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REGULAR ORBITS OF SOLVABLE LINEAR p′-GROUPS

E. P. VDOVIN

Abstract. In this paper we prove that a solvable linear p′-group

G ≤ GL(V ), where p is the characteristic of the underlying �eld of V ,

has a regular orbit on V × V .

1. Introduction

In 1966 D.S. Passman has proved that for a Sylow r-subgroup R of GL(V ) =
GLn(pk) with r 6= p there exist v, u ∈ V such that CR(v) ∩ CR(u) = {e}. As a
corollary D.S. Passman proved that for a p-solvable �nite group G there exist three
Sylow p-subgroups P1, P2, P3 such that P1 ∩ P2 ∩ P3 = Op(G). Later in [16] V.I.
Zenkov proved by using of the classi�cation of �nite simple groups that in each �nite
group there exist three Sylow p-subgroups P1, P2, P3 such that P1∩P2∩P3 = Op(G).
In 2005 S. Dol� [2, Theorem 1.3] has proved that if G is a solvable completely
reducible subgroup of odd order of GL(V ), then there exist v, u ∈ V such that
CG(v) ∩ CG(u) = {e}. As a corollary it was proved [2, Theorem 1.1] that if π is a
set of odd primes, G is a �nite π-solvable group and H is a Hall π-subgroup of G,
then there exist x, y ∈ G such that H ∩Hx ∩Hy = Oπ(G).

The main result of the present paper is the following theorem.

Theorem 1.1. Let G be a solvable subgroup of GLn(pk) = GLn(q) = GL(V ) such
that (|G|, p) = 1. Then there exist u, v ∈ V such that CG(v) ∩ CG(u) = {e}.

Known examples (see [15], for instance) show that we cannot substitute condition
(|G|, p) = 1 by a weaker condition of complete reducibility of G.
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Assume that G acts on a set Ω. Then G acts naturally on Ωk by g : (x1, . . . , xk) 7→
(xg

1, . . . , x
g
k). An element x = (x1, . . . , xk) ∈ Ωk is called regular under G if CG(x) =

{e}, that is xG is a regular orbit. So Theorem 1.1 states that there exists a regular
element (v, u) ∈ V 2. In particular, there exists and element v ∈ V such that |vG| >
|G|1/2, which solves the problem posed by Isaacs in [6]. Elements x = (x1, . . . , xk)
and y = (y1, . . . , yk) of Ωk are called equivalent under G if there exists g ∈ G such
that xg = y that is xG = yG.

As corollaries of Theorem 1.1 we prove the following results.

Theorem 1.2. Let G be a solvable π-subgroup of Aut(H), where H is a �nite
π′-group. Then there exist h1, h2 ∈ H such that CG(h1) ∩ CG(h2) = {e}.

Theorem 1.3. Let G be a π-solvable group, H be a Hall π-subgroup of G. Then
there exist x, y ∈ G such that H ∩Hx ∩Hy = Oπ(G).

Note that Theorem 1.3 is not true without the assumption on π-solvability of
G. Indeed, consider the symmetric group Sym5 of degree 5. It has a Hall {2, 3}-
subgroup H = Sym4, but for every x, y ∈ Sym5 the intersection H ∩ Hx ∩ Hy is
nontrivial.

By 1n, 0n we denote the identity and the zero matrices of size n×n, by 0(n,m) we
denote the zero matrix of size n×m. By A⊗B we denote the Kronecker product of
matrices A and B. By diag(a1, . . . , an) we denote the diagonal matrix with entries
a1, . . . , an on the diagonal, and by perm(τ1 · . . . · τk;n) we denote the permutation
matrix of degree n, where τ1, . . . , τk ∈ Symn are independent cycles. For a group A
and a subgroup B of Symn by A oB we denote the permutation wreath product of
A and B.

Some parts of the proof of Theorem 3.1 use GAP [17]. It is not di�cult to avoid
computer calculations and to make all calculations �by hands� (and the author has
done all these calculation �by hands�), but this would enlarge the paper very much.
Generators of primitive solvable groups, mentioned in the proof of Theorem 3.1,
can be found in

http://www.math.nsc.ru/~vdovin/generators_primitive.html

Note also, that the �rst draft of the paper with the same results obtained by
di�erent methods was appeared on the Internet just recently, see [5].

2. Preliminary results

Lemma 2.1. The following statements are known.

(a) GF (qn)∗ is isomorphic to a subgroup (which we shall also denote GF (qn)∗)
of GLn(q) and this subgroup is unique up to conjugation in GLn(q);

(b) there exists ϕ ∈ GLn(q) generating Gal(GF (qn) : GF (q)), i. e., for every
A ∈ GF (qn)∗ we have that Aϕ = Aq.

Lemma 2.2. Let G ≤ GLn(q) be a maximal primitive solvable group. Then the
following statements hold:

(a) there exists a unique maximal normal Abelian subgroup A of G [13, � 20,
Theorem 9];

(b) A is isomorphic to a multiplicative subgroup of an extension GF (qk) of
GF (q), in particular, A is a cyclic group of order qk − 1 for some k > 1



REGULAR ORBITS OF SOLVABLE LINEAR p′
-GROUPS 347

[13, � 19, Lemma 1] (note that by [13, � 21, Lemma 2] for given k the
subgroup A is uniquely determined up to conjugation in GLn(q));

(c) n = k ·m for some m [13, � 19, Lemma 1];
(d) denoting by C = CG(A), the factor group G/C is isomorphic to a subgroup

of the Galois group Gal(GF (qk) : GF (q)), in particular, G/C is cyclic
and |G/C| 6 k [13, � 19, Theorem 1];

(e) C is an absolutely irreducible subgroup of GLm(qk) [13, � 20, Theorem 1];
(f) denoting by B a maximal subgroup of C such that B/A is a maximal normal

Abelian subgroup of G/A, the index |B : A| = m2 [13, � 20, Theorem 11];

(g) if m =
∏l

i=1 rαi
i is the prime decomposition of m, then each ri divides

|A| = qk − 1 [13, � 20, Corollary 1];
(h) B/A = F (C/A) and B = F (C) ([9, Proposition 2.1];
(i) C/B is isomorphic to a completely reducible subgroup of Sp2α1(r1)× . . .×

Sp2αl
(rl) [9, Proposition 2.1(13)], in particular, if l = 1, then C/B is

completely reducible.

Lemma 2.3 is proved in the �rst part of the proof of [4, Proposition 4].

Lemma 2.3. Let G ≤ GLn(q) be a maximal primitive solvable group and subgroups
A,B, C of G are de�ned as in Lemma 2.2. Then

(a) if g ∈ A \ {e}, then |CV (g)| = 1;
(b) if g ∈ B \A, then |CV (g)| 6 qn/2;

(c) if g ∈ C \B, then |CV (g)| 6 q3n/4.

Lemma 2.4. Let G ≤ GLn(q) be such that |G| < q. Then there exists v ∈ V =
GF (q)n such that CG(v) = {e}.

Proof. Let v1, . . . , vn be a basis of V . Consider X = {v1 + λvi | λ ∈ GF (q)∗, 2 6
i 6 n}. Then |X| = (q−1)n−1 and, if Y is a subset of X such that |Y | > (q−1)n−2,
then Y contains a basis of V . So, for every g ∈ GLn(q), we have that |CX(g)| =
|{x ∈ X | xg = x}| 6 (q − 1)n−2. Let Z = {x ∈ X | CG(x) 6= {e}}. Then
|Z| 6

∑
g∈G\{e} |CX(g)| 6 (q − 1)n−2(|G| − 1) < |X|, so there exists x ∈ X such

that CG(x) = {e}. �

Lemma 2.5. Let G be a subgroup of GLn(q) with (|G|, p) = 1 such that there exists
a regular element (v, u) ∈ V × V under G. Then for every distinct λ, µ ∈ GF (q)
there does not exist an element g ∈ G such that (v, λv + u)g = (v, µv + u).

Proof. Clearly it is enough to prove that for every λ 6= 0 there does not exist
g ∈ G such that (v, u)g = (v, λv+u). Assume by contradiction, that such an element
g exists. Then we have that vg = v and ug = λv + u. So ugp

= p · λv + u = u.
Therefore gp ∈ CG((v, u)) = {e}, i. e., gp = e. But (|g|, p) = 1, so g = e. �

Lemma 2.6. [15] Let G be a completely reducible solvable subgroup of GLn(q).
Then |G| < q9n/4 = |V |9/4.

Lemma 2.7. The structure of maximal completely reducible solvable subgroups of
Sp2n(q) for small values of n and q is given below.

(a) If q ≡ ±1 (mod 8), q > 3 then there are four nonconjugate maximal
completely reducible solvable subgroups G1, G2, G3, G4 of Sp2(q); where G1

is the normalizer in Sp2(q) of a (unique up to conjugation) cyclic subgroup
of order q−1 and |G1| = 2(q−1); G2 is the normalizer in Sp2(q) of a (unique
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up to conjugation) cyclic subgroup of order q + 1 and |G2| = 2(q + 1); G3

and G4 are conjugate in GL2(q), Z(G3) ' Z2 and G3/Z(G3) ' Sym4.
(b) If q ≡ ±3 (mod 8), q > 3 then there are three nonconjugate maximal

completely reducible solvable subgroups G1, G2, G3 of Sp2(q); where G1 and
G2 can be chosen as in (a); Z(G3) ' Z2 and G3/Z(G3) ' Alt4.

(c) There are 2 nonconjugate maximal completely reducible solvable subgroups
G1, G2 of Sp4(2); where G1 ' Sp2(2) oSym2, |G1| = 72; and G2 ' Z5 hZ4,
|G2| = 20.

(d) If G is a completely reducible solvable subgroup of Sp4(3), then |G| 6 1152.
(f) If G is a completely reducible subgroup of Sp6(q) (q = 2, 3), then |G| 6

|Sp2(q)|3 · |Sym3|; |G| 6 20 if (|G|, 3) = 1 and q = 2.
(g) If G is a completely reducible subgroup of Sp8(2) or Sp10(2), then |G| 6

64 · 24; |G| 6 800 if (|G|, 3) = 1.

Proof. (a) and (b) follows from [13, �21.3]
(c) If G is a maximal completely reducible solvable subgroup of Sp4(2) and G

is not primitive, then G is contained in Sp2(2) o Sym2. If G is primitive, then it is
contained in a maximal primitive solvable subgroup H of GL4(2). So A ≤ H is a
cyclic subgroup of order 24− 1 (other cases from Lemma 2.2 cannot occur, because
2 is the only prime divisor of 4 and it is coprime with 2t − 1 for every t). Hence
G = G2 in the notations of point (c) of the lemma.

Bounds in points (d)�(g) of the lemma can be obtained in a similar way, by using
Lemma 2.2 and [8, Table 3.5.C]. �

3. Primitive solvable groups

In this section we shall prove Theorem 1.1 for primitive solvable subgroups
of GLn(q).

Theorem 3.1. Let G be a primitive solvable subgroup of GLn(q) such that (|G|, q) =
1. Then there exist u, v ∈ V such that CG(v) ∩ CG(u) = {e}.

Proof. In view of [2, Theorem 1.3] we may assume that q is odd and 2 divides |G|.
Assume by contradiction that the statement of Theorem 3.1 is false and G ≤ GLn(q)
is a counterexample. It is clear that for n = 2, taking v1, v2 to be a basis of V , we
have that CGL2(q)((v1, v2)) = {e}, so n > 3. Now G is contained in a maximal
primitive solvable subgroup G1 of GLn(q). Consider subgroups A1, B1, and C1 of
G1 de�ned in Lemma 2.2; let A = G ∩ A1, B = G ∩ B1, C = G ∩ C1. Until the
end of the proof we �x A1, B1, C1, G1. Note that |A1| = qk − 1, so (|A1|, q) = 1.
Thus we may assume that G = GA1, i. e., A1 = A. By Lemma 2.2(g) we also have
that (|B1|, q) = 1, so we may assume that B1 = B. Note also that we may assume
G ≤ C1. Indeed, let (v, u) ∈ V × V be a regular under G ∩ C1 element. Consider
g ∈ G \ C1. Let λ be a generating element of GF (qk)∗ = A (see Lemma 2.2(b)).
Assume that g centralizes (v, λv + u). Then (λv + u)g = λgv + ug = λv + u, so
ug = u + (λ − λg)v. Since vg = v and by Lemma 2.2(d), we obtain that the map
g : λ 7→ λg de�ned by (λv)g = λgv is an automorphism of GF (qk) �xing GF (q).
If r = |g|, then u(gk) = u = u + k(λ − λg)v. So k(λ − λg) = 0. The condition
(|G|, p) = 1 implies that k 6= 0, hence λ = λg, i. e., g ∈ C1. Lemma 2.5 implies that
g = e, hence (v, λv + u) is a regular element of G.

Since G is a counterexample, we obtain that for every non-zero element (v1, v2)
of V × V there exists a nonidentity element g of G, centralizing (v1, v2). Thus we
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obtain the following inequality

(1)
∑

g∈A\{e}

|CV ×V (g)|+
∑

g∈B\A

|CV ×V (g)|+
∑

g∈G\B

|CV ×V (g)| >

|V |2 − 1 = q2n − 1.

In view of Lemma 2.2(b) and Lemma 2.3(a) we have that∑
g∈A\{e}

|CV ×V (g)| 6 |A| − 1 = qk − 2.

Lemma 2.2(f) and Lemma 2.3(b) imply that∑
g∈B\A

|CV ×V (g)| < ((n/k)2 − 1)(qk − 1)qn.

Denoting by t the maximum of orders of completely reducible subgroups of

Sp2α1(r1)× . . .× Sp2αl
(rl)

(in the notations of Lemma 2.2(i)) and using Lemma 2.3(c) we obtain that∑
g∈G\B

|CV ×V (g)| 6 (t− 1)(n/k)2(qk − 1)q3n/2.

By Lemma 2.6 we obtain that t < (n/k)9/2. If n/k > 5, q is a power of a prime,
and t(n/k)2(qk − 1)q3n/2 < q2n, then the left part of inequality (1) is less than
t(n/k)2(qk − 1)q3n/2. Thus if

(2) t(n/k)2(qk − 1) < qn/2,

then the left part of inequality (1) is less than |V |2 − 1. It is clear that if k 6 n/5
and n is large enough, then the number n13/2(qk − 1)q3n/2 (here we take for t its
upper bound n9/2) is less than q2n for every odd q. So we prove the theorem in
several steps. First we consider some special cases, with small values of n and n/k,
then we turn to the general case.
Step 1, k = n. This means that A = B = C = G. By Lemma 2.3(a), for every

v ∈ V \ {0}, we have that CG(v) = {e}.
Step 2, k = n/2. By Lemma 2.2(e) we have that G is an absolutely irreducible

subgroup of GL2(qk). Taking v, u to be any base of V = GF (qk)2 we obtain that
CG(v) ∩ CG(u) = {e}.
Step 3, k = n/3. By Lemma 2.2(e) we have that C is an absolutely irreducible

subgroup of GL3(qk). Since for every nontrivial element g of GL3(qk) the inequality
dim(CGF (qk)3(g)) 6 2 holds, then for every g ∈ C we have that dim(CV (g)) 6 q2n/3.

By Lemma 2.2(g), G1 exists only if qk − 1 is divisible by 3, so we may suppose that
qk ≡ 1 (mod 3). If (qk, 3) = 1, then the left part of inequality (1) is not greater
than

(3) (qn/3 − 2) + 8(qn/3 − 1)qn + 23 · 9 · (qn/3 − 1)q4n/3.

Number (3) is not greater than q2n − 1 in the following cases: n = 3 and q 6 199,
n = 6 and q 6 13, n = 9 and q = 5. Now assume that G is a solvable subgroup of
GL3(qk) and, in the notations of Lemma 2.2, A = Z(GL3(qk)) is a cyclic subgroup
of order qk−1, B/A is elementary Abelian of order 32, and G/B ' Sp2(3) ' SL2(3).
By [13, � 21.3, Theorem 6] it follows that G is unique up to conjugation in GL3(qk).
Let λ ∈ GF (qk)∗ be such that 〈λ〉 = GF (qk)∗ and η = λ(qk−1)/3. Then A is
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generated by f = λ13. By [13, � 21.2, Theorem 4] it follows that B modulo A is
generated by matrices

a = diag(1, η, η2), b = perm((1, 2, 3); 3).

Thus B = 〈f, a〉h 〈b〉. Now let v = (0, 0, 1). Then

CGL3(qk)(v) =

 a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

0 0 1

 .

As we noted above G/B ' Sp2(3) = SL2(3). The group SL2(3) is known to be
generated by (

0 −1
1 0

)
,

(
1 0
1 1

)
.

Thus we need to �nd matrices c, d such that ac = b−1, bc = a, ad = a, bd = ab.
Direct calculations show that c, d can be chosen in the following way

c =

 1 1 1
1 η2 η
1 η η2

 , d = diag(1, 1, η).

From the structure of B given above we obtain that

CB(v) = B ∩ CGL3(q)(v) =
〈
diag(η, η2, 1)

〉
,

in particular |CB(v)| = 3. Moreover, for every x ∈ cG we have that x 6∈ CG(v). Thus
CG(v)B/B is isomorphic to a proper subgroup of C/B ' SL2(3). In particular,
|CG(v)B/B| 6 6, hence |CG(v)| 6 18. Since (|G|, q) = 1, then CG(v) is completely
reducible, so CG(v) ≤ L ' GL2(qk). Let U be the 2-dimensional irreducible module
for L. By Lemma 2.4 we obtain that if qk > 19, then there exists u ∈ U such that
CCG(v)(u) = {e}. Therefore, if qk > 19, then we obtain that there exist v, u ∈ V
such that CG(v) ∩ CG(u) = {e}. If q = 7, 13, then direct computations (by using
[17], for example) show that for u = (λ, η, 0) we have that CG(v) ∩ CG(u) = {e}.
Step 4, k = n/4. Then B/A ' 24 and G/B is isomorphic to a completely

reducible solvable subgroup of Sp4(2). By Lemma 2.7(c) it follows that there are two
non-conjugate maximal completely reducible solvable subgroups of Sp4(2), namely
either S1 ' SL2(2) o Sym2 of order 72, or S2 ' Z5 h Z4 of order 20. If q = 3t, then
the conditions (|G|, q) = 1 and G/B is a completely reducible subgroup of Sp4(2)
implies that G/B is isomorphic to a subgroup of S2. So the left part of inequality
(1) is not greater than

(4) (qn/4 − 2) + 15(qn/4 − 1)qn + 19 · 16 · (qn/4 − 1)q3n/2.

If (q, 3) = 1, then the left part of inequality (1) is not greater than

(5) (qn/4 − 2) + 15(qn/4 − 1)qn + 71 · 16 · (qn/4 − 1)q3n/2.

If q = 3t, then the number (4) is greater than q2n−1 only for the following values of
n and q: n = 4, q = 3, 9, 27, 81, 243; n = 8, q = 3, 9; n = 12, 16, q = 3. If (q, 3) = 1,
then the number (5) is greater than q2n − 1 only for the following values of n and
q: n = 4, q < 1136; n = 8, q 6 31; n = 12, q = 5, 7; n = 16, q = 5.

Let λ be a generating element of GF (qk)∗. Then A is generated by f = λ14.
Assume that qk ≡ 1 (mod 4). Then by [13, � 21.2, Theorem 5(i)] we obtain that B
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modulo A is generated by the following matrices

a1 = 12 ⊗ diag(1,−1), a2 = diag(1,−1)⊗ 12,

b1 = 12 ⊗ perm((1, 2); 2), b2 = perm((1, 2); 2)⊗ 12.

If qk ≡ 3 (mod 4), let γ, δ ∈ GF (qk) be such that γ2 + δ2 + 1 = 0. Then by [13,
� 21.2, Theorem 5(ii)] the subgroup B modulo A is generated either by the above
matrices a1, a2, b1, b2, or by the matrices a1, b1,

a′2 =
(

0 −1
1 0

)
⊗ 12, b

′
2 =

(
γ δ
δ −γ

)
⊗ 12.

Step 4(a), qk ≡ 1 (mod 4). Let ι = λ(qk−1)/4 be a square root of −1. Then B
is generated by f, a1, a2, b1, b2. As we noted above, G/B is isomorphic to either a
subgroup of S1, or a subgroup of S2.
Step 4(a1), C1/B ' S1. By using generating matrices from case C1/B ' Sp2(2)

(see [13, � 21.3]) it is easy to see that the subgroup H1 of C1 such that H1/B '
Sp2(2)× Sp2(2) is generated modulo B by the following matrices

g1 = 12 ⊗ diag(1,−ι), g2 = diag(1,−ι)⊗ 12,

h1 = 12 ⊗
(

1 ι
1 −ι

)
, h2 =

(
1 ι
1 −ι

)
⊗ 12.

An element σ, generating C1 modulo H1 such that gσ
1 = g2 and hσ

1 = h2 can be
chosen to be equal to σ = perm((2, 3); 4).

Direct computations show that for v = (1, 1, 1, 0) the order of CH1(v) divides 6.
So |CG(v)| divides 12 if (q, 3) = 1 and |CG(v)| divides 4 if q = 3t. Since (|G|, q) = 1,
then CG(v) is completely reducible, so as above we may assume that CG(v) ≤
GL3(qk). By Lemma 2.4, for qk > 12 (qk > 4 if q = 3t) there exists u ∈ GF (qk)3 ≤
GF (qk)4 such that CCG(v)(u) = {e}. So we may assume that qk = 5 (recall that we

are assuming qk ≡ 1 (mod 4)). In this case direct computations (by using [17], for
example) show that for u = (0, 1, 2, 1) we have CG(v) ∩ CG(u) = {e}.
Step 4(a2), C1/B ' S2, in particular |C1/B| divides 20. Then we have that

|G/B| divides 20 and condition (|G|, q) = 1 implies that if qk = 5t, then |G/B|
divides 4. Now for v = (1, 1, 1, 0) we have that CB(v) = {e}, hence |CG(v)| divides
20 (if qk = 5t, then |CG(v)| divides 4). Lemma 2.4 implies that for qk > 20 (qk > 4
if qk = 5t) there exists u such that CG(v)∩CG(u) = {e}. Thus we need to consider
qk = 9, 13, 17 only (recall that we are still assuming qk ≡ 1 (mod 4)). For qk =
13, 17 we have that the minimal α such that qα ≡ 1 (mod 5) is equal to 4. So, for
every element x of order 5 in GL4(q), we have that CV (x) = {0}. Hence |CG(v)|
divides 4 and Lemma 2.4 implies that there exists u such that CG(v)∩CG(u) = {e}.
For qk = 9 we can take an element x of order 5 to be equal to

x =


0 1 −1 0
0 1 1 0
ι 0 0 ι

−ι 0 0 ι

 ,

where ι2 = −1. Now direct computations (by using [17], for example) show that
C〈B,x〉(v) = {e}, where v = (1, 1, 1, 0). Since 〈B, x〉 � G, then |CG(v)| 6 4 and by
Lemma 2.4 we have that CG(v) ∩ CG(u) = {e} for some u.
Step 4(b), qk ≡ −1 (mod 4). Let

R = 〈f, a1, a2, b1, b2〉
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and

R′ = 〈f, a1, a
′
2, b1, b

′
2〉.

By [13, � 21.2, Theorem 5] we obtain that, up to conjugation in GL4(qk), either
B = R, or B = R′. In view of [7, (1C)] we have that NGL4(qk)(R)/R ' O+

4 (2) '
SL2(2) o Sym2 and NGL4(qk)(R′)/R′ ' O−

4 (2) ' Sym5.
Step 4(b1), B = R and C1 = NGL4(qk)(R) (since NGL4(qk)(R) is solvable). Let

Q be a Sylow 3-subgroup of C1. Then BQ is a normal subgroup of C1 of index 8.
We state that the following matrices generate BQ modulo B

g1 = perm((1, 2, 3); 4), g2 =


−1 1 −1 −1
−1 −1 1 −1

1 −1 −1 −1
1 1 1 −1

 .

Indeed, g1 clearly normalizes B. Direct computations show that the following equ-

alities hold: a1g2 = g2a2b2f
(qk−1)/2, a2g2 = g2a1a2b1b2, b1g2 = g2a1a2, and b2g2 =

g2a2f
(qk−1)/2, so g1, g2 ∈ NGL4(qk)(B) = C1. Now |g1| = |g2| = 3 and g1 · g2 =

g2 · g1, so we may assume that g1, g2 ∈ Q. Since |QB/B| = 9 we obtain that
〈g1, g2〉B1 = QB1. Again direct computations show that for v = (1, λ, 1, 0) we have
CQB(v) = {e}. Since |C1/QB| = 8, we obtain that |CG(v)| divides 8. Like above,
Lemma 2.4 implies that for qk > 8 there exists u such that CG(v) ∩ CG(u) = {e}.
If qk = 3 then condition (|G|, q) = 1 implies that G is a 2-group and Theorem 3.1
follows from [10]. If qk = 7 then direct computations (by using [17], for example),
show that C1 modulo QB can be generated by the following matrices

d1 = diag(−1, 1, 1, 1), d2 =


0 −1 1 0

−1 0 0 1
1 0 0 1
0 1 1 0

 .

Direct computations (by using [17], for example) show that for v = (1, 3, 1, 0) and
u = (0, 0, 1, 1) we have that CG(v) ∩ CG(u) = {e}.
Step 4(b2), B = R′. By Lemma 2.2(i) it follows that G/B is isomorphic

to a completely reducible subgroup of O−
4 (2) ≤ Sp4(2). If G/B is a completely

reducible subgroup of O−
4 (2), then O2(G/B) = {e}. There are (up to conjugation)

two maximal solvable subgroups of O−
4 (2) ' Sym6 with a trivial normal 2-subgroup:

Z3 hZ2 of order 6 and Z5 hZ4 of order 20. Note that for qk > 3 and v = (1, λ, 1, 0)
we have that CR′

1
(v) = {e}. So if |G/B| divides 6, then Lemma 2.4 implies that

there exist u such that CG(v) ∩ CG(u) = {e} (if qk = 3 then G is a 2-group and
Theorem 3.1 follows from [10, Theorem 1.1]). Assume that G/B divides 20. Then
Lemma 2.4 implies that for qk > 20 there exists u such that CG(v)∩CG(u) = {e}.
Thus we may assume that qk = 3, 7, 11, 19 (recall that we are assuming qk ≡ −1
(mod 4)). If qk = 7, then the minimal d such that qd ≡ 1 (mod 5) is equal to
4. So for every element x of GL4(qk) of order 5 we have that CV (x) = {0}.
Therefore |CG(v)| divides 4, and Lemma 2.4 again implies that there exists u such
that CG(v) ∩ CG(u) = {e}. If qk = 3 then we can take γ = δ = 1 and direct
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computations (by using [17], for example) show that C1 modulo B is generated by

x =


0 1 0 −1
1 −1 −1 1
1 −1 1 −1
0 −1 0 −1

 , y =


0 0 0 1
0 0 1 0
1 −1 0 0
1 1 0 0

 ,

where |x| = 5, |y| = 8 and y4 ∈ B. Direct computations (by using [17], for example)
imply that for v = (1,−1, 0, 0), u = (0, 0, 0, 1) we have CG(v) ∩ CG(u) = {e}. If
qk = 11 then we can take γ = 1, δ = 3 and direct computations (by using [17], for
example) show that C1 modulo B is generated by

x =


1 3 1 3
0 −1 0 −1
3 −1 −3 1

−1 0 1 0

 , y =


2 5 6 2
1 5 6 1
6 1 1 5
5 9 9 6

 ,

where |x| = 5, |y| = 8 and y4 ∈ B. Direct computations (by using [17], for example)
imply that for v = (1, 2, 1, 0) we have CG(v) = {e}. If qk = 19 then we can take
γ = δ = 3 and direct computations (by using [17], for example) show that an
element x of order 5 of GL4(19) normalizing B can be chosen to be equal to

x =


9 9 10 10

10 9 9 10
0 3 0 3
3 0 3 0

 .

Then M = 〈B, x〉 is a normal subgroup of C1 of index 4 and direct computations
(by using [17], for example) show that for v = (1, 2, 1, 0) we have CM (v) = {e}. So
|CG(v)| 6 4 and Lemma 2.4 imply that there exists u such that CG(v) ∩ CG(u) =
{e}.

Now we turn to the general case. We may assume that n/k > 5. Direct calcula-
tions show that (n/k)13/2 · (qk − 1) < qn/2 if n > 64, i. e., inequality (2) is true and
inequality (1) is not true. So we may assume that n 6 63. Recall that by Lemma
2.2, each prime divisor of |B/A| should divide |A|. Calculations by using Lemma
2.6 show that inequality (1) is true only for the following values of q and n:

(1) q = 3, n = 8, 16;
(2) q = 5, n = 8, 12, 16;
(3) q = 7, n = 6, 8, 9, 12, 16;
(4) q = 9, n = 8;
(5) q = 11, n = 5, 8, 10;
(6) q = 13, n = 6, 8;
(7) q = 17, n = 8;
(8) q = 19, n = 6, 8.

Step 5. n = 5, q = 11. In this case we remain to consider k = 1. Denote by λ the
generating element of GF (11) and let η = λ2. By [13, �21.3, Theorem 4] we obtain
that B is generated by f = λ15, a = diag(1, η, η2, η3, η4), b = perm((1, 2, 3, 4, 5); 5).
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Consider x = diag(η, η, 1, η3, 1) and

y =


η 1 η3 1 η
η η 1 η3 1
1 η η 1 η3

η3 1 η η 1
1 η3 1 η η

 .

Direct computations show that ax = a, bx = ba, ay = ab, by = b, so elements
f, a, b, x, y generate NGL5(11)(B) and G ≤ 〈f, a, b, x, y〉 = M . Again by direct cal-

cultion (by using, [17], for example), it is easy to check that for v = (λ, λ2, λ5, 1, 0)
we have |CM (v)| = 10. Thus |CG(v)| 6 10 and by Lemma 2.4 there exists u such
that CG(v) ∩ CG(u) = {e}.
Step 6. n = 6, q ∈ {7, 13, 19}. In this case we remain to consider k = 1, so

G = C. Let λ be a generating element of GF (q) and η = λ(q−1)/3. By Lemma 2.2
we obtain that B/A = B′/A×B′′/A and C/B ≤ C ′/B×C ′′/B, where |B′/A| = 22,
|B′′/A| = 32, C ′/B ≤ Sp2(2), C ′′/B ' Sp2(3). Moreover by using [13, �20.2,
Theorem 6] and [13, �21.2, Theorems 4,5] we obtain that B′ modulo A is generated
either by

a1 = diag(1,−1)⊗ 13, b1 = perm((1, 2); 2)⊗ 13,

or by

a′1 =
(

0 −1
1 0

)
⊗ 13, b

′
1 =

(
γ δ
δ −γ

)
⊗ 13,

(the second possibility occurs only if q ≡ 3 (mod 4); γ, δ satisfy γ2 + δ2 + 1 = 0);
and B′′ modulo A is generated by

a2 = 12 ⊗ diag(1, η, η2), b2 = 12 ⊗ perm((1, 2, 3); 3).

We also have that C ′′ modulo B is generated by 12 ⊗ c and 12 ⊗ d, where c and d
are chosen as in Step 3(a).
Step 6(a). q ≡ 1 (mod 4), i. e., q = 13. Then B′ modulo A is generated by a1

and b1. Let ι = λ3 be a square root of −1 in GF (13). By [13, � 21.3] we have that
C ′ modulo B is generated by

g = diag(1,−ι)⊗ 13, h =
(

1 ι
1 −ι

)
⊗ 13.

Thus G = 〈λ16, a1, b1, a2, b2,12 ⊗ c,12 ⊗ d, g, h〉, and direct calculations (by using
[17], for example) show that for v = (λ, λ2, λ4, λ3, 1, λ) we have CG(v) = {e}.
Step 6(b). q ≡ −1 (mod 4), i. e., q = 7, 19. Let R = 〈λ16, a1, b1, a2, b2〉 and

R′ = 〈λ16, a
′
1, b

′
1, a2, b2〉. Then by [13, �21.2, Theorem 5] we obtain that, up to

conjugation in GL6(q), either B′ = R, or B′ = R′. In view of [7, (1C)] we have that
C ′/B ' O+

2 (2) ' Z2 if B′ = R, and C ′/B ' O−
2 (2) ' GL2(2) if B′ = R′.

Step 6(b1). B′ = R, C ′/B ' Z2. In this case C ′ modulo B is generated by

g =
(

1 1
1 −1

)
⊗ 13,

so G ≤ 〈λ16, a1, b1, a2, b2,12 ⊗ c,12 ⊗ d, g〉. Direct calculations (by using [17], for
example) show that for v = (λ, λ2, λ4, λ3, 1, λ) we have that |CG(v)| 6 2. By Lemma
2.4 we obtain that there exists u such that CG(v) ∩ CG(u) = {e}.
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Step 6(b2). B′ = R′, C ′/B ' GL2(2). If we take λ = 3 for q = 7 and λ = 2
for q = 19, then we may choose γ = λ, δ = λ2 for q = 7; and λ = δ = 3 = λ13 for
q = 19. In view of [13, �21.3] we obtain that C ′ modulo B is generated by

g =
(

1 −1
1 1

)
⊗ 13, h =

(
γ δ − 1

δ + 1 −γ

)
⊗ 13.

Thus G ≤ 〈λ16, a
′
1, b

′
1, a2, b2,12 ⊗ c,12 ⊗ d, g, h〉. Direct calculations (by using [17],

for example) show that for v = (λ, λ2, λ4, λ3, 1, λ) we have CG(v) = {e}.
Step 7. n = 8, q ∈ {3, 5, 7, 9, 11, 13, 17, 19}. In this case we remain to consider

k = 1, so G = C. Let λ be a generating element of GF (q), then A is generated by
λ18. The structure of NGL8(q)(B) is di�erent for q ≡ 1 (mod 4) and for q ≡ −1
(mod 4).
Step 7(a). q ≡ 1 (mod 4), i. e., q ∈ {5, 9, 13, 17}. Denoting a = diag(1,−1)

and b = perm((1, 2); 2), by [13, �21.2, Theorem 5(i)] it follows that B modulo A
is generated by a1 = a ⊗ 14, a2 = 12 ⊗ a ⊗ 12, a3 = 14 ⊗ a, and b1 = b ⊗ 14,
b2 = 12⊗ b⊗12, b3 = 14⊗ b. By [7, (1B)] we obtain that NGL8(q)(B)/B ' Sp6(2).
Direct calculations show that NGL8(q)(B) modulo B is generated by the following
matrices:

x =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


, y =



0 0 0 −1 −1 0 0 0
0 0 −ι 0 0 ι 0 0
0 0 0 ι −ι 0 0 0
0 0 1 0 0 1 0 0
1 0 0 0 0 0 0 1
0 ι 0 0 0 0 −ι 0
ι 0 0 0 0 0 0 −ι
0 1 0 0 0 0 1 0


,

where ι2 = −1, |x| = 2, |yB| = 30. Direct calculations (by using [17], for example)
show that for v = (λ, λ2, λ3, 1, 0, λ−1, 0, λ−2) and u = (0, 0, 0, 1, 0, 0, 1, 1) we have
CNGL8(q)(B)(v) ∩ CNGL8(q)(B)(u) = {e}.
Step 7(b). q ≡ −1 (mod 4), i. e., q ∈ {3, 7, 11, 19}. By [13, �21.2, Theorem 5(ii)]

it follows that, up to conjugation in GL8(q), either B = R, or B = R′, where R
is generated by λ18, a1, a2, a3, b1, b2, b3; R′ is generated by λ18, a1, a2, a

′
3, b1, b2, b

′
3;

a1, a2, a3, b1, b2, b3 are taken as in Step 7(a), and

a′3 = 14 ⊗
(

0 −1
1 0

)
, b′3 = 14 ⊗

(
γ δ
δ −γ

)
,

with γ2 + δ2 + 1 = 0. By [7, (1C)] we obtain that NGL8(q)(R)/R ' O+
6 (2) and

NGL8(q)(R
′)/R′ ' O−

6 (2).
Step 7(b1). B = R, NGL8(q)(B)/B ' O+

6 (2). Direct calculations show that
NGL8(q)(B) modulo B is generated by

x =



1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1


, y =



−1 −1 0 0 0 0 0 0
1 −1 0 0 0 0 0 0
0 0 0 0 −1 1 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 −1 1
0 0 0 0 0 0 1 1
0 0 −1 −1 0 0 0 0
0 0 1 −1 0 0 0 0


.
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If q = 3 then computations by using [17] show that for

v = (−1, 1, 0,−1,−1, 0, 1,−1)

we have |CNGL8(3)(B)(v)| = 2304 = 28 ·32. Condition (|G|, q) = 1 implies that CG(v)
is contained in a Sylow 2-subgroup Q of CNGL8(3)(B)(v). Again by using [17] it is easy
to check that there exists u such that CQ(u) = {e}. If q > 7, then direct calculations
(by using [17], for example) show that for v = (λ, λ2, λ3, 1, 0, λ−1, 0, λ−2) and u =
(0, 0, 0, 1, 0, 0, 1, 1) we have CNGL8(q)(B)(v) ∩ CNGL8(q)(B)(u) = {e}.
Step 7(b2). B = R′, NGL8(q)(B)/B ' O−

6 (2). Direct calculations show that
NGL8(q)(B) modulo B is generated by

x1 = x⊗ 14, x2 = 12 ⊗ x⊗ 12, x3 = 14 ⊗ x, x4 = 14 ⊗ y,

x5 = diag(−1,−1, 1, 1, 1, 1, 1, 1), x6 = perm((2, 3); 4)⊗ 12, x7 = 12 ⊗ z,

where

x =
(

1 −1
1 1

)
, y =

(
γ δ − 1

δ + 1 −γ

)
,

z is a 4× 4 matrix of order 5, that is given in Step 4(b2) for q ∈ {3, 11, 19} (γ and
δ are also de�ned there), and

z =


−3 −1 −3 −3
−1 3 3 −3
−3 −1 3 3
−1 3 −3 3


if q = 7 (γ and δ for q = 7 are chosen as in Step 6(b2)). If q = 3, then calculations
by using [17] show that for v = (0, 0, 0, 1, 0, 1, 0, 1) we have |CNGL8(3)(B)(v)| =
1296 = 16 ∗ 81. The condition (|G|, q) = 1 implies that CG(v) is contained in
a Sylow 2-subgroup of CNGL8(3)(B)(v). Calculations by using [17] show that for a

Sylow 2-subgroup Q of CNGL8(3)(B)(v) there exists u such that CQ(u) = {e}. If
q > 7, then direct calculations (by using [17], for example) show that for v =
(λ, λ2, λ3, 1, 0, λ−1, 0, λ−2) and u = (0, 0, 0, 1, 0, 0, 1, 1) we have CNGL8(q)(B)(v) ∩
CNGL8(q)(B)(u) = {e}.
Step 8. n = 9, q = 7. In this case we remain to consider k = 1, so G = C.

Let λ be a generating element of GF (7), then A is generated by λ18. Denote
by η = λ2. Then [13, � 21.2, Theorem 4] implies that B modulo A is generated
by a1 = diag(1, η, η2) ⊗ 13, a2 = 13 ⊗ diag(1, η, η2), b1 = perm((1, 2, 3); 3) ⊗ 13,
b2 = 13 ⊗ perm((1, 2, 3); 3). Direct calculations (by using [17], for example) show
that NGL9(7)(B) modulo B is generated by c1 = c⊗ 13, c2 = 13 ⊗ c, d1 = d⊗ 13,

d2 = 13 ⊗ d, x1 = perm((2, 4)(3, 7)(6, 8); 9), x2 = diag(η, η, η2, 1, η, 1, η, 1, 1), where
matrices c and d are de�ned in Step 3. Then for v = (λ, λ2, λ3, 1, 0, λ−1, 0, λ−2, λ],
u = (0, 0, 0, 1, 0, 0, 1, 1, 1) we have that CNGL9(7)(B)(v) ∩ CNGL9(7)(B)(u) = {e}.
Step 9. n = 10, q = 11. In this case we remain to consider k = 1 Let λ

be a generating element of GF (11)∗ and η = λ2. By Lemma 2.2 we obtain that
B/A = B′/A × B′′/A and C/B ≤ C ′/B × C ′′/B, where |B′/A| = 22, |B′′/A| =
52, C ′/B ≤ Sp2(2), C ′′/B ≤ Sp2(5). By [13, �20.2, Theorem 6] and [13, �21.2,
Theorems 4,5] it follows that B′ modulo A is generated either by

a1 = diag(1,−1)⊗ 15, b1 = perm((1, 2), 2)⊗ 15,
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or by

a′1 =
(

0 1
−1 0

)
⊗ 15, b

′
1 =

(
γ δ
δ −γ

)
⊗ 15,

where γ2 + δ2 + 1 = 0; and B′′ modulo A is generated by

a2 = 12 ⊗ diag(1, η, η2, η3, η4), b2 = 12 ⊗ perm((1, 2, 3, 4, 5); 5).

We also have that C ′′ modulo B is generated by 12 ⊗ x and 12 ⊗ y, where x, y are
de�ned in Step 5.

Let R = 〈λ19, a1, b1, a2, b2〉 and R′ = 〈λ19, a
′
1, b

′
1, a2, b2〉. Then by [13, �21.2,

Theorem 5] we obtain that, up to conjugation in GL10(11) , either B′ = R, or
B′ = R′. In view of [7, (1C)] we have that C ′/B ' O+

2 (2) ' Z2 if B′ = R and
C ′/B ' O−

2 (2) ' GL2(2) if B′ = R′.
Step 9(a). B′ = R, C ′/B ' Z2. In this case C ′ modulo B is generated by

g =
(

1 1
1 −1

)
⊗ 15,

so G ≤ 〈λ110, a1, b1, a2, b2, g,12 ⊗ x,12 ⊗ y〉. Direct calculations (by using [17], for
example) show that for

v = (λ, λ2, λ3, λ4, λ5, λ6, λ7, λ8, λ9, 0),

u = (1, 0, 0, 0, 0,−1.0, 0, 1, 1)

we have CNGL10(q)(B)(v) ∩ CNGL10(q)(B)(u) = {e}.
Step 9(b). B′ = R′, C ′/B ' GL2(2). We may take γ = 1 and δ = 3, as in Step

4(a22). In view of [13, �21.3] we obtain that C ′ modulo B is generated by

g =
(

1 −1
1 1

)
⊗ 15, h =

(
γ δ − 1

δ + 1 −γ

)
⊗ 15.

Thus G = 〈λ110, a
′
1, b

′
1, a2, b2, g, h,12⊗x,12⊗y〉. Direct calculations (by using [17],

for example) show that for

v = (λ, λ2, λ3, λ4, λ5, λ6, λ7, λ8, λ9, 0),

u = (1, 0, 0, 0, 0,−1.0, 0, 1, 1)

we have CNGL10(q)(B)(v) ∩ CNGL10(q)(B)(u) = {e}.
Step 10. n = 12, q = 7. In this case we remain to consider cases k = 1.

We have that B/A ' B′/A × B′′/A, where B′/A is a 2-group of order 24 and
B′′/A is a group of order 32. Moreover C/B ' C ′/B × C ′′/B, where C ′′/B '
Sp2(3) and either C ′/B ' O+

4 (2), or C ′/B ' O−
4 (2). Generators were found in

the previous steps 6 and 7, and for v = (λ, λ2, λ3, λ4, λ5, 1, 0, λ( − 1), 0, λ−2, λ, 0),
u = (0, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1,−1) we have that CG(v) ∩ CG(u) = {e}.
Step 11. n = 16, k = 3, 5, 7. In this case we remain to consider k = 1. If

k = 1, then NGL16(q)(B)/B is isomorphic to either Sp8(2) , or O+
8 (2), or O−

8 (2).
We describe how one can obtain generating elements if NGL16(q)(B)/B ' Sp8(2)
(in this case q ≡ 1 (mod 4). Denote a = diag(1,−1), b = perm((1, 2); 2). Then B
modulo A is generated by ai, bi, where i = 1, . . . , 4, ai = 12(i−1)⊗a⊗18−2(i−1), bi =
12(i−1)⊗b⊗18−2(i−1). Consider B1 ≤ GL8(q) generated by λ18, ā1, ā2, ā3, b̄1, b̄2, b̄3,

where āi = 12(i−1)⊗a⊗14−2(i−1) and b̄i = 12(i−1)⊗b⊗14−2(i−1). Then generators
x, y of NGL8(q)(B1) are found in Step 7(a) and NGL16(q)(B) modulo B is generated
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by x ⊗ 12, 12 ⊗ x, y ⊗ 12, 12 ⊗ y. In the remaining cases we proceed in the same
way. Direct calculations (by using [17], for example) show that in any case for

v = (λ, λ2, λ3, 1, 0, λ−1, 0, λ−2, λ−2, 0, λ−1, 0, 1, λ3, λ2, λ),

u = (0, 0, 0, 1, 0, 0, 1, 1, 1, 1, 1, 0, 1, 1, 0, 0)

we have that CG(v) ∩ CG(u) = {e}. This completes the proof of Theorem 3.1. �

4. Proof of the main theorem

Lemma 4.1. [12, Theorem 1.2] Let G ≤ Symn be a solvable permutation group.
Then there exists a partition P of {1, . . . , n} into at most �ve parts such that only
the identity element of G �xes P .

From the proof of [12, Theorem 1.2] it is easy to obtain the following corollary.

Corollary 4.2. Let G ≤ Symn be a solvable permutation group of order not
divisible by 3. Then there exists a partition P of {1, . . . , n} into at most four parts
such that only the identity element of G �xes P .

Lemma 4.3. Let G be a primitive solvable subgroup of GLn(q) with (|G|, p) = 1. If
q = 3 then there exist at least 4 non-equivalent under G regular elements in V × V
and if q > 5, then there exist at least 5 non-equivalent under G regular elements
in V × V .

Proof. If q > 5, then Lemma 4.3 immediately follows from Lemma 2.5 (we have
at least q non-equivalent regular elements). If q = 3 and (v, u) is a regular element
under G, then consider U = 〈v, u〉. Consider the homomorphism ϕ : NG(U) →
GL(U) = GL2(3) given by ϕ : g 7→ g|U . Since (v, u) is a regular element under G,
we obtain that ϕ is an embedding. The condition (|G|, 3) = 1 implies that NG(U)ϕ

is a 2-subgroup of GL(U). By using [17] it is easy to check that, for a Sylow 2-
subgroup Q of GL2(3) = GL(U), in U × U there are 4 non-equivalent (under Q)
regular (under Q) elements. �

Now we prove Theorem 1.1. In view of [2, Theorem 1.3] we may assume that
the order of G is even, so q is odd. Assume by contradiction that G ≤ GLn(q) is
a counterexample to the statement of Theorem 1.1 of minimal order. It is evident
that G is irreducible. If G is primitive then by Theorem 3.1 it follows that there
exist a regular under G element (v, u) ∈ V ×V , so G is irreducible and imprimitive.

Since G is imprimitive, there exists a non-re�nable decomposition V = ⊕k
i=1Vi

into l-dimensional subspaces with n = kl, a primitive solvable group L ≤ GL(V1) =
GLl(q), and a transitive solvable group T ≤ Symk such that G permutes the Vi

and G ≤ L o T . Note also that condition (|G|, q) = 1 implies that (|L o T |, q) = 1. It
is enough to prove that there exist a regular under L o T element (v, u) ∈ V × V .
Note that T provides an identi�cation between the Vi.

Assume �rst that q > 5. By Theorem 3.1 and Corollary 4.3, there exist at least
5 non-equivalent under L regular under L elements

(v1,1, u1,1), (v1,2, u1,2), (v1,3, u1,3), (v1,4, u1,4), (v1,5, u1,5) ∈ V1 × V1.

Also by Lemma 4.1 there exists a partition {1, 2, . . . , k} = P1∪P2∪P3∪P4∪P5 which
is �xed only by the identity element of T . Clearly we may assume that v1,i, u1,i are
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nonzero vectors for all i. Let vi,j , ui,j be the T -images of u1,j , v1,j respectively in Vi.
De�ne

v =
∑
i∈P1

vi,1 +
∑
i∈P2

vi,2 +
∑
i∈P3

vi,3 +
∑
i∈P4

vi,4 +
∑
i∈P5

vi,5,

u =
∑
i∈P1

ui,1 +
∑
i∈P2

ui,2 +
∑
i∈P3

ui,3 +
∑
i∈P4

ui,4 +
∑
i∈P5

ui,5.

We claim that (v, u) is a regular element under G. Consider g ∈ CG((v, u)). Let
i 6 k be arbitrary, V g

i = Vj , i ∈ Pm, j ∈ Pl. Then (vi,m, ui,m)g = (vjl
, ujl

). Hence
(vi,m, ui,m)g and (vjl

, ujl
) cannot be the images of non-equivalent (under L) regular

(under L) elements, i. e. m = l. So g �xes the partition P1∪P2∪P3∪P4∪P5. Thus
g induces the identity permutation of {V1, . . . , Vk}, hence g ∈ Lk and so g = e.

If q = 3, then by Theorem 3.1 and Corollary 4.3, there exist at least 4 non-
equivalent under L regular under L elements, and by Corollary 4.2 there exists a
partition {1, 2, . . . , k} = P1∪P2∪P3∪P4 which is �xed only by the identity element
of T . We construct a regular (under G) element (v, u) ∈ V × V like in the previous
case.

5. Proofs of Theorems 1.2 and 1.3

Proof of Theorem 1.2. If 2 6∈ π then the theorem is proved in [2, Theorem 1.2].
Assume that 2 ∈ π and consider the natural semidirect product H hG. Assume by
contradiction that H hG is a counterexample of minimal order. By Feit-Thompson
Odd Order Theorem [3] we obtain that H hG is solvable. Let F = F (H hG) be the
Fitting subgroup of H hG. Since G acts faithfully and (|G|, |H|) = 1 it follows that
F ≤ H. Now CHhG(F ) = Z(F ), hence, by the minimality of |H h G| we obtain
that H = F . Taking F/Φ(F ) and using the fact that (|G|, |F |) = 1 we obtain that

F = V1 × . . .× Vk, where each Vi is elementary Abelian of order pki
i . By Theorem

1.1 it follows that for every i there exist vi, ui such that CG(vi)∩CG(ui) ≤ CG(Vi).
Hence CG(v1 · . . . ·vk)∩CG(u1 · . . . ·uk) ≤ CG(V1)∩ . . .∩CG(Vk) ≤ CG(F ) = {e}. �

Proof of Theorem 1.3. Assume by contradiction that G is a counterexample
of minimal order. By induction we have that Oπ(G) = {e}. Let M 6= {e} be a
minimal normal subgroup of G. Then M is a π′-group. By induction we have that
G = M h H. In view of Theorem 1.2 we obtain that there exist x, y ∈ M such that
CH(x) ∩ CH(y) = {e}. Now if h ∈ H ∩ Hx, then h = x−1h1x for some h1 ∈ H,
hence h−1

1 h = h−1
1 x−1h1x. Since h−1

1 h ∈ H and h−1
1 x−1h1x ∈ M , then h−1

1 h = e
and h ∈ CH(x). Thus H ∩Hx ∩Hy = CH(x) ∩ CH(y) = {e} = Oπ(G). �
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