = D(P ∩R) and P ∩R ∈ Ass(RR).
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Proof. See Theorem (3.7) of Bhat [1]. ¤

Proposition 2.11. Let R be a Noetherian Q-algebra and Ass(RR) = {Pj, 1 ≤ j ≤
n}. Consider Dt(R). Then δi(Di−1(P

(k)
j )) ⊆ Di−1(P

(k)
j ) for all i, j; 1 ≤ i ≤ n;

1 ≤ i ≤ t.

Proof. Ass(RR) = {Pj , 1 ≤ j ≤ n}. Now δ1(Pj) ⊆ Pj by Theorem (1) of Seidenberg
[6], and therefore δ1(P

(k)
j ) ⊆ P

(k)
j by Proposition (2.5). Now by Theorem (2.10)

D(Pj) = Pj [x1; δ1] ∈ Ass(D(R)D(R)). Therefore δ2(D(Pj)) ⊆ D(Pj) by Theorem
(1) of Seidenberg [6]. We will show that δ2(D(P (k)

j )) ⊆ D(P (k)
j ). Let f1 =

∑
xi

1ai ∈
D(P (k)

j ), ai ∈ P
(k)
j , 0 ≤ i ≤ s. Now there exists di ∈ C(Pj) such that aidi ∈ P k

j . Let
d = d0.d1...ds. Then aid ∈ P k

j . Therefore g1 =
∑

xi
1aid ∈ D(P k

j ), which implies
that δ2(g1) ∈ D(P k

j ); i.e. δ2(f1d) ∈ D(P k
j ). Thus we have δ2(f1)d + f1δ2(d) ∈

D(P k
j ) ⊆ D(P (k)

j ), which implies that δ2(f1)d ∈ D(P (k)
j ) as f1 ∈ D(P (k)

j ). Let
δ2(f1) =

∑
xibi, 0 ≤ i ≤ m. Then bid ∈ P

(k)
j . So there exists vi ∈ C(Pj) such that

bidvi ∈ P k
j . Let v = v0.v1...vm. Now bidv ∈ P k

j , and since dv ∈ C(Pj), therefore
bi ∈ P

(k)
j . Thus we have δ2(D(P (k)

j )) ⊆ D(P (k)
j ).

With the same process in a finite number of steps it can be seen that
δi(Di−1(P

(k)
j )) ⊆ Di−1(P

(k)
j ) for all i ≥ 3. ¤

Remark 2.12. Let 0 = ∩Ij , 1 ≤ j ≤ n be a reduced primary decomposition of a
commutative Noetherian ring R. Let

√
Ij = Pj . Then Ass(RR) = {Pj , 1 ≤ j ≤ n}

and there exists an integer k ≥ 1 such that P
(k)
j ⊆ Ij . So ∩P

(k)
j = 0, 1 ≤ j ≤ n.

Also ∩P
(k)
tj = 0, where P

(k)
tj as in Proposition (2.6) above. Hence ∩Dt(P

(k)
j ) = 0,

1 ≤ j ≤ n by Proposition (2.7) and by Proposition (2.11). Also ∩At(P
(k)
tj ) = 0,

1 ≤ j ≤ n by Proposition (2.6) and by Proposition (2.8).

3. Ideal Krull-symmetry of extension rings

In this section we prove that At(R) and Dt(R) are ideal Krull-Symmetric, when-
ever R is a commutative Noetherian ring (in case of Dt(R), R is moreover an algebra
over Q). Before that we recall the concept of centralizing elements of a ring, the
centralizing extension of a ring and recall some results related to centralizing ex-
tensions and Krull dimension.

Definition 3.1. Let S be a ring and R be a subring of S. we say an element
a ∈ S centralizes R if ar = ra for each r ∈ R. If S has a finite set of generators
{ai, 1 ≤ i ≤ n} each of which centralize R, then S is called a finite centralizing
extension of R.

Proposition 3.2. Let R be a Noetherian ring and let 0 = ∩Ij, 1 ≤ i ≤ n. Let
S =

∏
R/Ij, 1 ≤ i ≤ n. Then S is a finite centralizing extension of R.

Proof. It is easy to see that there exists a monomorphism f : R → S. Let x1 =
(1 + I1, 0, ..., 0) and xj = (0, 0, ..., 0, 1 + Ij , 0...0) 1 ≤ j ≤ n. For any s ∈ S, let
s = (r1 + I1, r2 + I2, ..., rn + In) =

∑
xjrj . Now xjr = rxj for all r ∈ R, 1 ≤ j ≤ n.

Hence the result. ¤
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Proposition 3.3. If S is a Noetherian centralizing extension of R, then | S |r =
| R |r and | S |l = | R |l. Also for any ideal I of S, S/I is a finite centralizing
extension of R/I ∩R.

Proof. The proof is obvious. One may see Corollary (10.1.11) of McConnell and
Robson [4]. ¤
Proposition 3.4. Let Ij be ideals of a Noetherian ring R such that 0 = ∩Ij,
1 ≤ j ≤ n and each R/Ij Krull-symmetric and Krull-homogeneous. Then R is ideal
Krull-symmetric.

Proof. Let S =
∏

R/Ij , 1 ≤ i ≤ n. Now by Proposition (3.2) S is a centralizing
extension of R. Let I be an ideal of R. Consider the ideal I1 =

∏
(I + Ij/Ij of S.

Then it is easy to see that I1 is a Krull-symmetric ideal of S. Therefore

| I1 |r=| S/r(I1) |r=| S/l(I1) |l=| I1 |l.
Let f : R → S be the natural monomorphism. Now notice r(I) = r(I1) ∩ R,
where r(I1) is in S and similarly l(I) = l(I1) ∩ R. Now by Proposition (3.3)
S/r(I1) is a centralizing extension of R/r(I1). Therefore | S/r(I1) |r=| R/r(I1) |r
by Proposition (3.3) and similarly | S/l(I1) |l=| R/l(I1) |l and as noted above
| S/r(I1) |r=| S/l(I1) |l. Thus | I |r=| I |l. ¤
Proposition 3.5. Let A be any of At(R) or Dt(R). Then A is Krull-symmetric.

Proof. St(R) is Krull-Symmetric is easy. Now let B be any ring and L(B) =
B[x, x−1, s]. Then there exists an anti-isomorphism f : L(B) → L(Bo) where Bo

is the opposite ring of B such that f(x) = x−1 and f(x−1) = x. Then an easy
induction gives an anti-isomorphism from Lt(R) onto itself. In Dt(R), the proof is
by using the Dixmier map and then an easy induction gives that there exists an
anti isomorphism from Dt(R) onto itself. ¤

Let R be commutative Noetherian ring. Let St(R) = R[x1;σ1][x2;σ2]...[xt;σt],
the iterated skew-polynomial ring where each σi is an automorphism of Si−1(R);
Lt(R) = R[x1; x−1

1 , σ1][x2;x−1
2 , σ2]...[xt;x−1

t , σt], the iterated skew-Laurent polyno-
mial ring, where each σi is an automorphism of Li−1(R) and the iterated differential
polynomial ring Dt(R) = R[x1; δ1][x2; δ2]...[xt; δt], where each δi is a derivation of
Di−1(R) such that each δi | R is a derivation of R. In case Dt(R), R is moreover
an algebra over Q.
At(R) is any of St(R) or Lt(R) such that each σi | R is an automorphism of R.

With this we are now in a position to state and prove the main result in the
form of the following Theorem:

Theorem 3.6. Let A be any of At(R) or Dt(R). Then :
(1) A is ideal Krull-symmetric.
(2) For any ideal L of A, | A/L |r<| A |r if and only if | A/L |l<| A |l.

Proof. (1) Let Ij = At(P
(k)
tj ) in case of At(R) and Ij = Dt(P

(k)
j ) in case of Dt(R).

Then 0 = ∩Ij , 1 ≤ i ≤ n by Remark (2.12). Let T =
∏

A/Ij , 1 ≤ i ≤ n. Now
by Proposition (3.2) T is a centralizing extension of A. Let I be an ideal of A and
I∗ =

∏
(I+Ij)/Ij , 1 ≤ i ≤ n of T. Then it is easy to see that I∗ is a Krull-symmetric

ideal of T. So

| I∗ |r=| T/r(I∗) |r=| T/l(I) |l=| I∗ |l.



IDEAL KRULL-SYMMETRY OF ITERATED EXTENSIONS 199

Let f : A → T be the natural monomorphism. Now r(I) = r(I∗) ∩ A, where
r(I∗) is in T and similarly l(I) = l(I∗) ∩A. Now by Proposition (3.3) T/r(I∗) is a
centralizing extension of A/r(I). Therefore | T/r(I∗) |r=| A/r(I) |r by Proposition
(3.3) and similarly | T/l(I∗) |l=| A/l(I) |l . But | T/r(I∗) |r=| T/l(I∗) |l. Therefore
| I |r=| I |l. Hence A is ideal Krull-symmetric.

(2) Let A = At(R). Let L be an ideal of A such that | A/L |l<| A |l, and
suppose | A/L |r=| A |r. Now | A/L |r=| A/P |r=| A |r, where P is a prime deal
of A such that L ⊆ P . Now N(A) = ∩At(Ptj), 1 ≤ j ≤ n and since I∗j = At(P k

tj) ⊆
At(P

(k)
tj ) = Ij , ∩I∗j = 0, 1 ≤ j ≤ n. Since every At(Ptj), 1 ≤ j ≤ n is associated to

A, so P is associated to A and P = At(Ptj) for some j, 1 ≤ j ≤ n. Let A1 = A/Ij .
Now L + Ij ⊆ Ptj and Ij ⊆ L + Ij ⊆ Ptj , therefore

| A1/L + Ij |r=| A/L + Ij |r=| A/Ptj |r.
But by Proposition (3.3) in A1 we have

| A1/L + Ij |l=| A1/L + Ij |r=| A/L |l=| A |l as | A |r=| A |l
which is a contradiction. Hence | A/L |r<| A |r.

Converse can be proved on the same lines as above.
For A = Dt(R), replace Ptj by Pj . Rest is obvious. ¤

Remark 3.7. Let At(Z) be the Weyl Algebra as in chapter 1 of Goodearl and
Warfield [2]. Then every factor ring of At(Z) is ideal Krull-symmetric.

Proof. If I is non-zero ideal of At(Z), then by (8B) of Goodearl and Warfield [2],
At(Z)/I is an FBN ring, therefore At(Z)/I is ideal Krull-symmetric. Now if I = (0),
then At(Z) is ideal Krull-symmetric by Theorem (3.6). ¤
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