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Ã.Àêèøåâ

Abstract. A generalized anysotropic Lorentz space is considered. A
su�cient condition of embedding the class Hr

ϕ,θ into the Lorentz space
is formulated; and the degree of approximation of this class sums by
polynomials with respect to the generalized Haar system is determined.

Â ñòàòüå óñòàíîâëåí ïîðÿäîê ïðèáëèæåíèÿ ôóíêöèîíàëüíûõ êëàññîâ ïî-
ëèíîìàìè ïî îáîáùåííîé ñèñòåìå Õààðà ñ ãàðìîíèêàìè èç ãèïåðáîëè÷åñêîãî
"êðåñòà". Ñíà÷àëà íàïîìíèì íåîáõîäèìûå îïðåäåëåíèÿ .

Ôóíêöèÿ ψ(t) íàçûâàåòñÿ Φ- ôóíêöèåé , åñëè ψ(t) íåïðåðûâíàÿ, íåóáûâàþ-
ùàÿ , âîãíóòàÿ íà îòðåçêå [0, 1] ôóíêöèÿ, èìåþùàÿ â êàæäîé òî÷êå èíòåðâàëà
(0, 1) êîíå÷íóþ ïðîèçâîäíóþ , ïðè÷åì ψ(0) = 0.

Ïóñòü x̄ = (x1, ..., xd) ∈ [0, 1]d ≡ Id − d- ìåðíûé åäèíè÷íûé êóá è äàíû
÷èñëà θj ∈ (0,+∞), j = 1, ..., d, θ̄ = (θ1, ..., θd), Φ- ôóíêöèè ψj(xj), xj ∈ [0, 1],
j = 1, ..., d; ψ̄ = (ψ1, ..., ψd).

Íèæíèì è âåðõíèì èíäåêñàìè Φ- ôóíêöèè ψ(t), t ∈ [0, 1] íàçûâàþòñÿ ñîîò-
âåòñòâåííî ÷èñëà

αψ = lim
t→0

ψ(2t)
ψ(t)

, βψ = lim
t→0

ψ(2t)
ψ(t)

.

×åðåç L∗̄
ψ,θ̄

(Id) îáîçíà÷èì ïðîñòðàíñòâî âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé
f(x̄) äëÿ êîòîðûõ âåëè÷èíà

‖f‖∗̄ψ,θ̄ =





∫ 1

0
ψθdd (td)


· · ·

[∫ 1

0
(ψ1(t1) · f∗1,...,∗d(t1, ..., td))

θ1 dt1
t1

] θ2
θ1

· · ·



θd
θd−1

dtd
td





1
θd
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êîíå÷íà, ãäå f∗1,...,∗d(t1, ..., td) ≡ f∗1,...,∗d(t̄)- íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíê-
öèè |f(x̄)| ïî êàæäîé ïåðåìåííîé xj ïðè ôèêñèðîâàííûõ îñòàëüíûõ ïåðåìåí-
íûõ.

Äëÿ ôóíêöèé ψj(t) = t
1
qj , j = 1, ..., d ïðîñòðàíñòâà L∗̄

ψ,θ̄
(Id),ðàññìîòðåíû â

[1], [2]. Â ýòîì ñëó÷àå áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèÿìè L∗
q̄,θ̄

(Id), è âìåñòî
‖ · ‖∗̄

ψ,θ̄
, ñîîòâåòñòâåííî áóäåì ïèñàòü ‖ · ‖∗

q̄,θ̄
.

×åðåç C(q, p, r, ...) îáîçíà÷èì ïîëîæèòåëüíûå ïîñòîÿííûå , çàâèñÿùèå îò óêà-
çàííûõ ïàðàìåòðîâ .

Çàïèñü A � B îçíà÷àåò , ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå c1, c2
òàêèå , ÷òî c1A ≤ B ≤ c2A.

Ðàññìîòðèì îáîáùåííóþ ñèñòåìó Õààðà , îïðåäåëåííóþ íà îòðåçêå [0, 1].
Ïóñòü äàíà ïîñëåäîâàòåëüíîñòü {pn} íàòóðàëüíûõ ÷èñåë pn ≥ 2 äëÿ âñåõ n =
1, 2, ... . Îáîáùåííàÿ ñèñòåìà Õààðà χ{pn} = {χn(t)} îïðåäåëÿåòñÿ ñëåäóþùèì
îáðàçîì ([3], [4]): ïîëîæèì χ1(t) ≡ 1 íà îòðåçêå [0, 1]. Çàäàííîå íàòóðàëüíîå
÷èñëî n ≥ 2 ïðåäñòàâëÿåòñÿ â âèäå n = mk + r(pk+1 − 1) + s, ãäå mk = p1 · p2 ·
... · pk; k = 1, 2, ...; r = 0, 1, ...,mk − 1; s = 1, 2, ..., pk+1 − 1.

×åðåç A îáîçíà÷èì ìíîæåñòâî òî÷åê âèäà l
mk

íà [0,1]. Òîãäà åñëè t ∈ B ≡
[0, 1] \ A, òî ðàçëîæåíèå t =

∞∑
k=1

αk(t)
mk

, αk(t) = 0, 1, ..., pk − 1 åäèíñòâåííî .
Äàëåå , îïðåäåëèì ôóíêöèþ χn(t) ≡ χsk,r(t) ñëåäóþùèì îáðàçîì

χn(t) = χsk,r(t) =





√
mkexp

{
2πisαk+1(t)

pk+1

}
, t ∈

(
r
mk
, r+1
mk

)
∩B,

0, t /∈
[
r
mk
, r+1
mk

]
.

Ïîëüçóÿñü òåì , ÷òî ìíîæåñòâî B âñþäó ïëîòíî íà [0,1], ôóíêöèþ χm(t) ïî íå-
ïðåðûâíîñòè ïðîäîëæèì íà èíòåðâàë

(
r
mk
, r+1
mk

)
. Çàòåì â òî÷êàõ ðàçðûâà ýòó

ôóíêöèþ ïîëîæèì ðàâíîé ïîëóñóììå åå ïðåäåëüíûõ çíà÷åíèé ñïðàâà è ñëåâà
,à íà êîíöàõ îòðåçêà [0,1] åå ïðåäåëüíûì çíà÷åíèÿì èçíóòðè îòðåçêà. Òàêèì
îáðàçîì , îïðåäåëåííàÿ ñèñòåìà χ{pn} îðòîíîðìèðîâàíà è ïîëíà â ïðîñòðàí-
ñòâå L1 (ñì. [3], [4]). Äàëåå áóäåì ñ÷èòàòü , ÷òî m−1 = 0, m0 = 1.

Ïóñòü äàíû {p(j)
nj }- ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë p(j)

nj ≥ 2; nj =
1, 2, ...; j = 1, 2, ..., d è m(j)

nj = p
(j)
1 · ... · p(j)

nj .

×åðåç {χn̄(x̄)} =
{

d∏
j=1

χnj (xj)
}

îáîçíà÷èì êðàòíóþ îáîáùåííóþ ñèñòåìó

Õààðà ; an̄(f)- êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1(Id) ïî ýòîé ñèñòåìå.
Ïóñòü

Tn̄(x̄) =
n1∑

k1=1

...

nd∑

kd=1

ak1,...,kd

d∏

j=1

χkj (xj) =
∑

1̄≤k̄≤n̄
ak̄χk̄(x̄)

ïîëèíîì ïî îáîáùåííîé ñèñòåìå Õààðà ïîðÿäêà nj ïî ïåðåìåííîé xj . Çäåñü
íåðàâåíñòâî k̄ ≤ n̄ ïîíèìàåòñÿ â òîì ñìûñëå , ÷òî kj ≤ nj , äëÿ âñåõ j = 1, ..., d.
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Ïîëîæèì

δν̄(f, x̄) =
m(1)
ν1∑

k1=m(1)
ν1−1+1

...

m(d)
νd∑

kd=m(d)
νd−1+1

ak̄(f)
d∏

j=1

χkj (xj),

Sγ̄n(f, x̄) =
∑

<s̄,γ̄><n

δs̄(f, x̄),

ãäå < s̄, γ̄ >=
d∑
j=1

sjγj .

Un̄(f, x̄) =
∑

e⊂{1,...,d}

∑

s̄∈Ge(n̄)

δs̄(f, x̄),

çäåñü è â äàëüíåéøåì
Ge(n̄) = {s̄ = (s1, ..., sd) ∈ Zd+ : sj ≤ nj , j ∈ e, sj > nj , j /∈ e}.

×åðåç H̃ r̄
ϕ̄,θ̄

îáîçíà÷èì ìíîæåñòâî âñåõ ôóíêöèé f ∈ L∗
ϕ̄,θ̄

(Id) äëÿ êîòîðûõ

‖δν̄(f)‖ϕ̄,θ̄ ≤
d∏

j=1

(
1

m
(j)
νj

)rj
, 0 < rj ≤ 1, j = 1, ..., d.

Ïîðÿäîê ïðèáëèæåíèÿ êëàññà Hr
p ïî íîðìå ïðîñòðàíñòâà Ëåáåãà Lq(Id) ïî-

ëèíîìàìè ïî êðàòíîé ñèñòåìå Õààðà ñ ãàðìîíèêàìè èç ñòóïåí÷àòûõ ãèïåðáîëè-
÷åñêèõ êðåñòîâ èññëåäîâàëè À.Â. Àíäðèàíîâ [5], Ï. Îñâàëüä [6],â ïðîñòðàíñòâå
Ëîðåíöà ñ àíèçîòðîïíîé íîðìîé â [7], â ñèììåòðè÷íûõ ïðîñòðàíñòâàõ [8].

Â ïðåäëàãàåìîé ñòàòüå äîêàçàíû íåðàâåíñòâà ðàçíûõ ìåòðèê äëÿ ïîëèíîìîâ
ïî êðàòíîé îáîáùåííîé ñèñòåìå Õààðà ’äîñòàòî÷íîå óñëîâèå ïðèíàäëåæíîñòè
ôóíêöèè f ∈ L∗

ϕ̄,θ̄
(Id) ïðîñòðàíñòâó L∗̄

ψ,θ̄
(Id), è óñòàíîâëåíà îöåíêà ïîðÿäêà

ïðèáëèæåíèÿ êëàññà H̃ r̄
ϕ̄,θ̄

÷àñòè÷íûìè ñóììàìè S(γ̄)
n (f, x̄).

Ëåììà À. (ñì. [9]) Ïóñòü 0 < θ < +∞, äàíû ïîëîæèòåëüíûå ÷èñëà ak,
bk, k = 0, 1, 2, ... .

a) Åñëè
n∑
k=0

ak ≤ C · an òî
∞∑
n=0

an

( ∞∑
k=n

bk

)θ
≤ C ·

∞∑
n=0

anb
θ
n

b) Åñëè
∞∑
k=n

ak ≤ C · an òî
∞∑
n=0

an

( n∑
k=0

bk

)θ
≤ C ·

∞∑
n=0

an · bθn.
Ëåììà Á. (ñì.[10].) Åñëè 1 < αψ, βψ < 2 äëÿ Φ- ôóíêöèè ψ(x), x ∈ [0, 1], òî

ïðè ëþáîì q > 0 âûïîëíÿþòñÿ ñîîòíîøåíèÿ
x∫

0

ψq(t)
t

dt = O(ψq(x)), x→ +0

1∫

x

[tψq(t)]−1dt = O(ψ−q(x)), x→ +0

Ëåììà Â. (ñì.[10].) Ïóñòü äàíû Φ- ôóíêöèè ϕ(x), ψ(x), x ∈ [0, 1]. Åñëè
αϕ > βψ > 1, òî äëÿ ôóíêöèè

θ(x) =

{
ϕ(x)
ψ(x) , åñëè x ∈ (0, 1]
0, åñëèx = 0
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ñóùåñòâóåò Φ- ôóíêöèÿ θ1(x) òàêàÿ , ÷òî θ(x) � θ1(x), x ∈ [0, 1] è αθ1 > 1.

Ëåììà 1. Ïóñòü 1 ≤ θj < +∞ è äàíû Φ- ôóíêöèè ϕj , óäîâëåòâîðÿþùèå
óñëîâèÿì 1 < αϕj ≤ βϕj < 2, j = 1, 2, ..., d. Òîãäà äëÿ ëþáîãî ïîëèíîìà

Tm̄nd (x̄) =

m(d)
nd∑

kd=1

...

m(1)
n1∑

k1=1

ak̄χk̄(x̄), x̄ ∈ Id

èìååò ìåñòî íåðàâåíñòâî

‖Tm̄nd ‖∞ ≤ C(θ, d)
d∏

j=1

1

ϕj((m
(j)
nj )−1)

‖Tm̄nd ‖ϕ̄,θ̄.

Äîêàçàòåëüñòâî ëåììû 1 ñëåäóåò èç ðàâåíñòâà

Tm̄nd (x̄) =
∫

Id
Tm̄nd (ȳ)

d∏

j=1

D
m

(j)
nj

(yj − xj)dȳ,

íåðàâåíñòâà Ãåëüäåðà è îöåíêè íîðìû ÿäðà Äèðèõëå Dn(t) ( ñì. [11], ëåììó 1).

Çàìå÷àíèå 1. Â ñëó÷àå d = 1 èç ëåììû 1 ñëåäóþò ðåçóëüòàòû [11],[12].

Ëåììà 2. Ïóñòü Φ- ôóíêöèÿ g(t) óäîâëåòâîðÿåò óñëîâèþ αg > 1 è 0 < θ <
∞, {νs}∞s=0- âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë νs è
ν0 = 1, νs+1 ≥ 2 ·νs, s = 0, 1, .... Òîãäà äëÿ ïîñëåäîâàòåëüíîñòè íåîòðèöàòåëü-
íûõ ÷èñåë {bs} èìååò ìåñòî íåðàâåíñòâî

∞∑
n=0

( ∞∑
s=n+1

bs

)θ ∫ ν−1
n

ν−1
n+1

g−θ(t)
dt

t
≤ C(θ) ·

∞∑
s=1

g−θ(ν−1
s ) · bθs.

Äîêàçàòåëüñòâî. Åñëè
∞∑
s=1

g−θ(ν−1
s ) · bθs = +∞

òî óòâåðæäåíèå ëåììû î÷åâèäíî . Ïîýòîìó áóäåì ñ÷èòàòü , ÷òî
∞∑
s=1

g−θ(ν−1
s ) · bθs < +∞. (1)

Òàê êàê αg > 1, òî ñóùåñòâóåò ÷èñëî p0 òàêîå, ÷òî 1 < 2
1
p0 < αg. Ðàññìîòðèì

ôóíêöèþ

G(t) =

{
g(t)
γ(t) , t ∈ (0, 1],
0, t = 0,

ãäå γ(t) = t
1
p0 .

Â ñèëó ëåììû Â ñóùåñòâóåò Φ- ôóíêöèÿ G1(t) òàêàÿ , ÷òî G(t) � G1(t) è
αG1 > 1.

Ïîýòîìó ñîãëàñíî ëåììå Á
∫ 1

x

G−θ1 (t)
dt

t
= O(G−θ1 (x)). (2)
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Îòìåòèì ,÷òî â ñèëó òîãî, ÷òî 1
G1(t) ↓ èç (1) ñëåäóåò

∞∑
s=0

(ν
1
p0
s bs)θ < +∞.

Ïóñòü 1 < θ < +∞, òîãäà ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà è ó÷èòûâàÿ , ÷òî
νn+1
νn
≥ 2 ∀n ∈ N , ïîëó÷èì

∞∑
s=n+1

bs ≤ C(θ)ν
− 1
p0

n+1

[ ∞∑
s=n+1

(ν
1
p0
s bs)θ

] 1
θ

.

Ó÷èòûâàÿ ýòî íåðàâåíñòâî è ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ , áóäåì èìåòü
∞∑
n=0

( ∞∑
s=n+1

bs

)θ ∫ ν−1
n

ν−1
n+1

g−θ(t)
dt

t
≤ C(θ) ·

∞∑
s=1

(
ν

1
p0
s bs

)θ s−1∑
n=1

ν
− θ
p0

n+1

∫ ν−1
n

ν−1
n+1

g−θ(t)
dt

t
.

(3)
Íåðàâåíñòâî (2) âëå÷åò

s−1∑
n=1

ν
− θ
p0

n+1

∫ ν−1
n

ν−1
n+1

g−θ(t)
dt

t
≤ C(θ) · ν

− θ
p0

s

gθ(ν−1
s )

.

Ïîýòîìó èç (3) ñëåäóåò óòâåðæäåíèå ëåììû â ñëó÷àå 1 < θ < +∞.
Åñëè 0 < θ ≤ 1, òî ïðèìåíÿÿ íåðàâåíñòâî Èåíñåíà è ëåììó Â , ìîæíî

óáåäèòüñÿ â ñïðàâåäëèâîñòè óòâåðæäåíèÿ ëåììû.

Ëåììà 3. Ïóñòü 0 < θ < +∞, {νs}∞s=0- âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü
ïîëîæèòåëüíûõ ÷èñåë νs è ν0 = 1, 2 · νs ≤ νs+1, s = 0, 1, ...; è Φ- ôóíêöèÿ
ψ(t), t ∈ [0, 1] óäîâëåòâîðÿåò óñëîâèþ 1 < αψ ≤ βψ < 2. Òîãäà äëÿ ëþáîé
ïîñëåäîâàòåëüíîñòè {bs} íåîòðèöàòåëüíûõ ÷èñåë âûïîëíÿåòñÿ íåðàâåíñòâî

∞∑
n=0

(
n∑
s=0

bs

)θ ∫ ν−1
n

ν−1
n+1

ψθ(t)
dt

t
≤ C(θ) ·

∞∑
n=0

ψθ(ν−1
n ) · bθn.

Äîêàçàòåëüñòâî. Òàê êàê ψ(t) ↑, òî

ψθ(ν−1
s+1) ≤ (ln 2)−1

∫ ν−1
s

ν−1
s+1

ψθ(t)
dt

t
.

Ïîýòîìó â ñèëó ëåììû Á ñïðàâåäëèâà îöåíêà
∞∑
s=n

∫ ν−1
s

ν−1
s+1

ψθ(t)
dt

t
≤
∫ ν−1

n

ν−1
n+1

ψθ(t)
dt

t
+ C(θ)ψθ(ν−1

n+1) ≤ C(θ) ·
∫ ν−1

n

ν−1
n+1

ψθ(t)
dt

t

Òåïåðü ïîëüçóÿñü ëåììàìè À è Á ïîëó÷èì
∞∑
n=0

(
n∑
s=0

bs

)θ ∫ ν−1
n

ν−1
n+1

ψθ(t)
dt

t
≤ C(θ)

∞∑
n=0

bθn ·
∫ ν−1

n

ν−1
n+1

ψθ(t)
dt

t
≤

≤ C(θ)
∞∑
n=0

ψθ(ν−1
n ) · bθn.

Ëåììà äîêàçàíà.
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Ïóñòü äàíû ÷èñëà θj ∈ [1,+∞), j = 1, ..., d. ×åðåç lθ̄(Zd+) îáîçíà÷àþò ïðî-
ñòðàíñòâî âñåõ ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé {as̄}s̄∈Zd+ äëÿ êîòîðûõ

‖{as̄}‖lθ̄(Zd+) =
{ ∞∑
sd=0

[
...

{ ∞∑
s1=0

|as̄|θ1
} θ2
θ1

...

] θd
θd−1

} 1
θd

< +∞.

Ïîëîæèì Y d(n, γ̄) = {s̄ = (s1, ..., sd) ∈ Zd+ : < s̄, γ̄ >≥ n}, ãäå γ̄ = (γ1, ..., γd).
Ëåììà 4. Ïóñòü γ̄ = (γ1, ..., γd), γ̄′ = (γ′1, ..., γ

′
d) òàêèå , ÷òî γ1 = ... = γν =

γ′1 = ... = γ′ν = 1 < γ′j < γj, j = ν + 1, ..., d; bs̄(n, γ̄, γ̄′) = p−α<s̄,γ̄>, åñëè
s̄ ∈ Y d(n, γ̄′), è bs̄(n, γ̄, γ̄′) = 0, åñëè s̄ /∈ Y d(n, γ̄′), α > 0, p ≥ 2. Òîãäà èìååò
ìåñòî ñëåäóþùåå íåðàâåíñòâî

‖{bs̄(n, γ̄, γ̄′)}‖lθ̄(Zd+) ≤ C(θ, γ, γ′) · p−nα · n
νP
j=2

1
θj
.

Ýòà ëåììà äîêàçàíà â [13] ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ïî ðàçìåðíî-
ñòè d .
Çàìå÷àíèå 2. Ïðè θ1 = ... = θd ëåììà 4 ðàíåå äîêàçàíà Â.Í. Òåìëÿêîâûì
[14].

Ïîëîæèì

f̄(t̄) = sup
|Ed|≥td

1
|Ed|

∫

Ed

... sup
|E1|≥t1

1
|E1|

∫

E1

|f(x1, ..., xd)|dx1...dxd,

ãäå |Ej |− ìåðà Ëåáåãà ìíîæåñòâà Ej ⊂ [0, 1].
Òåîðåìà 1. Ïóñòü 1 ≤ θj < +∞ è äàíû Φ- ôóíêöèè ϕ̄ = (ϕ1, ..., ϕd), óäîâëå-
òâîðÿþùèå óñëîâèÿì 1 < αϕj ≤ βϕj < 2, j = 1, ..., d. Òîãäà äëÿ ëþáîé ôóíêöèè
f ∈ L∗

ϕ̄,θ̄
(Id) ñïðàâåäëèâî íåðàâåíñòâî

f̄(t̄) ≤ C(θ, d)





d∏

j=1

1
ϕj(tj)

∞∑
sd=nd+1

...

∞∑
s1=n1+1

‖δs̄(f)‖∗ϕ̄,θ̄+

+
∑

e⊂{1,...,d}

∏

j /∈e

1
ϕj(tj)

∑

s̄∈Ge(n̄)

∏

j∈e

1

ϕj((m
(j)
sj )−1)

‖δs̄(f)‖∗ϕ̄,θ̄



 ,

äëÿ t̄ = (t1, ..., td) ∈ ( 1
m

(j)
n1+1

, 1
m

(j)
n1

]× ...× ( 1
m

(d)
nd+1

, 1
m

(d)
nd

].

Äîêàçàòåëüñòâî. Ïóñòü Ej ⊂ [0, 1] èçìåðèìûå ïî Ëåáåãó ìíîæåñòâà. Òîãäà
ïî ñâîéñòâó èíòåãðàëà èìååì∫

Ed

...

∫

E1

|f(x1, ..., xd)|dx1...dxd ≤
∫

Ed

...

∫

E1

|f(x̄)− Un̄(f, x̄)|dx̄+

+
∫

Ed

...

∫

E1

|Un̄(f, x̄)|dx̄. (4)

Ïðèìåíÿÿ íåðàâåíñòâî Ã¼ëüäåðà ïîëó÷èì
∫

Ed

...

∫

E1

|f(x̄)− Un̄(f, x̄)|dx̄ ≤ C ·
d∏

j=1

|Ej |
ϕj(|Ej |)‖f − Un̄(f)‖∗ϕ̄,θ̄. (5)
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Ïóñòü e = {1, ..., i} ⊂ {1, ..., d}. Òîãäà ïî ïåðåìåííûì x1, ..., xi ïðèìåíÿÿ íåðà-
âåíñòâî ðàçíûõ ìåòðèê (ñì. ëåììó 1), à ïî îñòàëüíûì ïåðåìåííûì íåðàâåíñòâî
Ã¼ëüäåðà, áóäåì èìåòü

∫

Ed

...

∫

E1

∣∣∣∣∣∣
∑

s̄∈Ge(n̄)

δs̄(f, x̄)

∣∣∣∣∣∣
dx̄ ≤

≤ C(d) ·
∏

j∈e
|Ej | ·

∏

j /∈e

|Ej |
ϕj(|Ej |)

∑

s̄∈Ge(n̄)

∏

j∈e

1

ϕj((m
(j)
sj )−1)

‖δs̄‖∗ϕ̄,θ̄. (6)

Äëÿ îñòàëüíûõ ìíîæåñòâ e ⊂ {1, ..., d} íåðàâåíñòâî (6) äîêàçûâàåòñÿ àíàëîãè÷-
íî.

Äàëåå ó÷èòûâàÿ, ÷òî |Ej | ≥ tj è ñâîéñòâà ôóíêöèè ϕj , èç íåðàâåíñòâ (4)-(6)
ïîëó÷èì

d∏

j=1

|Ej |−1
∫

Ed

...

∫

E1

|f(x̄)|dx̄ ≤ C ·




d∏

j=1

1
ϕj(tj)

∞∑
sd=nd+1

...

∞∑
s1=n1+1

‖δs̄(f)‖∗ϕ̄,θ̄+

+
∑

e⊂{1,...,d}

∏

j /∈e

1
ϕj(tj)

∑

s̄∈Ge(n̄)

∏

j∈e

1

ϕj((m
(j)
sj )−1)

‖δs̄(f)‖∗ϕ̄,θ̄



 .

Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû.

Òåîðåìà 2. Ïóñòü 1 < αψj ≤ βψj < αϕj ≤ βϕj < 2, 1 ≤ θj < +∞, j = 1, ..., d.
Åñëè f ∈ L∗

ϕ̄,θ̄
(Id) è





d∏

j=1

ψj((m
(j)
sj )−1)

ϕj((m
(j)
sj )−1)

‖δs̄(f)‖∗ϕ̄,θ̄




s̄∈Zd+

∈ lθ̄(Zd+)

òî f ∈ L∗̄
ψ,θ̄

(Id) è èìååò ìåñòî íåðàâåíñòâî

‖f‖∗̄ψ,θ̄ ≤ C ·

∥∥∥∥∥∥∥





d∏

j=1

ψj((m
(j)
sj )−1)

ϕj((m
(j)
sj )−1)

‖δs̄(f)‖∗ϕ̄,θ̄




s̄∈Zd+

∥∥∥∥∥∥∥
lθ̄

.

Äîêàçàòåëüñòâî. Äëÿ êðàòêîñòè çàïèñè îáîçíà÷èì

µnj =

(m(j)
nj

)−1

∫

(m(j)
nj+1)−1

(
ψj(t)
ϕj(t)

)θj dt
t
, βnj =

(m(j)
nj

)−1

∫

(m(j)
nj+1)−1

ψ
θj
j (t)

dt

t
.

Â ñèëó ëåììû 2 [1] èìååò ìåñòî íåðàâåíñòâî
f∗1,...,∗d(t1, ..., td) ≤ f̄(t1, ..., td).

Ïîýòîìó ïîëüçóÿñü òåîðåìîé 1, èìååì

‖f‖∗̄ψ,θ̄ ≤ C · ‖f̄‖∗̄ψ,θ̄ ≤ C
[{ ∞∑

nd=0

µnd [...
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...



∞∑

n1=0

µn1 ·
( ∞∑
sd=nd+1

...

∞∑
s1=n1+1

‖δs̄(f)‖∗ϕ̄,θ̄
)θ1


θ2
θ1

...




θd
θd−1





1
θd

+

+
∑

e⊂{1,...,d}





∞∑
nd=0

(m(d)
nd

)−1∫

(m(d)
nd+1)−1

ψθdd (td) · t−1
d


...



∞∑

n1=0

(m(1)
n1

)−1∫

(m(1)
n1+1)−1

ψθ11 (t1) · t−1
1 ×

×

∏

j /∈e

1
ϕj(tj)

∑

s̄∈Ge(n̄)

∏

j∈e

1

ϕj((m
(j)
nsj

)−1)
‖δs̄(f)‖∗ϕ̄,θ̄



θ1

dt1




θ2
θ1

...

... ]
θd
θd−1 dtd

} 1
θd

]
= C ·


J1 +

∑

e⊂{1,...,d}
Je


 . (7)

Ïóñòü e = {1, 2, ..., i}, i ≤ d. Òîãäà

Je = C ·



∞∑

nd=0

µnd


...




∞∑
ni+1=0

µni+1

[ ∞∑
ni=0

βni

[
...

[ ∞∑
n1=0

βn1×

×



∞∑
sd=nd+1

...

∞∑
si+1=ni+1+1

ni∑
si=1

...

n1∑
s1=1

i∏

j=1

1

ϕj((m
(j)
sj )−1)

×

×‖δs̄(f)‖∗ϕ̄,θ̄
)θ1] θ2θ1

...

] θi
θi−1



θi+1
θi

...




θd
θd−1





1
θd

Ïî ñâîéñòâó íîðìû è â ñèëó ëåìì 2 è 3 èìååì

Je ≤ C ·
∥∥∥∥∥∥





d∏

j=i+1

µ
1
θj
nj

i∏

j=1

β
1
θj
nj ×

×
∞∑

sd=nd+1

...

∞∑
si+1=ni+1+1

ni∑
si=0

...

n1∑
s1=0

i∏

j=1

1

ϕj((m
(j)
sj )−1)

‖δs̄(f)‖∗ϕ̄,θ̄





∥∥∥∥∥∥
lθ̄(Zd+)

≤

≤



∞∑

nd=0

µnd




∞∑
sd=nd+1

∥∥∥∥∥∥





d−1∏

j=i+1

µ
1
θj
nj×

i∏

j=1

β
1
θj
nj

∞∑
sd−1=nd−1+1

...

∞∑
si+1=ni+1+1

ni∑
si=0

...

n1∑
s1=0

i∏

j=1

1

ϕj((m
(j)
sj )−1)

×

×‖δs̄(f)‖∗ϕ̄,θ̄
}∥∥∥

lθ̄d−1
(Zd−1)

]θd


1
θd

≤
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≤ C ·



∞∑

nd=1

(
ψd((m

(d)
nd )−1)

ϕd((m
(d)
nd )−1)

)θd ∥∥∥∥∥∥





d−1∏

j=i+1

µ
1
θj
nj×

×
i∏

j=1

β
1
θj
nj

∞∑
sd−1=nd−1+1

...

∞∑
si+1=ni+1+1

ni∑
si=0

...

n1∑
s1=0

i∏

j=1

1

ϕj((m
(j)
sj+1)−1)

×

×‖δs̄(f)‖∗ϕ̄,θ̄
∥∥∥
θd

lθ̄d−1
(Zd−1)

} 1
θd

≤ ...

... ≤ C(θ, d)




∞∑

nd=1

(
ψd((m

(d)
nd )−1)

ϕd((m
(d)
nd )−1)

)θd {
...

{ ∞∑
n1=1

(
ψ1((m(1)

n1 )−1)

ϕ1((m(1)
n1 )−1)

×

×‖δn̄(f)‖∗ϕ̄,θ̄
)θ1} θ2

θ1

...





1
θd

=

= C(θ, q, d) ·
∥∥∥∥∥∥





d∏

j=1

ψj((m
(j)
nj )−1)

ϕj((m
(j)
nj )−1)

‖δn̄(f)‖∗ϕ̄,θ̄





∥∥∥∥∥∥
lθ̄(Zd+)

.

Òàêèì îáðàçîì, äëÿ e = {1, ..., i}, i ≤ d äîêàçàíî íåðàâåíñòâî

Je ≤ C(θ, d) ·
∥∥∥∥∥∥





d∏

j=1

ψj((m
(j)
nj )−1)

ϕj((m
(j)
nj )−1)

‖δn̄(f)‖∗ϕ̄,θ̄





∥∥∥∥∥∥
lθ̄(Zd+)

. (8)

Äëÿ îñòàëüíûõ e íåðàâåíñòâî(8) äîêàçûâàåòñÿ àíàëîãè÷íî.
Äëÿ îöåíêè J1 d-ðàç ïðèìåíÿÿ ëåììó 2, èìååì

J1 ≤ C(θ, d) ·
∥∥∥∥∥∥





d∏

j=1

ψj((m
(j)
nj )−1)

ϕj((m
(j)
nj )−1)

‖δn̄(f)‖∗ϕ̄,θ̄





∥∥∥∥∥∥
lθ̄(Zd+)

. (9)

Òåïåðü èç íåðàâåíñòâ (7), (8), (9) ïîëó÷èì

‖f‖ψ̄,θ̄ ≤ C(θ, d) ·
∥∥∥∥∥∥





d∏

j=1

ψj((m
(j)
nj )−1)

ϕj((m
(j)
nj )−1)

‖δn̄(f)‖∗ϕ̄,θ̄





∥∥∥∥∥∥
lθ̄(Zd+)

.

Òåîðåìà äîêàçàíà.
Äàëåå ðàññìîòðèì ïðîñòðàíñòâà L∗̄

ψ,θ̄
(Id), L∗

ϕ̄,θ̄
(Id) â ñëó÷àå ψj(t) = t

1
qj ,

ϕj(t) = t
1
pj , j = 1, ..., d .

Òåîðåìà 3. Ïóñòü 1 < qj < +∞, 1 < θj < +∞, j = 1, ..., d. Åñëè f ∈ L∗
q̄,θ̄

(Id)
è

f(x̄) ∼
∑

s̄∈Zd+

as̄(f)
d∏

j=1

χ
m

(j)
sj−1+1(xj)
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òî èìååò ìåñòî íåðàâåíñòî

‖f‖∗q̄,θ̄ ≥ C(q, τ, d)





∞∑
sd=1

(
m

(d)
sd−1

)θd
�

1
2− 1

qd

� 
...

[ ∞∑
s1=1

(
m

(1)
s1−1

)θ1
�

1
2− 1

q1

�

|as̄(f)|θ1
] θ2
θ1

...




θd
θd−1





1
θd

.

Äîêàçàòåëüñòâî. Äëÿ êðàòêîñòè îáîçíà÷èì

µj(sj) =
(
m

(j)
sj−1

) 1
2− 1

qj , j = 1, ..., d.

Ïîëîæèì

σν(f)θ̄j =




ν∑
sj=1

(µj(sj))
θj


...

[
ν∑

s1=1

(µ1(s1))θ1 |as̄(f)|θ1
] θ2
θ1

...




θj
θj−1




1
θj

,

ãäå θ̄j = (θ1, ..., θj), j = 1, ..., d.

σ(f)θ̄ =

∥∥∥∥∥∥∥





d∏

j=1

µj(sj) · as̄(f)




s̄∈Zd+

∥∥∥∥∥∥∥
lθ̄

Ðàññìîòðèì ôóíêöèþ

gν(x̄) =
ν∑

sd=1

...

ν∑
s1=1

as̄,ν ·
d∏

j=1

χ
m

(j)
sj−1+1(xj),

ãäå

as̄,ν = (σ(f)θ̄)
− θd
θ′
d ·

d−1∏

j=1

σθj+1−θj
ν (f)θ̄j

d∏

j=1

(
m

(j)
sj−1

)� 1
2− 1

qj

�
θj |as̄(f)|θ1−1sign(as̄(f)).

Ïîêàæåì
‖gν‖∗̄q′,θ̄′ ≤ C(θ, d, q). (11)

Ïî îïðåäåëåíèþ ÷èñåë as̄,ν ïîëó÷èì

Iν =





ν∑
sd=1

(
m

(d)
sd−1

)θ′d
�

1
2− 1

q
′
d

�

...




ν∑
s1=1

(
m

(1)
s1−1

)θ′1
�

1
2− 1

q
′
1

�

|as̄,ν |θ
′
1



θ
′
2
θ
′
1

...




θ
′
d

θ
′
d−1





1
θ
′
d

=

= (σ(f)θ̄)
− θd
θd
′ ·




ν∑
sd=1

(
m

(d)
sd−1

)θ′d
�

1
2− 1

q
′
d

� 
...




ν∑
s1=1

(
m

(1)
s1−1

)θ′1
�

1
2− 1

q
′
1

�

×
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×
d−1∏

j=1

σ
(θj+1−θj)·θ

′
1

ν (f)θ̄j ·
d∏

j=1

(
m

(j)
sj−1

)� 1
2− 1

qj

�
·θj ·θ

′
1 |as̄(f)|(θ1−1)θ

′
1



θ
′
2
θ
′
1

...




θ
′
d

θ
′
d−1





1
θ
′
d

(12)
Òàê êàê θj · θ′j = θj + θ

′
j , òî θj · θ

′
j(

1
2 − 1

qj
) + θ

′
j(

1
2 − 1

q
′
j

) = θj( 1
2 − 1

qj
).

Ïîýòîìó èç (12) ó÷èòûâàÿ îïðåäåëåíèå ÷èñåë σν(f)θ̄j ïîëó÷èì

Iν = (σ(f)θ̄)
− θd
θd
′ ·
{

ν∑
sd=1

(
m

(d)
sd−1

)θd
�

1
2− 1

qd

� [
...

[
ν∑

s1=1

(
m

(1)
s1−1

)θ1
�

1
2− 1

q1

�

×

×
d−1∏

j=1

σ
(θj+1−θj)·θ

′
1

ν (f)θ̄j · |as̄(f)|θ1


θ
′
2
θ
′
1

...




θ
′
d

θ
′
d−1





1
θ
′
d

≤ (13)

≤ (σ(f)θ̄)
− θd
θd
′ ·

∥∥∥∥∥∥∥





d∏

j=1

µj(sj) · as̄(f)




s̄∈Zd+

∥∥∥∥∥∥∥

θd
θd
′

lθ̄

= 1

Òàê êàê

‖δs̄(gν)‖∗τ̄ ,θ̄ =
d∏

j=1

(
m

(j)
sj−1

)� 1
2− 1

τj

�

· |as̄(f)|, 1 < τj < q
′
j , j = 1, ..., d,

òî ïîëüçóÿñü òåîðåìîé 2 è íåðàâåíñòîì (13) íåòðóäíî óáåäèòüñÿ

‖gν‖∗q̄′ ,θ̄′ ≤ C(q, θ, τ, d) ·

∥∥∥∥∥∥∥





d∏

j=1

(m(j)
sj−1)

 
1
τ− 1

q
′
j

!

· ‖δs̄(gν)‖∗
τ̄ ,θ̄′




s̄∈Zd+

∥∥∥∥∥∥∥
l
θ̄
′

=

= C(q, θ, τ, d) · Iν ≤ C(q, θ, τ, d)

Ýòèì íåðàâåíñòâî (11) äîêàçàíî. Ñëåäîâàòåëüíî ôóíêöèÿ ϕν = C0gν ∈
L∗̄
q′ ,θ̄′

(Id) è ‖ϕν‖∗
q̄′ ,θ̄′

≤ 1.
Äàëåå â ñèëó îðòîãîíàëüíîñòè îáîáùåííîé ñèñòåìû Õààðà èìååì

∫

Id
f(x̄)gν(x̄)dx̄ =

ν∑
sd=1

...

ν∑
s1=1

as̄(f) · as̄,ν =

= (σ(f)θ̄)
− θd
θd
′ ·

ν∑
sd=1

...

ν∑
s1=1

d−1∏

j=1

σθj+1−θj
ν (f)θ̄j×

×
d∏

j=1

(
m

(j)
sj−1

)� 1
2− 1

qj

�
θj |as̄(f)|θ1−1sign(as̄(f)) = (σ(f)θ̄)

− θd
θd
′ ·
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ν∑
sd=1

(
m

(d)
sd−1

)θd
�

1
2− 1

qd

� 
...

[
ν∑

s1=1

(
m

(1)
s1−1

)θ1
�

1
2− 1

q1

�

|as̄(f)|θ1
] θ2
θ1

...




θd
θd−1

. (14)

Èçâåñòíî, ÷òî (ñì. [1])
∫

Id
|f(x̄)g(x̄)|dx̄ ≤

∫

Id
f∗1,...,∗d(t1, ..., td) · g∗1,...,∗d(t1, ..., td)dt1...dtd.

Ê ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà ïðèìåíÿÿ íåðàâåíñòâî Ã¼ëüäåðà â ïðîñòðàí-
ñòâå ñî ñìåøàííîé íîðìîé (ñì. [15], ñòð. 19) èìååì

sup
{∫

Id
|f(x̄)g(x̄)|dx̄ : g ∈ L∗̄q′,θ̄′(Id), ‖g‖∗̄q′,θ̄′ ≤ 1

}
≤ ‖f‖∗q̄,θ̄, (15)

ãäå q̄′ = (q′1, ..., q
′
d), θ̄′ = (θ′1, ..., θ

′
d), q′j = qj

qj−1 , θ′j = θj
θj−1 , j = 1, ..., d.

Òåïåðü èç ñîîòíîøåíèé (11) , (14) ,(15) ïîëó÷èì

‖f‖∗q̄,θ̄ ≥ C(q, θ, τ, d)

∥∥∥∥∥∥∥





d∏

j=1

µj(sj) · as̄(f)




s̄∈Zd+

∥∥∥∥∥∥∥

− θd
θ′
d

lθ̄

×

×
ν∑

sd=1


...




ν∑
s1=1

d∏

j=1

(µj(sj))
θ1 |as̄(f)|θ1



θ2
θ1

...




θd
θd−1

.

Â ýòîì íåðàâåíñòâå ïåðåõîäÿ ê ïðåäåëó ïðè ν → +∞ óáåäèìñÿ â ñïðàâåäëè-
âîñòè óòâåðæäåíèÿ òåîðåìû.

Òåîðåìà 4. Ïóñòü 1 ≤ pj < qj < +∞, 1 ≤ θj < +∞, j = 1, ..., d; 1
p1
− 1

q1
<

r1 = ... = rν < rν+1 ≤ ... ≤ rd, γj = rj
r1
, j = 1, ..., d.

Òîãäà èìååò ìåñòî ñîîòíîøåíèå

sup
f∈H̃ r̄

p̄,θ̄

‖f − Sγ̄n(f)‖∗q̄,θ̄ ≤ C ·

∥∥∥∥∥∥∥





d∏

j=1

(m(j)
sj )−(rj+ 1

qj
− 1
pj

)




s̄∈Y d(γ̄,n)

∥∥∥∥∥∥∥
lθ̄(Zd+)

.

Äîêàçàòåëüñòâî. Ïóñòü f ∈ H̃ r̄
p̄,θ̄

. Ïðèìåíÿÿ òåîðåìó 2 ïðè ψj(t) = t
1
qj ,

ϕj(t) = t
1
pj ê ôóíêöèè f − Sγ̄n(f) ∈ L∗

q̄,θ̄
(Id), áóäåì èìåòü

‖f − Sγ̄n(f)‖∗q̄,θ̄ ≤ C ·
∥∥∥∥∥∥





d∏

j=1

(m(j)
sj )

1
pj
− 1
qj · ‖δs̄(f − Sγ̄n(f))‖∗p̄,θ̄





∥∥∥∥∥∥
lθ̄(Zd+)

. (16)

Òàê êàê δs̄(f−Sγ̄n(f)) = 0, ∀s̄ /∈ Y d(γ̄, n) è δs̄(f−Sγ̄n(f)) = δs̄(f), ∀s̄ ∈ Y d(γ̄, n),
òî ïî îïðåäåëåíèþ êëàññà H̃ r̄

p̄,θ̄
èç (16) ïîëó÷èì

‖f − Sγ̄n(f)‖∗q̄,θ̄ ≤ C ·

∥∥∥∥∥∥∥





d∏

j=1

(m(j)
sj )

1
pj
− 1
qj · ‖δs̄(f)‖∗p̄,θ̄




s̄∈Y d(γ̄,n)

∥∥∥∥∥∥∥
lθ̄(Zd)

≤
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≤ C ·

∥∥∥∥∥∥∥





d∏

j=1

(m(j)
sj )−(rj+ 1

qj
− 1
pj

)




s̄∈Y d(γ̄,n)

∥∥∥∥∥∥∥
lθ̄(Zd)

äëÿ ëþáîé ôóíêöèè f ∈ H̃ r̄
p̄,θ̄

.

Òåîðåìà 5. Ïóñòü 1 ≤ pj < qj < +∞, 1 ≤ θj < +∞, 1
pj
− 1

qj
< rj < 1,

j = 1, ..., d. Òîãäà èìååò ìåñòî ñîîòíîøåíèå

sup
f∈H̃ r̄

p̄,θ̄

‖f − Sγ̄n(f)‖∗q̄,θ̄ �

∥∥∥∥∥∥∥





d∏

j=1

(m(j)
sj )−(rj+ 1

qj
− 1
pj

)




s̄∈Y d(γ̄,n)

∥∥∥∥∥∥∥
lθ̄(Zd)

.

Äîêàçàòåëüíî. Ïóñòü f ∈ H̃ r̄
p̄,θ̄

. Òîãäà ïðè ψj(t) = t
1
qj , ϕj(t) = t

1
pj , j =

1, ..., d ïðèìåíÿÿ òåîðåìó 2 áóäåì èìåòü

‖f − Sγ̄n(f)‖∗q̄,θ̄ ≤ C ·

∥∥∥∥∥∥∥





d∏

j=1

(m(j)
sj )−(rj+ 1

qj
− 1
pj

)




s̄∈Y d(γ̄,n)

∥∥∥∥∥∥∥
lθ̄(Zd)

.

Ýòèì îöåíêà ñâåðõó äîêàçàíà.
Äëÿ ïîëó÷åíèÿ îöåíêè ñíèçó ðàññìîòðèì ôóíêöèþ

f0(x̄) =
∑

s̄∈Zd+

d∏

j=1

(m(j)
sj )−(rj+ 1

2− 1
pj

)
d∏

j=1

χ
m

(j)
sj−1+1(xj)

ãäå ρ(s̄) = {k̄ = (k1, ..., kd) ∈ Nd : msj−1 < kj ≤ msj , j = 1, ..., d}.
Â ñèëó ñîîòíîøåíèå (ñì.[11], ñòð.323)

∥∥∥∥∥∥

d∏

j=1

χ
m

(j)
sj−1+1(xj)

∥∥∥∥∥∥

∗

p̄,θ̄

�
d∏

j=1

(m(j)
sj )

1
2− 1

pj , 1 < pj <∞, j = 1, ..., d

èìååì C0 · f0 ∈ H̃ r̄
p̄,θ̄

, ãäå C0-íåêîòîðàÿ ïîñòîÿííàÿ. Òåïåðü ïîëüçóÿñü òåîðåìîé
3 ïîëó÷èì

‖f0 − Sγ̄n(f0)‖∗q̄,θ̄ ≥ C(q, θ, r)

∥∥∥∥∥∥∥





d∏

j=1

(m(j)
sj )−(rj+ 1

qj
− 1
pj

)




s̄∈Y d(γ̄,n)

∥∥∥∥∥∥∥
lθ̄(Zd)

.

Òåîðåìà äîêàçàíà.

Ñëåäñòâèå 1. Ïóñòü 1 ≤ pj < qj < +∞, 1 < θj < +∞, j = 1, ..., d è îáîá-
ùåííûå ñèñòåìû Õààðà χ{p(j)

nj } îïðåäåëåíû ÷èñëàìè p
(j)
nj = p ≥ 2 ∀nj ∈ N,

j = 1, ..., d; 1
p1
− 1

q1
< r1 = ... = rν < rν+1 ≤ ... ≤ rd, γj = rj

r1
, j = 1, ..., d;

1
p1
− 1

q1
= ... = 1

pν
− 1

qν
, r1( 1

pj
− 1

qj
) < rj( 1

p1
− 1

q1
), j = ν + 1, ..., d. Òîãäà èìååò

ìåñòî ñîîòíîøåíèå

sup
f∈H̃ r̄

p̄,θ̄

‖f − Sγ̄n(f)‖∗q̄,θ̄ � p−n(r1+ 1
q1
− 1
p1

) · n
νP
j=2

1
θj
.
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Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû 5 è ëåììû 4 íåòðóäíî óáåäèòüñÿ, ÷òî

sup
f∈H̃ r̄

p̄,θ̄

‖f − Sγ̄n(f)‖∗q̄,θ̄ � C(q, θ, d, p) ·

∥∥∥∥∥∥∥



p
−

dP
j=1

sj(rj+ 1
qj
− 1
pj

)




s̄∈Y d(γ̄,n)

∥∥∥∥∥∥∥
lθ̄(Zd)

�

� p−n(r1+ 1
q1
− 1
p1

) · n
νP
j=2

1
θj
.

Çàìå÷àíèå 3. Îòìåòèì, ÷òî äëÿ ñèñòåìû Õààðà (ò.å. pnj = 2 ∀nj ∈ N,
j = 1, ..., d) ñëåäñòâèå 1 ðàíåå àíîíñèðîâàíî â [7].
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