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ON CONDITIONS FOR SLLN FOR MARTINGALES
WITH IDENTICALLY DISTRIBUTED INCREMENTS

A. I. SAKHANENKO

ABSTRACT. For any random variable X with E[|X|log(1 + |X|)] = oo
and EX = 0 we construct a sequence {X, : n > 1} of martingale
differences which are identically distributed with X and such that the
strong law of large numbers does not hold.

1. INTRODUCTION

Let {X,, : n > 1} be a sequence of random variables and let {F,, : n > 1} be an
increasing sequence of o-fields with X,, measurable with respect to F,, for each n.
The sequence {X,,F, : n > 1} is said to be a sequence of identically distributed
martingale differences if the random variables {X,,} are identically distributed and

(1) Vn > 1 E[X,|F.-1]=0=EX; a.s.
The following assertion is a partial case of Theorem 2.19 in [1].

Theorem 1. Let {X,,,F, :n > 1} be a sequence of identically distributed martin-
gale differences such that

) E[| X1 log(1 + | X4])] < oo.

Then

(3) nt ZXq; -0 a.s. as n — oo.
i=1
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On the other hand, if random variables {X, : n > 1} are independent and
identically distributed, then, as it follows from the classical (Kolmogorov) strong
law of large numbers, convergence (3) holds if and only if EX; = 0.

Thus, the question arises if condition (2) is necessary in the general case (see
also the remark on page 39 in [1]). We give a positive answer for this question in
the following theorem which is the main result of the paper.

Theorem 2. Let a random variable X1 satisfy the following conditions
(4) EX; =0 and E[X{log(l+X{)] = .

Then on some probability space we may define a sequence {X,,F, : n > 1} of
identically distributed martingale differences such that

(5) liminf n~! in <—¢<0 a.s.,

where 0 < ¢ = EX;" = E|X;]/2 < c0.

The rest of the paper is devoted to the proof of Theorem 2.

2. CONSTRUCTION

First we introduce the following notations

(6) a(z) :=E[X;: X1 > 2], by =E[-X;:—-N < X; <0].
Lemma 1. If conditions (4) hold then there exists an integer N such that
(7) by > cP(X; <0)+c(c+1)/N and  a(N) <¢/2,

with ¢ = EXf'. In particular,

(8) Vm>1 0<pm:=P(X1>N")+qam < am/cy <1/2,
where

(9)  an:=a(N™), g =P(-N <X, <0)/b,, cy =c¢/(1—1/N).
Now for m > 1 we define monotone functions
(10) Gn(z) =P(X; <z, X1 >N+ a,P(X; <z, —-N < X; <0)/b,.
Note that
P = G, (00) and Gn(z) <P(X; <z) Vu
In what follows we are going to introduce a set
{X1,0m,Un, Vi : m > 1,n > 2},

of mutually independent random variables with specially chosen distributions. First
we suppose that each of the random variables {n,, : m > 1} has only two values
with the following probabilities

(11) Py =1) =pm and Pm=0)=1—pp.
After that we introduce random variables U,, and V,, with the following distributions
Vn>2 P(U, <) := G (m)/pk(n),

(12 P(V, < 2) = (P(X, < 2) G () /(1 = Do)
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where the integers k(n) > 1 are defined in the following way:

(13) k(m)=m >1 if and only if Nt <n<N™,
Finally, we define the desirable random variables in the following way

(14) X = Me(m)Un + (1 = Nn)) Va for all n>2.

For all n > 1 we denote by F,, the minimal o-algebra generated by the following
random variables:

(15) {(Xiomkry 1 1<i<n} ={X;,nm:1<i<n,m>1,N""' <n}
And let Fy be the trivial o-algebra.

Lemma 2. If conditions (4) hold then the sequence {X,,,F, : n > 1}, defined
above, is a sequence of identically distributed martingale differences. Moreover, in
this case for all n > 2

(16) P(Xo < 2[Fn1) = () P(Un < ) + (1 = 1) )P (Vi < ).

3. PROOF OF THEOREM 2

For 7 > 1 let us introduce random variables

It was shown in [1], in the proof of Theorem 2.19 (see formula (2.20) in [1]), that
for any sequence of identically distributed martingale differences the following con-
vergence holds

18 Y(n) == Xi—yi 0 S. )
(18) (n) n;( yi) — as. as n— o0
It is clear from (17) and (1) that for all ¢ > 1
Xi=XiI(|X;| <i)+Z; and y; + 2 = E[X;|F;1] = 0.
Hence
n 7 1 n N
(19) X(n) := in =Y(n)—=—-= Z z; with Z:= ZZ’
n n
i=1 i=N-+1 i=1

Later on in the paper we suppose that conditions (4) hold and that {X,,} and
{F.} are the sequences constructed in Section 2.

Lemma 3. Under assumptions of Lemma 3 for all n > N we have
(20) —2n L 2Wp — CyNp(n), where wy = E[-X;: X1 < —nl.
It follows from (20) that

_ 1 &
(21) w, — 0 and W, = — Z 2w; — 0 as n — oo.
"iiN
On the other hand, we have from (19), (20) and (21) that

(22) X(n) <Y(n)— % +W(n)—U(n) with U(n):= % Z CnMi(s)-

i=N+1
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So, we obtain from (18), (21) and (22) that
(23) liminf X (n) < liminf (- U(n)) = —limsupU(n) < —limsupU(N™) a.s.

m—00

Using (9) and (22) again we obtain for all m > 1 that

N"YL N"YL
— Cn k(i c
U(Nm) = I\A;Vm(z) > Z J]\\[[Zm = (1 - I/N)CNnm = Cllm -
1=N—+1 i=Nm—141

But this fact together with (23) allows us to obtain the inequality
(24) liminf X(n) < —limsupU(N™) < —climsupn,, a.s.

m— 00 m—0o0

Lemma 4. Under assumptions of Lemma 3 limsup,, ,.ocMm =1 a.s.

Thus, Lemma 4 together with (24) yields (5) with ¢ = EX;.

4. PROOFS OF LEMMAS
Proof of Lemma 1. Using definitions (6) and the first condition in (4) it immedi-
ately follows that

Jim a(N)=0,  lm b, =EX;, b, <EX; VN>
0=EX, =EX; -EX;, E|X;|=EX; +EX; <.

But EX;" > 0 and P(X; > 0) > 0 by the second condition in (4). Hence we have
from (25) that

(26) EX;] =EX{ =E|X{|/2=¢>0, Jim by =c> cP(X; <0).

It is evident now from (26) and from the first convergence in (25) that conditions (7)
are true for sufficiently large N.

Suppose now that conditions (7) hold. In this case, using definitions (6) and (9),
we obtain that

Vm>1 amfcy < am/c<ar/c=a(N)/c<1/2.

So, the last inequality in (8) is proved. The first inequality in (8) also holds because
P(X; > z) > 0 for all + > 0 by the second condition in (4). Note also that by
Chebyshev’s inequality with the first moment

(27) Vm>1 0<P(X;>N™") <a,/N™<a,/N.
To prove the central inequality in (8) we need to show that ¢, < 0 for
Om = Pm — am/cy =P(X1 > N™)+ qam — (1 = 1/N)ay,/c.
But we have from (27) that

COm c 1 cby b
o~ +ceg—1+ ( +cP(-N<X;<0)—b, + )/bw

where we use definition (9) of ¢. But b, < ¢ as it follows from (25) and (26). Hence

ch. o, c? c c(c+1)
CZLVTSN+CP(X1<0)—bN+N:cP(X1<0)+

by (7). Thus d,, < 0 and we obtain (8) as a partial case of (7).

—b, <0
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Proof of Lemma 2. Let m > 1 and n > 2. First, note that (16) may be derived
immediately from (14) and (15). It follows from (10) that

E, = /xdGm(:L‘) =E[X;: X; > N"|4+a,E[X;: —N < X; <0]/b,.

Hence, E,, = am + am(—by ) /by = 0 by definitions (6) and (9). Now from (12) we
have

EU, = Exm)/Pr(n) =0,  EVy = (EX,, — Epn)(2)) /(1 = Pr(n)) = 0.
So, we obtain from (16) that
E[Xo|Fn-1] = ) BUn + (1 = 0g(n) )JEV, = 0.

Thus, {X,,F, : n > 1} is a sequence of martingale differences.
It follows immediately from (11) and (16) that

And now P(X,, < z) = P(X; < z) by definitions (11) and (12). Hence, the random
variables {X,,} are identically distributed.

Proof of Lemma 8. Let n > N. From definitions (10) and (12) we have
up = E[U, : [Uy| > n] = B[X1 : X1 > N*™]/priy = aginy/Prn)s

Un = E[Vn : |Vn| > n] > E[Xn t Xy < —n]/(l _pk(n)) = _wn/(l _pk(n))~

It follows from (8) that
Uy > Cp, Up > —2Wh, Ni(n)Wn 2 0.

Now from definition (17) and representation (16) we obtain

zn = E[Xy, ¢ | Xp| > n|Fn_1] = Meytn + (1 = Nkn))Vn > Mkn)Cy — 2Wn.
So, Lemma 3 is proved.

Proof of Lemma 4. First note that
(28) > am =YY A;=> jA; with A;:=E[X;: N <X; <N,
m>1 m>1j>m j>1
On the other hand,
J; :=E[X1log(X1/N): N7 < X; < N’*']] < jA;logN,
(29) J:=E[Xlog(X1/N): X1 > N| = Y Jj,
jzm
E[X{ log(1+ X{")] < EX{ log(1+ N) + J,
since log(1+z) < log(1+ N) +log(z/N) for x > N. So, we have from (28) and (29)
that
E[X{ log(1+ X{)] < (EX{ + 3 a) log(1 + N).
m>1

Thus, >, .~ @m = oo if the second condition in (4) holds. But in this case we
obtain from (8) that

(30) D Phm=1)=Y pPn>q) an=oc.

m>1 m>1 m>1
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It follows immediately from (30) that, by the law of zero and one, independent
events {n,, = 1} occur infinitely often. But it means that limsup,, . 7m = 1
with probability one.
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