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ASYMPTOTICS FOR NONLINEAR DAMPED WAVE
EQUATIONS WITH LARGE INITIAL DATA

N. HAYASHI, E. I. KAIKINA, P. I. NAUMKIN

ABSTRACT. We study the one dimensional nonlinear damped wave equa-
tion

Upt + Ut — Uge = AN u|”u, z € R, t >0,
w(0,2) =uo (x), z €R,
ue (0,2) =u1 (z), z € R,
where 0 > 0, A € R. Our aim is to prove the large time asymptotic for-
mulas for solutions of the Cauchy problem (0.1) without any restriction

on the size of the initial data.

1. INTRODUCTION

We study the one dimensional nonlinear damped wave equation

(1.1) { U + U — Ugg = A|ul”u, ER, >0,

w(0,z) = ug (), u (0,2) =uy (x), x € R,
where ¢ > 0, A € R. Recently much attention was drawn to nonlinear wave
equations with dissipative terms. The blow-up results were proved in [27] for the
case of nonlinearity — |v|1+a, with ¢ < 2, when the initial data are such that
Jrvo(x)dz > 0, and [, vi (z)dz > 0. Blow-up results for the critical and sub-
critical cases o < 2 were obtained in [21]. The global existence of solutions to
the Cauchy problem (1.1) with nonlinearities + [v|'T” or +|v|” v for supercritical
power ¢ > 2 was proved in paper [27], where the large time decay estimates were
obtained if the initial data are sufficiently small and have a compact support. The
large time asymptotic behavior of solutions to (1.1) for the supercritical case o > 2
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was obtained in paper [13] in the framework of the usual L? - theory. When the
initial data are in the usual Sobolev space 9%ug € L' NL*®, |a| < 1, u3 € L' NL>,
problem (1.1) was considered in papers [23], [25]. Applying the energy type esti-
mates of [22] and [19] it was proved in paper [17] that solutions of the nonlinear
damped wave equation (1.1) in the supercritical case ¢ > 3 with arbitrary initial
data up € H' N LY, u; € L2NL! (i.e. without smallness assumption on the initial
data) have the same large time asymptotics as that for the linear heat equation
0y — 02, that is

1

lu(t) = MGo ()|, =0 (f%@f;))

212
for t — oo, where 2 < p < oo, and Gq (t,z) = (47rt)_% e~ is the heat kernel,

M is a constant. Recently the critical case 0 = 2 was considered in paper [12],
where it was proved that the large time decay estimate of solutions of (1.1) have
an additional logarithmic correction, i.e.

Nl=

()| < C (14 1)"2 (14 log (14 1))~

The large time asymptotics of solutions to the Cauchy problem (1.1) with small
initial data in the subcritical case o € (0,2), when o is close to 2, was obtained in
paper [14]. Note that similar behavior of solutions was discovered for the nonlinear
heat equation

Vp — Vg — 01 T7 =0
first in the critical case o = 2, comparing with the linear heat equation, (see [6],
[9]). For blow-up results we refer [5], [7], [20]. Large time behavior of solutions to
the nonlinear heat equations in the subcritical cases o € (0,2) was obtained in
papers [2], [3], [8], [18], [29].

Sharp time decay estimates in LP norm of solutions to (1.1) in the subcritical
case o € (0,2) were obtained recently in paper [24], under the condition that the
initial data decay exponentially at infinity without any restriction on the size, where
2§p§% for the space dimensionn > 3,2 <p<ooforn=2and 2 <p <
for n = 1. The method used in [24] can not be applied to the supercritical case. As
far as we know the large time asymptotic formulas for solutions of (1.1) for o < 3
were not considered previously for the case of arbitrary (not small) initial data.

The aim of the present paper is to prove large time asymptotic formulas for
the solutions of the Cauchy problem (1.1) without any restriction on the size of
the initial data. We restrict our attention in this paper to the one dimensional
case since our method here is based on the following a priori estimate of solutions
Jo7 gt p1 dt < oo stated below in Lemma 3.1 under the condition o > 2 (v3 — 1),
so that this lower bound of order of the nonlinearity becomes greater than the
critical value o = % for higher space dimensions.

By C(I;B) we denote the space of continuous functions from a time interval I
to the Banach space B. The usual Lebesgue space is denoted by LP, 1 < p < o0,
the weighted Lebesgue space L™ is defined by

L7 = {¢ € L7 |60 = [1{2)" dllp» < 00},
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where (z) = /1 + |z|?, {2} = %, a > 0. Weighted Sobolev spaces we define as

follows

k
Wit =9 @ € L [10llwye = > [0 éllg,. <00 p
=0

where £ > 0, a > 0, 1 < p < oo. For simplicity we denote W’; = W’;vo, Hbe =
W5 Also we define the norm of the usual Sobolev space H¥ = H¥ as follows

||<75Hi1k = E?:o H8j¢|’i2 . Below Fy_¢ or ¢ () is the Fourier transform of ¢ (z)
defined by

H(6) = Frcd = (27) /R " (2) da

and

7 T -1 T
(@) = Femao = 2m)* [ e"o(6)de
R
is the inverse Fourier transform of ¢ ().
We now consider the case A < 0, then using the method of paper [16] we can
remove the smallness condition on the initial data ug (x), u1 (x) in the supercritical

case o > 2.

Theorem 1.1. Let A < 0, 0 > 2. Suppose that the initial data ug € WiNHZNLY,
up € WINH!NLY, a € (0,1]. Then there exists a unique solution u € C([0,00);
W2 NH2NLY) to the Cauchy problem (1.1). Moreover the asymptotics is true

(1.2) w(t,z) = Admt) e % 40 (t—%—v)

for large time t — oo uniformly with respect to x € R, where 0 < v < % min (a,0 — 2)
and

A:/R(uo () + u (g:))dzH/OOOAWU(T,:E)CMT

Consider the subcritical case of o < 2. Denote the heat kernel

_1

Go(z) = (4m) T e
and 0 = [ (uo (x) 4+ vy (2)) dz.

Theorem 1.2. Let A < 0. We assume that the initial data ug € WiNH2NLL2NC3,
up € WINH!NLYNC? a € (0,1), are such that 8 > 0. Also we suppose that
the value o < 2 is close to 2. Then the Cauchy problem (1.1) has a unique global
solution u € C([0,00); Wi NH? NLY N C3), satisfying the following time decay
estimates )
(@)l <C ()7
for large t > 0. Furthermore there exist a constant b and a function V € L>® NLY¢
such that the asymptotic formula
u(t,z) =bt =V (a:t*%) +0 (t*%ﬂ) ,

is valid for t — oo uniformly with respect to x € R, where v = %min (a, 1-— %) ,
and V € LY NL> is a solution of the integral equation

veo=a©- g [ udZ/RGo ((c-v2) -2 2) Fay,

— )2
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with
o

Qzl—

5 / VI (y) dy,
3 JR
and

Fy) = V™ () - V (y) /R VI (€) de.

We organize the rest of the paper as follows. In Section 2 we obtain some pre-
liminary estimates of the Green operator solving the linearized Cauchy problem
corresponding to (1.1). Section 3 is devoted to the proof of Theorem 1.1. Finally in
Section 4 we prove Theorem 1.2.

2. PRELIMINARIES

Consider the linear Cauchy problem

U + U — Uz = f(t,2), xER, £ >0,
(2.1) w(0,z) =up (x), z € R,
Ou(0,2) =u1 (), v €R.

The solution of (2.1) can be written by the Duhamel formula
t

(2.2) u(®) =@+ DG Ou+ G Our+ [ G(t—7) f(r)ir
0

where the Green operator G (t) = F 'L (t,&) F with a symbol
in (el — 1
. sin (t €] 4)
VIEF =3

Note that the symbol L (¢, €) is a smooth and bounded function L (¢,§) € C* (R x R).
We first collect some preliminary estimates for the Green operator G (t) in the
weighted Lebesgue norms ||¢(|;, and ||| 1., for a € (0,1), 1 < p < co. Also we
show that the operator G (t) behaves asymptotically as a Green operator Gy (t) for
the heat equation

L(t,§) =e

60 () v =4 [ Go (=)t H) vy

1

with a heat kernel Gy (z) = (4m) 2 e”
value of the function ¢.

s~

. Denote by 9 = [ ¢ (z)dx the mean

Lemma 2.1. The estimates are fulfilled
: —k
105G () ¢l o < C (O 9w

and
107G (t) 6 + e ¢||, < C(t) " [|076|,.,
for allt >0, where k > 0, 1 < p < co. Also the estimates are valid

lg®e—vitco (et <cm E 6l

and
1 _1
lgwo-wtc ()| | <Clolp.
for all t > 0, where a € [0,1], provided that the right-hand sides are finite.
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Proof. We have
1 1
Q(t)w=fe‘§/ Io (x/tQ—yQ)w(w—y)d%
2 ly|<t 2

where I (z) is the modified Bessel function of order 0 (see [28]). Note that the
function Iy (z) has the following asymptotics

2m —1)?
AP I CLL

IO (LE

for x — +o00 (see [4]). Thus we have the estimates
v (. (1 ik o
i (0 (5P )| oo

for all [y| < £, ¢t > 0. And in the domain £ < |y| <t, ¢t >0 we apply the estimates

k

d
e " ——1Io ()

< (C.
dxr ¢

sup
x>0

We rewrite the Green operator in the form

hence

165G @) Iy, < Cr77*

y2
e
Y=z

+Ce= [Yllyws < CE [y

for all ¢ > 0, kK > 0. Thus the first estimate is true.
To prove the second estimate we represent the symbol

é (7L (t,&) +e7)

LP

where
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Note that R (t) € C® (R). As £ — 0 we have

- 0452—@) exP@W_%)
R(t,§) =
| e/
6252; ((1 +(1- 452)—%) exp <;W> B 26;)
exp (\_/3714\/?) —0 (Ezefctgi’) L0 (67%> .

Moreover R (t,€) decays at infinity along with all derivatives with respect to £, so

ole

+e

that the estimate is true
RO <O e Lo ()7

forallt > 0, ¢ € R, m =0,1,2. Therefore there exists an inverse Fourier transform
R(t,x) = Fez R (t,€), which satisfy the estimate

§g§<x <t>_%>2 R(La) <C ) *

Hence applying the Young inequality we obtain

107G () ¢+ e 0|, <C

,% d
e /Imy<t byy (y) dy
+CH/RR(ta$y)¢yy(y)dy

for all £ > 0, where 1 < p < co.

Lp

< Ct | baalle

Lr
Now we prove the last two estimates of the lemma. We have
1 s 1 1 y?
—e 2]y | =/t2—y? | — e
g€ *0 (2 Y ) Vant
eV v’ =3 1 y? ( 3 y2>
_ e 1w =0t 2e 4

VAT t2 —y? VA4t

for all |y| < £, t > 0. Therefore

Hence we get

16 (&) — Go (8)) ¥l
< ot H Yl /

32 _ _
e wdy+Ce ||, < Ct Y|,
— 00

oo
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and
16 (£) = Go (£)) llgre < CH ([0 / e [y|° dy
+O [l / et dy + CeO [l

< Ol + Gt el < Cllellgra -

Taking into account the corresponding estimates of the heat kernel (see [11]) the
last two estimates of the lemma follow. Lemma 2.1 is proved.
By using a standard contraction mapping principle we have the following result.

Proposition 2.1. Let 0 > 0, A € R. Let up € W2 N H2N LY, u; € Win
H!' "L, a € (0,1]. Then there exists a positive time T and a unique solution
uwe C([0,7]; Wi NH?NL") to the Cauchy problem (1.1).

We now prove a global existence of solutions to the Cauchy problem (1.1) in
the supercritical case of ¢ > 2. The main term of the large time asymptotics of
solutions has a quasi linear character.

Proposition 2.2. Leto > 2, A € R. Let ug € W2NH?NLY, u; € WinH!NLY¢,
€ (0,1]. Suppose that the local solutions u constructed in Proposition 2.1 satisfy
a priori estimate

1
sup (t)? [lu(t)[| < C,
t€[0,T]

where C' > 0 does not depend on the existence time T. Then there exists a unique
global solution u € C ([O, ); WZNnH?N Ll’“) of the Cauchy problem (1.1). More-
over the asymptotics (1.2) is valid for large time t — oo uniformly with respect to
x € R, where 0 < v < min (2, g — 1) and a constant A is defined in Theorem 1.1.

Proof of Proposition 2.2. We write problem (1.1) as an integral equation

u:(8t+1)g(t)u0+g(t)u1+)\/o G (t—7) u ()" u(r)dr.

Let us prove a priori estimate
(2.3)

sup ()% flu ()l + (Ol (0) e + It Ollws + O F u @)l ) < €,
t€[0,T)

where C' > 0 does not depend on the existence time T. Applying Lemma 2.1 we
obtain

[ullpie <C 87 (luollgra + llurllpre)

+C / ol e+ [ "l (6 1)

< +c/ |l (r ||L1adT+c/ (1Y F (= 1)% ffu (7|

t
lulhws < € (ol + sy ) + € [ ul” (Dl

IN

C—I—C/ T |u(r )lw: d,
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and

_1
s < € 0% (luollws + luollge + lun g + Hulqu)

t

+c/0 (t—7)F Il <>||w1dv+c/ el ()l ggs

< oot [ o @l ar+0 [ 07 @l i

Therefore the Gronwall inequality gives the desired estimate (2.3). Now the global
existence of solutions to the Cauchy problem (1.1) follows by Proposition 2.1 via a
standard continuation argument.

We now prove the asymptotics (1.2). We use the integral representation (2.2) with
f = Au|” u. By virtue of the third estimate of Lemma 2.1 we have the following
asymptotic representation for the Green operator

O +1)G ) u+G () u
(2.4) = 074G (at 1) + 0 (5 (ol + i)

&}
af

€ )

Nl

for large time ¢ — oo uniformly with respect to € R, where G () = (47)
a€(0,1] and 0 = [ (uo (z) + uy (2)) dz. Denote also

—A/ ful” w (7) dy,
o0

/ G(t—7)|ul”u(r)dr —t" 3Gy (xt_%) I () dr

0

and consider the difference

- ALQ(t—T)|u|ou(T)dT
+>\/0; (g (t—7)|ul”u(r) — 9 () (t—7)"% Gy (x (t—T)*%))dT
+/O£ ((t—T)_% Gy (x (t —T)_%) —t72G, (xt_%)) 9 (r)dr
(2.5) 3G (xt—%) [ T () dr

In the domain 0 < 7 < % we apply the third estimate of Lemma 2.1 to get

ng (t =) [ul” u(r) =0 (1) (t— )" Gy (W*TV%)HLW
P ) (1) g

and in the domain % < 1 <t we use the estimate

< Ct—-71)"

IAG (t = 7) [ul” w (T)lgee < C'lllul” w (7) ]l -
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Therefore by virtue of estimates (2.3) we have

/\L G (t— 7) |ul” u () dr

Lo

t
< Olulg / (1) He g < oy

2

and

[N

/oé (Ag (t—7) Jul”u(r) =9 (1) (t — )72 Go (I (t=m)

))dT

< clgt [Te-nTt e ar<on T,

Lo

where 0 < v < min (%,% — 1) ; the norm ||-||x is defined by
6llx = sup ((1 +6) |0 @)llpee + 1@ @)l + (1 +12) 2 ||¢(t)||L1,a> :

Now we estimate the third summand in (2.5)

/02 (GO (t—7x) — 3Gy (xt-%))ﬂ(T)dT

Lo

IN

e [ o= 6ot ot) e o)

= C/O (t—r) ) Edr <o)

For the last summand in (2.5) we have

t2Gy (mt*%) [wﬁ(T) dr

Thus in view of (2.4) we see from the integral equation (2.2) that there exists a
constant

(2.6) A=9+/0019(7)d7'
0

<Ct 2 / (r)"Fdr <o

[MES

Loo

such that asymptotics (1.2) is valid. Proposition 2.2 is proved.

In the case of arbitrary sign of the coefficient A we have to assume a smallness
condition for the initial data uy and u; to be able to prove the a priori estimate
<t>% lu(t)|lp < C, which ensures a global existence result in view of Proposition
2.2.

Proposition 2.3. Leto > 2, A\ € R. Let ug € W2NH2NLY?, u; € WinH!NLYe,

€ (0,1]. Suppose that the norm ||uo|lpr + [|uollpe + llw1llp: + w1l =€, where
e > 0 is sufficiently small. Then the local solution constructed in Proposition 2.1
satisfies the a priori estimate

sup ()2 [lu(t)[|ge + sup [[u (), < 40e.
te[0,T] t€0,T
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Proof of Proposition 2.3. Consider a maximal time T > 0 such that

1
sup () [lu (®)llg~ + sup [fu(t)]g = 40e.
t€[0,To) t€[0,To]

Applying Lemma 2.1 we obtain

[ullpe <10 () + C/O (t=7) "2 Mlul” ()L dr

t
e / Nl ()| g dr

o+

[SIN)

< 108<t>—%+cgo+1/2<7>— (=7 b dr
0

W=

t
+Cet! / (1) "2 4 < 202 (1)~
%

since € > 0 is sufficiently small and o > 2. Similarly we estimate the norm
t
lu ()L < llwollps + lluallp: + C/O lul” w ()], dr

t
< 10e + Caf’“/ ()" 2 dr < 20e
0
for all ¢ € [0, Tp] . Therefore we obtain

1
sup (0% [lu(®)lp~ + sup [u(®)llg: < 40e.

t€[0,To) t€[0,To)

The contradiction yields the result of Proposition 2.3.

3. PROOF OF THEOREM 1.1

Define the norms
1610 = 16 & ®lgocw,)

We first prove a global existence result for large data.

L?(0,00)

Proposition 3.1. Let A < 0,0 > 0. Suppose that the initial data ug € W3 NH? N
LY u; € WINH! NLY, a € (0,1]. Then there erists a unique global solution
u € C([0,00); Wi NH? N L") to the Cauchy problem (1.1). Moreover the a priori
estimates of a solution are valid

(3.1) Ul o+ Ntllog gro + utllog 2 + Uzl 2 < C,
and
(3.2) ||uHa+2,o+2 + Huzz:||22 + Hut||2,2 <C.

Proof. Let u be a solution constructed in Proposition 2.1. We now multiply
equation (1.1) by 2 (2u; + u). Then integrating the result with respect to z € R we
get

2/R ((up + u) (ug + ut) + vpug) do

= —2/ (us)? dz + 2/ (2us + u) ugpdr — 2| N / (2us + u) |u|” udx,
R R R
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therefore

d 4|)\| o+2
(||Ut +ulge + fuelge +2 flusllz: + 5 llullpes

+2
= =2ullge - 2lluallte — 21N ullfs2

from which the a priori estimate ||u (t)Hioo < Clug ()2 Ju (@)]lg2 < C follows. In
the same way as in the proof of Proposition 2.2, applying Lemma 2.1 we obtain

[ullpra <C @) ([uollie + lutllpia)

+C/Hw| nvamwwifnm\ e (¢ =78 dr
< cw%+cAnwﬂMMM+OA<vwﬁwuﬂMJn
t
wapx(Mﬂwmewﬁ+CAHM”mWwﬂT
t
< 040 [ Julw; dr
0

and

t
[ullgz < C (lJuollge + [luaflgn) + C/O Iul” w ()l dr

¢
< 040 [ Juldr
0
for all t € [0,T]. Then the Gronwall lemma yields the estimate

(e ()l + (g + ()32 ) < €

for all t € [0,T], where C' > 0 does not depend on T. Therefore we can prolong the
local solution to the global one. Moreover we have the desired estimates (3.1) and
(3.2). Proposition 3.1 is proved.

‘We now prepare several lemmas.

Lemma 3.1. Let o > 2 (\/g — 1) ,A < 0. Suppose that the initial data ug € W3 N
H2NLY, w3 € WIiNHNLY, a € (0,1]. Let u be a global solution constructed
in Proposition 3.1. Then the estimate is true

[uell, 1 < C.
Proof. Since ||ull o + llully19,10 < C, by the Holder inequality we get for
2<p<o+2
1—(1- 1+2 1+2
u @l < Ju @l " o)

hence

(D042 0802

(33) Hu”sp — | o+2,0+2

for s = 75, 2 < p < o+ 2. Since ||l 5 + [[uzlly» < C, by the Cauchy-Schwarz

Jullos

inequality we have Hu||ioc < 2||lu||p2 lluzllg2 , hence

(3.4) Jully o0 < C.
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Combining estimates (3.3) and (3.4) we obtain

(3.5) full,, <C

s, p —

for s =

+2 , 240 <p<oo.

Now we estlmate the second derivative u,,. By the integral representation (2.2)
with f = X |u|” v we find

U = (0 +1)92G () uo + 832G (t) wa
t
+>\/ 026 (t — 7) |u (7)|° u (7) dr
0

In view of estimates (3.3), (3.4) and |luz ||, , < C, using Lemma 2.1 and the Young
inequality we obtain

/O 02G (t — 7) |u ()| u () dr

LellLg 0,00)
t
-1 1 g 1+5

< CH [ =7 (l g + () e (D) ar

0 L:(0,00)
< 7 o, 1oz
S (R N [ 01 0 0

O
O .y IIE.
g 1+%
< C Hu”(o-‘rl)sz,Z(o’-i—l) + CJull% 2 luallzz® 5
wherei:i+ifl<éand%:i+2ff 1<— since s1 > 1, 52:%_4.

Thus we get the estimate
(3.6) [zl o < C

for s > U+4,1fcr>1.

Next we estimate 9?u. We have by the integral representation (2.2) with f =
Aul|” u

Fu(t) = (0, +1)07G (t)uo + 976G (t) wy
t
+A0:G (t) Juo|” ug + )\/ 4G (t — 1) 07 Ju (7)|” u(7) dr.
0

By virtue of estimates of Lemma 2.1 we obtain

luee (8)lp < C (1) + C/O (t =)l (M Zer llur (7)lg2 dr.
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In view of estimates (3.3), (3.4) and |lugz||, , < C, using Lemma 2.1 and the Young
inequality we obtain

lwee ()la ]

t
Lo SC+C| [ 6=l u (1) dr
e 0

L llL; (0,00)

IN

¢ H/ (=) fu (7)o Nty () g 7

L:(0,00)

IN

[l (120 |

L;1(0,00)
< Cllullys, o0 luells

el

L2(0,00) Il (t)||L2||L§(o,oc)

20
20-2

where§:%+g—7<—+ since51>1,32:%+2f0r022,and52:
for 1 < 0 < 2. Thus we get the estimate

(3.7) [urell, < C

fors>%+6for022,ands>32 5 for 1 <o <2,
To prove the estimate of the lemma we write

8t2u(t):(6t+1)8t2g(t)uo+82 (t) ug

A O O+ [ 026 (0 =) (7 u () dr
+/\/£ (926 ¢t ) +e—<t—f>) fu (7)) () dr

t
—)\/ e~ u ()| u (7) dr.
3
Integration by parts in view of equation (1.1) yields

¢
—)\/ e | (7)) w (1) dr

2

= AOF 00+ Al DO w0
«(3)] (+(5) - 0e(3))
—A[e—“—ﬂaz(mmf’u(r>)dT

= Alu®F wt) + Ao+ 1) [u@)]” (uaw () = use (£))
) lu ()] u (t)

+A% (0 + ) U(“G) _(a+1)“<;)>

+Xe” 2

1|
t t
Ae™ Ju (=
+Ae u<2

—AL e~ =2 (ju (7)|” u (7)) dr
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Therefore
OFu(t) = (0u-+ 1) 976 (1) wo +07G (1) i
“(3)) (+(3) e (a))
A+ 1) [u (O] (s (8) = e () + A% (0 4+ 1) fu () (1)

+A/: 02G (t — 7) Ju ()| u (7) dr

+he 2

—)\[ =192 (Ju ()7 u (7)) dr

+A /f (026 (t—7) + e ) fu(r)|” u(r) dr.

Hence we have

e (D)llgr < || + 1) 97G () wo + 7G (1) ua ||,

(&) (+(5) e (3))],
FC Il (O s Ollga + C Il (O e (Ol + € llu (O],

+C / e~ 92 (lu ()| w (7)) dr

+Ce" 3

L1

‘o /05 92G (t — 7) |u ()| u () dr

1

(3.8) +C /t (afg (t—7)+ e—(t—T)) lu ()] w () dr

kA
2

L1

By Lemma 2.1 we have

H(at-i-l)@?g( Yuo + 02G () U1HL1

AN ¢ t
()] (+(a) e (3))
In view of estimates (3.5) and (3.6) we get

[RIGIE G

< Ce 3 <C{)2.

L1

L,}(O,T) S ||u$w”sl,2 ||qusz,20'

whcrcs1>%HandSQ:%HforazZandsQ:ﬁfor1<a§2;sotha‘c
i + é > 1, when o > 2 (v/3 — 1) . In the same manner by virtue of (3.5) and (3.7)
we find

1k )17 wae ()1
wheres>%+6for022,ands> 3
o >+/5—1. By (3.5) we get

2
e 1.

< |u wl|lg
oy < Tl Tl

2f01r1<0§2;sothat%—i—%>1,when

1+20
L}(0,00) =C Hu||1+20 1120 < C,
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for o > 1. Similarly we have

DO (|u(7)| u (7)) dr

LallLd 0,00
< C Hutg_luzt’ +CH w (t)]|” u (¢
llwortiol,|  sefimoruon,,
-1 2
< Ol el + C el
for o > /5 — 1.

Using Lemma 2.1, we obtain

/05 02 (t — 7) |u ()| u () dr

< C<t>2/02 (Il ()17 w (D) llps + e ()] v (7)[[1) -

In view of estimates (3.3)—(3.6) we have

/02 (e (7w (D)l + [l (77 wa (7)) dr

2 o o 1l
< [ (e + e e (7)) ar < O,

therefore

/oé O2G (t —7) |u(r)|” u(r)dr

t

<t>_2/0§ (e ()17 w (Pl + e ()7 v (7)) dr

IN

L}(0,00)

< C/ Y *tzdt < O,
0

when o > 1.
For the last summand in (3.8) by Lemma 2.1, we get

[ (826 (¢t =)+ ™) fu(r)| u(r) dr

L1

< o fu=n o (fuer e, e v o)
(U (7 (s + U (I s ()
< o fi-n o ([uer e, e e o) o
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with some small v > 0. When o > 2 (\/§ - 1) , and if v > 0 is sufficiently small, by
the Hélder inequality we obtain

o—1)(1— 2-2
[ = e 015
o—1)(1—v) 2—2
< Il o el < C

with (6 —1) (1 —7)s1 >4, (2—27) s2 > 2; sothatg—i-g:land

(1 o
ez ()15 (7)1

L} (0,00)
< laallis s 2 G227 e
. x|l (1— 7)5172 1—v)os2,20 —
with (1 —7)s; > ULH, (1—7)sy = U+2 for 0 > 2, and (1 —7)sy = %7 for

1 < o <2;s0 that i + é = 1. Therefore

‘ / G- (et @l

[l (7)) g <T)||;?”) dr

1

L{(0,00)
< CH (e=1)(1—y) 2— 2'7‘
< Ol e OIS
(1=v)o
4 [t O e O <€

Thus from (3.8) we have the result of the lemma. Lemma 3.1 is proved.
Now we estimate the decay rate of the LP - norms of the solutions.

Lemma 3.2. Let A < 0. Suppose that ug € Wi NH?2NLY, v, € WINH!NLYe,
€ (0,1]. Let the global solution constructed in Proposition 3.1 satisfy
[ueell; ; < C.
Then the estimates
1

lu (@l <C u@®l <CH ",

and
3

[tz @)l < C ()2
are valid for all t > 0.

Proof. We estimate the L' - norm. Denote S (z) = 1 forallz > 0 and S (z) = —1
for all x < 0; S(0) = 0. We multiply equation (1.1) by S (u(¢,2)) and integrate
with respect to x over R to get

/ S (ult 2)) s (t,2) dx = / S (u(t, 2)) tandz

R R

+/ S (u(t,x)) (Mu(t,2)|7 w(t,z) — ug (£, 1)) da.
R

We have
d
[ Sto)ut.arde= L lu @l
R

/ S (u(t,2)) tas (£, 2) dz < 0
R
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and
/ S (u (t,2)) A (4,2)|" u (8, 2) do = A flu (D)7 < 0.
R

Therefore we find

(39) Ol < e (0l

Integration of inequality (3.9) in view of estimate (3.11) yields the first estimate of
the lemma.
In particular, we find

(3.10) sup [ (£, €)] < (2m) 2 u (8)||, < C.
(eER

We now multiply equation (1.1) by 2(2u; + «). Then integrating the result with
respect to z € R we get

2/1:t ((Ut + U) (utt + ’U,t) + ututt) dx

= —2/ (ug)® dx + 2/ (2us + u) Ugpdr — 2 || / (2uy + u) |u|” udz,
R R R

therefore
d 4 |)\| o+2
(||Ut ol + ullze + 2fual + 5 llullies
o+2
(3.11) = —2|lullfe — 2l|uallz. — 2| Jull{iZ .

By the Plansherel theorem using the Fourier splitting method due to [26], we have

/ €a (&) de + / € (L, €) de
[€1<x [€1>x

2
X gz = Cx7,
where x > 0. Thus from (3.11) we have the inequality

2
([

Y

d |)‘| o+2
(||ut+u||L2+||ut||Lz+2|| 2 e,

2
<l — el — 2 el — 21 ||u||it+2 roy
A 2
312) < = (oot ol s+ ol + 20 IS ) + 0

We choose x? = 2 (tg + t)_l , to > 2 and change

4 ‘)\| || HO‘+2

e e+ el B+ el B2+ 5o Nl F52 = (to +6)7 W (1)

Then we get from (3.12)

d
dt
Integration of (3.13) with respect to time yields

Nl

(3.13) W@t <Ol +1)2.

W(t) < C(ty+1)?

Therefore we obtain the second estimate of the lemma.
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We now differentiate equation (1.1) with respect to x and multiply the result by
2 (2ugzt + u,) . Then integrating with respect to z € R we get

d
— ((uxt +ug)? + (th)2> dx = 2/ (2ugt + Uy) Ugzpdx
_2/ (une)? dz — 2|\ (o + 1)/ (2t + 1) |l wnde,
R R
hence
d 2 2 2 o
D o+ el e+ 2 el + 210 (0 4+ 1) [l 2], )
2 2 o
= —2usalle = 2 usellie — 2|0 (0 + 1) [|lul” uZ ||,
(3.14)  +2[Mo(c+1) / u? |u|” "% wuyde.
R
Then using equation (1.1) we get

/ u? |u]”? uuyde = / u? |u]” " uuggdz + / u? [u]” P u (A |u]” u — ugy) da
R R R

2 —2
- —|—/\/Ru§ [ul Ud:v—/Rui [u]” ™% wugda

2 o—1 M(t)
< < —
< ot ol el < g5ty

o—1 o—2
= =T [l

2
||Uz||L2a

where we denote
o—1
p(t) =2No(o+1) flullg [l -
By Lemma 3.1 we see that fooo w(t)dt < C. As above by the Plansherel theorem,
we have

luselZe = /§< a6 de + / a6 de
SX

[€1>x

v

2
X e (B)llge — CX7,

where x > 0. Thus from (3.14) we have the inequality

d 2 2 2 o
L (ot a2 + el + 2 el + 207 (0 + 1) [ " 2], )

IN

(1= X% e 22 = 2 s T2 = llea 72
—2[A\ (e +1) H|u|g uiHL1 +OY°
< (1= x®) (o + wallfa + luarlF2 + 2 oz + 210 0 + 1) [[lul” 2], )
(3.15) +Cx°.
We choose x2 =3 (to +1) ", to > 6 and change
l|ues + u:z:”iz + Huthiz +2 ||um\|iz +2[A[ (o + 1) [[Jul” u?ﬁHL1

= (to+t) 2oy (1),

Then we get from (3.15)

(3.16) %Wl (t) < C(to + )2 .
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Integration of (3.16) with respect to time yields

3
2

Wi (t) <C(to+1)”.

Therefore we obtain last estimate of the lemma. Furthermore we have the optimal
time decay estimate

(3.17) lu (@) < C 205
forall t > 0,1 < p < oo since

_1
2

[u ()L < Cllu@®)lf2 lus @)f2 < C ()
and
Ju (@)l < C.

Lemma 3.2 is proved.

Proof of Theorem 1.1. In view of (3.1) and (3.2) we can apply Lemma 3.1 to
obtain [ugl,; < C. Then from Lemma 3.2 we have the estimate (3.17) for all
t > 0. Thus we have the desired result by Proposition 2.2. Theorem 1.1 is proved.

4. PROOF OF THEOREM 1.2

In order to get the sharp asymptotics of solutions in the subcritical case we need
to compare the solutions of the following two problems

(41) U — Upz — ANul"u=f, €R, t >0,
’ U(O,Jf) = UO(J?), HAS Rv

and

(4.2) Vp — Ve — X = |f|, 2 €R, t >0,
’ v(0,2) = plup(z)], x € R,

where 0 < 0 <2, A < 0.
Lemma 4.1. Let u and v be classical solutions of (4.1) and (4.2) such that
u,v € C((0,00);C*) NC'((0,00);C)
and 0 < e <1, u>1. Then |u(t,x)| <wv(t,z) for allt >0, x € R.
Proof. Define r = v — u. Then from (4.1) and (4.2) we obtain

(4.3) { re—roe = A (Jul”u— ") +|f| - f, z€R, t >0,
. 7(0,2) = pluo(x)| — uo(z), z € R.

We need to prove that » > 0 for all t > 0, z € R. Define R(t) = inf,crr (¢, ).
By the contrary, suppose that there exists a time T > 0 such that R (7") < 0. By
the continuity we can find an interval [T7,T] such that R (¢) <0 for all ¢ € [T1,T]
and R (7T1) = 0. By Theorem 2.1 from paper [1] there exists a point ¢ (¢) € R such
that R (t) = v (t,C (1)) — u(t,C (£) = r (1, (1)), moreover ' (t) = &r (£, (t)) =
¢ (¢, ¢ (t)) almost everywhere on ¢ € [T1,T]. We have

[l (1, (1) — ™ (1.0 (1)

= (W) - R@)) =’ (1,¢(1) 20

for all t € [T1,T]. At the point of minimum ¢ (¢) we have

Tz (t,C (t)) > 0.
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Therefore by equation (4.3) we get
R'(t)>0

almost everywhere on ¢ € [T1,T]. Integration with respect to time yields R (t) > 0.
This gives a contradiction, hence u (¢,2) < |v(t,z)| for all x € R and ¢t > T}. In
the same manner we prove that v +u > 0 for all z € R and ¢ > T. Lemma 4.1 is
proved.

Let u be the global solution constructed in Proposition 3.1 with an additional
assumption on the data such that vy € C3. We can apply Lemma 3.1 and Lemma
3.2 to get a rough time decay estimate (the optimal estimate will be obtained below)

(4.4) ()]l < C(t) 2

for all t > 0. Now we estimate the L':% - norm of the solution. By Lemma 2.1 we
have

lu @)llgre < N0 +1)G @) uollpra + 1 @) wallpra
+c/ (lle? (M) lgae + (= [ ()| ) dr

+c/ “u(r |\L1ad7+c/ (t— )3 () dr

vl

< CfY)

< e [ 07 @l i
Hence by the Gronwall lemma we obtain
(4.5) lu(®)llgra <C ()2

for all ¢ > 0. Next we estimate d;u. We have by the integral representation (2.2)
with f = Au?

e () = (8, + 1) 0,6 (H) uo + 0,G () wy
(4.6) +)\/ 0,G (t — ) u® (r) dr,
hence
@l <007 40 [ -n i Rar <o
Differentiating (4.6) with respect to ¢ > 0 we get

use (t) = (0 +1) 97G (t) uo + 97G () wa

+200,G (;) P (;) 43 ﬁ 0,G (t — 7)u2 (1) uy (7) dr

—I—)\/§ 02G (t — 7)u® (1) dr.
0
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Hence

luee (B)llpe < (196 +1) 07G (£) uo + 07G () wa ||

29 (3) v (4) / 0.6 (L 7)u? () ur (7) dr

/Eafg (t — 7)u® (r) dr
0

+c|

+C
Loo L0

+C

LOO
By virtue of estimates of Lemma 2.1 we obtain

[uee ()l < C<t>7%+C/£<lﬁ*T>71 lu (D)l llur () dr

+C / (t =) 2 u ()| dr

t

< cwtro [ w-nTmtaee [Cu-n e e

t
2

(4.7) < C@) Plog(2+1t)

for all t > 0. In the same manner we estimate the L% - norm

e (D10 < C (027 JrC/i {t =7) " lu()llpe lur (D)l llu (D) lpa dr

+CL {t =72 u (Mg llur (7)llge llu (1)l dr

2

—FC/OE (t — 7)—2 ”MT)H%N [ ()| 1.0 dT

o+

+C/o§ (t =) flu (7)o Il ()l dr

(S

<c@t +C/f (=) ()P dT+c[ {t—r)E () dr

+c/0 (t—7)2(r)" d¢+0/0 (t—7) 82 dr

(48)< C ()2 %log (2 +1)

for all t > 0, since o < 2 is sufficiently close to 2. Denote f (¢,2) = us and consider
two auxiliary Cauchy problems

(4.9) Uy — Upe + [N U =2 |f|, 2 €R, t >0,
. U(0,z) =¢€|uo(z)|, z € R,

and

(4.10) Vi— Ve +2 N V7 = |f|, z€R, t >0,
. V(0,2) = L |ug(z)|, z € R.

with sufficiently small e > 0. We have f (t) € C! and so by the smoothing property
of the heat kernel we find that U € C ((0,00);C?) N C'((0,00);C). Note that
problem (4.10) can be reduced to problem (4.9) by virtue of the change V = ¢~2U.
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And problem (4.9) has a sufficiently small initial data ¢ |ug(x)| and a small force
g2 |f|. Moreover, the mean value 6 = ¢ [ [uo(z)|dz = O (g). So that the term
#e%|f| = O (e) is also small. Therefore we can apply the results of papers [11], [9]
to calculate the large time asymptotic behavior of solutions U (¢, z) and V (¢, x) to
problems (4.9). By Lemma 4.1 |u (t,z)] < Ce™2|U (t,x)| and we get an optimal
time decay estimate for the solution
(4.11) ()| < Ce™ ()72 (1 Y Ce(2-0) 7 t%—%) '
for all ¢ > 0. Here u is the global solution constructed in Proposition 3.1 with an
additional assumption on the data such that ug € C3.

Now we prove the asymptotics of solutions. Taking u = wy and (1 + az)*l Uy =
wy, with (140,)7" = Feow (14 ie) ™! Fome =€ [T dz'e” | we rewrite equa-
tion (1.1) in the form of a system of nonlinear evolutionary equations

(4.12) wy + N (w) + Lw=0
for the vector w (¢,z) = ( Zl Ei’ g ) The initial data are
2\

w02 =56 = (450 0 )

The linear part of system (4.12) is a pseudodifferential operator defined by the
Fourier transformation as follows

Lw = .Tg_,g;L (f) fm_,g’w,

with a matrix - symbol

L(§) = {lec (5)}|j,k:1,2

Il
VR
=
+m o
N
\
—
—
-
~.
I
S~—
~—

The nonlinearity is defined by

N (w) = ( A1+ 07 (jun]” wn)
Denote by

A©) = 24 AVTZAE A () = & — T3

2
the eigenvalues of the matrix L (£). Note that the matrix

o Qu(§) Qi2(8) ) _ 1+ 1+4€
@)= ( Qo1 () Qa6 ) = ( AL (E) —As(€) >

EN 1 ha€) —(14i6)
O mgmEmEE (Mo ik )

diagonalize the matrix L (§), i.e.

aroree©=( " )

Consider the system of ordinary differential equations with constant coefficients
depending on the parameter € € R

(4.13) Lb(6) +LEO D=0

and
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Multiplying system (4.13) by Q! (¢) from the left and changing @ (¢, &) = Q (£) W (¢, &)

we diagonalize system (4.13)

i(mied ) =" o ) (Wi )

whence integrating with respect to time ¢ > 0 we find

( %; gg ) _ ( e_tgl(g) i@ ) ( %; Egg )

Returning to the solution @ (¢, &) we get

2.6 = w0 (B

where the fundamental Cauchy matrix has the form

—tA1(§)
e O = Q) ( ‘ 0 eftgz(g) )Q_l ()

1 _Agz(g) - (1 + Z‘f) e,t/\l(g)
V1 — 482 TriE A1 (§)
I A1§§) L+ e

V1—4e2 \ 1 A2

Following the idea of paper [10], we make a change of the dependent variable
w(t,r) = e ¥Wy (t,z), then we get from (4.12)

(4.14) v+ Lo+e 7PN (v) — ¢'v=0.
We define the real-valued function ¢ (¢) by the following zero total mass condition
(4.15) Ao/ (e77%N (v) — ¢'v) dz =0,

R

where the matrix

1 1
W (1),
Condition (4.15) is reduced to one equation

fe*”*"(t)A/R (1+02) " o1 ()7 01 (t,2) do — o' (t)/ (Agv (¢, 2)), dx

R

R

= fe*w@)x/ loy (t,2)|7 vy (t,2) do — ¢’ (t)/ (Agv (t,z)), dz = 0.
R
We also assume that ¢ (0) = 0. Since AgL (0) = 0 via equation (4.14) we get

c;it/ (Apv (t,2));dx =0

that is

/R (Agv (t, x) dac:/R(Aoﬁ(a?))ldac
(1+8,)" (x))dx:/R(uO(x)—i—ul(w))deQ

;u\
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for all ¢ > 0. Therefore we obtain the equation
A
St = eoenlA / o (6,2)|7 01 (¢, 2) d
0 Jr

(4.16) %' /R lu (¢, 2)|7 vy (¢, 2) da.

Thus from (4.14) we see that the vector v satisfy the following integral equation

v o= J() 5—/0 T (t—7) (e 7N (v) — ¢'v) dr

T (1) - A|/Otdrj(t—r) (( ; ) (1+,) " u(r,2)|" v (7,2)
@17 —w (T)é /R (7, 2)[ vy (7, 7) dx) dr.

We now collect some preliminary estimates for the Green operator
T Ov=Fe (799 (9)),

in the weighted Lebesgue norms ||¢||y, and [|¢| 1.0, where [|@]lpia = [[(-)* @l
a€(0,1),1<p<oo. Also we show that J (t) asymptotically behaves as a Green
function Jy (¢) for the heat equation

(00 =Fea (C50) = [ Golter =) v ) dy

with a kernel
2

Go (t,2) = (27r)_% Fen (6452) = (47rt)_% e T,

Lemma 4.2. Suppose that the vector-function ¢ € (L°° N Ll’a)2 , where a € (0,1).
Then the estimates

1T () ¢l < Clidlles

and ,
[l (7 06— amt)y 2 T agw) | < 030705 g

are valid for allt > 0,1 <p < oo, 0 <w < a, where a matriz
1 1
w0=(5 o)
For the proof of Lemma 4.2, see paper [14]. Applying the identity

L4 8,) " () = e / V) (y) dy

— 00

and a vector 9 = [ ¢ (x) dz.

we see that
-1
|a+an™v|| <cil~,
Now let us prove the estimate

(4.18) v (8)]lgr. < C(1)%

’(1 +0,)7" wHLLa <O llpse -
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for all ¢ > 0. By estimate (4.11) we have
. —1
lu@lfe <C @ (1407 @=a) " e1787)

We use the integral equation (4.17). By virtue of estimate (4.11), Lemma 4.2 we
get

tdrj(t—T) (< ! > (1+8,) " u(r,2)|" vy (7,2)

/|u z)|” v Tx)dx) dr

< 05-0<2—a>/0<> o (g0 dr

for all ¢ > 0. Therefore in view of (4.17) we obtain

Ll,a

o (#)llgia < C ()% +Ce™7 (2 - 0)/0 (1) o (M)lgr.a dr

for all ¢ > 0. Application of the Gronwall lemma yields the estimate (4.18) for all
t > 0. In the same manner by virtue of estimates (4.11) and Lemma 4.2 we get

o @Ol < 1T (&) @]y
+‘/Otdm7(t—7) (( ) )(1+am)1 fu (7,2)[° v (7, )
—v (1) % /R lu(7,2)|” v1 (1, 2) d:r) dr

Lr

= C<t> (1 7) +C/§ (t—T)_%(l_%)_% <T>%_1 dr
0

t

4 @=0) [ ()7 @l dr

2

< om0 4 / () o ()l dr

2

for all ¢ > 0, since o < 2 is close to 2. Application of the Gronwall lemma yields
the estimate

o (®)ll < €720
for all ¢ > 0. The above estimates now imply that
o1 (8) = (T (8) @)yl < C (2= 0) (1)
for all £ > 0.

Multiplying equation (4.16) by the factor e?#(*)| then integrating with respect
to time ¢ > 0 and making a change of the dependent variable e??(*) = h (t), we get

(4.19) h()—l—i——/ / |v1 (1,2)|7 v1 (1, 2) dedrT.

91«}»0‘
(4m)% (1—7)(1+g)

Denote ¢ =
¢>1

. Since 0 < ¢ < 2 is close to 2, we may suppose that
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Lemma 4.3. We assume that w € (L**N LO")2 with a € (0,1) and

0= (AO/Rﬁ(x)dz>l > 0.

Let the function (v (t,x)), = v1 (t,x) satisfy the estimates
o1 ()14, < C (1) T

and
[o1 () = (T ) W)y llgrsa < C(2—0) () 2057
for allt > 0. Then the following inequality is valid

t
(4.20) /dT/ oy (t, )| vy (t,z)de — Ct' 8| < Ct' =%
0 R

for allt > 0.
Proof. We have

- 505y PR e==
(4.21) [9llee < CllgllL"" 1¢) llfs

for all 1 < p < oo. Then via Lemma 4.2 we get
I(T (&) @)y = 6Go (t,2) | e < C (1) T0F 5
and via the assumption
[o1 () = (T () W)y llgare < C(2—0)(t) 205
applying the Holder inequality we have
llor ()17 w1 (8) = 67650 < [lox (1 00 (6) = (7 (WY @)}

S (O T =g (R0] I8

L1

< Clorllfase + 1T @O @llgees) llor () = (T () @)y llg10
+C (T () @), [[Laso + 07 [1GollLas) I(T (£) @)y = 0Go (£, ) 10
< C@R-o)(H) Fro@ iR

for all ¢ > 0. By a direct computation we obtain for the heat kernel Gy (t,x) =
‘,EZ
(4rt) "% e

(S

/(GO (t,2) " do = (1 + o) F (4mt)" % .
R

Therefore we get
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R
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for all t > 0. Hence
gltos1—%

[ar [ o) o)

¢
/ dT/ oy (t,2)|7 vy (t, ) do — (1%
0 R

IN

t t
C(2- 0)/ (1) Fdr + c/ (M~ dr<cortE
0 0
for all £ > 0. Lemma 4.3 is proved.
In view of estimates (4.18), using Lemma 4.3 we see that
|h(t)—1—¢t'" 3| <Ct' 3

for all ¢ > 0, where
61+a’

MmE(1-2)(1+0)?
is sufficiently large. Now the asymptotic formulas are proved in the same manner
as in paper [14]. Theorem 1.2 is proved.

Remark 4.1. The restriction for the value o < 2 to be close to 2 is rather technical.
It allows us to prove estimate (4.18) in the proof of Theorem 1.2. We believe that
some more restrictions on the initial data are mecessary to be able to generalize
the method applied in this section to the case when o is not close to 2 (o < 2).
In this connection let us refer some decay restrictions on the initial data which
are well-known for the nonlinear heat equation. In paper [8] it was proved that if
the initial data are nonnegative ug > 0, ug € L' and decay slowly at infinity as
2

limg 400 |27 ug () = 400, then the solution of the nonlinear heat equation has
the asymptotic representation u (t, ) = t=70" 7 +o (t_%) as t — oo uniformly in
domains {x € R"; |z| < CV/t} with any C > 0. In paper [2], there were considered
the nonnegative initial data decaying sufficiently rapidly at infinity, i.e. 0 < ug (z) <
Ce—b” for all x € R™, with some b,C > 0. Then it was shown that the main
term of the asymptotic behavior of solution has a self-similar character u (t,x) =
t= 5w (%) +o0 (t*%) as t — oo uniformly with respect to x € R™, where wg (§)
is a positive solution of the elliptic equation

1 1
(4.22) —Aw — §§Vw + 't = —w
o

which decays rapidly at infinity: lim¢|_ o |§|% wq (§) = 0. This result was improved
in paper [3], where the intermediate case was considered: if the initial data are such

that ug € L', ug # 0 and lim g o0 |x|% ug () = X > 0, then the solutions of the

nonlinear heat equation have the asymptotic representation u (t,x) = t=7wy (%) +
0 (t_%) as t — oo uniformly with respect to x € R™, where wy () is a positive

solution of equation (4.22) such that lim¢|_ |§|% wy (&) = A. Another asymptotic
behavior characterized by self-similar solutions changing a sign is possible ([15]).
We emphasize that the LP - time decay rate is the same for all the different types of
the asymptotic behavior of solutions. Note that an optimal LP time decay estimate
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of solutions to the Cauchy problem (1.1) was obtained in [24] for the subcritical case
o € (0,2) under the condition, that the initial data decay exponentially at infinity
without any restriction on the size. Certainly some decay restrictions on the initial
data are necessary to remove the assumption that o is close to 2. However we
probably need some more conditions to obtain the result of Theorem 1.2 saying
precisely which type of the self-similar solution can serve as an asymptotic profile
for large time.
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