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Abstract. We study the one dimensional nonlinear damped wave equa-
tion

(0.1)





utt + ut − uxx = λ |u|σ u, x ∈ R, t > 0,
u (0, x) = u0 (x) , x ∈ R,
ut (0, x) = u1 (x) , x ∈ R,

where σ > 0, λ ∈ R. Our aim is to prove the large time asymptotic for-
mulas for solutions of the Cauchy problem (0.1) without any restriction
on the size of the initial data.

1. Introduction

We study the one dimensional nonlinear damped wave equation

(1.1)
{

utt + ut − uxx = λ |u|σ u, x ∈ R, t > 0,
u (0, x) = u0 (x) , ut (0, x) = u1 (x) , x ∈ R,

where σ > 0, λ ∈ R. Recently much attention was drawn to nonlinear wave
equations with dissipative terms. The blow-up results were proved in [27] for the
case of nonlinearity − |v|1+σ

, with σ < 2, when the initial data are such that∫
R

v0 (x) dx > 0, and
∫
R

v1 (x) dx > 0. Blow-up results for the critical and sub-
critical cases σ ≤ 2 were obtained in [21]. The global existence of solutions to
the Cauchy problem (1.1) with nonlinearities ± |v|1+σ or ± |v|σ v for supercritical
power σ > 2 was proved in paper [27], where the large time decay estimates were
obtained if the initial data are sufficiently small and have a compact support. The
large time asymptotic behavior of solutions to (1.1) for the supercritical case σ > 2
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was obtained in paper [13] in the framework of the usual L2 - theory. When the
initial data are in the usual Sobolev space ∂αu0 ∈ L1 ∩L∞, |α| ≤ 1, u1 ∈ L1 ∩L∞,
problem (1.1) was considered in papers [23], [25]. Applying the energy type esti-
mates of [22] and [19] it was proved in paper [17] that solutions of the nonlinear
damped wave equation (1.1) in the supercritical case σ > 3 with arbitrary initial
data u0 ∈ H1 ∩ L1, u1 ∈ L2 ∩ L1 (i.e. without smallness assumption on the initial
data) have the same large time asymptotics as that for the linear heat equation
∂t − ∂2

x, that is

‖u (t)−MG0 (t)‖Lp = o
(
t−

1
2 (1− 1

p )
)

for t → ∞, where 2 ≤ p ≤ ∞, and G0 (t, x) = (4πt)−
1
2 e−

|x|2
4t is the heat kernel,

M is a constant. Recently the critical case σ = 2 was considered in paper [12],
where it was proved that the large time decay estimate of solutions of (1.1) have
an additional logarithmic correction, i.e.

‖u (t)‖L∞ ≤ C (1 + t)−
1
2 (1 + log (1 + t))−

1
2 .

The large time asymptotics of solutions to the Cauchy problem (1.1) with small
initial data in the subcritical case σ ∈ (0, 2) , when σ is close to 2, was obtained in
paper [14]. Note that similar behavior of solutions was discovered for the nonlinear
heat equation

vt − vxx − v1+σ = 0

first in the critical case σ = 2, comparing with the linear heat equation, (see [6],
[9]). For blow-up results we refer [5], [7], [20]. Large time behavior of solutions to
the nonlinear heat equations in the subcritical cases σ ∈ (0, 2) was obtained in
papers [2], [3], [8], [18], [29].

Sharp time decay estimates in Lp norm of solutions to (1.1) in the subcritical
case σ ∈ (0, 2) were obtained recently in paper [24], under the condition that the
initial data decay exponentially at infinity without any restriction on the size, where
2 ≤ p ≤ 2

n−2 for the space dimension n ≥ 3, 2 ≤ p < ∞ for n = 2 and 2 ≤ p ≤ ∞
for n = 1. The method used in [24] can not be applied to the supercritical case. As
far as we know the large time asymptotic formulas for solutions of (1.1) for σ < 3
were not considered previously for the case of arbitrary (not small) initial data.

The aim of the present paper is to prove large time asymptotic formulas for
the solutions of the Cauchy problem (1.1) without any restriction on the size of
the initial data. We restrict our attention in this paper to the one dimensional
case since our method here is based on the following a priori estimate of solutions∫∞
0
‖utt‖L1 dt < ∞ stated below in Lemma 3.1 under the condition σ > 2

(√
3− 1

)
,

so that this lower bound of order of the nonlinearity becomes greater than the
critical value σ = 2

n for higher space dimensions.
By C (I;B) we denote the space of continuous functions from a time interval I

to the Banach space B. The usual Lebesgue space is denoted by Lp, 1 ≤ p ≤ ∞,
the weighted Lebesgue space L1,a is defined by

Lp,a = {φ ∈ Lp; ‖φ‖Lp,a = ‖〈x〉a φ‖Lp < ∞} ,
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where 〈x〉 =
√

1 + |x|2, {x} = |x|
〈x〉 , a ≥ 0. Weighted Sobolev spaces we define as

follows

Wk,a
p =



φ ∈ Lp; ‖φ‖Wk,a

p
=

k∑

j=0

∥∥∂jφ
∥∥
Lp,a < ∞



 ,

where k ≥ 0, a ≥ 0, 1 ≤ p ≤ ∞. For simplicity we denote Wk
p = Wk,0

p , Hk,a =
Wk,a

2 . Also we define the norm of the usual Sobolev space Hk = Hk,0 as follows
‖φ‖2Hk =

∑k
j=0

∥∥∂jφ
∥∥2

L2 . Below Fx→ξφ or φ̂ (ξ) is the Fourier transform of φ (x)
defined by

φ̂ (ξ) = Fx→ξφ = (2π)−
1
2

∫

R

e−ixξφ (x) dx

and
φ̌ (x) = Fξ→xφ = (2π)−

1
2

∫

R

eixξφ (ξ) dξ

is the inverse Fourier transform of φ (ξ) .
We now consider the case λ < 0, then using the method of paper [16] we can

remove the smallness condition on the initial data u0 (x) , u1 (x) in the supercritical
case σ > 2.

Theorem 1.1. Let λ < 0, σ > 2. Suppose that the initial data u0 ∈ W2
1∩H2∩L1,a,

u1 ∈ W1
1 ∩H1 ∩L1,a, a ∈ (0, 1]. Then there exists a unique solution u ∈ C( [0,∞) ;

W2
1 ∩H2 ∩ L1,a) to the Cauchy problem (1.1). Moreover the asymptotics is true

(1.2) u (t, x) = A (4πt)−
1
2 e−

x2
4t + O

(
t−

1
2−γ

)

for large time t →∞ uniformly with respect to x ∈ R, where 0 < γ < 1
2 min (a, σ − 2)

and
A =

∫

R

(u0 (x) + u1 (x)) dx + λ

∫ ∞

0

∫

R

|u|σ u (τ, x) dxdτ

Consider the subcritical case of σ < 2. Denote the heat kernel

G0 (x) = (4π)−
1
2 e−

x2
4

and θ =
∫
R

(u0 (x) + u1 (x)) dx.

Theorem 1.2. Let λ < 0. We assume that the initial data u0 ∈ W2
1∩H2∩L1,a∩C3,

u1 ∈ W1
1 ∩H1 ∩ L1,a ∩C2, a ∈ (0, 1) , are such that θ > 0. Also we suppose that

the value σ < 2 is close to 2. Then the Cauchy problem (1.1) has a unique global
solution u ∈ C( [0,∞) ; W2

1 ∩H2 ∩ L1,a ∩C3), satisfying the following time decay
estimates

‖u (t)‖L∞ ≤ C 〈t〉− 1
σ

for large t > 0. Furthermore there exist a constant b and a function V ∈ L∞ ∩L1,a

such that the asymptotic formula

u (t, x) = bt−
1
σ V

(
xt−

1
2

)
+ O

(
t−

1
σ−γ

)
,

is valid for t → ∞ uniformly with respect to x ∈ R, where γ = 1
2 min

(
a, 1− σ

2

)
,

and V ∈ L1,a ∩ L∞ is a solution of the integral equation

V (ξ) = G0 (ξ)− 1
Ω

∫ 1

0

dz

z (1− z)
1
2

∫

R

G0

((
ξ − yz

1
2

)
(1− z)−

1
2

)
F (y) dy,
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with
Ω =

σ

1− σ
2

∫

R

V 1+σ (y) dy,

and
F (y) = V 1+σ (y)− V (y)

∫

R

V 1+σ (ξ) dξ.

We organize the rest of the paper as follows. In Section 2 we obtain some pre-
liminary estimates of the Green operator solving the linearized Cauchy problem
corresponding to (1.1). Section 3 is devoted to the proof of Theorem 1.1. Finally in
Section 4 we prove Theorem 1.2.

2. Preliminaries

Consider the linear Cauchy problem

(2.1)





utt + ut − uxx = f(t, x), x ∈ R, t > 0,
u (0, x) = u0 (x) , x ∈ R,

∂tu (0, x) = u1 (x) , x ∈ R.

The solution of (2.1) can be written by the Duhamel formula

(2.2) u (t) = (∂t + 1)G (t)u0 + G (t) u1 +
∫ t

0

G (t− τ) f(τ)dτ,

where the Green operator G (t) = F−1L (t, ξ)F with a symbol

L (t, ξ) = e−
t
2

sin
(

t
√
|ξ|2 − 1

4

)

√
|ξ|2 − 1

4

.

Note that the symbol L (t, ξ) is a smooth and bounded function L (t, ξ) ∈ C∞ (R×R) .
We first collect some preliminary estimates for the Green operator G (t) in the
weighted Lebesgue norms ‖φ‖Lp and ‖φ‖L1,a , for a ∈ (0, 1) , 1 ≤ p ≤ ∞. Also we
show that the operator G (t) behaves asymptotically as a Green operator G0 (t) for
the heat equation

G0 (t) ψ = t−
1
2

∫

R

G0

(
(x− y) t−

1
2

)
ψ (y) dy

with a heat kernel G0 (x) = (4π)−
1
2 e−

x2
4 . Denote by ϑ =

∫
R

φ (x) dx the mean
value of the function φ.

Lemma 2.1. The estimates are fulfilled
∥∥∂k

t G (t) φ
∥∥
Lp ≤ C 〈t〉−k ‖φ‖Wk

p

and ∥∥∂2
t G (t)φ + e−tφ

∥∥
Lp ≤ C 〈t〉−1 ∥∥∂2

xφ
∥∥
Lp

for all t > 0, where k ≥ 0, 1 ≤ p ≤ ∞. Also the estimates are valid∥∥∥G (t)φ− ϑt−
1
2 G0

(
(·) t−

1
2

)∥∥∥
L∞

≤ C 〈t〉− 1
2− a

2 ‖φ‖L1,a

and ∥∥∥G (t)φ− ϑt−
1
2 G0

(
(·) t−

1
2

)∥∥∥
L1,a

≤ C ‖φ‖L1,a

for all t > 0, where a ∈ [0, 1] , provided that the right-hand sides are finite.
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Proof. We have

G (t) ψ =
1
2
e−

t
2

∫

|y|≤t

I0

(
1
2

√
t2 − y2

)
ψ (x− y) dy,

where I0 (x) is the modified Bessel function of order 0 (see [28]). Note that the
function I0 (x) has the following asymptotics

I0 (x) ∼ ex

√
2πx

∞∑
m=0

((2m− 1)!!)2

(2x)m 22mm!

for x → +∞ (see [4]). Thus we have the estimates
∣∣∣∣
dk

dtk

(
e−

t
2 I0

(
1
2

√
t2 − y2

))∣∣∣∣ ≤ Ct−
1
2−ke−C y2

t

for all |y| ≤ t
2 , t > 0. And in the domain t

2 ≤ |y| ≤ t, t > 0 we apply the estimates

sup
x≥0

∣∣∣∣e−x dk

dxk
I0 (x)

∣∣∣∣ ≤ C.

We rewrite the Green operator in the form

G (t) ψ =
1
2

∫

|y|≤ t
2

e−
t
2 I0

(
1
2

√
t2 − y2

)
ψ (x− y) dy

+
1
2

∫
1
2 <|z|≤1

te−
t
2 I0

(
t

2

√
1− z2

)
ψ (x− zt) dz,

hence

∥∥∂k
t G (t)ψ

∥∥
Lp ≤ Ct−

1
2−k

∥∥∥∥∥
∫

|y|≤ t
2

e−C y2

t ψ (x− y) dy

∥∥∥∥∥
Lp

+Ce−Ct ‖ψ‖Wk
p
≤ Ct−k ‖ψ‖Wk

p

for all t > 0, k ≥ 0. Thus the first estimate is true.
To prove the second estimate we represent the symbol

1
ξ2

(
∂2

t L (t, ξ) + e−t
)

=
1
ξ2




e−
t
2

(
1− 2ξ2

)
sin

(
t
√

ξ2 − 1
4

)

2
√

ξ2 − 1
4

− e−
t
2 cos

(
t

√
ξ2 − 1

4

)
+ e−t




= −e−
t
2
sin tξ

ξ
+ R̂ (t, ξ) ,

where

R̂ (t, ξ) =
e−

t
2

ξ2


 sinh

(
t
2

√
1− 4ξ2

)
√

1− 4ξ2
− sinh

(
t

2

)

− cosh
(

t

2

√
1− 4ξ2

)
+ cosh

(
t

2

))
−

e−
t
2 sin

(
t
√

ξ2 − 1
4

)
√

ξ2 − 1
4

+ e−
t
2
sin tξ

ξ
.
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Note that R̂ (t) ∈ C∞ (R). As ξ → 0 we have

R̂ (t, ξ) =

(
1− 2ξ2 −

√
1− 4ξ2

)
exp

(
t
2

√
1− 4ξ2 − t

2

)

ξ2
√

1− 4ξ2

−e−
t
2

2ξ2

((
1 +

(
1− 4ξ2

)− 1
2
)

exp
(
− t

2

√
1− 4ξ2

)
− 2e−

t
2

)

+e−
t
2

exp
(
− t

2

√
1− 4ξ2

)
√

1− 4ξ2
= O

(
ξ2e−Ctξ2

)
+ O

(
e−

t
2

)
.

Moreover R̂ (t, ξ) decays at infinity along with all derivatives with respect to ξ, so
that the estimate is true∣∣∣∂m

ξ R̂ (t, ξ)
∣∣∣ ≤ C 〈t〉m

2 −1
e−Ctξ2

+ Ce−
t
2 〈ξ〉−2

for all t > 0, ξ ∈ R, m = 0, 1, 2. Therefore there exists an inverse Fourier transform
R (t, x) = Fξ→xR̂ (t, ξ) , which satisfy the estimate

sup
x∈R

〈
x 〈t〉− 1

2

〉2

|R (t, x)| ≤ C 〈t〉− 3
2 .

Hence applying the Young inequality we obtain

∥∥∂2
t G (t) φ + e−tφ

∥∥
Lp ≤ C

∥∥∥∥∥e−
t
2

∫

|x−y|<t

φyy (y) dy

∥∥∥∥∥
Lp

+C

∥∥∥∥
∫

R

R (t, x− y) φyy (y) dy

∥∥∥∥
Lp

≤ Ct−1 ‖φxx‖Lp

for all t > 0, where 1 ≤ p ≤ ∞.
Now we prove the last two estimates of the lemma. We have

1
2
e−

t
2 I0

(
1
2

√
t2 − y2

)
− 1√

4πt
e−

y2

4t

=
e

1
2

√
t2−y2− t

2√
4π 4

√
t2 − y2

− 1√
4πt

e−
y2

4t = O

(
t−

3
2 e−

y2

4t

)

for all |y| ≤ t
2 , t > 0. Therefore

(G (t)− G0 (t)) ψ =
∫

|y|≤ t
2

O

(
t−

3
2 e−

y2

4t

)
ψ (x− y) dy

+
1
2
e−

t
2

∫
t
2 <|y|≤t

I0

(
1
2

√
t2 − y2

)
ψ (x− y) dy

− 1√
4πt

∫

|y|> t
2

e−
y2

4t ψ (x− y) dy.

Hence we get

‖(G (t)− G0 (t)) ψ‖Lp

≤ Ct−
3
2 ‖ψ‖Lp

∫ ∞

−∞
e−

y2

4t dy + Ce−Ct ‖ψ‖Lp ≤ Ct−1 ‖ψ‖Lp
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and

‖(G (t)− G0 (t))ψ‖L1,a ≤ Ct−
3
2 ‖ψ‖L1

∫ ∞

−∞
e−

y2

4t |y|a dy

+Ct−
3
2 ‖ψ‖L1,a

∫ ∞

−∞
e−

y2

4t dy + Ce−Ct ‖ψ‖L1,a

≤ Ct
a
2−1 ‖ψ‖L1 + Ct−1 ‖ψ‖L1,a ≤ C ‖ψ‖L1,a .

Taking into account the corresponding estimates of the heat kernel (see [11]) the
last two estimates of the lemma follow. Lemma 2.1 is proved.

By using a standard contraction mapping principle we have the following result.

Proposition 2.1. Let σ > 0, λ ∈ R. Let u0 ∈ W2
1 ∩ H2 ∩ L1,a, u1 ∈ W1

1 ∩
H1 ∩ L1,a, a ∈ (0, 1] . Then there exists a positive time T and a unique solution
u ∈ C

(
[0, T ] ;W2

1 ∩H2 ∩ L1,a
)
to the Cauchy problem (1.1).

We now prove a global existence of solutions to the Cauchy problem (1.1) in
the supercritical case of σ > 2. The main term of the large time asymptotics of
solutions has a quasi linear character.

Proposition 2.2. Let σ > 2, λ ∈ R. Let u0 ∈ W2
1∩H2∩L1,a, u1 ∈ W1

1∩H1∩L1,a,
a ∈ (0, 1]. Suppose that the local solutions u constructed in Proposition 2.1 satisfy
a priori estimate

sup
t∈[0,T ]

〈t〉 1
2 ‖u (t)‖L∞ ≤ C,

where C > 0 does not depend on the existence time T. Then there exists a unique
global solution u ∈ C

(
[0,∞) ;W2

1 ∩H2 ∩ L1,a
)
of the Cauchy problem (1.1). More-

over the asymptotics (1.2) is valid for large time t → ∞ uniformly with respect to
x ∈ R, where 0 < γ < min

(
a
2 , σ

2 − 1
)
and a constant A is defined in Theorem 1.1.

Proof of Proposition 2.2. We write problem (1.1) as an integral equation

u = (∂t + 1)G (t) u0 + G (t)u1 + λ

∫ t

0

G (t− τ) |u (τ)|σ u (τ) dτ.

Let us prove a priori estimate
(2.3)

sup
t∈[0,T ]

(
〈t〉− a

2 ‖u (t)‖L1,a + 〈t〉 1
2 ‖u (t)‖L∞ + ‖u (t)‖W2

1
+ 〈t〉 1

4 ‖u (t)‖H2

)
≤ C,

where C > 0 does not depend on the existence time T. Applying Lemma 2.1 we
obtain

‖u‖L1,a ≤ C 〈t〉 a
2 (‖u0‖L1,a + ‖u1‖L1,a)

+C

∫ t

0

‖|u|σ u (τ)‖L1,a dτ + C

∫ t

0

‖|u|σ u (τ)‖L1 〈t− τ〉 a
2 dτ

≤ C 〈t〉 a
2 + C

∫ t

0

〈τ〉−σ
2 ‖u (τ)‖L1,a dτ + C

∫ t

0

〈τ〉−σ
2 〈t− τ〉 a

2 ‖u (τ)‖L1 dτ,

‖u‖W2
1
≤ C

(
‖u0‖W2

1
+ ‖u1‖W1

1

)
+ C

∫ t

0

‖|u|σ u (τ)‖W1
1
dτ

≤ C + C

∫ t

0

〈τ〉−σ
2 ‖u (τ)‖W1

1
dτ,



256 N. HAYASHI, E. I. KAIKINA, P. I. NAUMKIN

and

‖u‖H2 ≤ C 〈t〉− 1
4

(
‖u0‖W2

1
+ ‖u0‖H2 + ‖u1‖W1

1
+ ‖u1‖H1

)

+C

∫ t
2

0

〈t− τ〉− 1
4 ‖|u|σ u (τ)‖W1

1
dτ + C

∫ t

t
2

‖|u|σ u (τ)‖H1 dτ

≤ C + C 〈t〉− 1
4

∫ t
2

0

〈τ〉−σ
2 ‖u (τ)‖W1

1
dτ + C

∫ t

t
2

〈τ〉−σ
2 ‖u (τ)‖H1 dτ.

Therefore the Gronwall inequality gives the desired estimate (2.3). Now the global
existence of solutions to the Cauchy problem (1.1) follows by Proposition 2.1 via a
standard continuation argument.

We now prove the asymptotics (1.2). We use the integral representation (2.2) with
f = λ |u|σ u. By virtue of the third estimate of Lemma 2.1 we have the following
asymptotic representation for the Green operator

(∂t + 1)G (t) u0 + G (t)u1

= θt−
1
2 G0

(
xt−

1
2

)
+ O

(
t−

1+a
2 (‖u0‖L1,a + ‖u1‖L1,a)

)
(2.4)

for large time t →∞ uniformly with respect to x ∈ R, where G0 (x) = (4π)−
1
2 e−

x2
4 ,

a ∈ (0, 1] and θ =
∫
R

(u0 (x) + u1 (x)) dx. Denote also

ϑ (τ) = λ

∫

R

|u|σ u (τ) dy,

and consider the difference

λ

∫ t

0

G (t− τ) |u|σ u (τ) dτ − t−
1
2 G0

(
xt−

1
2

) ∫ ∞

0

ϑ (τ) dτ

= λ

∫ t

t
2

G (t− τ) |u|σ u (τ) dτ

+λ

∫ t
2

0

(
G (t− τ) |u|σ u (τ)− ϑ (τ) (t− τ)−

1
2 G0

(
x (t− τ)−

1
2

))
dτ

+
∫ t

2

0

(
(t− τ)−

1
2 G0

(
x (t− τ)−

1
2

)
− t−

1
2 G0

(
xt−

1
2

))
ϑ (τ) dτ

+t−
1
2 G0

(
xt−

1
2

) ∫ ∞

t
2

ϑ (τ) dτ.(2.5)

In the domain 0 < τ < t
2 we apply the third estimate of Lemma 2.1 to get

∥∥∥λG (t− τ) |u|σ u (τ)− ϑ (τ) (t− τ)−
1
2 G0

(
x (t− τ)−

1
2

)∥∥∥
L∞

≤ C (t− τ)−
1
2− a

2 ‖|u|σ u (τ)‖L1,a

and in the domain t
2 ≤ τ < t we use the estimate

‖λG (t− τ) |u|σ u (τ)‖L∞ ≤ C ‖|u|σ u (τ)‖L∞ .
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Therefore by virtue of estimates (2.3) we have
∥∥∥∥∥λ

∫ t

t
2

G (t− τ) |u|σ u (τ) dτ

∥∥∥∥∥
L∞

≤ C ‖u‖σ+1
X

∫ t

t
2

〈τ〉− 1
2 (σ+1)

dτ ≤ C 〈t〉− 1
2−γ

,

and ∥∥∥∥∥
∫ t

2

0

(
λG (t− τ) |u|σ u (τ)− ϑ (τ) (t− τ)−

1
2 G0

(
x (t− τ)−

1
2

))
dτ

∥∥∥∥∥
L∞

≤ C ‖u‖σ+1
X

∫ t
2

0

(t− τ)−
1
2− a

2 〈τ〉−σ
2 dτ ≤ C 〈t〉− 1

2−γ
,

where 0 < γ < min
(

a
2 , σ

2 − 1
)
; the norm ‖·‖X is defined by

‖φ‖X = sup
t>0

(
(1 + t)

1
2 ‖φ (t)‖L∞ + ‖φ (t)‖L1 + (1 + t)−

a
2 ‖φ (t)‖L1,a

)
.

Now we estimate the third summand in (2.5)
∥∥∥∥∥
∫ t

2

0

(
G0 (t− τ, x)− t−

1
2 G0

(
xt−

1
2

))
ϑ (τ) dτ

∥∥∥∥∥
L∞

≤ C

∫ t
2

0

∥∥∥(t− τ)−
1
2 G0

(
x (t− τ)−

1
2

)
− t−

1
2 G0

(
xt−

1
2

)∥∥∥
L∞

〈τ〉−σ
2 dτ

≤ C

∫ t
2

0

〈t− τ〉− 1
2−γ 〈τ〉γ−σ

2 dτ ≤ C 〈t〉− 1
2−γ

.

For the last summand in (2.5) we have
∥∥∥∥∥t−

1
2 G0

(
xt−

1
2

) ∫ ∞

t
2

ϑ (τ) dτ

∥∥∥∥∥
L∞

≤ Ct−
1
2

∫ ∞

t
2

〈τ〉−σ
2 dτ ≤ C 〈t〉− 1

2−γ
.

Thus in view of (2.4) we see from the integral equation (2.2) that there exists a
constant

(2.6) A = θ +
∫ ∞

0

ϑ (τ) dτ

such that asymptotics (1.2) is valid. Proposition 2.2 is proved.
In the case of arbitrary sign of the coefficient λ we have to assume a smallness

condition for the initial data u0 and u1 to be able to prove the a priori estimate
〈t〉 1

2 ‖u (t)‖L∞ ≤ C, which ensures a global existence result in view of Proposition
2.2.

Proposition 2.3. Let σ > 2, λ ∈ R. Let u0 ∈ W2
1∩H2∩L1,a, u1 ∈ W1

1∩H1∩L1,a,
a ∈ (0, 1] . Suppose that the norm ‖u0‖L1 + ‖u0‖L∞ + ‖u1‖L1 + ‖u1‖L∞ = ε, where
ε > 0 is sufficiently small. Then the local solution constructed in Proposition 2.1
satisfies the a priori estimate

sup
t∈[0,T ]

〈t〉 1
2 ‖u (t)‖L∞ + sup

t∈[0,T ]

‖u (t)‖L1 < 40ε.
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Proof of Proposition 2.3. Consider a maximal time T0 > 0 such that

sup
t∈[0,T0]

〈t〉 1
2 ‖u (t)‖L∞ + sup

t∈[0,T0]

‖u (t)‖L1 = 40ε.

Applying Lemma 2.1 we obtain

‖u‖L∞ ≤ 10ε 〈t〉− 1
2 + C

∫ t
2

0

〈t− τ〉− 1
2 ‖|u|σ u (τ)‖L1 dτ

+C

∫ t

t
2

‖|u|σ u (τ)‖L∞ dτ

≤ 10ε 〈t〉− 1
2 + Cεσ+1

∫ t
2

0

〈τ〉−σ
2 〈t− τ〉− 1

2 dτ

+Cεσ+1

∫ t

t
2

〈τ〉− 1
2 (σ+1)

dτ < 20ε 〈t〉− 1
2

since ε > 0 is sufficiently small and σ > 2. Similarly we estimate the norm

‖u (t)‖L1 ≤ ‖u0‖L1 + ‖u1‖L1 + C

∫ t

0

‖|u|σ u (τ)‖L1 dτ

≤ 10ε + Cεσ+1

∫ t

0

〈τ〉−σ
2 dτ < 20ε

for all t ∈ [0, T0] . Therefore we obtain

sup
t∈[0,T0]

〈t〉 1
2 ‖u (t)‖L∞ + sup

t∈[0,T0]

‖u (t)‖L1 < 40ε.

The contradiction yields the result of Proposition 2.3.

3. Proof of Theorem 1.1

Define the norms

‖φ‖p,q ≡
∥∥∥‖φ (t, x)‖Lq(Rx)

∥∥∥
Lp(0,∞)

.

We first prove a global existence result for large data.

Proposition 3.1. Let λ < 0, σ > 0. Suppose that the initial data u0 ∈ W2
1 ∩H2 ∩

L1,a, u1 ∈ W1
1 ∩H1 ∩ L1,a, a ∈ (0, 1] . Then there exists a unique global solution

u ∈ C
(
[0,∞) ;W2

1 ∩H2 ∩ L1,a
)
to the Cauchy problem (1.1). Moreover the a priori

estimates of a solution are valid

(3.1) ‖u‖∞,2 + ‖u‖∞,σ+2 + ‖ut‖∞,2 + ‖ux‖∞,2 ≤ C,

and

(3.2) ‖u‖σ+2,σ+2 + ‖ux‖2,2 + ‖ut‖2,2 ≤ C.

Proof. Let u be a solution constructed in Proposition 2.1. We now multiply
equation (1.1) by 2 (2ut + u). Then integrating the result with respect to x ∈ R we
get

2
∫

R

((ut + u) (utt + ut) + ututt) dx

= −2
∫

R

(ut)
2
dx + 2

∫

R

(2ut + u) uxxdx− 2 |λ|
∫

R

(2ut + u) |u|σ udx,
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therefore
d

dt

(
‖ut + u‖2L2 + ‖ut‖2L2 + 2 ‖ux‖2L2 +

4 |λ|
σ + 2

‖u‖σ+2
Lσ+2

)

= −2 ‖ut‖2L2 − 2 ‖ux‖2L2 − 2 |λ| ‖u‖σ+2
Lσ+2

from which the a priori estimate ‖u (t)‖2L∞ ≤ C ‖ux (t)‖L2 ‖u (t)‖L2 ≤ C follows. In
the same way as in the proof of Proposition 2.2, applying Lemma 2.1 we obtain

‖u‖L1,a ≤ C 〈t〉 a
2 (‖u0‖L1,a + ‖u1‖L1,a)

+C

∫ t

0

‖|u|σ u (τ)‖L1,a dτ + C

∫ t

0

‖|u|σ u (τ)‖L1 〈t− τ〉 a
2 dτ

≤ C 〈t〉 a
2 + C

∫ t

0

‖u (τ)‖L1,a dτ + C

∫ t

0

〈t− τ〉 a
2 ‖u (τ)‖L1 dτ,

‖u‖W2
1
≤ C

(
‖u0‖W2

1
+ ‖u1‖W1

1

)
+ C

∫ t

0

‖|u|σ u (τ)‖W1
1
dτ

≤ C + C

∫ t

0

‖u (τ)‖W1
1
dτ,

and

‖u‖H2 ≤ C (‖u0‖H2 + ‖u1‖H1) + C

∫ t

0

‖|u|σ u (τ)‖H1 dτ

≤ C + C

∫ t

0

‖u (τ)‖H1 dτ

for all t ∈ [0, T ] . Then the Gronwall lemma yields the estimate

e−Ct
(
‖u (t)‖L1,a + ‖u (t)‖W2

1
+ ‖u (t)‖H2

)
≤ C

for all t ∈ [0, T ] , where C > 0 does not depend on T. Therefore we can prolong the
local solution to the global one. Moreover we have the desired estimates (3.1) and
(3.2). Proposition 3.1 is proved.

We now prepare several lemmas.

Lemma 3.1. Let σ > 2
(√

3− 1
)
, λ < 0. Suppose that the initial data u0 ∈ W2

1 ∩
H2 ∩ L1,a, u1 ∈ W1

1 ∩H1 ∩ L1,a, a ∈ (0, 1] . Let u be a global solution constructed
in Proposition 3.1. Then the estimate is true

‖utt‖1,1 ≤ C.

Proof. Since ‖u‖∞,2 + ‖u‖σ+2,σ+2 ≤ C, by the Hölder inequality we get for
2 ≤ p ≤ σ + 2

‖u (t)‖Lp ≤ ‖u (t)‖1−(1− 2
p )(1+ 2

σ )
L2 ‖u (t)‖(1−

2
p )(1+ 2

σ )
L2+σ

hence

(3.3) ‖u‖s,p ≤ ‖u‖1−(1− 2
p )(1+ 2

σ )
∞,2 ‖u‖(1−

2
p )(1+ 2

σ )
σ+2,σ+2 ≤ C

for s = σp
p−2 , 2 ≤ p ≤ σ + 2. Since ‖u‖∞,2 + ‖ux‖2,2 ≤ C, by the Cauchy-Schwarz

inequality we have ‖u‖2L∞ ≤ 2 ‖u‖L2 ‖ux‖L2 , hence

(3.4) ‖u‖4,∞ ≤ C.



260 N. HAYASHI, E. I. KAIKINA, P. I. NAUMKIN

Combining estimates (3.3) and (3.4) we obtain

(3.5) ‖u‖s,p ≤ C

for s = 4p
p+2−σ , 2 + σ ≤ p ≤ ∞.

Now we estimate the second derivative uxx. By the integral representation (2.2)
with f = λ |u|σ u we find

uxx = (∂t + 1) ∂2
xG (t) u0 + ∂2

xG (t) u1

+λ

∫ t

0

∂2
xG (t− τ) |u (τ)|σ u (τ) dτ.

In view of estimates (3.3), (3.4) and ‖ux‖2,2 ≤ C, using Lemma 2.1 and the Young
inequality we obtain

∥∥∥∥∥
∥∥∥∥
∫ t

0

∂2
xG (t− τ) |u (τ)|σ u (τ) dτ

∥∥∥∥
L2

x

∥∥∥∥∥
Ls

t (0,∞)

≤ C

∥∥∥∥
∫ t

0

〈t− τ〉−1
(
‖u (τ)‖σ+1

L2(σ+1) + ‖u (τ)‖
σ
2
L2 ‖ux (τ)‖1+

σ
2

L2

)
dτ

∥∥∥∥
Ls

t (0,∞)

≤ C
∥∥∥〈t〉−1

∥∥∥
L

s1
t (0,T )

∥∥∥‖u (t)‖σ+1
L2(σ+1)

∥∥∥
Ls

t (0,∞)

+C
∥∥∥〈t〉−1

∥∥∥
L

s1
t (0,∞)

‖u‖
σ
2
∞,2 ‖ux‖1+

σ
2

2,2

≤ C ‖u‖(σ+1)s2,2(σ+1) + C ‖u‖
σ
2
∞,2 ‖ux‖1+

σ
2

2,2 ,

where 1
s = 1

s1
+ 1

s2
− 1 < 1

s2
and 1

s = 1
s1

+ 2+σ
4 − 1 < 1

s2
, since s1 > 1, s2 = 8

σ+4 .
Thus we get the estimate

(3.6) ‖uxx‖s,2 ≤ C

for s > 8
σ+4 , if σ > 1.

Next we estimate ∂2
t u. We have by the integral representation (2.2) with f =

λ |u|σ u

∂2
t u (t) = (∂t + 1) ∂2

t G (t)u0 + ∂2
t G (t)u1

+λ∂tG (t) |u0|σ u0 + λ

∫ t

0

∂tG (t− τ) ∂τ |u (τ)|σ u (τ) dτ.

By virtue of estimates of Lemma 2.1 we obtain

‖utt (t)‖L1 ≤ C 〈t〉−1 + C

∫ t

0

〈t− τ〉−1 ‖u (τ)‖σ
L2σ ‖uτ (τ)‖L2 dτ.
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In view of estimates (3.3), (3.4) and ‖ux‖2,2 ≤ C, using Lemma 2.1 and the Young
inequality we obtain

‖‖utt (t)‖L1‖Ls
t (0,∞)

≤ C + C

∥∥∥∥∥
∥∥∥∥
∫ t

0

∂tG (t− τ) |u (τ)|σ uτ (τ) dτ

∥∥∥∥
L1

x

∥∥∥∥∥
Ls

t (0,∞)

≤ C

∥∥∥∥
∫ t

0

〈t− τ〉−1 ‖u (τ)‖σ
L2σ ‖uτ (τ)‖L2 dτ

∥∥∥∥
Ls

t (0,∞)

≤ C
∥∥∥〈t〉−1

∥∥∥
L

s1
t (0,∞)

‖‖u (t)‖σ
L2σ‖Ls2

t (0,∞) ‖‖ut (t)‖L2‖L2
t (0,∞)

≤ C ‖u‖σs2,2σ ‖ut‖2,2 ,

where 1
s = 1

s1
+ 1

s2
− 1

2 < 1
s2

+ 1
2 , since s1 > 1, s2 = 8

σ+2 for σ ≥ 2, and s2 = 2σ
2σ−2

for 1 < σ ≤ 2. Thus we get the estimate

(3.7) ‖utt‖s,1 ≤ C

for s > 8
σ+6 for σ ≥ 2, and s > 2σ

3σ−2 for 1 < σ ≤ 2.
To prove the estimate of the lemma we write

∂2
t u (t) = (∂t + 1) ∂2

t G (t) u0 + ∂2
t G (t) u1

+λ |u (t)|σ u (t) + λ

∫ t
2

0

∂2
t G (t− τ) |u (τ)|σ u (τ) dτ

+λ

∫ t

t
2

(
∂2

t G (t− τ) + e−(t−τ)
)
|u (τ)|σ u (τ) dτ

−λ

∫ t

t
2

e−(t−τ) |u (τ)|σ u (τ) dτ.

Integration by parts in view of equation (1.1) yields

−λ

∫ t

t
2

e−(t−τ) |u (τ)|σ u (τ) dτ

= −λ |u (t)|σ u (t) + λ (σ + 1) |u (t)|σ ut (t)

+λe−
t
2

∣∣∣∣u
(

t

2

)∣∣∣∣
σ (

u

(
t

2

)
− (σ + 1) u

(
t

2

))

−λ

∫ t

t
2

e−(t−τ)∂2
τ (|u (τ)|σ u (τ)) dτ

= −λ |u (t)|σ u (t) + λ (σ + 1) |u (t)|σ (uxx (t)− utt (t))

+λ2 (σ + 1) |u (t)|2σ
u (t)

+λe−
t
2

∣∣∣∣u
(

t

2

)∣∣∣∣
σ (

u

(
t

2

)
− (σ + 1) u

(
t

2

))

−λ

∫ t

t
2

e−(t−τ)∂2
τ (|u (τ)|σ u (τ)) dτ.
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Therefore

∂2
t u (t) = (∂t + 1) ∂2

t G (t)u0 + ∂2
t G (t)u1

+λe−
t
2

∣∣∣∣u
(

t

2

)∣∣∣∣
σ (

u

(
t

2

)
− (σ + 1) u

(
t

2

))

+λ (σ + 1) |u (t)|σ (uxx (t)− utt (t)) + λ2 (σ + 1) |u (t)|2σ
u (t)

+λ

∫ t
2

0

∂2
t G (t− τ) |u (τ)|σ u (τ) dτ

−λ

∫ t

t
2

e−(t−τ)∂2
τ (|u (τ)|σ u (τ)) dτ

+λ

∫ t

t
2

(
∂2

t G (t− τ) + e−(t−τ)
)
|u (τ)|σ u (τ) dτ.

Hence we have

‖utt (t)‖L1 ≤
∥∥(∂t + 1) ∂2

t G (t)u0 + ∂2
t G (t)u1

∥∥
L1

+Ce−
t
2

∥∥∥∥
∣∣∣∣u

(
t

2

)∣∣∣∣
σ (

u

(
t

2

)
− (σ + 1) u

(
t

2

))∥∥∥∥
L1

+C ‖|u (t)|σ uxx (t)‖L1 + C ‖|u (t)|σ utt (t)‖L1 + C ‖u (t)‖1+2σ
L1+2σ

+C

∥∥∥∥∥
∫ t

t
2

e−(t−τ)∂2
τ (|u (τ)|σ u (τ)) dτ

∥∥∥∥∥
L1

+C

∥∥∥∥∥
∫ t

2

0

∂2
t G (t− τ) |u (τ)|σ u (τ) dτ

∥∥∥∥∥
L1

+C

∥∥∥∥∥
∫ t

t
2

(
∂2

t G (t− τ) + e−(t−τ)
)
|u (τ)|σ u (τ) dτ

∥∥∥∥∥
L1

(3.8)

By Lemma 2.1 we have
∥∥(∂t + 1) ∂2

t G (t)u0 + ∂2
t G (t)u1

∥∥
L1

≤ Ce−
t
2

∥∥∥∥
∣∣∣∣u

(
t

2

)∣∣∣∣
σ (

u

(
t

2

)
− (σ + 1) u

(
t

2

))∥∥∥∥
L1

≤ C 〈t〉−2
.

In view of estimates (3.5) and (3.6) we get
∥∥∥‖|u (t)|σ uxx (t)‖L1

x

∥∥∥
L1

t (0,T )
≤ ‖uxx‖s1,2 ‖u‖σ

σs2,2σ

where s1 > 8
σ+4 and s2 = 8

σ+2 for σ ≥ 2, and s2 = σ
σ−1 for 1 < σ ≤ 2; so that

1
s1

+ 1
s2

> 1, when σ > 2
(√

3− 1
)
. In the same manner by virtue of (3.5) and (3.7)

we find ∥∥∥‖|u (t)|σ utt (t)‖L1
x

∥∥∥
L1

t (0,∞)
≤ ‖utt‖s,1 ‖u‖σ

4,∞

where s > 8
σ+6 for σ ≥ 2, and s > 2σ

3σ−2 for 1 < σ ≤ 2; so that 1
s + σ

4 > 1, when
σ >

√
5− 1. By (3.5) we get

∥∥∥‖u (t)‖1+2σ
L1+2σ

∥∥∥
L1

t (0,∞)
≤ C ‖u‖1+2σ

1+2σ,1+2σ ≤ C,
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for σ > 1. Similarly we have
∥∥∥∥∥∥

∥∥∥∥∥
∫ t

t
2

e−(t−τ)∂2
τ (|u (τ)|σ u (τ)) dτ

∥∥∥∥∥
L1

x

∥∥∥∥∥∥
L1

t (0,∞)

≤ C

∥∥∥∥
∥∥∥|u (t)|σ−1

u2
t (t)

∥∥∥
L1

x

∥∥∥∥
L1

t (0,∞)

+ C
∥∥∥‖|u (t)|σ utt (t)‖L1

x

∥∥∥
L1

t (0,∞)

≤ C ‖u‖σ−1
∞,∞ ‖ut‖22,2 + C ‖utt‖s,1 ‖u‖σ

4,∞

for σ >
√

5− 1.
Using Lemma 2.1, we obtain

∥∥∥∥∥
∫ t

2

0

∂2
t G (t− τ) |u (τ)|σ u (τ) dτ

∥∥∥∥∥
L1

≤ C 〈t〉−2
∫ t

2

0

(‖|u (τ)|σ u (τ)‖L1 + ‖|u (τ)|σ ux (τ)‖L1) dτ.

In view of estimates (3.3)–(3.6) we have

∫ t
2

0

(‖|u (τ)|σ u (τ)‖L1 + ‖|u (τ)|σ ux (τ)‖L1) dτ

≤
∫ t

2

0

(
‖u (τ)‖σ+1

Lσ+1 + ‖u (τ)‖σ
L2σ ‖ux (τ)‖L2

)
dτ ≤ Ct

1
σ ,

therefore
∥∥∥∥∥
∫ t

2

0

∂2
t G (t− τ) |u (τ)|σ u (τ) dτ

∥∥∥∥∥
1,1

≤
∥∥∥∥∥〈t〉

−2
∫ t

2

0

(‖|u (τ)|σ u (τ)‖L1 + ‖|u (τ)|σ ux (τ)‖L1) dτ

∥∥∥∥∥
L1

t (0,∞)

≤ C

∫ ∞

0

〈t〉−2
t

1
σ dt ≤ C,

when σ > 1.
For the last summand in (3.8) by Lemma 2.1, we get

∥∥∥∥∥
∫ t

t
2

(
∂2

t G (t− τ) + e−(t−τ)
)
|u (τ)|σ u (τ) dτ

∥∥∥∥∥
L1

≤ C

∫ t

t
2

〈t− τ〉−1−γ

(∥∥∥|u (τ)|σ−1
u2

x (τ)
∥∥∥

1−γ

L1
+ ‖|u (τ)|σ uxx (τ)‖1−γ

L1

)

× (‖|u (τ)|σ u (τ)‖γ
L1 + ‖|u (τ)|σ ux (τ)‖γ

L1

)
dτ

≤ C

∫ t

t
2

〈t− τ〉−1−γ

(∥∥∥|u (τ)|σ−1
u2

x (τ)
∥∥∥

1−γ

L1
+ ‖|u (τ)|σ uxx (τ)‖1−γ

L1

)
dτ
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with some small γ > 0. When σ > 2
(√

3− 1
)
, and if γ > 0 is sufficiently small, by

the Hölder inequality we obtain
∥∥∥‖u (τ)‖(σ−1)(1−γ)

L∞ ‖ux (t)‖2−2γ
L2

∥∥∥
L1

t (0,∞)

≤ ‖u‖(σ−1)(1−γ)
(σ−1)(1−γ)s1,∞ ‖ux‖2−2γ

(2−2γ)s2,2 ≤ C

with (σ − 1) (1− γ) s1 ≥ 4, (2− 2γ) s2 ≥ 2; so that 1
s1

+ 1
s2

= 1 and
∥∥∥‖uxx (τ)‖1−γ

L2 ‖u (τ)‖(1−γ)σ
L2σ

∥∥∥
L1

t (0,∞)

≤ ‖uxx‖1−γ
(1−γ)s1,2 ‖u‖(1−γ)σ

(1−γ)σs2,2σ ≤ C

with (1− γ) s1 > 8
σ+4 , (1− γ) s2 = 8σ

σ+2 for σ ≥ 2, and (1− γ) s2 = σ
σ−1 for

1 < σ ≤ 2; so that 1
s1

+ 1
s2

= 1. Therefore
∥∥∥∥∥
∫ t

t
2

〈t− τ〉−1−γ

(∥∥∥|u (τ)|σ−1
u2

x (τ)
∥∥∥

1−γ

L1
+ ‖|u (τ)|σ uxx (τ)‖1−γ

L1

)
dτ

∥∥∥∥∥
L1

t (0,∞)

≤ C
∥∥∥‖u (τ)‖(σ−1)(1−γ)

L∞ ‖ux (t)‖2−2γ
L2

∥∥∥
L1

t (0,∞)

+C
∥∥∥‖uxx (τ)‖1−γ

L2 ‖u (τ)‖(1−γ)σ
L2σ

∥∥∥
L1

t (0,∞)
≤ C .

Thus from (3.8) we have the result of the lemma. Lemma 3.1 is proved.
Now we estimate the decay rate of the Lp - norms of the solutions.

Lemma 3.2. Let λ < 0. Suppose that u0 ∈ W2
1 ∩H2 ∩L1,a, u1 ∈ W1

1 ∩H1 ∩L1,a,
a ∈ (0, 1] . Let the global solution constructed in Proposition 3.1 satisfy

‖utt‖1,1 ≤ C.

Then the estimates

‖u (t)‖L1 ≤ C, ‖u (t)‖L2 ≤ C 〈t〉− 1
4 ,

and
‖ux (t)‖L2 ≤ C 〈t〉− 3

4

are valid for all t > 0.

Proof. We estimate the L1 - norm. Denote S (x) = 1 for all x > 0 and S (x) = −1
for all x < 0; S (0) = 0. We multiply equation (1.1) by S (u (t, x)) and integrate
with respect to x over R to get

∫

R

S (u (t, x))ut (t, x) dx =
∫

R

S (u (t, x))uxxdx

+
∫

R

S (u (t, x)) (λ |u (t, x)|σ u (t, x)− utt (t, x)) dx.

We have ∫

R

S (u (t, x)) ut (t, x) dx =
d

dt
‖u (t)‖L1 ,

∫

R

S (u (t, x)) uxx (t, x) dx ≤ 0
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and ∫

R

S (u (t, x)) λ |u (t, x)|σ u (t, x) dx = λ ‖u (t)‖σ+1
Lσ+1 ≤ 0.

Therefore we find

(3.9)
d

dt
‖u (t)‖L1 ≤ ‖utt (t)‖L1 .

Integration of inequality (3.9) in view of estimate (3.11) yields the first estimate of
the lemma.

In particular, we find

(3.10) sup
ξ∈R

|û (t, ξ)| ≤ (2π)−
1
2 ‖u (t)‖L1 ≤ C.

We now multiply equation (1.1) by 2 (2ut + u). Then integrating the result with
respect to x ∈ R we get

2
∫

R

((ut + u) (utt + ut) + ututt) dx

= −2
∫

R

(ut)
2
dx + 2

∫

R

(2ut + u) uxxdx− 2 |λ|
∫

R

(2ut + u) |u|σ udx,

therefore
d

dt

(
‖ut + u‖2L2 + ‖ut‖2L2 + 2 ‖ux‖2L2 +

4 |λ|
σ + 2

‖u‖σ+2
Lσ+2

)

= −2 ‖ut‖2L2 − 2 ‖ux‖2L2 − 2 |λ| ‖u‖σ+2
Lσ+2 .(3.11)

By the Plansherel theorem using the Fourier splitting method due to [26], we have

‖ux‖2L2 =
∫

|ξ|≤χ

|ξû (t, ξ)|2 dξ +
∫

|ξ|≥χ

|ξû (t, ξ)|2 dξ

≥ χ2 ‖u‖2L2 − Cχ3,

where χ > 0. Thus from (3.11) we have the inequality

d

dt

(
‖ut + u‖2L2 + ‖ut‖2L2 + 2 ‖ux‖2L2 +

4 |λ|
2 + σ

‖u‖σ+2
Lσ+2

)

≤ −χ2 ‖u‖2L2 − ‖ux‖2L2 − 2 ‖ut‖2L2 − 2 |λ| ‖u‖σ+2
Lσ+2 + Cχ3

≤ −χ2

(
‖ut + u‖2L2 + ‖ut‖2L2 + ‖ux‖2L2 +

4 |λ|
2 + σ

‖u‖σ+2
Lσ+2

)
+ Cχ3.(3.12)

We choose χ2 = 2 (t0 + t)−1
, t0 ≥ 2 and change

‖ut + u‖2L2 + ‖ut‖2L2 + ‖ux‖2L2 +
4 |λ|
2 + σ

‖u‖σ+2
Lσ+2 = (t0 + t)−2

W (t) .

Then we get from (3.12)

(3.13)
d

dt
W (t) ≤ C (t0 + t)

1
2 .

Integration of (3.13) with respect to time yields

W (t) ≤ C (t0 + t)
3
2 .

Therefore we obtain the second estimate of the lemma.
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We now differentiate equation (1.1) with respect to x and multiply the result by
2 (2uxt + ux) . Then integrating with respect to x ∈ R we get

d

dt

∫

R

(
(uxt + ux)2 + (uxt)

2
)

dx = 2
∫

R

(2uxt + ux)uxxxdx

−2
∫

R

(uxt)
2
dx− 2 |λ| (σ + 1)

∫

R

(2uxt + ux) |u|σ uxdx,

hence
d

dt

(
‖uxt + ux‖2L2 + ‖uxt‖2L2 + 2 ‖uxx‖2L2 + 2 |λ| (σ + 1)

∥∥|u|σ u2
x

∥∥
L1

)

= −2 ‖uxx‖2L2 − 2 ‖uxt‖2L2 − 2 |λ| (σ + 1)
∥∥|u|σ u2

x

∥∥
L1

+2 |λ|σ (σ + 1)
∫

R

u2
x |u|σ−2

uutdx.(3.14)

Then using equation (1.1) we get
∫

R

u2
x |u|σ−2

uutdx =
∫

R

u2
x |u|σ−2

uuxxdx +
∫

R

u2
x |u|σ−2

u (λ |u|σ u− utt) dx

= −σ − 1
3

∥∥∥|u|σ−2
u4

x

∥∥∥
L1

+ λ

∫

R

u2
x |u|2σ

dx−
∫

R

u2
x |u|σ−2

uuttdx

≤ ‖ux‖2L2 ‖u‖σ−1
L∞ ‖utt‖L1 ≤ µ (t)

2 |λ|σ (σ + 1)
‖ux‖2L2 ,

where we denote
µ (t) = 2 |λ|σ (σ + 1) ‖u‖σ−1

L∞ ‖utt‖L1 .

By Lemma 3.1 we see that
∫∞
0

µ (t) dt ≤ C. As above by the Plansherel theorem,
we have

‖uxx‖2L2 =
∫

|ξ|≤χ

∣∣ξ2û (t, ξ)
∣∣2 dξ +

∫

|ξ|≥χ

∣∣ξ2û (t, ξ)
∣∣2 dξ

≥ χ2 ‖ux (t)‖2L2 − Cχ5,

where χ > 0. Thus from (3.14) we have the inequality

d

dt

(
‖uxt + ux‖2L2 + ‖uxt‖2L2 + 2 ‖uxx‖2L2 + 2 |λ| (σ + 1)

∥∥|u|σ u2
x

∥∥
L1

)

≤ (
µ− χ2

) ‖ux‖2L2 − 2 ‖uxt‖2L2 − ‖uxx‖2L2

−2 |λ| (σ + 1)
∥∥|u|σ u2

x

∥∥
L1 + Cχ5

≤ (
µ− χ2

) (
‖uxt + ux‖2L2 + ‖uxt‖2L2 + 2 ‖uxx‖2L2 + 2 |λ| (σ + 1)

∥∥|u|σ u2
x

∥∥
L1

)

+Cχ5.(3.15)

We choose χ2 = 3 (t0 + t)−1
, t0 ≥ 6 and change

‖uxt + ux‖2L2 + ‖uxt‖2L2 + 2 ‖uxx‖2L2 + 2 |λ| (σ + 1)
∥∥|u|σ u2

x

∥∥
L1

= (t0 + t)−3
e
∫ t
0 µ(τ)dτW1 (t) .

Then we get from (3.15)

(3.16)
d

dt
W1 (t) ≤ C (t0 + t)

1
2 .
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Integration of (3.16) with respect to time yields

W1 (t) ≤ C (t0 + t)
3
2 .

Therefore we obtain last estimate of the lemma. Furthermore we have the optimal
time decay estimate

(3.17) ‖u (t)‖Lp ≤ C 〈t〉− 1
2 (1− 1

p )

for all t > 0, 1 ≤ p ≤ ∞ since

‖u (t)‖L∞ ≤ C ‖u (t)‖
1
2
L2 ‖ux (t)‖

1
2
L2 ≤ C 〈t〉− 1

2

and
‖u (t)‖L1 ≤ C.

Lemma 3.2 is proved.
Proof of Theorem 1.1. In view of (3.1) and (3.2) we can apply Lemma 3.1 to

obtain ‖utt‖1,1 ≤ C. Then from Lemma 3.2 we have the estimate (3.17) for all
t > 0. Thus we have the desired result by Proposition 2.2. Theorem 1.1 is proved.

4. Proof of Theorem 1.2

In order to get the sharp asymptotics of solutions in the subcritical case we need
to compare the solutions of the following two problems

(4.1)
{

ut − uxx − λ |u|σ u = f, x ∈ R, t > 0,
u(0, x) = u0(x), x ∈ R,

and

(4.2)
{

vt − vxx − ελv1+σ = |f | , x ∈ R, t > 0,
v(0, x) = µ |u0(x)| , x ∈ R,

where 0 < σ < 2, λ < 0.

Lemma 4.1. Let u and v be classical solutions of (4.1) and (4.2) such that

u, v ∈ C
(
(0,∞) ;C2

) ∩C1 ((0,∞) ;C)

and 0 ≤ ε ≤ 1, µ ≥ 1. Then |u (t, x)| ≤ v (t, x) for all t ≥ 0, x ∈ R.

Proof. Define r = v − u. Then from (4.1) and (4.2) we obtain

(4.3)
{

rt − rxx = |λ| (|u|σ u− εvσ+1
)

+ |f | − f, x ∈ R, t > 0,
r(0, x) = µ |u0(x)| − u0(x), x ∈ R.

We need to prove that r ≥ 0 for all t ≥ 0, x ∈ R. Define R (t) ≡ infx∈R r (t, x) .
By the contrary, suppose that there exists a time T > 0 such that R (T ) < 0. By
the continuity we can find an interval [T1, T ] such that R (t) ≤ 0 for all t ∈ [T1, T ]
and R (T1) = 0. By Theorem 2.1 from paper [1] there exists a point ζ (t) ∈ R such
that R (t) = v (t, ζ (t)) − u (t, ζ (t)) = r (t, ζ (t)), moreover R′ (t) = d

dtr (t, ζ (t)) =
rt (t, ζ (t)) almost everywhere on t ∈ [T1, T ] . We have

|u|σ u (t, ζ (t))− εvσ+1 (t, ζ (t))

= (v (t, ζ (t))−R (t))σ+1 − εvσ+1 (t, ζ (t)) ≥ 0

for all t ∈ [T1, T ] . At the point of minimum ζ (t) we have

rxx(t, ζ (t)) ≥ 0.
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Therefore by equation (4.3) we get

R′ (t) ≥ 0

almost everywhere on t ∈ [T1, T ] . Integration with respect to time yields R (t) ≥ 0.
This gives a contradiction, hence u (t, x) ≤ |v (t, x)| for all x ∈ R and t > T1. In
the same manner we prove that v + u ≥ 0 for all x ∈ R and t > T1. Lemma 4.1 is
proved.

Let u be the global solution constructed in Proposition 3.1 with an additional
assumption on the data such that u0 ∈ C3. We can apply Lemma 3.1 and Lemma
3.2 to get a rough time decay estimate (the optimal estimate will be obtained below)

(4.4) ‖u (t)‖L∞ ≤ C 〈t〉− 1
2

for all t > 0. Now we estimate the L1,a - norm of the solution. By Lemma 2.1 we
have

‖u (t)‖L1,a ≤ ‖(∂t + 1)G (t)u0‖L1,a + ‖G (t)u1‖L1,a

+C

∫ t

0

(∥∥u3 (τ)
∥∥
L1,a + 〈t− τ〉 a

2
∥∥u3 (τ)

∥∥
L1

)
dτ

≤ C 〈t〉 a
2 + C

∫ t

0

〈τ〉−1 ‖u (τ)‖L1,a dτ + C

∫ t

0

〈t− τ〉 a
2 〈τ〉−1

dτ

≤ C 〈t〉 a
2 + C

∫ t

0

〈τ〉−1 ‖u (τ)‖L1,a dτ.

Hence by the Gronwall lemma we obtain

(4.5) ‖u (t)‖L1,a ≤ C 〈t〉 a
2

for all t > 0. Next we estimate ∂tu. We have by the integral representation (2.2)
with f = λu3

ut (t) = (∂t + 1) ∂tG (t)u0 + ∂tG (t) u1

+λ

∫ t

0

∂tG (t− τ)u3 (τ) dτ,(4.6)

hence

‖ut (t)‖L∞ ≤ C 〈t〉− 3
2 + C

∫ t

0

〈t− τ〉−1 〈τ〉− 3
2 dτ ≤ C 〈t〉−1

.

Differentiating (4.6) with respect to t > 0 we get

utt (t) = (∂t + 1) ∂2
t G (t)u0 + ∂2

t G (t)u1

+2λ∂tG
(

t

2

)
u3

(
t

2

)
+ 3λ

∫ t

t
2

∂tG (t− τ)u2 (τ) uτ (τ) dτ

+λ

∫ t
2

0

∂2
t G (t− τ) u3 (τ) dτ.
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Hence

‖utt (t)‖L∞ ≤
∥∥(∂t + 1) ∂2

t G (t) u0 + ∂2
t G (t)u1

∥∥
L∞

+C

∥∥∥∥∂tG
(

t

2

)
u3

(
t

2

)∥∥∥∥
L∞

+ C

∥∥∥∥∥
∫ t

t
2

∂tG (t− τ)u2 (τ)uτ (τ) dτ

∥∥∥∥∥
L∞

+C

∥∥∥∥∥
∫ t

2

0

∂2
t G (t− τ) u3 (τ) dτ

∥∥∥∥∥
L∞

.

By virtue of estimates of Lemma 2.1 we obtain

‖utt (t)‖L∞ ≤ C 〈t〉− 5
2 + C

∫ t

t
2

〈t− τ〉−1 ‖u (τ)‖2L∞ ‖uτ (τ)‖L∞ dτ

+C

∫ t
2

0

〈t− τ〉−2 ‖u (τ)‖3L∞ dτ

≤ C 〈t〉− 5
2 + C

∫ t

t
2

〈t− τ〉−1 〈τ〉−2
dτ + C

∫ t
2

0

〈t− τ〉−2 〈τ〉− 3
2 dτ

≤ C 〈t〉−2 log (2 + t)(4.7)

for all t > 0. In the same manner we estimate the L1,a - norm

‖utt (t)‖L1,a ≤ C 〈t〉 a
2−2 + C

∫ t

t
2

〈t− τ〉−1 ‖u (τ)‖L∞ ‖uτ (τ)‖L∞ ‖u (τ)‖L1,a dτ

+C

∫ t

t
2

〈t− τ〉 a
2−1 ‖u (τ)‖L∞ ‖uτ (τ)‖L∞ ‖u (τ)‖L1 dτ

+C

∫ t
2

0

〈t− τ〉−2 ‖u (τ)‖2L∞ ‖u (τ)‖L1,a dτ

+C

∫ t
2

0

〈t− τ〉 a
2−2 ‖u (τ)‖2L∞ ‖u (τ)‖L1 dτ

≤ C 〈t〉−2+ a
2 + C

∫ t

t
2

〈t− τ〉−1 〈τ〉 a
2− 3

2 dτ + C

∫ t

t
2

〈t− τ〉 a
2−1 〈τ〉− 3

2 dτ

+C

∫ t
2

0

〈t− τ〉−2 〈τ〉 a
2−1

dτ + C

∫ t
2

0

〈t− τ〉 a
2−2 〈τ〉−1

dτ

≤ C 〈t〉 a
2−2 log (2 + t)(4.8)

for all t > 0, since σ < 2 is sufficiently close to 2. Denote f (t, x) = utt and consider
two auxiliary Cauchy problems

(4.9)
{

Ut − Uxx + |λ|U1+σ = ε2 |f | , x ∈ R, t > 0,
U(0, x) = ε |u0(x)| , x ∈ R,

and

(4.10)
{

Vt − Vxx + ε2σ |λ|V 1+σ = |f | , x ∈ R, t > 0,
V (0, x) = 1

ε |u0(x)| , x ∈ R.

with sufficiently small ε > 0. We have f (t) ∈ C1 and so by the smoothing property
of the heat kernel we find that U ∈ C

(
(0,∞) ;C2

) ∩ C1 ((0,∞) ;C) . Note that
problem (4.10) can be reduced to problem (4.9) by virtue of the change V = ε−2U.
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And problem (4.9) has a sufficiently small initial data ε |u0(x)| and a small force
ε2 |f |. Moreover, the mean value θ = ε

∫
R
|u0(x)| dx = O (ε) . So that the term

1
θ ε2 |f | = O (ε) is also small. Therefore we can apply the results of papers [11], [9]
to calculate the large time asymptotic behavior of solutions U (t, x) and V (t, x) to
problems (4.9). By Lemma 4.1 |u (t, x)| ≤ Cε−2 |U (t, x)| and we get an optimal
time decay estimate for the solution

(4.11) ‖u (t)‖L∞ ≤ Cε−1 〈t〉− 1
2

(
1 + Cε (2− σ)−

1
σ t

1
σ− 1

2

)−1

for all t > 0. Here u is the global solution constructed in Proposition 3.1 with an
additional assumption on the data such that u0 ∈ C3.

Now we prove the asymptotics of solutions. Taking u = w1 and (1 + ∂x)−1
ut =

w2, with (1 + ∂x)−1 = Fξ→x (1 + iξ)−1 Fx→ξ = e−x
∫ x

−∞ dx′ex′ , we rewrite equa-
tion (1.1) in the form of a system of nonlinear evolutionary equations

(4.12) wt +N (w) + Lw = 0

for the vector w (t, x) =
(

w1 (t, x)
w2 (t, x)

)
. The initial data are

w (0, x) = w̃ (x) ≡
(

u0 (x)
(1 + ∂x)−1

u1 (x)

)
.

The linear part of system (4.12) is a pseudodifferential operator defined by the
Fourier transformation as follows

Lw = Fξ→xL (ξ)Fx→ξw,

with a matrix - symbol

L (ξ) = {Ljk (ξ)}|j,k=1,2 =

(
0 − (1 + iξ)
ξ2

1+iξ 1

)
.

The nonlinearity is defined by

N (w) =
(

0
−λ (1 + ∂x)−1 (|w1|σ w1)

)
.

Denote by

Λ1 (ξ) =
1
2

+
1
2

√
1− 4ξ2, Λ2 (ξ) =

1
2
− 1

2

√
1− 4ξ2

the eigenvalues of the matrix L (ξ). Note that the matrix

Q (ξ) =
(

Q11 (ξ) Q12 (ξ)
Q21 (ξ) Q22 (ξ)

)
=

(
1 + iξ 1 + iξ
−Λ1 (ξ) −Λ2 (ξ)

)

and
Q−1 (ξ) =

1
(1 + iξ) (Λ1 (ξ)− Λ2 (ξ))

( −Λ2 (ξ) − (1 + iξ)
Λ1 (ξ) 1 + iξ

)

diagonalize the matrix L (ξ), i.e.

Q−1 (ξ)L (ξ)Q (ξ) =
(

Λ1 (ξ) 0
0 Λ2 (ξ)

)
.

Consider the system of ordinary differential equations with constant coefficients
depending on the parameter ξ ∈ R

(4.13)
d

dt
ŵ (t, ξ) + L (ξ) ŵ (t, ξ) = 0.
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Multiplying system (4.13) by Q−1 (ξ) from the left and changing ŵ (t, ξ) = Q (ξ) W (t, ξ)
we diagonalize system (4.13)

d

dt

(
W1 (t, ξ)
W2 (t, ξ)

)
= −

(
Λ1 (ξ) 0

0 Λ2 (ξ)

)(
W1 (t, ξ)
W2 (t, ξ)

)
,

whence integrating with respect to time t ≥ 0 we find
(

W1 (t, ξ)
W2 (t, ξ)

)
=

(
e−tΛ1(ξ) 0

0 e−tΛ2(ξ)

)(
W1 (0, ξ)
W2 (0, ξ)

)

Returning to the solution ŵ (t, ξ) we get

ŵ (t, ξ) = e−tL(ξ)

(
û0 (ξ)
û1 (ξ)

)
,

where the fundamental Cauchy matrix has the form

e−tL(ξ) = Q (ξ)
(

e−tΛ1(ξ) 0
0 e−tΛ2(ξ)

)
Q−1 (ξ)

=
1√

1− 4ξ2

(
−Λ2 (ξ) − (1 + iξ)

ξ2

1+iξ Λ1 (ξ)

)
e−tΛ1(ξ)

+
1√

1− 4ξ2

(
Λ1 (ξ) 1 + iξ

− ξ2

1+iξ −Λ2 (ξ)

)
e−tΛ2(ξ).

Following the idea of paper [10], we make a change of the dependent variable
w (t, x) = e−ϕ(t)v (t, x) , then we get from (4.12)

(4.14) vt + Lv + e−σϕN (v)− ϕ′v = 0.

We define the real-valued function ϕ (t) by the following zero total mass condition

(4.15) A0

∫

R

(
e−σϕN (v)− ϕ′v

)
dx = 0,

where the matrix

A0 =
(

1 1
0 0

)
.

Condition (4.15) is reduced to one equation

−e−σϕ(t)λ

∫

R

(1 + ∂x)−1 |v1 (t, x)|σ v1 (t, x) dx− ϕ′ (t)
∫

R

(A0v (t, x))1 dx

= −e−σϕ(t)λ

∫

R

|v1 (t, x)|σ v1 (t, x) dx− ϕ′ (t)
∫

R

(A0v (t, x))1 dx = 0.

We also assume that ϕ (0) = 0. Since A0L (0) = 0 via equation (4.14) we get

d

dt

∫

R

(A0v (t, x))1 dx = 0

that is ∫

R

(A0v (t, x))1 dx =
∫

R

(A0w̃ (x))1 dx

=
∫

R

(
u0 (x) + (1 + ∂x)−1

u1 (x)
)

dx =
∫

R

(u0 (x) + u1 (x)) dx ≡ θ



272 N. HAYASHI, E. I. KAIKINA, P. I. NAUMKIN

for all t > 0. Therefore we obtain the equation

ϕ′ (t) = e−σϕ(t) |λ|
θ

∫

R

|v1 (t, x)|σ v1 (t, x) dx

=
|λ|
θ

∫

R

|u (t, x)|σ v1 (t, x) dx.(4.16)

Thus from (4.14) we see that the vector v satisfy the following integral equation

v = J (t) ṽ−
∫ t

0

J (t− τ)
(
e−σϕN (v)− ϕ′v

)
dτ

= J (t) w̃ − |λ|
∫ t

0

dτJ (t− τ)
((

0
1

)
(1 + ∂x)−1 |u (τ, x)|σ v1 (τ, x)

−v (τ)
1
θ

∫

R

|u (τ, x)|σ v1 (τ, x) dx

)
dτ.(4.17)

We now collect some preliminary estimates for the Green operator

J (t)ψ = Fξ→x

(
e−tL(ξ)ψ̂ (ξ)

)
,

in the weighted Lebesgue norms ‖φ‖Lp and ‖φ‖L1,a , where ‖φ‖L1,a = ‖〈·〉a φ‖L1 ,
a ∈ (0, 1) , 1 ≤ p ≤ ∞. Also we show that J (t) asymptotically behaves as a Green
function J0 (t) for the heat equation

J0 (t)ψ = Fξ→x

(
e−tξ2

ψ̂ (ξ)
)

=
∫

R

G0 (t, x− y)ψ (y) dy

with a kernel

G0 (t, x) = (2π)−
1
2 Fξ→x

(
e−tξ2

)
= (4πt)−

1
2 e−

x2
4t .

Lemma 4.2. Suppose that the vector-function φ ∈ (
L∞ ∩ L1,a

)2
, where a ∈ (0, 1) .

Then the estimates
‖J (t) φ‖Lp ≤ C ‖φ‖Lp ,

and ∥∥∥|·|ω
(
J (t)φ− (4πt)−

1
2 e−

x2
4t A0ϑ

)∥∥∥
Lp
≤ Ct−

1
2 (1− 1

p )− a−ω
2 ‖φ‖L1,a

are valid for all t > 0, 1 ≤ p ≤ ∞, 0 ≤ ω ≤ a, where a matrix

A0 =
(

1 1
0 0

)

and a vector ϑ =
∫
R

φ (x) dx.

For the proof of Lemma 4.2, see paper [14]. Applying the identity

(1 + ∂x)−1
ψ (x) = e−x

∫ x

−∞
eyψ (y) dy

we see that∥∥∥(1 + ∂x)−1
ψ

∥∥∥
L∞

≤ C ‖ψ‖L∞ ,
∥∥∥(1 + ∂x)−1

ψ
∥∥∥
L1,a

≤ C ‖ψ‖L1,a .

Now let us prove the estimate

(4.18) ‖v (t)‖L1,a ≤ C 〈t〉 a
2
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for all t > 0. By estimate (4.11) we have

‖u (t)‖σ
L∞ ≤ C 〈t〉−σ

2

(
1 + Cεσ (2− σ)−1

t1−
1
2 σ

)−1

,

We use the integral equation (4.17). By virtue of estimate (4.11), Lemma 4.2 we
get

∥∥∥∥
∫ t

0

dτJ (t− τ)
((

0
1

)
(1 + ∂x)−1 |u (τ, x)|σ v1 (τ, x)

−v (τ)
1
θ

∫

R

|u (τ, x)|σ v1 (τ, x) dx

)
dτ

∥∥∥∥
L1,a

≤ Cε−σ (2− σ)
∫ t

0

〈τ〉−1 ‖v (τ)‖L1,a dτ

for all t > 0. Therefore in view of (4.17) we obtain

‖v (t)‖L1,a ≤ C 〈t〉 a
2 + Cε−σ (2− σ)

∫ t

0

〈τ〉−1 ‖v (τ)‖L1,a dτ

for all t > 0. Application of the Gronwall lemma yields the estimate (4.18) for all
t > 0. In the same manner by virtue of estimates (4.11) and Lemma 4.2 we get

‖v (t)‖Lp ≤ ‖J (t) w̃‖Lp

+
∥∥∥∥
∫ t

0

dτJ (t− τ)
((

0
1

)
(1 + ∂x)−1 |u (τ, x)|σ v1 (τ, x)

−v (τ)
1
θ

∫

R

|u (τ, x)|σ v1 (τ, x) dx

)
dτ

∥∥∥∥
Lp

≤ C 〈t〉− 1
2 (1− 1

p ) + C

∫ t
2

0

(t− τ)−
1
2 (1− 1

p )− a
2 〈τ〉 a

2−1
dτ

+Cε−σ (2− σ)
∫ t

t
2

〈τ〉−1 ‖v (τ)‖Lp dτ

≤ C 〈t〉− 1
2 (1− 1

p ) + ε

∫ t

t
2

〈τ〉−1 ‖v (τ)‖Lp dτ

for all t > 0, since σ < 2 is close to 2. Application of the Gronwall lemma yields
the estimate

‖v (t)‖Lp ≤ C 〈t〉− 1
2 (1− 1

p )

for all t > 0. The above estimates now imply that

‖v1 (t)− (J (t) w̃)1‖Lp ≤ C (2− σ) 〈t〉− σ
2(1+σ)

for all t > 0.
Multiplying equation (4.16) by the factor eσϕ(t), then integrating with respect

to time t > 0 and making a change of the dependent variable eσϕ(t) = h (t) , we get

(4.19) h (t) = 1 +
|λ|σ

θ

∫ t

0

∫

R

|v1 (τ, x)|σ v1 (τ, x) dxdτ.

Denote ζ = θ1+σ

(4π)
σ
2 (1−σ

2 )(1+σ)
1
2
. Since 0 < σ < 2 is close to 2, we may suppose that

ζ ≥ 1.
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Lemma 4.3. We assume that w̃ ∈ (
L1,a ∩ L∞

)2 with a ∈ (0, 1) and

θ ≡
(

A0

∫

R

w̃ (x) dx

)

1

> 0.

Let the function (v (t, x))1 = v1 (t, x) satisfy the estimates

‖v1 (t)‖L1+σ ≤ C 〈t〉− σ
2(1+σ)

and
‖v1 (t)− (J (t) w̃)1‖L1+σ ≤ C (2− σ) 〈t〉− σ

2(1+σ)

for all t > 0. Then the following inequality is valid

(4.20)
∣∣∣∣
∫ t

0

dτ

∫

R

|v1 (t, x)|σ v1 (t, x) dx− ζt1−
σ
2

∣∣∣∣ ≤ Ct1−
σ
2

for all t > 0.

Proof. We have

(4.21) ‖φ‖Lp ≤ C ‖φ‖1−
1

p(1+a)

L∞ ‖〈·〉a φ‖
1

p(1+a)

L1

for all 1 ≤ p ≤ ∞. Then via Lemma 4.2 we get

‖(J (t) w̃)1 − θG0 (t, x)‖
L1+σ ≤ C 〈t〉− σ

2(1+σ)− a
2 ,

and via the assumption

‖v1 (t)− (J (t) w̃)1‖L1+σ ≤ C (2− σ) 〈t〉− σ
2(1+σ)

applying the Hölder inequality we have
∥∥|v1 (t)|σ v1 (t)− θ1+σG1+σ

0

∥∥
L1 ≤

∥∥∥|v1 (t)|σ v1 (t)− (J (t) w̃)1+σ
1

∥∥∥
L1

+
∥∥∥(J (t) w̃)1+σ

1 − θ1+σG1+σ
0 (t, x)

∥∥∥
L1

≤ C
(‖v1‖σ

L1+σ + ‖(J (t) w̃)1‖σ
L1+σ

) ‖v1 (t)− (J (t) w̃)1‖L1+σ

+C
(‖(J (t) w̃)1‖σ

L1+σ + θσ ‖G0‖σ
L1+σ

) ‖(J (t) w̃)1 − θG0 (t, x)‖
L1+σ

≤ C (2− σ) 〈t〉−σ
2 + C 〈t〉−σ

2− a
2

for all t > 0. By a direct computation we obtain for the heat kernel G0 (t, x) =
(4πt)−

1
2 e−

x2
4t ∫

R

(G0 (t, x))1+σ
dx = (1 + σ)−

1
2 (4πt)−

σ
2 .

Therefore we get
∣∣∣∣∣
∫

R

|v1 (t, x)|σ v1 (t, x) dx− θ1+σt−
σ
2

(4π)
σ
2 (1 + σ)

1
2

∣∣∣∣∣

=
∣∣∣∣
∫

R

|v1 (t, x)|σ v1 (t, x) dx− θ1+σ

∫

R

(G0 (t, x))1+σ
dx

∣∣∣∣
≤ C

∥∥|v1 (t)|σ v1 (t)− θ1+σG1+σ
0

∥∥
L1

≤ C (2− σ) 〈t〉−σ
2 + C 〈t〉−σ

2− a
2
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for all t > 0. Hence∣∣∣∣∣
∫ t

0

dτ

∫

R

|v1 (t, x)|σ v1 (t, x) dx− θ1+σt1−
σ
2

(4π)
σ
2

(
1− σ

2

)
(1 + σ)

1
2

∣∣∣∣∣

=
∣∣∣∣
∫ t

0

dτ

∫

R

|v1 (t, x)|σ v1 (t, x) dx− ζt1−
σ
2

∣∣∣∣

≤ C (2− σ)
∫ t

0

〈τ〉−σ
2 dτ + C

∫ t

0

〈τ〉−σ
2− a

2 dτ ≤ Ct1−
σ
2

for all t > 0. Lemma 4.3 is proved.
In view of estimates (4.18), using Lemma 4.3 we see that

∣∣h (t)− 1− ζt1−
σ
2
∣∣ ≤ Ct1−

σ
2

for all t > 0, where

ζ =
θ1+σ

(4π)
σ
2

(
1− σ

2

)
(1 + σ)

1
2

is sufficiently large. Now the asymptotic formulas are proved in the same manner
as in paper [14]. Theorem 1.2 is proved.

Remark 4.1. The restriction for the value σ < 2 to be close to 2 is rather technical.
It allows us to prove estimate (4.18) in the proof of Theorem 1.2. We believe that
some more restrictions on the initial data are necessary to be able to generalize
the method applied in this section to the case when σ is not close to 2 (σ < 2).
In this connection let us refer some decay restrictions on the initial data which
are well-known for the nonlinear heat equation. In paper [8] it was proved that if
the initial data are nonnegative u0 ≥ 0, u0 ∈ L1 and decay slowly at infinity as
limx→±∞ |x|

2
σ u0 (x) = +∞, then the solution of the nonlinear heat equation has

the asymptotic representation u (t, x) = t−
1
σ σ−

1
σ + o

(
t−

1
σ

)
as t →∞ uniformly in

domains
{
x ∈ Rn; |x| ≤ C

√
t
}
with any C > 0. In paper [2], there were considered

the nonnegative initial data decaying sufficiently rapidly at infinity, i.e. 0 ≤ u0 (x) ≤
Ce−bx2

for all x ∈ Rn, with some b, C > 0. Then it was shown that the main
term of the asymptotic behavior of solution has a self-similar character u (t, x) =
t−

1
σ w0

(
x√
t

)
+ o

(
t−

1
σ

)
as t → ∞ uniformly with respect to x ∈ Rn, where w0 (ξ)

is a positive solution of the elliptic equation

(4.22) −∆w − 1
2
ξ∇w + w1+σ =

1
σ

w

which decays rapidly at infinity: lim|ξ|→∞ |ξ|
2
σ w0 (ξ) = 0. This result was improved

in paper [3], where the intermediate case was considered: if the initial data are such
that u0 ∈ L1, u0 6= 0 and lim|x|→∞ |x|

2
σ u0 (x) = λ > 0, then the solutions of the

nonlinear heat equation have the asymptotic representation u (t, x) = t−
1
σ wλ

(
x√
t

)
+

o
(
t−

1
σ

)
as t → ∞ uniformly with respect to x ∈ Rn, where wλ (ξ) is a positive

solution of equation (4.22) such that lim|ξ|→∞ |ξ|
2
σ wλ (ξ) = λ. Another asymptotic

behavior characterized by self-similar solutions changing a sign is possible ([15]).
We emphasize that the Lp - time decay rate is the same for all the different types of
the asymptotic behavior of solutions. Note that an optimal Lp time decay estimate
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of solutions to the Cauchy problem (1.1) was obtained in [24] for the subcritical case
σ ∈ (0, 2) under the condition, that the initial data decay exponentially at infinity
without any restriction on the size. Certainly some decay restrictions on the initial
data are necessary to remove the assumption that σ is close to 2. However we
probably need some more conditions to obtain the result of Theorem 1.2 saying
precisely which type of the self-similar solution can serve as an asymptotic profile
for large time.
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Universidad Nacional Autónoma de México,
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