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Abstract. The article is devoted to the Morawetz problem, which arises
in mathematical models of transonic �ows. A theorem on existence and
uniqueness of the solution to Morawetz problem for generalized Tricomi
equation with boundary conditions is proven.

1. Ââåäåíèå
Äâóìåðíîå ñòàöèîíàðíîå òå÷åíèå íåâÿçêîãî ãàçà ñî ñâåðõçâóêîâîé ïîäîáëà-

ñòüþ, ïðèëåãàþùåé ê àýðîäèíàìè÷åñêîìó ïðîôèëþ â îêîëîçâóêîâîì ïðèáëè-
æåíèè ìîæåò áûòü îïèñàíî ïîòåíöèàëîì ñêîðîñòè ϕ(x, y), êîòîðûé óäîâëåòâî-
ðÿåò óðàâíåíèþ Êàðìàíà-Ôàëüêîâè÷à [1]
(1) (γ + 1)(1− ϕx)ϕxx + ϕyy = 0,

ãäå γ > 1� ïîñòîÿííàÿ àäèàáàòû, x, y � äåêàðòîâû êîîðäèíàòû. Âîçìóùåíèå
u(x, y) ïîòåíöèàëà ϕ(x, y) óäîâëåòâîðÿåò óðàâíåíèþ ýëëèïòèêî � ãèïåðáîëè÷å-
ñêîãî òèïà

(2) (γ + 1)[(1− ϕx)ux + u2
x/2]x + uyy = 0,

êîòîðîå ñëåäóåò èç óðàâíåíèÿ (1). Çàäà÷à Ôðàíêëÿ [2] äëÿ óðàâíåíèÿ (2) ñîñòî-
èò â íàõîæäåíèè ãëàäêîãî ðåøåíèÿ ýòîãî óðàâíåíèÿ ïðè çàäàííîì âîçìóùåíèè
ñêîðîñòè ux íà áåñêîíå÷íîñòè, óñëîâèè ñèììåòðèè è óñëîâèè Íåéìàíà íà ÷àñòè
ïðîôèëÿ. Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Ôðàíêëÿ áûëà äîêàçàíà Ìîðàâåö [3]
ñ èñïîëüçîâàíèåì ïëîñêîñòè ãîäîãðàôà. Ïîçäíåå Êóê äîêàçàëà [4] àíàëîãè÷íóþ
òåîðåìó íåïîñðåäñòâåííî íà ïëîñêîñòè (x, y).

Akimov, A.A., Morawetz problem for generalized Tricomi equation.
c© 2006 Àêèìîâ À.À.
Ïîñòóïèëà 1 îêòÿáðÿ 2005 ã., îïóáëèêîâàíà 2 ìàðòà 2006 ã.

71



72 À.À. ÀÊÈÌÎÂ

×òîáû èçáåæàòü ôîðìèðîâàíèÿ óäàðíûõ âîëí îêîëî çàäàííîãî ïðîôèëÿ,
âìåñòî óñëîâèÿ Íåéìàíà ìîæíî èñïîëüçîâàòü êðàåâîå óñëîâèå ñ íàêëîííîé
ïðîèçâîäíîé, êîòîðîå ñ ôèçè÷åñêîé òî÷êè çðåíèÿ îçíà÷àåò îáòåêàíèå ïðîíèöà-
åìîé (ïîðèñòîé èëè ïåðôîðèðîâàííîé) ïîâåðõíîñòè. Âìåñòå ñ òåì â ïðàêòèêå
àýðîäèíàìè÷åñêîãî ïðîåêòèðîâàíèÿ øèðîêî èñïîëüçóþòñÿ àëãîðèòìû ñ ïðèìå-
íåíèåì ñìåøàííîãî óñëîâèÿ Íåéìàíà � Äèðèõëå. Ñîãëàñíî åìó, âäîëü íåêîòî-
ðîãî ó÷àñòêà ïðîôèëÿ çàäàåòñÿ íåïðåðûâíîå ðàñïðåäåëåíèå ìîäóëÿ ñêîðîñòè,
â òî âðåìÿ êàê êîîðäèíàòû ýòîãî ó÷àñòêà äîëæíû áûòü íàéäåíû â ïðîöåññå
÷èñëåííîãî ðåøåíèÿ çàäà÷è [5], [6].

2. Ïîñòàíîâêà çàäà÷è
Ëèíåàðèçàöèÿ óðàâíåíèÿ (2) ïðèâîäèò åãî ê óðàâíåíèþ ×àïëûãèíà

(3) Lu = K(y)uxx + uyy = 0,

ãäå yK(y) > 0 ïðè y 6= 0. Ðàññìîòðèì ýòî óðàâíåíèå â îáëàñòè D, îãðàíè÷åííîé
êðèâîé Γ èç êëàññà Ëÿïóíîâà, ëåæàùåé â ïîëóïëîñêîñòè y > 0 ñ êîíöàìè â
òî÷êàõ A(0, 0) è B(1, 0), äëèíû l è õàðàêòåðèñòèêàìè γ1 è γ2 óðàâíåíèÿ (3) ïðè
y < 0:

γ1 : ξ = x+

y∫

0

√
−K(t)dt = 0, γ2 : η = x−

y∫

0

√
−K(t)dt = 1.

Ïóñòü C(1/2, yC) � òî÷êà ïåðåñå÷åíèÿ γ1 è γ2, yC < 0; D+ = D ∩ {y > 0},
D− = D ∩ {y < 0}. Äëÿ óðàâíåíèÿ (3) â îáëàñòè D ïîñòàâèì çàäà÷ó òèïà
Íåéìàíà, ðàññìîòðåííóþ Ê. Ìîðàâåö [3]. Îíà ïðè íåêîòîðûõ ãåîìåòðè÷åñêèõ
îãðàíè÷åíèÿõ íà êðèâóþ Γ ïîëó÷èëà òåîðåìó åäèíñòâåííîñòè ðåøåíèÿ ýòîé çà-
äà÷è. Çàäà÷à ñ óñëîâèåì Íåéìàíà íà ÷àñòè êðèâîé Γ èçó÷åíà â ðàáîòå Âðàãîâà
Â.Í. [7].

Çàäà÷à Ìîðàâåö. Íàéòè ôóíêöèþ u(x, y), óäîâëåòâîðÿþùóþ óñëîâèÿì:
(4) u(x, y) ∈ C(D) ∩ C1(D) ∩ C2(D− ∪D+);

(5) Lu(x, y) ≡ 0, (x, y) ∈ D+ ∪D−;

(6) δs[u]|Γ = K(y)ux
dy

ds
− uy dx

ds
= ϕ(s), 0 ≤ s ≤ l;

(7) δx[u]|γ1 = K(y)ux
dy

dx
− uy = ψ(x), 0 ≤ x ≤ 1

2
,

ãäå s � äëèíà äóãè êðèâîé Γ, îòñ÷èòûâàåìàÿ îò òî÷êè B, à ϕ è ψ � çàäàí-
íûå äîñòàòî÷íî ãëàäêèå ôóíêöèè. Â òî÷êàõ A è B ïðîèçâîäíûå ux, uy ìîãóò
îáðàùàòüñÿ â áåñêîíå÷íîñòü ïîðÿäêà íèæå 1− 2β.

Â äàííîé ðàáîòå äîêàçàíà òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (4)
� (7) ïðè âûïîëíåíèè óñëîâèé Ê.È. Áàáåíêî îòíîñèòåëüíî êðèâîé Γ.

Îïðåäåëåíèå 1. Ïîä ðåãóëÿðíûì â D ðåøåíèåì óðàâíåíèÿ (3) áóäåì ïîíè-
ìàòü ôóíêöèþ u(x, y), óäîâëåòâîðÿþùóþ óñëîâèÿì (4), (5) è ê èíòåãðàëàì∫ ∫

D

uLudxdy,

∫ ∫

D

uxLudxdy,

∫ ∫

D

uyLudxdy

ìîæíî ïðèìåíèòü ôîðìóëó Ãðèíà.



ÇÀÄÀ×À ÌÎÐÀÂÅÖ ÄËß ÎÁÎÁÙÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß ÒÐÈÊÎÌÈ 73

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ

F (y) = 2
(
K

K ′

)′
+ 1.

Ïðèâåäåííîå íèæå óòâåðæäåíèå ÿâëÿåòñÿ îáîáùåíèåì òåîðåìû 6, ïðèâåäåí-
íîé â ðàáîòå [8].

Òåîðåìà 1. Ïóñòü 1) K(y) ∈ C2[yC , 0), K(0) = 0, K ′(y) > 0 ïðè y < 0, F (0) >
0; 2) u(x, y) � ðåãóëÿðíîå â D ðåøåíèå óðàâíåíèÿ (3), óäîâëåòâîðÿþùåå óñëî-
âèþ δ[u(x, y)] = 0 íà Γ è γ1.Òîãäà u(x, y) ≡ const â D.

Äîêàçàòåëüñòâî òåîðåìû ìîæíî íàéòè â ðàáîòå [9]. Îòìåòèì, ÷òî àíàëîã
äàííîé òåîðåìû â ñëó÷àå çàäà÷è Òðèêîìè áûë äîêàçàí â ðàáîòå [10].

Äàëåå äîêàæåì ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (4)�(7). Ïóñòü K(y) = sgny ·
|y|m, m = const > 0, à x = x(s), y = y(s) � ïàðàìåòðè÷åñêèå óðàâíåíèÿ
êðèâîé Γ. Îòíîñèòåëüíî êðèâîé Γ áóäåì ïðåäïîëàãàòü âûïîëíåíèå óñëîâèé
Ê.È.Áàáåíêî [11] ( óñëîâèÿ(Á)):

1) ôóíêöèè x = x(s), y = y(s) íà îòðåçêå [0, l] èìåþò íåïðåðûâíûå ïðîèç-
âîäíûå x′(s) è y′(s), íå îáðàùàþùèåñÿ îäíîâðåìåííî â íóëü; ïðîèçâîäíûå x′′(s)
è y′′(s) óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà íà [0, l];

2) â îêðåñòíîñòÿõ òî÷åê A è B âûïîëíÿåòñÿ óñëîâèå îðòîãîíàëüíîñòè
∣∣∣∣
dx

ds

∣∣∣∣ ≤ Cym+1(s).

Ïðåäâàðèòåëüíî ðàññìîòðèì äâå âñïîìîãàòåëüíûå çàäà÷è â ýëëèïòè÷åñêîé
è ãèïåðáîëè÷åñêîé îáëàñòÿõ.

Çàäà÷à òèïà Äàðáó (Çàäà÷à D). Íàéòè â îáëàñòè D− ôóíêöèþ u(x, y),
óäîâëåòâîðÿþùóþ óñëîâèÿì:

(8) u(x, y) ∈ C(D−) ∩ C1(D− ∪AB) ∩ C2(D−),

(9) Lu(x, y) ≡ 0, (x, y) ∈ D−,

(10) δs[u]
∣∣∣∣
γ1

= ψ(x), 0 ≤ x ≤ 1
2
,

(11) uy(x, 0) = ν(x), x ∈ (0, 1).

Ñëåäóåò îòìåòèòü, ÷òî ðåøåíèå çàäà÷è (8) � (11) íå åäèíñòâåííî, íî ëþ-
áûå äâà ðåøåíèÿ îòëè÷àþòñÿ äðóã îò äðóãà íà ïðîèçâîëüíóþ ïîñòîÿííóþ.Äëÿ
îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è òèïà Äàðáó íåîáõîäèìî çàäàòü çíà÷åíèå
ôóíêöèè u(x, y) â ïðîèçâîëüíîé òî÷êå îáëàñòè D−. Â ÷àñòíîñòè, ïîëîæèì
u(0, 0) = 0. Òîãäà ñ ó÷åòîì ýòîãî óñëîâèÿ â õàðàêòåðèñòè÷åñêèõ êîîðäèíàòàõ
(ξ, η) ðåøåíèå çàäà÷è (8) � (11) èìååò âèä [11, ñ. 183]

(12) u(ξ, η) = γ

ξ∫

0

ν(t)
(ξ − t)β(η − t)β dt+

η∫

0

B(0, t; ξ, η)ψ2(t)dt,
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ãäå B(0, t; ξ, η) � ôóíêöèÿ Ðèìàíà-Àäàìàðà çàäà÷è Äàðáó [11, c. 119],

ψ2(t) = ψ1(t) +
1
t

t∫

0

ψ1(η)dη, ψ1(t) = t−2βψ(
t

2
),

γ =
1
2

(
4

m+ 2

)2β Γ(β)
Γ(1− β)Γ(2β)

, β =
m

2(m+ 2)
, Γ(·)− ãàììà-ôóíêöèÿ.

Â ôîðìóëå (12) ïîëàãàÿ η = ξ = x, ïîëó÷èì ïåðâîå ôóíêöèîíàëüíîå ñîîò-
íîøåíèå ìåæäó τ(x) è ν(x) :

(13) τ(x) = γ

x∫

0

(t− x)−2βν(t)dt+ ψ3(x),

ãäå

ψ3(x) = k

x∫

0

t2βψ2(t)
xβ(x− t)β dt, k =

Γ(β)
Γ(1− β)Γ(2β)

.

Çàäà÷à DN. Íàéòè â îáëàñòè D+ ôóíêöèþ u(x, y), óäîâëåòâîðÿþùóþ óñëî-
âèÿì:

u ∈ C(D+) ∩ C2(D+); Lu ≡ 0, (x, y) ∈ D+;

δs[u]
∣∣∣∣
Γ
= ϕ(s), 0 ≤ s ≤ l; u(x, 0) = τ(x), 0 ≤ x ≤ 1.

Ëåììà 1. Åñëè ôóíêöèÿ τ(x) ∈ C[0, 1], à ϕ(s) ∈ C[0, l], òî ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå çàäà÷è DN è îíî îïðåäåëÿåòñÿ ôîðìóëîé

u(x, y) = k1

1∫

0

{[
(t− x)2 +

4ym+2

(m+ 2)2

]−β
−

[
(t+ x− 2tx)2 +

4(2t− 1)2ym+2

(m+ 2)2

]−β}
τ(t)dt+

1∫

0

H(t, 0;x, y)τ(t)dt+

(14) +

l∫

0

G(ξ, η;x, y)ϕ(s)ds,

ãäå H(ξ, η;x, y), G(ξ, η;x, y) îïðåäåëåíû â ðàáîòå [11, c. 83], à ω(s)− ðåøåíèå
èíòåãðàëüíîãî óðàâíåíèÿ

(15) ω(s)−
1∫

0

K2(t, s)ω(t)dt = 2ϕ(s),

(16) K2(s, t) = δs[q2(ξ(t), η(t);x(s), y(s))],

q2(ξ, η, x, y) = k2

(
4

m+ 2

)4β−2

(r2
1)−β(1− σ)1−2βF (1− β, 1− β, 2− 2β; 1− σ),
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ãäå F (·) � ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ãàóññà;
Èç ôîðìóëû (14) ïîëó÷àåì âòîðîå ñîîòíîøåíèå ìåæäó τ(x) è ν(x) :

ν(x) =
k1

1− 2β
∂

∂x


−

x∫

0

(x− t)2β−1τ(t)dt+

1∫

x

(t− x)2β−1τ(t)dt


−

(17) −k1

1∫

0

τ(t)dt
(t+ x− 2tx)2−2β +

1∫

0

χ(t, x)τ(t)dt+ Φ(x), 0 < x < 1,

ãäå

Φ(x) =

l∫

0

ω(s)
∂q2(ξ(s), η(s);x, 0)

∂y
ds,

χ(t, x) =
∂2H(t, 0;x, 0)

∂y∂x
=

=

l∫

0

∂λ(s; t, 0)
∂y

∂

∂y
δs[G0(ξ, η;x, 0)]ds.

Âîïðîñ î ñóùåñòâîâàíèè ðåøåíèÿ çàäà÷è Ìîðàâåö ýêâèâàëåíòåí âîïðîñó î
ðàçðåøèìîñòè óðàâíåíèé (13) è (17). Â ðåçóëüòàòå èñêëþ÷åíèÿ τ(x) èç ýòèõ
óðàâíåíèé ïîëó÷àåì ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå

ν(x)− λ
1∫

0

(
1− ξ
1− x

)1−2β [ 1
ξ − x −

1
ξ + x− 2ξx

]
ν(ξ)dξ =

(18) = f(x) + λ

1∫

0

M(x, ξ)ν(ξ)dξ,

ãäå

λ =
cosπβ

π(1 + sinπβ)
, M(x, ξ) =

1− 2β
k1

1∫

ξ

(t− ξ)−2βχ(t, x)dt.

f(x) =
k1

1− 2β


−

x∫

0

(x− t)2β−1ψ′3(t)dt+

1∫

x

(t− x)2β−1ψ′3(t)dt−

−ψ3(1)(1− x)2β−1 − ψ3(0)x2β−1]− k1

1∫

0

ψ3(t)dt
(t+ x− 2tx)2−2β +

+

1∫

0

χ(t, x)ψ3(t)dt+ Φ(x), 0 < x < 1.
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3. Ïðåäâàðèòåëüíûå îöåíêè è îñíîâíàÿ òåîðåìà
Äëÿ ÿäðà è ïðàâîé ÷àñòè óðàâíåíèÿ (18) ñïðàâåäëèâû ñëåäóþùèå óòâåðæäå-

íèÿ.

Ëåììà 2. Ïóñòü ψ1(x) = x−a(1 − x)−bψ0(x), ãäå ψ0(x) ∈ C[0, 1] ∩ C2(0, 1),
0 ≤ a, b ≤ 1.Òîãäà 1) åñëè b + β ≥ 1 èìååì ψ3(x) = x1−a(1 − x)1−b−βψ3,0(x),
ψ3,0(x) ∈ C[0, 1] ∩ C2(0, 1); 2)åñëè b + β < 1, òî ñïðàâåäëèâû ïðåäñòàâëåíèÿ
ψ3(x) = x1−aψ3,0(x)), è ψ′3(x) = x−a(1− x)−b−βψ3,1(x), ψ3,1(x) ∈ C[0, 1].

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ãëàäêîñòü ôóíêöèè ψ2(x) íà îòðåçêå [0, 1]
ñîâïàäàåò òàì ñ ãëàäêîñòüþ ôóíêöèè ψ1(x). Èñõîäÿ èç ïðåäñòàâëåíèÿ ôóíêöèè
ψ3(x) ìîæíî ïîêàçàòü, ÷òî îíà ïðèíàäëåæèò êëàññó C2(0, 1). Îöåíèì ψ3(x) íà
êîíöàõ ñåãìåíòà [0, 1].

| ψ3(x) |=| kx
1∫

0

z2βψ2(xz)
(1− z)β dz |≤

≤ C0kx
1−a

1∫

0

z2β−a(1− xz)−b
(1− z)β dz = C0x

1−aF (2β − a+ 1, b, 2 + β − a;x) =

(19) = C0x
1−a(1− x)1−b−βF (1− β, 2 + β − a− b, 2 + β − a;x).

Òåïåðü îöåíèì ïðîèçâîäíóþ ψ′3(x) íà êîíöàõ ñåãìåíòà [0, 1].

| ψ′3(x) |=≤| k
1∫

0

z2βψ2(xz)
(1− z)β dz | +kx |

1∫

0

z2βψ′2(xz)
(1− z)β dz |≤

≤ C1x
−a

1∫

0

z2β−a(1− xz)−b
(1− z)β dz+

+C2x
−a

1∫

0

(1− xz)−b−1z2β−a

(1− z)β dz ≤

≤ C3x
−aF (2β − a+ 1, b, 2 + β − a;x) + C2x

−aF (2β − a+ 1, b+ 1, 2 + β − a;x) ≤
(20) ≤ C4x

−a(1− x)1−β−b + C5(1− x)−b−βx−a ≤ C(1− x)−b−βx−a.

Èç (19) è (20) ñëåäóåò óòâåðæäåíèå ëåììû.

Ëåììà 3. Åñëè ϕ(s) = (1 − s)αϕ0(s), 0 ≤ α ≤ m
2 , òî ω(s) = (1 − s)αω0(s),

ãäå ω(s) ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ (15). Åñëè α > m
2 , òî

ω(s) = (1− s)m2 ω0(s).

Äîêàçàòåëüñòâî. ßäðî óðàâíåíèÿ (15) ñ ó÷åòîì (16) èìååò âèä
K2(s, t) = δs[q2(ξ(t), η(t);x(s), y(s))],

ãäå

δs[q2(ξ(s), η(s);x(t), y(t))] =
k2y

r
2(1−β)
1

F (1− β,−β, 1− 2β; 1− σ)
dξ

ds
−
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−k2(1− β)yη
r2
1(1− β)

F (1− β,−β, 2− 2β; 1− σ)δs[ln r2],

δs[ln r2] =
2
r2

[
ηm(ξ − x)

dη

ds
− ηm2 (η

m+2
2 − ym+2

2 )
dξ

ds

]
.

Ïðè s→ 0 èìååì s ∼ η, à ïðè s→ 1 èìååì 1−s ∼ η, òîãäà â îêðåñòíîñòè s = 1,
ñ ó÷åòîì óñëîâèé (Á) èìååì

| K2(s, t) |≤ c1yη
m+1

r
2(1−β)
1

+
c2yη

m
2 +1

r
2(1−β)
1

<
cη

m
2

r2β
1

.

Òîãäà ÿäðî K2(s, t) ìîæíî ïðåäñòàâèòü â âèäå

K2(t, s) =
(1− s)m2
(1− t)m2 L(t, s),

ãäå L(t, s) ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé ïðè 0 ≤ s, t ≤ 1. Îòñþäà âûòåêàåò
äîêàçàòåëüñòâî ëåììû.

Ëåììà 4. Åñëè ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (15) èìååò ïðåäñòàâëåíèå
ω(s) = (1 − s)γsαω0(s)(m/2 > α > 0, γ > 0), ãäå ω0(s) íåïðåðûâíà â ìàëûõ
îêðåñòíîñòÿõ òî÷åê A è B, òî Φ(x) áåñêîíå÷íî äèôôåðåíöèðóåìà ïðè x ∈
(0, 1) è â îêðåñòíîñòÿõ òî÷åê A è B ìîæåò îáðàùàòüñÿ â áåñêîíå÷íîñòü
ïîðÿäêà íå áîëüøå 2γ−m

m+2 è 2α−m
m+2 , ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî. Ïîñêîëüêó ôóíêöèÿ Φ(x) èìååò âèä

Φ(x) = k2

l∫

0

ω(s)
ηds[

(ξ − x)2 + 4
(m+2)2 ηm+2

]1−β ,

ãäå ïîäèíòåãðàëüíàÿ ôóíêöèÿ ïî x ∈ (0, 1) áåñêîíå÷íî äèôôåðåíöèðóåìà, òî è
ñàìà Φ(x) íà (0, 1) áåñêîíå÷íî äèôôåðåíöèðóåìà. Èññëåäóåì ïîâåäåíèå ôóíê-
öèè Φ(x) ïðè x→ 0 è x→ 1. Ïðåäñòàâèì Φ(x) â ñëåäóþùåì âèäå:

Φ(x) = k2




ε1∫

0

+

l−ε2∫

ε1

+

l∫

l−ε2


 ω(s)ηds[

(ξ − x)2 + 4
(m+2)2 ηm+2

]1−β .

Òîãäà â îêðeñòíîñòè òî÷êè x = 1

| Φ(x) |≤ C
l∫

l−ε

ηα+1dη[
(1− x)2 + 4

(m+2)2 ηm+2
]1−β ≤

≤ C1

0∫

ε

z
2+α
m+2−1

((1− x)2 + z)1−β dz ≤ C2

1∫

0

z
2+α
m+2−1((1− x)2 + z)1−βdz =

= C2

1∫

0

(1− t) 2+α
m+2−1((1− x)2 + 1− t)β−1dt =
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= C2[1 + (1− x)2]β−1

1∫

0

(1− t) 2+α
m+2−1

(
1− t

((1− x)2 + 1)

)β−1

dt =

= C2[1+(1−x)2]β−1(1−x)
2α−m
m+2 F

(
2 + α

m+ 2
,

2 + α

m+ 2
+ β, 1 +

2 + α

m+ 2
;

1
(1− x)2 + 1

)
.

Àíàëîãè÷íîå ïðåäñòàâëåíèå ïîëó÷àåì â îêðåñòíîñòè òî÷êè A. Îòñþäà ñëå-
äóåò ñïðàâåäëèâîñòü ëåììû.

Òåîðåìà 2. Åñëè ψ(x) = x2β−1+ε1(1− x)β−1+ε2ψ0(x) (ε1 > 0, ε2 ≥ 0), ψ0(x) ∈
C3[0, 1], ϕ(s) = (1−s)m2 −1+δ1s

m
2 −1+δ2ϕ0(s) (δ1 > 0, δ2 > 0), ϕ(s) ∈ C[0, 1], òîãäà

äëÿ ïðàâîé ÷àñòè èíòåãðàëüíîãî óðàâíåíèÿ (18) ñïðàâåäëèâî ïðåäñòàâëåíèå
f(x) = (1− x)2β−1x2β−1+ε1f0(x), f0(x) ∈ C2[0, 1].

Äîêàçàòåëüñòâî. Èç ëåììû 2 ïîëó÷àåì, ÷òî ψ3(x) = xε1ψ3,0(x), ψ′3(x) =
x−1+ε1(1 − x)−1+ε2ψ3,1(x), Îöåíèì f(x). Äëÿ ýòîãî ðàçîáüåì f(x) íà ÷åòûðå
÷àñòè f(x) = I1(x) + I2(x) + I3(x) + Φ1(x), ãäå

I1(x) = −
x∫

0

(x− t)2β−1ψ′3(t)dt+

1∫

x

(t− x)2β−1ψ′3(t)dt,

I2(x) =

1∫

0

ψ3(t)dt
(t+ x− 2tx)2−2β ,

I3(x) =

1∫

0

χ(t, x)ψ3(t)dt,

Φ1(x) = Φ(x)− k1

(1− 2β)
ψ3(1)(1− x)2β−1.

Ñ ó÷åòîì òîãî, ÷òî ψ0(x) ∈ C3(0, 1) è ϕ0(s) ∈ C(0, 1) íà îñíîâàíèè ëåìì 2 è 4
áóäåì èìåòü, ÷òî f(x) ∈ C2[0, 1]. Îöåíèì f(x) íà êîíöàõ ñåãìåíòà [0, 1] :

| I1(x) |=| −
x∫

0

(x− t)2β−1ψ′3(t)dt+

1∫

x

(t− x)2β−1ψ′3(t)dt |≤

≤ C1 |
x∫

0

t−1+ε1(x− t)2β−1(1− t)−1+ε2dt | +

+C2 |
1∫

x

t−1+ε1(t− x)2β−1(1− t)−1+ε2dt |≤

≤ C1x
2β−1+ε1

1∫

0

z−1+ε1(1− z)2β−1(1− zx)−1+ε2dz+

+C2(1− x)2β−1+ε2

1∫

0

(1− (1− x)z)−1+ε1(1− z)2β−1z−1+ε2dz ≤
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≤ C1x
−1+2β+ε1(1− x)−1+2β+ε2F (2β, 2β − 1 + ε1 + ε2, 2β + ε1;x)+

+C3(1− x)−1+2β+ε2x−1+2β+ε1F (2β, 2β − 1 + ε2 + ε1, 2β + ε2; 1− x) ≤
≤ C(1− x)−1+2β+ε2x−1+2β+ε1 ;

| I2(x) |=|
1∫

0

ψ3(t)dt
(t+ x− 2tx)2−2β |≤

≤ C
1∫

0

(t+ x− 2tx)2β−2tε1dt ≤

≤ Cx2β−2

1∫

0

(1− t2x− 1
x

)2β−2tε1dt =

= Cx2β−2F (1 + ε1, 2− 2β, 2 + ε1;
2x− 1
x

) =

= C
(1− x)2β−1

x
F

(
1, ε1 + 2β, 2 + ε1;

2x− 1
x

)
=

= Cx−1+2β+ε1(1− x)−1−ε1F
(

1 + ε1, ε1 + 2β, 2 + ε1;
2x− 1
x− 1

)
≤

≤ Cx−1+2β+ε1(1− x)2β−1;

| I3(x) |=|
1∫

0

χ(t, x)ψ3(t)dt |≤ C2

1∫

0

(t+ x− 2tx)2β−1tε1dt ≤ C4

= C2(1− x)2β−1F

(
1, 1− 2β, 2 + ε1;

2x− 1
x− 1

)
≤ C0;

| Φ1(x) |=| Φ(x)− k1

(1− 2β)
ψ3(1)(1− x)2β−1 |≤

=| Φ(x)− k1x
2β−2ψ3(x)F (1, 2− 2β, 2;

2x− 1
x

)− k1

(1− 2β)
ψ3(1)(1− x)2β−1 |≤

≤ C(1− x)2β−1x2β−1+δ2 .

Ïðèíèìàÿ âî âíèìàíèå ëåììó 3 ïîëó÷àåì èñêîìîå äîêàçàòåëüñòâî.
Ïðîâîäÿ ðåãóëÿðèçàöèþ óðàâíåíèÿ (18), â ñèëó [11, c. 46-49] ïîëó÷àåì ýêâè-

âàëåíòíîå óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà

ν(x)− cosπβ

2π

1∫

0

K(x, t)ν(t)dt = F (x),

K(x, t) = M(x, t) + λ

1∫

0

(
ξ(1− ξ)
x(1− x)

)0.5−β ( 1
ξ − x −

1
ξ + x− 2ξx

)
M(ξ, t)dξ,
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F (x) =
1

1 + π2λ2



f(x) + λ

1∫

0

(
t(1− t)
x(1− x)

)0.5−β ( 1
t− x −

1
t+ x− 2tx

)
f(t)dt



 .

Ëåììà 5. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2, òî ôóíêöèÿ F (x) èìååò ïðåä-
ñòàâëåíèå F (x) = (1 − x)2β+ε1−1x2β−1+ε2f0(x)(ε1 > 0, ε2 > 0), ãäå f0(x) ∈
C[0, 1] ∩ C1(0, 1).

Äîêàçàòåëüñòâî. Ïðåäñòàâèì f(t) â âèäå

f(t) =
f1(t)

(1− t)1−2β ,

ãäå f1(t) ∈ C(0, 1]. Òîãäà ïðîèçâåäÿ çàìåíó µ = x(1− t)/(t(1− x)) â èíòåãðàëå

J1 =
λ

(1− x)1−2β

1∫

0

(
x(1− x)
t(1− t)

)0.5−β ( 1
t− x −

1
t+ x− 2tx

)
f1(t)dt,

ïîëó÷èì

J1 =
λ

(1− x)1−2β

∞∫

0

µβ−0.5 1
x+ (1− x)µ

2µ
1− µ2 f1(t)dµ =

=
λ

(1− x)1−2β

∞∫

0

µβ−0.5 1
x+ (1− x)µ

µ

1− µf1(t)dµ+

+
λ

(1− x)1−2β

∞∫

0

µβ−0.5 1
x+ (1− x)µ

µ

1 + µ
f1(t)dµ =

λ

(1− x)1−2β

∞∫

0

µβ−0.5

1− µ f1(t)dµ−

− λx

(1− x)1−2β

∞∫

0

µβ−0.5

x+ (1− x)µ
f1(t)dµ+

λ

(1− x)1−2β

1
1− 2x

∞∫

0

µβ−0.5

1 + µ
f1(t)dµ−

− λ

(1− x)1−2β

x

1− 2x

∞∫

0

µβ−0.5

x+ (1− x)µ
f1(t)dµ =

=
λ

(1− x)1−2β (I1 + I2 + I3) ;

lim
x→1

I3 = lim
x→1

1
1− 2x

∞∫

0

µβ−0.5

1 + µ
f1

(
x

x+ (1− x)µ

)
dµ =

= −f1(1)

∞∫

0

µβ−0.5

1 + µ
dµ = −f1(1)

π

cosπβ
;

lim
x→1

I2 = lim
x→1

∞∫

0

µβ−0.5

1− µ f1

(
x

x+ (1− x)µ

)
dµ =
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= f1(1)

∞∫

0

µβ−0.5

1− µ = f1(1)π ctg π(0.5 + β) = −f1(1)
sinπβ
cosπβ

;

lim
x→1

I1 = lim
x→1

∞∫

0

µβ−0.5

x+ (1− x)µ
f1

(
x

x+ (1− x)µ

)
dµ =

= C1 lim
x→1

x0.5+β(1− x)0.5−β

1− 2x

1∫

0

t−0.5−β(1− t)0.5−βdt = 0.

Òàê êàê
λ =

π(sinπβ + 1)
cosπβ

,

òî
lim
x→1

(1− x)1−2βJ1 = −f1(1).

Òàêèì îáðàçîì â îêðåñòíîñòè x = 1 èìååì: | F (x) |< C2(1−x)2β−1+ε1 . Ïðîâîäÿ
àíàëîãè÷íûå ïðåîáðàçîâàíèÿ, ïîëó÷èì â îêðåñòíîñòè òî÷êè x = 0 îöåíêó: |
F (x) |< C3x

2β−1+ε2 .

Ëåììà 6. Ïðè 0 < t < 1, 0 < x < 1 èìååò ìåñòî íåðàâåíñòâî
| χ(t, x) |< C(t+ x− 2tx)2β−1,

ãäå C− ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò îáëàñòè D+.

Äîêàçàòåëüñòâî äàííîãî óòâåðæäåíèÿ ïðîâîäèòñÿ àíàëîãè÷íî [11, ñ. 133 -
136].

Ëåììà 7. Ïðè 0 < x, ξ ≤ 1 ôóíêöèÿ M(x, ξ) íåïðåðûâíà, à â òî÷êå (0, 0)
ôóíêöèÿ M(x, ξ) èìååò ëîãàðèôìè÷åñêóþ îñîáåííîñòü.

Äîêàçàòåëüñòâî.Ïîëüçóÿñü èíòåãðàëüíûì ïðåäñòàâëåíèåì ôóíêöèèM(x, ξ),
ëåãêî ïîêàçàòü, ÷òî â âèäó ñëàáîé ïîëÿðíîñòè ïîäèíòåãðàëüíîé ôóíêöèè,M(x, ξ)
ïðè 0 < x, ξ ≤ 1 íåïðåðûâíà. Âûÿñíèì ïîâåäåíèå ôóíêöèè M(x, ξ) íà ãðàíèöå
îáëàñòè 0 < x, ξ < 1. Äëÿ ýòîãî âûïîëíèì ñëåäóþùóþ îöåíêó:

|M(x, ξ) |= 1− 2β
k1

|
1∫

ξ

(t−ξ)−2βχ(t, x)dt |≤ C 1− 2β
k1

1∫

ξ

(t−ξ)−2β(t+x−2tx)2β−1dt =

= C
1− 2β
k1

(1− ξ)1−2β(1− x)2β−1

1∫

0

(1− z)−2β
(

1− z (1− ξ)(1− 2x)
1− x

)2β−1

dz =

= C
1− 2β
k1

(1− ξ)1−2β(1− x)2β−1F

(
1, 1− 2β, 2− 2β,

(1− ξ)(1− 2x)
1− x

)
.

Ïîñêîëüêó ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ èìååò ëîãàðèôìè÷åñêóþ îñîáåííîñòü
ïðè x, ξ → 0, òî èç âûøåïðèâåäåííîé îöåíêè ñëåäóåò, ÷òî ôóíêöèÿ M(x, ξ)
â òî÷êå (0, 0) èìååò ëîãàðèôìè÷åñêóþ îñîáåííîñòü. Ïðèìåíÿÿ ôîðìóëó àâòî-
òðàíñôîðìàöèè äëÿ ãèïåðãåîìåòðè÷åñêîé ôóíêöèè, ïîëó÷èì

|M(x, ξ) |≤ C(1− ξ)1−2βF

(
1, 1− 2β, 2− 2β,

(1− ξ)(2x− 1)
x+ ξ − 2ξx

)
,
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îòêóäà ñëåäóåò, ÷òî â îñòàëüíûõ ãðàíè÷íûõ òî÷êàõ îáëàñòè ôóíêöèÿ M(x, ξ)
íåïðåðûâíà.

Ëåììà 8. ßäðî èíòåãðàëüíîãî óðàâíåíèÿ (18) K(x, t) èìååò ñëåäóþùåå ïðåä-
ñòàâëåíèå K(x, t) = x−ε(1 − x)0.5−βK0(x, t), ε > 0, ãäå K0(x, t) ÿâëÿåòñÿ íå-
ïðåðûâíîé ôóíêöèåé ïðè 0 ≤ t, x ≤ 1.

Äîêàçàòåëüñòâî äàííîé ëåììû ïðîâîäèòñÿ àíàëîãè÷íî ëåììå 5.

Òåîðåìà 3. Åñëè âûïîëíåíû óñëîâèÿ òåîðåì 1 è 2, òî ñóùåñòâóåò ðåøåíèå
çàäà÷è (4) � (7), îïðåäåëÿåìîå ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî.

Ïîëüçóÿñü ñëó÷àåì àâòîð âûðàæàåò ïðèçíàòåëüíîñòü ïðîôåññîðó Ñàáèòîâó
Ê.Á. çà ïîñòàíîâêó çàäà÷è è ïîìîùü ïðè âûïîëíåíèè äàííîé ðàáîòû.
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